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Abstract. We study minimal homeomorphisms (all orbits are dense) of the tori 7", n < 4.
The linear part of a homeomorphism ¢ of 7" is the linear mapping L induced by ¢ on
the first homology group of 7". It follows from the Lefschetz fixed point theorem that
1 is an eigenvalue of L if ¢ minimal. We show that if ¢ is minimal and n <4, then L
is quasi-unipontent, that is, all of the eigenvalues of L are roots of unity and conversely
if L € GL(n, Z) is quasi-unipotent and 1 is an eigenvalue of L, then there exists a C*
minimal skew-product diffeomorphism ¢ of 7" whose linear part is precisely L. We do
not know whether these results are true for n > 5. We give a sufficient condition for a
smooth skew-product diffeomorphism of a torus of arbitrary dimension to be smoothly
conjugate to an affine transformation.

1. Introduction
We first prove the following.

PROPOSITION 1.1. Let ¢ be a minimal homeomorphism of a torus T" and L be the
induced mapping on H{(T",7Z). Then the minimal polynomial p(x) of L cannot be
decomposed over Q[x], as p(x) = q(x)r(x) where all of the roots of q(x) are roots of
unity and r (x) is not constant with no roots in the unit circle.

Proof. Assume that p(x) has such a decomposition. Then by the Primary Decomposition
theorem we have an invariant direct sum decomposition over Q

R'=Ea®V, (D
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where the restriction B of L to V is hyperbolic. Now I' = V N Z" is a discrete cocompact
subgroup of V and M = V/ T is homeomorphic to a torus T*, k < n.

Let b be the hyperbolic diffeomorphism of M induced by B and ¢ be given on the
covering by L + F, where F : R" — R" is continuous and F (x + £) = F(x) forall x € R"
and £ € Z". We claim that b is a factor of ¢. Consider the continuous surjective mapping
h:T" — M given on the covering R” by

h(x) = P(x) + H(x), 2

where P : R" — V is the projection associated to the decomposition (1) and H : T" — V
is a continuous solution of the cohomological equation

BH(x) — H(p(x)) = P(F(x)). 3

Now since B is hyperbolic, a continuous solution of (3) exists see [1, Theorem 2.9.2] and
since Po L =B o P,thenh o =b o h. Observing that i o ¢* = b® o h for all £ € Z and
since 4 is surjective we see that ¢ cannot be minimal because the lift of a periodic orbit of
b defines a closed invariant set for ¢ which contradictions minimality. O

THEOREM 1. Any minimal homeomorphism ¢ of a torus T", n < 4, is quasi-unipotent on
the homology and 1 is an eigenvalue of its linear part.

Proof. Minimality of ¢ and the Lefschetz fixed point theorem shows that 1 is a root of
the minimal polynomial p(x) of the linear part L of ¢. Thus, p(x) = (x — 1)s(x) where
deg s(x) <3, since deg p < 4.

If deg s(x) = 3, then s(x) factors over Z[x] as (x £ 1)g(x) and by Proposition 1.1 all
of the roots of g are roots of unity. If deg s(x) < 2 again by Proposition 1.1 all of the roots
of s(x) are roots of unity. m|

We do not know whether the above theorem is true if n > 5. There are irreducible
polynomials in Q[x] with roots of absolute value 1 and roots of absolute value different
from 1.

Example 1.2. Eisenstein’s criterion shows that the polynomial p(x) =x* + 4x3 — 6x2
+ 4x + 1 is irreducible over Q[x] and as

p() =2 4+2(1 = V3x + DEE+20 +vV3)x + 1)

VW3- +ir, r=+y0—3-1)2)

are roots of absolute value 1 and they are not roots of unity and the other two roots of p(x)
have absolute value different from 1.

we can see that

2. Minimal skew-product transformations of the torus

In this section we show that every quasi-unipotent matrix L € GL(n, Z), n <4 with 1
as eigenvalue is the linear part of a smooth minimal skew-product transformation of the
torus 7". Actually the skew-products are of the particular type given in (5). Note that 7" 7
acts freely on 77 x T"~P by translation on the second factor. Thus, if a homeomorphism
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Y of T" commutes with this action it induces a homeomorphism vy of the orbit space
T"/T"~P which is homeomorphic to the torus 77 and we say that (7", ) is a free 7"~ 7-
extension of (T'7, ) (see [5]).

THEOREM 2. Let L € GL(n, Z), n <4, be quasi-unipotent having 1 as an eigenvalue.
Then there exists a minimal smooth skew-product diffeomorphism ¢ of the torus T" whose
linear part is L.

Proof. We may assume that using the work of Newman [3]

A 0
L:(C B), @)

where A€ GL(p,Z), A=1+ Ny and Be GL(n — p,Z) such that B" =1+ N,,
m € 77, where N1 and N, are nilpotent.
Let ¢ be diffeomorphism of 7" given on the covering R” by

o(X,Y)=(AX +o,CX + BY + F(X)), (5)

where a(X) = AX + « gives an affine minimal transformation of 77 (see [2]) and F :
R? — R"7? is a smooth Z” -periodic function, that is, F(X + ¢) = F(X) for all £ € Z?.
The iterates of ¢ are given by

9" (X, Y) = (a"(X), CuX + B"Y + a(m) + Fn(X)), (6)

where

1
CX = Z B¥icaAl~1,

j=1
a(m) = (Z Cin— ,»)a, (7)
j=1
Fu(X)=Y_B" 7 F(a’'(X)).
j=1

Recall that an action is simple if for each character y € TP there exist a continuous
function f), : T" — Sland g : TP — S! such that

fr (@ w) =g@yw) )

foreveryz e TP andw € T"7P.

Let v be the endomorphism of 7”7 given on the covering R"~7 by the nilpotent matrix
N3 and consider the subgroup H =ker v of T"~P. Note that ¢ = ¢ is invariant under
the restriction of the action of 7”77 to the subgroup H, that is,

Yz, w+h)=v(z, w)+ (@, h) 9)

forallh e H.
From now on we assume that the diffeomorphism vy of 7" /H induced by v is either
minimal or uniquely ergodic.

https://doi.org/10.1017/50143385708000813 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000813

1518 N. M. dos Santos and R. Urziia Luz
Let w : T" — T"/H be the projection. By [5, Theorem 1] v is minimal(uniquely
ergodic) if only if the equation

fWolr @z w) _ fr(¥(z w)
f(z, w) fy(z, w)

10)

has no continuous (measurable) solution for each character y € H, y # 1. Observe that
the condition in (10) does not depend on the choice of the particular function f,. Note that
the functions f : T"/H — T are given by the H-invariant functions f : 7" — T, that
is, f(z, hw) = f(z, w) forallh € H.

If L is unipotent, then there exists a minimal affine diffeomorphism of 77" (see [2]).
Thus, it suffices to consider L quasi-unipotent but not unipotent.

Suppose that n = 2. We may assume [3]

1 0
L=Q _J. (n

Leto(x, y)=(x + o, sx —y + F(x)). Thus,
Y (x, ) =@*(x, y) = (x + 20, sa +y — F(x) + F(x +a)).

It is easy to see that (T2, ) is simple free T''-extension of the translation of 7'! given on
the covering R! by

Yolx) =x 4+ 2a.

We choose a Liouville number « and a sequence {k;}jen so that

|627Tikjot+ ll < i
(kj)/

(see Appendix A) and F : T! — R given by the Fourier transform

~ .. |0 if k # £k;,
Py = {1 + eEAR i k= k. (12
By (10) it suffices to show that the cohomological equation
FWo()  f, W, y) .

f&x) Ay

where f is given on the covering R! by f(x) = £x + G(x) and fy is given on the covering
R? by fy(x,y)=4,y, £ and £, in Z, has no continuous solution f : 7' — R!. This is
equivalent to show that the equation

lo+ G(x +20) — G(x) = £ysa + £, [F(x + a) — F(x)] (14)

has no continuous solution G. If £ #£,, then one sees that (14) has no continuous
solution G. If £ = s£,,, (14) becomes

Gx +2a) = G(x) =Ly [F(x + o) — F(x)]
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and gives the Fourier coefficient equations

0 ifk#+k;,

¢, ifk=x+k;, (15)

Gk) = {
which by the choice of F does not give a L!-solution G.
Suppose now that n = 3. There are two possibilities for the characteristic polynomial
px)of L, p(x) =(x — 1)g(x) or p(x) =(x — D2(x + 1) where q(1) #0.
If p(x) = (x — 1)g(x), then we assume that [3]

10
t=(e a)

where B € GL(2, Z) is quasi-unipotent and 1 is not an eigenvalue of B. Thus, B is either
periodic with period m = 3, 4, 6 or B is conjugate to the matrix

B:(_1 0), s €.
s —1

To see this note that the characteristic polynomial of B is p(x) = x? — tr Bx + det B, then
if B is quasi-unipotent the only possibilities are tr B = —2, —1, 0, 1, 2 for det B =1 and
tr B=0 for det B= —1. The det B = —1 case and the det B =1, tr B =2 case can be
ignored since they have 1 as eigenvalue. The remaining cases for det B = 1 give periods
3, 4, 6, and eigenvalue —1.

By (5) the diffeomorphism ¢ is given by

o(x,Y)=(x +a, Cx + BY + F(x)), (16)

where Y = (y,z) and F: R — R2%isa Z-periodic function.
If B is periodic, then by (6)

Y, Y)=¢"(x, Y) = (x +ma, Y +a(m) + Fnu(x))

since Cp, = 0.
Hence, (T3, y) is a simple free T2-extension of the translation of T'! given on the
covering R! by

Yox) =x +a.
Using Appendix A choose a Liouville number « and a sequence of integers {k;} ey such
that
|2 ikie _ g2mi/m 4 . (17)
(kj)!

By [S] ¢ is a minimal diffeomorphism if (10) has no continuous solution f(x)
= 27 HGW] where f), (x, y, ) = > {029 or, equivalently, the equation

mba +G(x +a) — Gx) = (£, a(m) + F;,(x)) (18)

has no continuous solution G. If mfa # (€,, a(m)), then one sees that (18) has no
continuous solutions G. If mfa = (£,,, a(m)), equation (18) becomes

G(x +ma) — G(x) = (£, F(x)) 19)
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or, in Fourier coefficients,
Gk) = (L, "1 — B)"' F(k)). (20)
Consider F : T' — R? the smooth function given by the Fourier transform

0, k # *k;j,
j}(k): (eZNikja _eZTIi/m)V’ k:kj, (21)
(6727rikjot _ ef2m‘/m)v7 k= _kj»

where V is the eigenvector of B associate to the eigenvalue ¢(>79/™)  Then
Gkj) = (L, (™ H*T — BY ' E(k)) = (€, V),
G(—kj) = (b, (7L — BT F(=kj)) = (£, V).

As the period of B is m > 3, then (¢,,, V) #Oforall £, € 7?2 — {0}. Thus, by choice of F,
(19) has no L!-solution.

If
B = (_1 0 ) , SEZ
s -1
then by (16)
px,Y)=x+aoa, Cx + BY + F(x)). 22)
Thus,

V(x, v, 2) =@2(x, y,2) = (x + 2o, Cox + a(2) + B%Y + F(x)).

If s=0, (T3, ¥) is a simple free T2-extension of the translation (77, ¥o), given in
covering R! by vo(x) = x + 2a.

By [5] ¢ is a minimal diffeomorphism if (10) has no continuous solution f(x)=
2 +GM] ywhere frx,y, 0= e?7itly.(1:2) or, equivalently, the equation

mlo + G(x +2a) — G(x) = (£, a(2) + F2(x)) (23)

has no continuous solution G.
If 280 # (£, @(2)), then one sees that (23) has no continuous solutions G. If 2¢a =
(€, a(2)) the equation becomes

Gx +2a) — G(x) = (£, Fr(x))
or, in Fourier coefficients,
Gk) = (€, (€% + )7L E (k).
Consider F : T' — R? the smooth function given by the Fourier transform

0 k # +k;,

F(k) = {(e:tZHik_,'Oé + I)V’ k = :l:k]

If the vector V = (a, b) € R? and a and b are linearly independent over the rational
numbers, then by the choice of F, (23) has no L!-solution.
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If s # 0, consider the diffeomorphism
px,y, ) = +a, px —y+ Fi(x), gx + sy — 2)

such that go(x, y) = (x + @, px — y + Fi(x)) is minimal. Hence, (T3, ¥ = ¢?) is a
simple free T'-extension of the diffeomorphism (T2, v), given on covering R? by
(pg(x, y)=vo(x,y) =(x + 20, y+ pa — Fi1(x) + F1(x +«)). By [5] ¥ is a minimal
diffeomorphism if (10) has no continuous solution f(x, y) = 2L FG Y] where
fy (x, y, 2) = 2™ % or, equivalently, the equation

(€, Qo, pa + Fi(x + @) — F1(x))) + G(Yo(x, y)) — G(x, y)
=4Ly[spx —2sy + qa + sF1(x)]

has no continuous solution G. This is because the right-hand side of the above equation is
not a periodic function for £, since s # 0.
If p(x) = (x — 1)2(x + 1), then we assume that [3]

1 0
L= (2 _01) =|lp I O
q s -
by (5) the diffeomorphism ¢ is given by
X, 2)=(AX+6,CX —z+ F(x)) =(a(X),CX —z+ F(x)),
where X = (x, y) and § = (¢, B) and F a periodic smooth function, then
VX, 2) = 9> (X, 2) = (@ (X), C2X + 2+ a(2) + F2(x)).

Hence, (T3, Y) is a simple free T!-extension of the minimal affine transformation
(T2, Yp), given on covering R2 by ¥o(X) =da%(X). Again, by [S5] ¢ is a minimal

diffeomorphism if (10) has no continuous solution f(X) = 2L X)+GX] - where
HX, 2= e?™ 2 or, equivalently, the equation
(€, a*(X) — X) + G(o(X)) — G(X) = £, [C2X + a(2) + Fr(x)] (24)

has no continuous solution G. If (¢, a*>(X) — X) # £,[C2X + a(2)], then one sees that
(24) has no continuous solutions G.
If (¢, a>(X) — X) = £,[C2X + a(2)], equation (24) becomes

G(Yo(X)) — G(X) =Ly F2(x). (25)

IfF:T!' > Ris given in Fourier coefficients as in (12), then (25) has no continuous
solution G.

Finally suppose that n =4. There are three possibilities for the characteristic
polynomial p(x) of L, p(x) = (x — Dqi(x), p(x) = (x — 1)?q2(x) or p(x) = (x — 1)°
(x + 1), where ¢ and ¢, are irreducible over Q(x).

If p(x) = (x — 1)q1(x), then we assume that [3]

(Y
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where B € GL(3, Z) is quasi-unipotent and 1 is not an eigenvalue of B. Thus,

-1 0
B =
(Co 30>
where By € GL(2, Z) is quasi-unipotent by (5) the diffeomorphism ¢ is given by

ex,Y)=x+ao, Cx + BY + F(x))) (26)

where ¥ =(y,z, w) and F:R—R3, F(x)=(F|(x), F>(x), F3(x)) is Z-periodic
smooth function.

If —1 is not an eigenvalue of By then By is periodic with period m = 3, 4 and 6, thus
B?™ = I, then by (6) we have

Y(x, ¥) =™ (x, y,¥) = (x +2ma, Copx +a@m) + Y + Fan(x)).  (27)

Choose by (Appendix A) a Liouville number o and two sequences of integers {k;}jen
and {k}}je ~ such that

. . . 47‘[
|e2mkja _ e2m/m| 2mike 11 <

kI

Again, by [3]. It is easy to see that (T'*, v/) is simple free T'3-extension of the translation
of T given on the covering R! by

4
- and |e
(kj)’

Yo(x) =x + 2ma.

Now v is a minimal diffeomorphism if (10) has no continuous solution f(x)
= 2 A GO where f), (x, Y) = &2t 0-1)) or, equivalently, the following equation
has no continuous solution G:

2mla + G(x + 2ma) — G(x) = (£, Copx +a(2m) + Fop(x)). (28)

If 2mla # (€),, a(2m) + Capx), then one sees that (28) has no continuous solutions G. If
2mla = (£, , a(2m) + C2;,x) becomes

G(x +2ma) — G(x) = (£y, Fop(x)) (29)
or, in Fourier coefficients,

G k) = (L, (] — B) " F (k).
Consider a smooth function F; : R! — R! given by the Fourier transform
k # k',

Fi(k) = (e:tznik;-a+1)’ k::l:k},

as in (12) and the smooth function F :R! - R2, F(x) = (F>(x), F3(x)) given by the
Fourier transform

0, k # £k,
ﬁ(k) — (eZT[ikja _ e2ni/rn)v’ k :kjy
(6727rikjuz _ 672m‘/m)v k= _kj

as in (21), then (29) has no continuous solution G.
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Now if
-1 0
By = ( ¢ _1> ,
then
A 0
L= ,
(Co BO>
where

and the diffeomorphism given in (26) we can written as
e(X,Y)=(AX + F, CoX + BoY + H(x)),

where X = (x, y), Y = (z, w), F(x) = (o, F1(x)) and H(x) = (F>(x), F3(x)) are smooth
Z-periodic functions. These functions are determined by the Fourier transforms

A _fo if k # +kj,
Rk = {1 +eFmikie i =k, 0
and
RN [V if k # £k;,
H (k) = {(1 +e:|:271ik_,-ot)v ifk = :tkj, 3D

where V = (a, b). Let us consider the diffeomorphism

VX, V)= (X, V) = (X + AF(x) + F(x + @),

Co)X + B3Y + CoF (x) 4+ BoH (x) + H(x + )
and suppose that ¢g(x, y) = (x + «, px — y + Fi(x)) is minimal. Hence, (T#, Y= (p2)
is a simple free T2-extension of the minimal diffeomorphism (72, ), given on covering
R* by ¢5(x, y) =vo(x, y) = (x +2a, y + pa — F1(x) + Fi(x +)). By [5] ¥ is a
minimal diffeomorphism if (10) has no continuous solution f(X) = e2mIREX)+G(X]
where f, (X, Y) = e?16.Y) This is equivalent to the equation

U, AF(x +a)+ F(x)) + G(¥o(X)) — G(X)
= (ty, Co)X +[B5 — 1Y + CoF (x) + BoH (x) + H(x + ). (32)

If (¢, Co(2)X + [Bg — I1Y) # 0, then one sees that (32) has no continuous solution G.
If (¢, Co(2)X + [BZ — I1Y) = 0, them (32) becomes

(¢, AF(x) + F(x + &) + G(¥0(X)) — G(X)
= (£,, CoF (x) + BoH (x) + H(x + a)). (33)

Integrating (33) along the fibres of the bundle (x, y) — y we obtain

U, AF(x)+ Fx4+a))+g(x +a) — gx)
=({,, CoF(x) + BoH (x) + H(x + )), (34)
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where g(x) =fT1 G(x, y)dy, note that g(x + o) =fT1 G (x,y))dy. Hence, (34)
becomes in Fourier coefficients k # 0

(€, (0, F1(k)) (¥R _ 1)) 4 g(k) (™12 _ 1)
= (£,, Co(0, F1(k)) + [Bo + e * [1H (k)). 35)

A simple computation using (30) and (31) gives
0+ 8(k) = (€, Co@™™ ™ — 1)7ley + V +a(@®™ ™ — 1)7sey). (36)

Hence, (34) has no continuous solution g by the Riemann Lebesgue lemma. This implies
necessarily that (33) has no continuous solution G. This finishes this case.
Now let p(x) = (x — 1)>g2(x). We may assume that [3]

A0
v=(e a)

A=<rlz ?) and CeMQ2, 7).

where 1 is not an eigenvalue of B,

The diffeomorphism ¢ is given by
(X, Y)=(AX+6,CX + BY + F(x)), 37

where X =(x,y), Y =(z, w), F(x)=(Fi(x), F>(x)) and § = (o, ). Denote by
a(X) = AX + § the minimal affine transformation.
Suppose that B is periodic with period m. Then

¢"(X,Y) = @"(X), Y +C(m)X+ZC(m —j—D(e, B)
=1

+ ) B" TG+ ( — Da).
j=1

Hence, (T*, ¢ = ) is a simple free 72-extension of the diffeomorphism (72, a™ = ),
given on covering R2 by ¥o(X) =a™(X). By [5] ¢ is a minimal diffeomorphism if
(10) has no continuous solution f(X) = ¢?7{(&XI+GX] where H X, Y)= e2mitly.Y) o,
equivalently, the equation

(¢, a"(X) = X) + G@" (X)) — G(X)

= <zy, C(m)X + Z Cim—j—18+ Z B" I F(x 4+ (j — 1)a)> (38)

j=1 j=1

has no continuous solution G. If

e, a"(X)— X)# <ey, CmX+Y Cm—j— 1)5>,

j=1
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then one sees that (38) has no continuous solution G. If

(L a"(X) = X) = <L’y, ComX +Y Com—j — 1)8>,
j=1

then (38) becomes

m
G@" (X)) — G(X) = <£y, Y B"TF(e+ (- 1)a)> (39)
j=1
or, in Fourier coefficients,
m
G (ki + nky, ky)e®™ " OO0 — Gy, k) = <Z% ) Bm_j_lﬁ(k1)€2nika>' (40)
j=1

If k> #£ 0, then by the Riemann Lebesgue lemma G(kl, k>) = 0 then (40) becomes
G(ki, 0) = (£, (™I — B) ' F(ky)) (41)

take F as in (31) then (38) has no continuous solution G.
If B is not periodic, then
-1 0
B =
(")

with s # 0. Consider the diffeomorphism as in (37)

p(x,y) =(AX+6,CX + BY + F(x))
=(AX+3, C1X —z+ Fi(x), (X + 52 —w + F2(x)) (42)
such that o (x, y, z) = (AX 4+ 8, C1 X — z + F(x)) is minimal. Hence, (T*, ¥ = ¢?) is
a simple free T'-extension of the minimal diffeomorphism (73, V), given on covering
R3 by ¢ = goé. By [5] ¢ is a minimal diffeomorphism if (10) has no continuous solution
F(X) = 2mREXNIHGX) | where HX,Y)= 2Ty W thig equation is equivalent to the
equation
(€. (@(X) = X, Ci(DX +8(2) — Fi(x) + Fi(x + &) + G(ho(X)) — G(X)
=£,[C2DX — 25z +5F1(x) — F2(x) + Fa(x + )] (43)
The above equation has no continuous solution G because s # 0.
If p(x) = (x — 1)3(x + 1), then we assume that [3]

A 0
L=
(e %)

where A € GL(3, Z) is unipotent, that is, A =1 + N. Consider the diffeomorphism ¢
given by
oX,w)=(AX 4+ o, CX + —w+ F(x)), 44)

where X = (x, v, 2), @ = (¢1, @z, @3) and F :R — R is Z-periodic smooth function.
Then

(X, w) = > (X, w) = (A*X + Aa +q,
[CA—ClX+w+Ca— F(x)+ F(x +ay)). (45
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Thus, (T4, Y¥) is a simple free T!l-extension of the minimal affine transformation
(T3, Yo), given on covering R3 by Yo(X) = A%X + Aa + a. Now by [5] ¥ is minimal
diffeomorphism if (10) has no continuous solution f(X) = 2L X)+GX] - where
fHr X, w) = e? it or, equivalently, the following equation has no continuous solution G:

(0, [A2 — 11X + Aa + ) + G(Wo(X)) — G(X)
=¢,[[CA—ClX+ Ca — F(x)+ F(x + a)]. (46)

If (e, [AZ — 11X + A« #4Ly[[CA—C]X + Ca], then one sees that (46) has no
continuous solution G. If (¢, [A2—1I]X + Aa = L,[[CA - C]X + Ca], then (46)
becomes

G(Wo(X)) — G(X) =4, [-F(x) + F(x + a1)]. 47)

Now if ¢ is a Liouville number and F is a smooth function given by Fourier coefficients
as in (12), then (47) has no continuous solution G. O

We now give a sufficient condition for a smooth skew-product transformation of a torus
to be smoothly conjugate to an affine transformation. We present in the Appendix A the
definition of Diophantine vectors. We recall that we are restricted to smooth skew-product
diffeomorphism ¢ of the torus 7" = T? x T"~P given on the covering R” by

(X, Y)=(X+o, CX + BY + F(X)), (48)

where X e R, Y e R"77 and F : R? — R"7 is a smooth ZP-periodic function. We
call « € R? the translation vector of ¢. To ¢ there naturally corresponds an affine
transformation ¢q given on the covering R” by

(X, Y)=(X+a, CX + BY + B1),

where B; = Proj(B), Proj: R" — ker(I — B)' and 8= pr F du, o being the Haar
measure of 7'7.

THEOREM 3. Every smooth skew-product diffeomorphism ¢ of T" of type (48) quasi-
unipotent on homology whose translation vector is Diophantine is smoothly conjugate to its
corresponding affine transformation. Moreover, if ¢ is minimal, then 1 is only eigenvalue
of its linear part.

Proof. Since the translation vector « is Diophantine and B is quasi-unipotent then the
cohomological equation

F(x)=81+G(x +a)— BG(x)

has a smooth solution G (see [4, Theorem 2.6]). Thus, the diffeomorphism 4 : 7" —> T"
given on the covering R"” by

h(X,Y)=(x,Y +G(X))

conjugate ¢ with the affine transformation ¢g. If ¢ is minimal, then so is ¢g and 1 is the
only eigenvalue of B (see [2]). O
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A. Appendix

In this appendix we recall the definition of Diophantine and Liouville numbers and we
show that for every nth root of unity there exists a ‘fast approximation’ by iterations of a
Liouville rotation of the circle.

Definition A.1. Given C >0 and r >0, we say that « € R — Q verifies a Diophantine
condition of exponent r and constant C if and only if for all ¢ € Z, one has |g«| >
Clg|='".

We have || x| = inf{|x — p| | p € Z}. Note that the inequality
4s < |e*7S — 1| <2ms (49)

with s € [0, 1] implies that the orbit of 1 by the rotation R, is a bad approximation of
number 1 in the sense that

2719 _ 1| > 4C|q|7 7" (50)

forall g € Z.

The irrational algebraic numbers are examples of Diophantine numbers.

More generally we say that a vector @ € R", n > 1 is a Diophantine vector if there are
constants ¥ > 0 and C > 0 such that

ll{k, )|l = Clk|™" (S

for every k € Z".

We say that an irrational number is Liouville if it is not Diophantine. In this case the
orbit of 1 by the rotation R, has a good approximation of the number 1 in the sense that
there exists a sequence {g;}jen C Z such that o — (p;/q;)| < C|qj|_(«/+1) by (49).

The number & = Y 72 ¢ ¥ is a Liouville number.

The following proposition shows that for every root of unity &, there exists a rotation
Ry whose orbit by 1 has fast approximation to &,.

PROPOSITION A.2. Given a family {627”'(”}/‘1*‘)};”:1 of roots of unity there exits a Liouville
number a and a family {{k; }jEN};":1 of sequences such that

2

Ds
g | = &)
J

qs

(52)

forall jeNands €{1,2,...,m}

Proof. We may assume that g; > 0 and 0 < p; < g5. We consider the following Liouville

number
o0
>
o= —
kD
=14
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where ¢ = q1¢> . .. gm. Now consider the sequence & = psq{! co (gL qrfr'l’, with
jeNandse{l,2,...,m}. We show that this sequence satisfies (52). In fact, it is easy
to see that
Ds Ps =, kj
o — = =inf ko — = +e[< Y —
ds |l teZ ds k=j+1 9"
Thus,
j+1
Ko — P8 L i k)’
J gs | ~ (k;)] el P
1 SR 1 &1 2
< . < . — < ~, (53)
(G A P (k3)/ 1; qc = (k5
O
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