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We consider the following equation:

—Au —d(z)?f(u) in £,

u
REE
where d(z) = d(z,8(2), § > —2 and 2 is a half-space. The existence and
non-existence of several kinds of positive solutions to this equation when A < %,

f(u) =uP(p > 1) and 2 is a bounded smooth domain were studied by Bandle, Moroz
and Reichel in 2008. Here, we study exact the behaviour of positive solutions to this
equation as d(x) — 07 and d(z) — oo, respectively, and the symmetry of positive
solutions when A > i, 2 is a half-space and f(u) is a more general nonlinearity term
than uP. Under suitable conditions for f, we show that the equation has a unique
positive solution W, which is a function of 1 only, and W satisfies

1/(p—1)
lim W(z)a:(12+9)/(p_l) = {)\ + 2+90 (1 + ﬂ)}

210+ p—1 p—1
and L/(a—1)
_ 240 240 -
lim W (x)zPT0/ 071 = {A 2 <1 + i)} .
] —00 q— 1 q— 1
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1. Introduction

We shall investigate the asymptotic behaviour and symmetry of positive solutions
to the following equation:

—Au = v 2) f(u) in .
Au=grsy —d@)f(w) T, (L.1)

where d(z) = d(z,0T), 0 > -2, T CRY (N > 2) and
T ={z=(v1,22,...,xNn): 1 > 0}.

Elliptic equations with singular potentials have been studied extensively for many
years. When A = 0, problem (1.1) with T replaced by a general bounded domain

{2 becomes
—Au= —d(z)? f(u) in £,
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where d(z) = d(x,052) and § > —2. For such equations, the corresponding problems
with boundary blow-up condition have attracted a great deal of attention, and some
well-known results can be found in [14].
In [5], Bandle et al. consider
AU = A d(z)’uP in 2 (1.2)
d(x)? ’

where § > -2, p > 1, d(x) = d(z,002) and 2 C RY (N > 2) is a bounded
smooth domain. They mainly establish the existence and non-existence of several
kinds of positive solutions to (1.2) when A < %, and pose some open questions. The
third open question is ‘what is the asymptotic behaviour near the boundary of the
solutions for arbitrary A > %?’. In order to answer the open question, in a recent
paper, Du and Wei [20] prove that (1.2) has a unique positive solution u, and that
u satisfies

2 2 1/(p—1)
lim  d(z) @0/ Py (z) = | X+ 2r6 1+ 240
d(z)—0+ p—1 p—1

when (2 is a ball and A > %. Du and Wei also prove that when {2 is a bounded

smooth domain there exists A, > % such that for any A > A. (1.2) has a unique

positive solution, which has similar asymptotic behaviour. The constant i is a
Hardy constant on a convex domain and plays an important role in [5,20]. Some
well-known information about the Hardy constant can be found in [8,28,29]. In
contrast to [20], in this paper the domain becomes a half-space and the nonlinearity
term is also more general. In other words, on a half-space and for the more general
nonlinearity term, we shall give complete answers to the third open question in [5].

For elliptic equations with another classic Hardy potential, Cirstea [9] considered

—Au = )\# — 2|’ f(u) in 2\ {0}, (1.3)
where 6 > —2 and {2 is a bounded smooth domain (0 € (2). Cirstea gives a complete
classification of positive solutions of (1.3) when A < (NN —2)2. Cirstea and Du [11]
give exact behaviour of positive solutions of (1.3) near the singular point when
A = 0. For the corresponding p-Laplacian problem, Cirstea and Du [12] also obtain
the exact behaviour of positive solutions. In [31], Wei and Feng considered

—Au = )\% —b(z)uP, =z e 2\{0},
|| (1.4)

u =0, T € 012,

where p > 1 and b(x) is a non-negative continuous function over 2. Specially, when
the parameter is supercritical, i.e. A > $(N — 2)? and b(z) is a positive function,
the existence of the minimal and maximal positive solutions was proved, and a
rough estimate of positive solutions near the origin was established. This estimate
shows that any positive solution of (1.4) must blow up at the origin. Let 2 = {z €
2:b(x) =0} be C? and 25 C 2.If 0 ¢ 29 and T(N —2)% < X < M[1/|z[?, 2],
(1.4) has a positive solution, and any positive solution of (1.4) must blow up at
the origin. In recent work, Wei and Du [30] prove that (1.3) with the Dirichlet
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boundary condition has a unique positive solution and obtain that any positive
solution of (1.3) has the same asymptotic behaviour near a singular point origin
when A > 2(N —2)? and f(u) = uP.

Problem (1.2) is a singularity problem. From our research in this paper, we see
that it is related to boundary blow-up problems. Problem (1.3) is also a singularity
problem. There are many important articles with respect to boundary singularity
or isolated singularity problems, and the interested reader should refer to [3,4,6,
10, 18,23-27] and the references therein.

When A = 0 and § = 0 in (1.1) with the Dirichlet boundary condition, the
corresponding problem becomes

1.5
u=20 on OT. (1.5)

—Au= f(u) inT, }
This problem is well known and has some important results. Under suitable con-
ditions for f, a well-known result of Angenent [2] says that any bounded positive
solution of (1.5) is a function of x; only. There are some interesting conjectures
and results that can be found in [1,7]. Some results for (1.5) were extended to
the p-Laplacian case in [16]. Moreover, these symmetry results remain valid if the
boundary condition u = 0 is replaced by u = «, where « is a positive constant or
oo (see [13] for details). In this paper, we shall prove that such a symmetry result
is valid under some light conditions for f, although problem (1.1) has no boundary
condition and contains a Hardy potential.
Since T is a half-space, obviously, d(z,dT) = z1. Therefore, problem (1.1) is
equivalent to

—Au = )\% — 20 f(u), x>0, (1.6)
i

Throughout this paper, we assume that \ > i and that the following conditions
hold:

(f1) f € CY(]0,00)) and f(s)/s is increasing in (0, c0);
(f2) lims—oo f(s)/$? = a, where p > 1 and a > 0;

(fs) limg_o+ f(s)/s? = b, where ¢ > 1 and b > 0.

For convenience, we define

po A 240 (240 v AL 246 (1 240 Y=
P la ap-\ T p-1 b bg-) T g1 '

In order to obtain some information on positive solutions of (1.1), we first need to
establish an important result for the corresponding ordinary differential equation.
In fact, the corresponding problem is just (1.1) with N = 1. The information can
be given by the following theorem.
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THEOREM 1.1. Suppose that A\ > 1 and > —2. Then the ordinary differential

1
equation

—u" = /\s% —s%f(u) in (0,00) (1.7)

has a unique positive solution w. Moreover, w satisfies

lim w(s)sHO/ =1 — ¢ lim w(s)s®TO/(a=1) = ¢ . (1.8)
s—0t §—00

For problem (1.1), our main conclusions can be given by the following theorem.

THEOREM 1.2. Suppose that X > § and 6 > —2. Then problem (1.1) has a unique
solution W (x). Moreover, W is a function of x1 only and satisfies

lim W(x)x§2+9)/(p_1) =/{, and lim W(x)x§2+9)/(q_1) =4, (1.9)

xr1—0t 1 —00

This paper is organized as follows. In §2, we give some preliminaries. In §2.1,
we recall an important comparison principle and establish the relationship between
the Hardy constant and the first eigenvalue. In §2.2, we prove the existence of
the minimal and maximal positive solutions of (1.7), and show that any positive
solution of (1.7) blows up at the origin and converges to 0 as s — oco. In §3, we
mainly prove theorem 1.1. In §4, we give the proof of theorem 1.2.

2. Preliminaries

2.1. Several lemmas
The following comparison principle will be used frequently; it can be found in [14,
15,19].

LEMMA 2.1. Suppose that §2 is a bounded domain in RN, a(x) and B(x) are contin-
uous functions in 2 with ||a)e < 0o and B(x) is non-negative and not identically
zero. Let uy,us € C(§2) be positive in 2 and satisfy in the weak sense

Aug + az)u; — B(x)g(u1) <0 < Aug + ax)ug — B(x)g(uz), =z € 12,
and

lim sup(ug — up) < 0,
z—0N

where g(u) is continuous and such that g(u)/u is strictly increasing and non-
negative for u in the range min{uy,us} < u < max{ui,us}. Then uy < uy in .

In one-dimensional space, let A\1[(d, L), 1/s?] define the first eigenvalue of

u
—u = /\8—2, s € (6,L),
u =20, s=Lord.
For any bounded 2 C RN (N > 2), let A\;[{2, a(z)] denote the first eigenvalue of

—Au = da(z)u, z € (2,
u =0, x € 082,
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where «(x) is a positive continuous function over 2. Define
Tg := Br(0)NRY = {z € BR(0): 1 >0} and Tp = {x € Tr: d(z,0Tr) > 6}

For convenience, define Dg(x) := d(z,0Tr). Obviously, we have Dg(z) < z1 when
x € Tg.

LEMMA 2.2. With respect to the Hardy constant and the first eigenvalue, it follows
that

(i) for any L > 0,

1 1
lim A\ |(4,L), | = —; 2.1
Pt 1[(’ )’82:| 4’ (2.1)
(ii) for anyly >0,
. 1 1
LIEI;O A1 |:(l0a L), 32] = 1; (2.2)

(i) Hmp—oo lims_yo M [T, 1/23] = L.

Proof. By [8,28], we have

1 _ . L / 2 L ¢(S)2 -
4—¢€H&§g{§)\{o}(/o ?() ds)(/o 52 ds) '

By a similar method to that in [30,31], we can obtain (i).

By (i), for any v € (0, o),

1 1
lim Ay |(6 —| =-.
5—1>%1+ 1 |:( afY)v 52:| 4

1 l 1
)\1 |:(67 ’Y)» 82:| - )\1 |:<l()7 05’}/)) 82:|7

Now we prove (iii). Since T is convex, from [28,29] it follows that, for R > 0,

. $(x)? )‘1 1
inf \V4 2da:> ( de) =-=.
$€ HE (Tr)\{0} (/TR Vel 1 Dr(2)? 4

By [20], we have

Since

we easily obtain (2.2).

1

1 1 1
MI|TS, ———— | > = d  lim M|T%, ———| =-.
|k D) > 1 Jimon [

Dr(x)?] 14

By the monotone property of the first eigenvalue, \; [T, 1/2?] is decreasing when
R increases or ¢ decreases. Therefore,

1
= i TS L= i .
AR S0 /\1[ R m%} and A R1—r>I<1>o)\R
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are well defined. Obviously, Dg(x) < 27 implies that

1 1
A T‘S,] >\ [Tﬁ,].
1[ R a2 " Dr(x)?

So we have A\p > %. Further, we have A, > i. Suppose that A\, > i. Then, there
exist eg > 0, R,, 6, with R, — oo and J,, — 0 such that

1 1
A1 l:T(S" R :l > — +¢€p. (23)
Ro? g2 4

From [28,29], there exists ¢ € C§°(T) such that

> ' 1 e

Since ¢ € C§°(T), for sufficiently large n, the support set of ¢ is a subset of Tg’;.
Thus, it follows that, for sufficiently large n,

¢ e CO(T%) and / V|2 do / ) <l
0 Itn T}‘;n T}‘;n x% 4 2 ’

n

By virtue of the variational form of the first eigenvalue, we can derive

1 1
A1 [Tg:, xZ] < 1 + % for sufficiently large n,
1

which contradicts (2.3). O

2.2. Minimal positive solution and maximal positive solution of (1.7)

In this subsection, we shall prove the existence of the minimal and maximal
positive solutions of (1.7). We shall also approximately describe the behaviour of
positive solutions of (1.7) near the origin and at infinity. Here and in the following
sections, we need to use some arguments of elliptic equations with boundary blow-
up conditions, which can be found in [14,17,21,22].

PROPOSITION 2.3. For any A > i, (1.7) has a minimal positive solution wy and a
mazimal positive solution Wy .

Proof. For positive integers n, m, consider the following two problems:
" u 0 1
—u' =)A= -5 f(u), se€|—,m]|,
&=, e (fm)
u =0, §s=mor —

and

- = )\si —s%f(u), s

m
7 N\
SR

3
N————

—~
[\
(4

~
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By referring to standard results of boundary blow-up problems, (2.5) has a unique
solution uy, ,. By lemma 2.1, u, ., is decreasing in m, and uy_,, is decreasing in
n. Therefore, wy,(s) = limy, oo Unm(s) is well defined in (0,m), and un,(s) >
Um+1(8) for s € (0,m). Hence, woo(8) := limy,—s 00 tm (8) is well defined in (0, 0o).
By regularity arguments of elliptic equations, we, satisfies

—wl, = )\% — 5" fws) in (0,00).

Suppose that v is an arbitrary positive solution of (1.7). By lemma 2.1, wy, m(s) >
v(s) in (1/n,m). Letting n — oo and m — oo in turn, we see that v(s) < weo(s) in
(0, 00). This implies that we, is the maximal positive solution of (1.7).

Since A\ > %, by lemma 2.2, there exist ng and mg such that

A> N\ [(imz), 512] for any n > ng and m > my.
By the standard arguments of logistic equations (see [14]), (2.4) has a unique posi-
tive solution wy, , when n > ng and m > my. By lemma 2.1, w,, »,, is increasing in
m and wy, ,, is increasing in n. Therefore, wy, (s) = limy, o0 Wy m () is well defined
in (0,m), and wy,(s) < wmt1(s) for s € (0,m). Further, wo(s) = limy,_y o0 Wi (s)
is well defined in (0, c0). By regularity arguments of elliptic equations, wy satisfies

—w( = /\% —s%f(wo) 1in (0, 00).

Suppose that v is an arbitrary positive solution of (1.7). By lemma 2.1, wy, y(s) <
v(s) in (1/n,m). Letting n — oo and m — oo in turn, we see that v(s) > wo(s) in
(0,00). This implies that wy is the minimal positive solution of (1.7). O

Since it is not obvious whether positive solutions of (1.7) are bounded near the
origin and at infinity, we need to determine approximate behaviours of positive
solutions near the origin and at infinity. It suffices to determine behaviours of wy
and we, near the origin and at infinity.

PROPOSITION 2.4. Let wg be the minimal positive solution of (1.7). Then w{(s) < 0
and wg blows up at the origin.

Proof. As the proof of proposition 2.3, we see wg = lim,, s~ Wy, and, by regularity
arguments of elliptic equations, w,, satisfies

w
w;;:A??—sef(wm), 0<s<m,

= (2.6)

If w),(s) < 0 for any m and all s € (0,m], then since {w,,} has a subsequence
converging to wy in C,.(0,00), we derive w(s) < 0 for all s € (0, 00). Now, for any
m, we prove that w),(s) < 0 for all s € (0,m]. By Hopf’s lemma, w,,(m) < 0. By
the continuity of w/,(s) with respect to s, w},(s) < 0 when s < m and is close to
m. Define

to = inf{t: w),(s) <0 for all s € (t,m]}.

It suffices to show ¢y = 0. Assume to the contrary that ¢ty € (0, m).
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CASE 1. Suppose that there exists ¢ € (0,) such that w/, (f) < 0. In this case, we
can always take s1 € (,t0) such that

wir(s1) =0, w,(s1) =0 and wpm(s1) < wm(to).

From the equation in (2.6), it follows that
fwm(s1))

> As7072, 2.7
wm(sl) 1 ( )

From the definition of tg, it follows that w/, (to) = 0 and w!’, (ty) < 0, which implies
that

f(wm(to))

<agf2 2.
’wm(to) )‘tO ( 8)

Since (—0 —2) < 0 and to > s1, (2.7) and (2.8) imply
Flum () _ flwm(s1))

wm (to) wim(81) (2.9)

Since f(u)/u is increasing in u, (2.9) is a contradiction to wy, (s1) < wp,(to)-

CASE 2. Suppose that w/,(s) > 0 holds for all s € (0,¢p). In this case, there must
be

lm w,,(s) € [0, 00).
Jlim wn(s) € 10,00)

Since 8 > —2, we have
—s2w!! = Moy, — 8T f(w) = (A + 0o(1))w,, ass— 0F.
So, by virtue of A > i, there exists 7 € (0,m) such that

4N+ 1
—s2uw! > +

Wy, when s € (0, 7). (2.10)

m

From (2.10), for any € € (0, 7), w,, satisfies

,,>4)\+1w7m s € (g,7)
mT TR s T (2.11)
wp(e) >0, W (1) > 0.

By (2.11), wy, is a strictly positive supersolution of

n_ MA+lu
8 2

in (g,7), u(e) =u(r) =0.

So, we have A1[(e,7),1/s?] > (4A+1) > } for all € € (0, 7), which is in contradic-
tion with A\i[(g,7),1/s*] = L ase — 0.

We claim that wgy blows up at s = 0. Otherwise, by w((s) < 0 for all s > 0,
limg_,0 Wi (s) € (0,00) is well defined. Similar to case 2, we can derive a contradic-

tion. O
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PROPOSITION 2.5. Let wo, be the mazimal positive solution of (1.7). Then

81520 Woo(8) = 0.

Proof. By proposition 2.4, we have ws(s) — oo as s — 0%. We suppose that
limg_ 00 Woo(s) # 0.

CASE 1. Suppose that limg_, o weo(s) does not exist. Then, there are so > s1 > 0
such that
Weo(51) < Weo(52), wlh(s1) =0 and w/ (s2)<O0.

By the equation for w,, we can obtain

f(wos (1))

Flse(s2) _ oo
Weo (51) <A

> As7%72  and
= 31 1 woo(SQ) 2 )

which imply
flwss(s2)) _ f(woo(s1))
Woo(s2) Woo(s1)
Since f(u)/u is increasing in u and we(S2) > Weo(s1), We derive a contradiction
immediately.

CASE 2. Suppose that lim,_, o weo(s) € (0, 00]. By condition (f2), there exist ro >
0 and ag € (0,a) such that

flwso(s)) = apweo(s)?  when s = 7.
So,
—wl, < /\% —ags’wP, in (rg,00).
Let r1 > 2rg and define
o(s) :== r§2+0)/(p71)woo(r1 + 471s) when s € (—1,1).

By calculation,

ao
)‘(b_ 22+0¢p7 9 2 07 s € (_171)7
_¢/l <

0
AG — (‘z) %ﬁp, 0 <0, se(-1,1).

Let ¢oo(s) denote the unique positive solution (see [14]) of

ao
5270 uP, se(-1,1),

u(—1) = u(l) = oo.

—u" = —

By the comparison principle, for 6 > 0, we have
d(8) € Poo(s) for s € (—1,1).
Let s = 0. Then we see that

Woo(r1) < oo (O)Tl—(2+9)/(p—1)_
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So, when 6 > 0, by the arbitrariness of 1 we have lim; o Weo(s) = 0, which
contradicts lim,_, o0 Weo(s) € (0, 00]. Similarly, when 6 < 0, we can also derive a

contradiction.
From cases 1 and 2, we derive lims_,o weo(s) = 0. Thus, the proof is complete.
O
THEOREM 2.6. Suppose that u is an arbitrary positive solution of (1.7). Then,
81_1>161+ u(s) =00 and slggo u(s) = 0. (2.12)
Proof. For an arbitrary positive solution u of (1.7), we have
wo(s) < u(s) € weo(s) for s € (0,00).
By propositions 2.4 and 2.5, we obtain (2.12) directly. O

3. The exact behaviour of a positive solution to (1.7)

3.1. Some rough estimates and the uniqueness of positive solutions

In this subsection we shall give some estimates of positive solutions of (1.7). In fact,
we only need to give some estimates for the maximal positive solution w., and the
minimal positive solution wg of (1.7).

PROPOSITION 3.1. There exist C; > 0, sg and Sg > 0 such that
C1s~ /=) Capg(s)  for s € (0, so) (3.1)
and
C1s~ @0/ Capg(s)  for s € (Sp, 00). (3.2)
Proof. By theorem 2.6 and (f3), there exist [ > 0 and ¢ > 0 such that
flwo(s)) < cwp(s)?  for s € (0,1).
So,
" Wo 0,.p
—w( > )\3—2 —cs®wy  for s € (0,1). (3.3)
Similarly to the proof of [20, proposition 3.2],
—u = /\s% —cs?uP, s€(0,1),
u(l) =0,
has a unique positive solution u; and
w(s) = lim wri(s), s€(0,1),
T—0+
where u,; is the unique positive solution of

u
—u" =)A= —cs?
52

u(r) = u(l) = 0.

uP, se (1), (3.4)
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By (3.3), wo is a supersolution of (3.4). The comparison principle implies
ur(s) < wo(s) in (7,1).
Letting 7 — 07, we have
u(s) <wo(s) in (0,1).
Similarly to the proof of [20, proposition 3.2], it follows that

So, there exist sp > 0 and C; > 0 such that (3.1) holds.
By theorem 2.6 and (f3), there exist L > 0 and ¢; > 0 such that

fwo(s)) < crwo(s)? in (L, 00).
Then,
S Wo 0 q -
—wy = )\8—2 —cs’wd  in (L, 00). (3.5)
By lemma 2.2(i), for a given g > 0, there exists 79 € (0, %'yo) such that, for any
7 € (0,70], A > A1[(7,7%), 1/5?]. By the standard arguments of logistic equations,

0uq’ s € (Ta 70)7

1" U
—u' = )\8—2 -8
U(T) = u(’YO) = 07
has a unique positive solution V,, .. Define r, = vL /7y and, for r > r,,
(2+0)/(q—1)
d,.(s) = (%> Vo moL/r (%s> for L<s<r.
r

r

Then, @, solves
= 2E ¢ sPul, se(L,r),
sz (L7) (3.6)
u(L) =u(r)=0.
By (3.5), wp is a supersolution of (3.6). By the comparison principle, we have

wo(s) = P.(s) forall s € (L,r). (3.7

Now, for arbitrary » > r* = max{2L,r.} and s satisfying s = %n (3.7) implies

0)/(g—
y r - % (2+0)/(q 1)V Y
0 2/ 7\ f Yo,voL/7 9 )

Since 79 = yoL/r and V. 1/ is non-decreasing in r, for the s =

derive
7\ (o (2+0)/(q—1)
wo(s) = Vi r (2) <2> s~ (2+0)/(g=1)

1

57 above, we
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By the arbitrariness of r, letting Sy = %r* and
246)/(g—1
o %\ (1 (2+0)/(a—1)
1 Y070 | 9 )

PROPOSITION 3.2. There exist Cy > 0, sqg and Sg > 0 such that

we have (3.2).

Cps~CH0/ =) > 4p (s)  for s € (0, s0)
and
Cys~ O/ > 4y (s)  for s € (So, 00).
Proof. By theorem 2.6, there exist ¢ > 0, [ > 0 and L > 0 such that
F(weo(8)) = cwoo(s)P  for all s € (0,1)
and
fweo(8)) = cwoo(s)?  for all s € (L, 00).

So, we have

" Woo 0 .
—wog S)\ST—CS wh, in s € (0,1)
and
"< Woo 0,.q :
—wh, < A— —cs’wd, ins € (L,00).

52
For arbitrary to € (0,1/2), define
D(to) = {s € (0,00): |s — to| < +to}.
Obviously, D(tg) C (0,1). Define
U(s) == t(()2+9)/(p_1)woo(to + 1tos) when s € (—1,1).

Suppose that 6 > 0. Then, by (3.10), we have

—U" SN = 555 UP in (=1,1).
From [14],
—u" = — QQCJreup, se(-1,1),

u(=1) = u(l) = oo,
has a unique positive solution Us, p,. By the comparison principle, we have
Usop(s) 2 U(s) forall s e (—1,1).
In particular, let s = 0. Then

Usop(0) =t/ (1),
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By the arbitrariness of ¢y, we let sg = %l, and then derive (3.8). When —2 < 6 < 0,
we can similarly obtain (3.8).
Now, we prove (3.9). Choose r > 2L and define

V(s) := rGFO/ @Dy (r 4 irs) when s € (—1,1).

Suppose 6 > 0. Then, by calculating, we see

c

1
VAV - g

V% in (—1,1).
By the comparison principle and letting s = 0,
r(2+9)/(q*1)woo(r) < Uno 4(0),

where Uy 4 is the unique positive solution of (3.12) with p replaced by ¢. By the
arbitrariness of r, let Sp = 2L, and then we derive (3.9). When —2 < 6 < 0, we can
similarly obtain (3.9). O

THEOREM 3.3. Suppose that (f1)—(f3) hold. Then (1.7) has a unique positive solu-
tion w. Moreover, there are positive constants Cv, Ca, sg, So such that

Cy s~ CHO/=1) () < Cos™ T/ =1 yhen s € (0, s0) (3.13)
and
Cys~@+0)/(@-1) w(s) < Cos~ 0/ (a=1)  yhen s € (Sp, 0). (3.14)

Proof. From propositions 3.1 and 3.2, it follows that the inequalities (3.13) and
(3.14) hold for any positive solution of (1.7). So, there exists C' > 1 such that

wo(s) € weo(s) < Cwo(s) for s € (0,00).

Condition (f1) implies that f(u) is a convex function in (0, co). Therefore, the proof
of uniqueness is standard, and thus we omit it. O

3.2. Exact behaviour near a singular point
In this subsection, we consider the exact behaviour of the unique positive solution

w of (1.7). Obviously, w = wg = ws and

w(s) = mlgnOO nhﬂn;() Wy m(8) = mlgnOO nh—{%o Un.m(s) for s € (0,00).

THEOREM 3.4. Let w be the unique positive solution of (1.7). Then

lim G0/ P=Doy(s) = ¢,,. (3.15)

s—0t

Proof. We shall establish suitable local super- and subsolutions of (1.7). First, we
establish a suitable local supersolution of (1.7). For any ¢ > 0, we choose large
M > 0 such that f(u) > (a — €)uP when u > M. Define

- A 240 240\ \/PD
= (a—e* a2 <”p—1)>
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and 0. = &5~ @10/(P=1) 4 M By calculation,
v
— 7 - )\8—; + 5% f(2.)
£ 5~ (@40)/ (1) o ) . )
= A —(a—e)s"(&es™ @I A2+ 57 f (00
M

> (a—e)s? (M 4 E.5~CFO/=Dyr _ (g — £)s%(£.s~ O/ (P=Dyp _ A=
S

1
pt M
— pM(a — 5)59/ (€@ 4 arryptar -\
0
> pM(a — 5)3_2@_1 — AMs?
> 0.

By the comparison principle, for any large n, m,

Ue(s) = wpm(s) in (1,m).

n
Letting n — oo and m — oo in turn, we derive

Te(8) =2 wp(s) for all s € (0,00).
By the uniqueness of positive solutions of (1.7), we see that

lim sup 279/ (=D (s) < €.
s—=0t

By the arbitrariness of €, we obtain

lim sup s 20/ P=Voy(s) < ¢, (3.16)

s—0+

For arbitrary € > 0, there exists Z > 0 such that
flu) < (a+e)u? when u > Z.
So, there exists ty > 0 such that, for sufficiently large n, m,

funm(s)) < (a+¢e)upm(s)’ when s e (Tll,to),

where uy, ., is given by proposition 2.3. Further, for sufficiently large n, m, we see

U . 1
fu/é’m > A Z*Qm _ (a+5)u£7m mn <n,to>.

A 240 240\ \/" Y 240
5 = + ]-+ 9 ﬁ:_i,
2 a+e (p—1(a+e) p—1 p—1

) = €579, where n(s) = (1 ).

Define

and
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Then,
! =€ 86— 1)s"?n(s) + 26 85"/ (s) and w.(to) = 0.
By calculating, for s € (0, tp),

—vl — )\5—; + (a+e)s’v?
= €57 2n(s)((a+ )€ n(s)"™" = A = B(B — 1)) — 2851/ (s)]
<& () [(a+ )€ = A= BB~ 1))
=0.

So, by the comparison principle, for sufficiently large m, n,

1
0.(5) < tinm(s) for s € (,to).
n
Letting n — oo and m — oo in turn,
v.(s) S weo(s) =w(s) for s e (0,1p).
This implies

lim inf s2+0/ (=D y(s) > £
s—0t

By the arbitrariness of ¢,

lim inf s2+9/=Doy(s) > ,,. (3.17)
s—0t
Obviously, (3.16) and (3.17) imply (3.15). O

3.3. Exact asymptotic behaviour of positive solutions at co

In this subsection, we give the exact behaviour of the unique positive solution w
when s — oo. It is possible that the exact behaviour of the unique positive solution
at infinity cannot be derived by using the method of proving theorem 3.4, so we
need give a different method to show the behaviour at infinity. Here, the method is
inspired by the proof of [20, proposition 3.2].

THEOREM 3.5. Let w be the unique positive solution of (1.7). Then
; (240)/(q—1) —
Slglgos w(s) = 4,. (3.18)

Proof. For any ¢ > 0, define

(A, 240 L2t L/(e=1)
R R (S I ) A ’

A 240 240\ )/ D
S (N £ B
—e b+e (b+e)(g—1) qg—1

By (f3), there exists lp > 0 such that

—w" > )\% — (b+¢)s®w? in (ly, 00) (3.19)
s
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and

—w” < )\s% —(b—¢)s"w? in (lp, 00). (3.20)

From (3.19) and (3.20), we shall prove that

lim inf s/ @Dy (s) > p |
5§—00 —€
3.21
lim sup s2F9/@=Dy(s) < p.. (3:21)

55— 00

If (3.21) holds, by the arbitrariness of &, (3.18) holds. Here, we only prove the
first inequality in (3.21). Since the second inequality can be proved by the similar
method, we omit the proof.

STEP 1. We claim that w(s) > V(s) for all s € [lp,00), where V is the unique
positive solution of

" = AL b+ e)s%ul, s € (o, 00),
wi=Ag — et s € (o, 0) (3.22)
U(lo)zo.

By lemma 2.2(ii) and A > 1, there exists Ly > Iy so that A > A;[(lo, L), 1/s?] holds
for any L > Lg. By the standard arguments of logistic equations,

=22 b+¢e)s®u?, se (lo, L),
@ 0te (fo- L) (3.23)
u(lp) =u(L) =0

has a unique positive solution Vi . From the standard arguments of boundary blow-
up problems, it follows that

- = )\s% —(b+e)s’ut, se(lo, L),
u(lp) =0, u(L) = o0
has a unique positive solution Wr,. By the comparison principle,
Vi(s) < Wi(s) for s € (lp, L),
V1, is non-decreasing in L and Wy, is non-increasing in L. So,

V(s):= lim Vi(s) and W(s):= lim Wg(s) is well defined in (ly, o0).
L—oo L—oo

By regularity arguments of elliptic equations, V' and W solve (3.22). By the com-

parison principle and (3.19), Vi(s) < w(s) in [lo, L]. Letting L — oo, we have

w(s) = V(s) in [ly, 00).

To complete step 1, we now prove the uniqueness of positive solutions to (3.22).
By the comparison principle, it can easily be seen that V is the minimal positive
solution of (3.22) and W is the maximal positive solution of (3.22). Similar to the
proof of propositions 3.1 and 3.2, there exist Sy > Lg, C7 > 0, Co > 0 such that

Cls*(2+9)/(q*1) <V(s) < W(s) < 0257(2+0)/(q71) when s > Sp.
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Further, by Hopf’s lemma, without loss of generality, we have
Cr s~ 0/ (a=1) < Vis) < W(s) < Cos~HD/(@=1)  Ghen s > 1.

By the standard method, we can obtain the uniqueness of positive solutions to

(3.22).
Define ¢(s) = Bss_(z“‘@)/(q_l). Then
¢ 04q
—¢" = )\8—2 —(b+e)s"¢? in (0,00).

Similarly, from the comparison principle, it follows that ¢(s) > Vi(s) for s € [lp, L].
Letting L — oo, we have ¢(s) = V(s) in [lp, o). By the strong maximum principle,
@(s) > V(s) in [lp,00). Define
. o(s)
= inf
s$€(lp,00) V(S)
Then, a > 1. If limgs_,o0 ¢(s)/V (s) = 1, then as w(s) > V(s), for all s > Iy, we can
obtain

lim inf s+0/ (07D (5) > p.-

§—00

STEP 2. We claim a = 1. Suppose that this is not true. Then, there must be o > 1.
By the definition of «, we have

¢(s) = aV(s) for s € [lp,00). (3.24)
We claim that
¢(s) > aV(s) for s € [lp,o0). (3.25)

If the inequality does not hold, then there exists rg > [y such that ¢(rg) = aV (ro).
Since oV is a supersolution of

—u" = /\s% —(b+e)sPul, se (ry,L),
u(ro) = ¢(ro),  u(l) =0,

by the comparison principle, aV(s) > ¢r(s) in (ro, L), where ¢, is the unique
positive solution of (3.26). Similarly to the proof of uniqueness, we can derive ¢(s) =
limy oo ¢r(s) in [rg,00). So, we have aV(s) > ¢(s) in [rg,00). By the strong
maximum principle,

(3.26)

aV(s) > ¢(s) in (rg,00),
which is a contradiction to (3.24).
By (3.25) and the definition of «, we have liminfs_, o ¢(s)/V(s) = a. We claim

lim 9(s)
S$—00 V(s)

= a. (3.27)
Otherwise, there exists ro > lp such that ¢ is a minimal point of ¢(s)/V(s) and
@(r9)/V (ro) > a > 1. Hence, we see that

P(ro)
V(ro)

QZS/(T()) — Vl(’l"o) =0. (328)
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Since ¢(r9)V (s)/V (o) is a supersolution of (3.26), by the comparison principle,

‘(i((:ﬁ(;)) V(s) = ¢r(s) for s € (ro,L).
Letting L — oo, we see that
‘Q;((:Z)) V(s) = ¢(s) for s € (rg,00).

By the strong maximum principle,
¢(ro)
V(ro)

By Hopf’s lemma and (3.28), we obtain a contradiction.
Define v = (1 + a) and ¢ € (0,1) to be determined later. Let

V(s) > ¢(s) for s € (rg,00).

-~V
w:fyvfu,
c
i.e. 1
c
v+ ——¢ =~V.
c+1w+c+1¢ "

By the property of convex functions and setting v > 1, we have
_ w PR
- > /\8—2 — (b+¢e)s®w? in (ry,0). (3.29)

Since lims—, o0 #(s)/V(s) = a for sufficiently small ;1 > 0, there exists Ly > g

such that ¢(s) < (o + u)V(s) for all s > L;. Now, we restrict ¢ to satisfy ¢ €

((a+2u—1)/(a+1),1). Then we see that 2 (c+1)(a+1) > a+ p. So, we derive

¢ =V
c

By (3.29) and (3.30), w is a supersolution of

w=~V — >0 when s> L. (3.30)

=2 b+¢e)sPul, se(L1,0),
o (bte) (L1, 00) (3.31)

lo (2+6)/(q—1) lo
V(s; Ly) :== (Ll> V<Lls>.

Then by calculation, V'(s; L1) solves (3.31). For sufficiently large L > max{L, Lo},
let V1,(s; L1) denote the unique positive solution of

Define

u
=AY~ (b4t se (L, L),

By the comparison principle, Vi(s;L1) < w(s) for s € (L1, L), and V(siLl) =
limy, 00 Vi(s; L) is well defined in [Lq, 00). By the regularity arguments, V' (s; Ly)
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solves (3.31). Similarly, we can show that (3.31) has a unique positive solution.
Hence, there must exist V' (s; L1) = V(s; L1). Further, we see that

V(s;L1) < w(s) fors e (Li,00).
Therefore, by the definition of w,

Vis) 1 [ (s) Vi(s)

WisiL) c|V(siLy) V(s L)

ZO (2+6)/(g—1) lO
o(s: L) = <L1) aﬁ(Lls) = §(s).

From (3.27), it follows that
¢(s) V(s) . V(s) ¢(s; L)

lim ——~— = lim —2 =1 -
sigolo ‘/(37 Ll) & sl{glo V(S,Ll) si{{olo ¢(3) V(S, Ll)

} >1 when s> L. (3.32)

Obviously,

Letting s — oo in (3.32), we see that v — (o — 7v)/c > 1, which is equivalent to
¢ > 1. But this is a contradiction to ¢ € ((o +2u —1)/(a + 1), 1).

STEP 3. We claim that
lim 9(s)
S$—»00 V(s)

Since a« = 1 and ¢(s) > V(s) for s > Iy, we deduce that liminfs_, ¢(s)/V(s) = 1.
Tt suffices to show that limsup,_, . #(s)/V(s) < 1. Assume on the contrary that

, ¢(s)

limsup —= > 1.
Then there exists dg > lp such that dp is a minimal point of ¢(s)/V(s) and
@(80)/V (60) > 1. Hence, we have

=1

$(o)
'(8) — "(89) = 0.
Similarly to the proof in step 2, we obtain a contradiction. O

4. Proof of theorem 1.2

In a half-space, (1.1) is equivalent to (1.6). Consider the following problem:

u
—Au:)\—Q—x?f(u), x €Ty,
xy (4.1)
u =0, T € 3T}‘;,

and u
—Au = \— —2f(u), zeTp,
xy (4.2)
U = 00, x € aTY,.
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For fixed A > I, by lemma 2.2, there exist Ry > 0 and &y such that A; [TI‘;‘;, 1/23) <
A. By the monotone property of the first eigenvalue with respect to domains, for
arbitrary 6 € (0,80] and R > Ro, M [T9,1/23] < A. By the standard arguments
of logistic equations and boundary blow-up problems, both (4.1) and (4.2) have
unique positive solutions, and we denote these by vgr s and Vg s, respectively. By
the comparison principle, we have that

vps(z) < Vrs(z) forall z € T,

From the comparison principle, we also see that vg s is non-decreasing when R
increases or § decreases, and Vg s is non-increasing when R increases or § decreases.
So,

ve(x) := Rh_r}r;o gli% vrs(z) and Vi(z):= Rh—r>noo élir(l) Vrs(x)
are well-defined in T. As in the proof of proposition 2.3, it is easily proved that
v, is the minimal positive solution of (1.6) and Vi is the maximal positive solution
of (1.6).

To complete the proof of theorem 1.2, it suffices to show that v, = V, is a function
of x1 only, and satisfies (1.9). Since v, and V, are the minimal positive solution
and the maximal positive solution of (1.6), respectively, the invariance-of-rotation
transformation for the Laplacian operator implies that both v, and V, are functions
of x1 only. For convenience, we also define v,(x1) = vi(z) and Vi (z1) = Vi(x). Then,
both v, (z1) and Vi(x1) solve (1.7). The uniqueness in theorem 1.1 implies v, = V..
Defining W (z) := v, (z) = Vi(z), (1.8) in theorem 1.1 implies that W satisfies (1.9).
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