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Abstract

Motivated by the manufacture of carbon fibre components, this paper considers the
smooth draping of loosely woven fabric over rigid obstacles, both smooth and non-
smooth. The draped fabric is modelled as the continuum limit of a Chebyshev net of two
families of short rigid rods that are freely pivoted at their joints. This approach results in
a system of nonlinear hyperbolic partial differential equations whose characteristics are
the fibres in the fabric. The analysis of this system gives useful information about the
drapability of obstacles of many shapes and also poses interesting theoretical questions
concerning well-posedness, smoothness and computability of the solutions.

2020 Mathematics subject classification: primary 35L10; secondary 53Z30, 74G99.
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1. Introduction

This paper is motivated by the possibility of manufacturing carbon fibre structures by
draping woven carbon fibre sheets over rigid obstacles of a desired shape; after draping,
resin is applied and baked as described by Barton et al. [2]. Carbon fibre sheets are
composed of two families of inextensible fibres woven fairly loosely so that they
can undergo shear, by which we mean a variation in the angle between the fibres
of each family. Originally the families are orthogonal, and we assume that they can
rotate freely relative to each other but that there is no sliding at the contact points
between the fibres. By “draping” we mean that the sheet is brought into contact
smoothly with a rigid obstacle of the desired shape, possibly by the application of
forces that induce suitably chosen shears. The shearing of the material allows us to
drape nondevelopable surfaces smoothly in contrast to “origami draping”, which is
only possible for developable surfaces.
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Many models for fibre sheet deformation have been considered in the literature,
including:

1. discrete models for systems of reticulated woven elastic rods [1, 17];
2. networks of inextensible rods, the simplest being the “Chebyshev nets” of equal

inextensible rods that can shear but are pinned at the joints [9, 13];
3. homogenized elastic and/or plastic models [4, 8, 14, 15, 24, 25].

In this paper, we will consider the even simpler model of the continuum limit of a
Chebyshev network as the rod length tends to zero, so that a sheet is composed of
two families of fibres that deform isometrically onto a given obstacle. The obstacle
represents a surface in which the fibres are required to lie, defined for example by
an equation of the form f ( r) = 0, where r = (x, y, z)T ∈ R3. Our task is then to find a
suitable parametrization r = r(u, v) of the surface, where the two families of fibres are
given by setting u or v equal to a constant, and u, v are distances measured along
the undeformed fibres. Since the infinitesimal length between successive joints is
supposed to be conserved, the parametrization must satisfy the constraints

| ru|2 = | rv|2 = 1, (1.1)

along with f ( r(u, v)) = 0.
Most of this paper will be devoted to considering solutions of (1.1) subject to

physically relevant boundary conditions. Once we have solved for r(u, v), the “shear
angle” between the two families of fibres is found from

cos γ = ru · rv. (1.2)

The angle γ is important not only analytically and geometrically, but also because the
model breaks down as γ → 0. In practice, γ is initially equal to π/2 in the undeformed
fabric, and creasing will occur if γ decreases below a finite value which depends on
the width and spacing of the fibres.

Before we start, we recall some features of this well-studied model.

(i) The Gaussian curvature K(u, v) satisfies

K =
(ruu · n)(rvv · n) − (ruv · n)2

(ru)2(rv)2 − (ru · rv)2
, (1.3)

where n is the unit normal to the obstacle [26], and hence it follows that the
shear angle satisfies

∂2γ

∂u∂v
+ K sin γ = 0. (1.4)

We note that if the obstacle is a sphere of radius R, then K = 1/R2 and equation
(1.4) becomes the sine–Gordon equation, which was derived by Hazzidakis [7]
and has since been applied to fabric drape [9, 16].

(ii) If K = 0, so that the obstacle is a developable surface, then (1.4) shows that
draping can occur with γ = constant. On the other hand, (1.4) also shows that
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FIGURE 1. (a) A rectangle in the (u, v)-plane. (b) The corresponding quadrilateral Q in R3.

the shear angle must vary when we attempt to drape any surface that is not
developable.

(iii) By integrating (1.4) over the interior Q of a quadrilateral in the sheet
bounded by fibres u = constant and v = constant, one obtains a version of
the Gauss–Bonnet theorem [7, 27], namely,

"
Q

K dS = γ(B) − γ(A) + γ(D) − γ(C), (1.5)

where A, B, C and D are the vertices of Q, as illustrated in Figure 1.
Equation (1.5) puts a limit on how much of a nondevelopable surface may be
draped without creasing, since the condition 0 < γ < π may be satisfied only if

− 2π <
"

Q

K dS < 2π. (1.6)

For an obstacle that is finite and simply connected, with Euler characteristic
equal to 2, constraint (1.6) shows that it is impossible to drape the entire obstacle
before the shear angle reaches zero or π.

(iv) It is frequently convenient to parametrize the obstacle, say in the form r =

r(ξ, η), so that (1.1) reduces to a system of nonlinear partial differential
equations for ξ(u, v) and η(u, v), namely

Eξ2
u + 2Fξuηu + Gη2

u = Eξ2
v + 2Fξvηv + Gη2

v = 1, (1.7)

where {E, F, G} are the components of the first fundamental form. For example,
if we use Cartesian coordinates (x, y) with r(x, y) = (x, y, z(x, y))T, then we can
set (ξ, η) = (x, y) in (1.7) with

E = 1 + z2
x , F = zxzy, G = 1 + z2

y .
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(v) For an axisymmetric obstacle given in terms of cylindrical polar coordinates
(r, θ) by r(r, θ) = (r cos θ, r sin θ, Z(r))T, (1.7) becomes

(1 + Z′(r)2)r2
u + r2θ2

u = (1 + Z′(r)2)r2
v + r2θ2

v = 1. (1.8)

Similarity solutions of (1.8) are possible which lead to a formulae for r(u, v)
and θ(u, v) in terms of Jacobi elliptic functions [18], and we will see examples
of this approach in Section 3. Such solutions have found practical uses in the
engineering and visualization communities [9, 16].

(vi) By cross-differentiation, problem (1.7) may be reduced to a quasilinear system,
as shown for example by Servant [22, 23] and Bianchi [3]. Several existence
proofs for Chebyshev nets are based on analysis of Servant’s equations [10, 21].

With these points in mind, we begin in Section 2 by considering the well-posedness
of (1.1) subject to boundary conditions appropriate for draping and the possible
drapings for a plane. Then in Section 3 we look at local and global draping of smooth
obstacles with prescribed positive or negative Gaussian curvature. We show some
examples where exact solutions are available, as well as a numerical approach for
draping an arbitrary axisymmetric obstacle. These solutions reveal the possibility that
γ can tend to zero for finite values of u, v, and we analyse the local fibre geometry
near such points. In Section 4 we go on to consider first local and then global
solutions for some nonsmooth piecewise developable obstacles, that have edges across
which the normal is discontinuous and which may lead to singularities in the draped
configuration [5, 11]. The situation is more complicated when the obstacle has a corner
or vertex, and we show that conical obstacles can only be draped if γ is allowed to have
appropriate jumps along certain generators. We summarize our work in Section 5.

2. Well-posedness of the model

We proceed to classify problem (1.1), which we expect to be hyperbolic in view
of (1.4). We first follow a procedure analogous to Charpit’s method [12]. Thus
we consider the Cauchy problem for system (1.7), in which (ξ, η) = (X(t), Y(t)) are
prescribed on a curve Γ in the (u, v)-plane parametrized by (u, v) = (U(t), V(t)). On
this curve, the functions

(p, q, r, s) = (ξu, ηu, ξv, ηv)

can be determined in principle by seeking real solutions of the simultaneous equations

Ep2
+ 2Fpq + Gq2

= 1, Er2
+ 2Frs + Gs2

= 1, (2.1a)

U̇p + V̇r = Ẋ, U̇q + V̇s = Ẏ . (2.1b)

Note that in view of the squares in (2.1a), we will also need extra information about
the orientation of the sheet to ensure uniqueness.

We next examine whether it is possible to solve uniquely for the first-order
derivatives of (p, q, r, s) on Γ; if so, we expect to be able to solve uniquely for (p, q, r, s)
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when (u, v) is sufficiently close to Γ. Assuming sufficient smoothness, we differentiate
the partial differential equations (2.1a) with respect to u and v, and the boundary
conditions (2.1b) with respect to t, to obtain

(Ep + Fq)pu + (Fp + Gq)qu = H1, (Ep + Fq)pv + (Fp + Gq)qv = H2, (2.2a)

(Er + Fs)ru + (Fr + Gs)su = H3, (Er + Fs)rv + (Fr + Gs)sv = H4, (2.2b)

U̇2pu + U̇V̇(pv + ru) + V̇2rv = H5, U̇2qu + U̇V̇(qv + su) + V̇2sv = H6, (2.2c)

where the right-hand sides Hi only depend on undifferentiated terms which are in
principle known on Γ. In addition, compatibility demands that

ru − pv = 0, su − qv = 0. (2.2d)

The determinant of the system (2.2) of eight linear equations for the derivatives of
(p, q, r, s) is given by

∆ = (EG − F2) sin2 γ U̇2V̇2. (2.3)

The first derivatives are thus uniquely determined on Γ unless ∆ = 0. The first factor
in (2.3) is strictly positive, and it follows that system (1.7) is hyperbolic in the sense
that it has real characteristics u = constant and v = constant, away from points where
sin γ = 0 and the two families of characteristics become parallel. Thus we expect to
have a well-posed problem when we prescribe Cauchy data on a curve which is not
a characteristic, or when we prescribe either ξ or η on intersecting characteristics
(Goursat data [12]). The latter is most relevant to the draping problem when we
typically prescribe the position of two intersecting fibres so that, for example, ξ = 0
on v = 0 and η = 0 on u = 0.

The above analysis may be condensed if the parametrization r(ξ, η) is assumed to
be orthogonal; this can always be achieved, at least locally, for example by choosing
ξ = constant and η = constant to be lines of curvature [27]. Thus the first fundamental
form is diagonal, so F = 0 in (1.7), and we can introduce the scaling factors defined
by h1(ξ, η) = | rξ(ξ, η)| = E1/2 and h2(ξ, η) = | rη(ξ, η)| = G1/2. Equations (1.7) then
reduce to

h1(ξ, η)2ξ2
u + h2(ξ, η)2η2

u = 1, h1(ξ, η)2ξ2
v + h2(ξ, η)2η2

v = 1,

and the shear angle satisfies

cos γ = h1(ξ, η)2ξuξv + h2(ξ, η)2ηuηv.

We may now define direction angles α(u, v) and β(u, v) for the curves v = constant and
u = constant, respectively, so that

ξu =
cosα

h1(ξ, η)
, ηu =

sinα
h2(ξ, η)

, (2.4a)

ξv =
cos β

h1(ξ, η)
, ηv =

sin β
h2(ξ, η)

, (2.4b)
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FIGURE 2. Schematic showing (a) a jump in ru across a fibre u = constant, (b) a jump in rv across a fibre
v = constant and (c) a planar Chebyshev net. (Colour available online.)

and

γ = β − α.

Compatibility between equations (2.4) requires that α and β satisfy

αv =
h1η cos β − h2ξ sin β

h1h2
, βu =

h1η cosα − h2ξ sinα

h1h2
, (2.5)

which, together with either (2.4a) or (2.4b), form a 4 × 4 semilinear system for
(ξ, η,α, β) with the fibres being repeated characteristics.

Since the fibres themselves are required to be continuous, we must insist that ξ
and η are continuous functions of u and v. However, the semilinear system (2.5)
admits solutions in which α and/or β, and thus γ, have jumps across characteristics.
In particular, α may have a jump across a fibre on which u is constant, and β may
have jump across a fibre on which v is constant; the two possibilities are illustrated in
Figure 2(a) and 2(b), respectively.

The simplest case occurs if the obstacle is a plane, in which case we can just take
(ξ, η) = (x, y) and h1 = h2 = 1 so that α = α(u) and β = β(v). We may determine a
particular solution by specifying two nonparallel initial fibres, leading to a Goursat
problem [12] in which boundary data are given on two intersecting characteristics
given by constant values of u and v.

For example, suppose we take the fibres u = 0 and v = 0 to be given by x = (sin y)/5
and y = x2/2, respectively, as indicated by the thicker curves in Figure 2(c). This choice
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imposes the initial data r(u, 0) = f (u) and r(0, v) = g(v) on the characteristics v = 0 and
u = 0, where

f (u) =

(

f1(u)
f1(u)2/2

)

, g(v) =

(

sin(g2(v))/5
g2(v)

)

with f1 and g2 chosen to ensure that | f ′| ≡ 1 ≡ | g′| and f1(0) = g2(0) = 0. The resulting
planar mesh, given by

r(u, v) = f (u) + g(v), (2.6)

is shown in Figure 2(c).
Although draping on a plane may appear trivial, solutions such as the one shown in

Figure 2(c) are useful when considering piecewise developable obstacles, as we will
see in Section 4. First, we study smooth obstacles with finite nonzero curvature.

3. Draping smooth obstacles

3.1. Local solutions We first consider an obstacle that is smooth enough to be
represented locally by

−z =

(cos2 ψ

R1
+

sin2 ψ

R2

)

x2

2
+ sinψ cosψ

( 1
R1
− 1

R2

)

xy +

(sin2 ψ

R1
+

cos2 ψ

R2

)

y2

2
+ (cubic terms in x, y),

where Ri are the principal radii of curvature at the origin and ψ is the angle between
the principal axes of the obstacle and the directions in which the fibres are initially laid
down. Thus, the local boundary conditions are x = 0, y = v on u = 0 and x = u, y = 0
on v = 0.

When x and y are expanded in powers of u and v, we find, after some work, that the
shear angle γ satisfies

8 cos γ ∼ sin 2ψ
[ 1

R2
1

− 1

R2
2

+

( 1
R1
− 1

R2

)2

cos 2ψ
]

u2
+

8uv

R1R2

+ sin 2ψ
[ 1

R2
1

− 1

R2
2

−
( 1
R1
− 1

R2

)2

cos 2ψ
]

v2.

This implies that, on a circle x2
+ y2
= constant, γ decreases most rapidly in a direction

which makes an angle

φ =
1
2

arctan
( 8R1R2

(R1 − R2)2 sin(4ψ)

)

(3.1)

with the x-axis. We note that (3.1) gives an angle of π/4 for an axisymmetric surface
(R1 = R2), or whenever the fibres are laid down along the principal axes (ψ = 0 or
π/2). The calculations become easier in such symmetric configurations, in which case
x and y turn out to be sums of powers of u and v, respectively, as we will see in the
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(a) (b)

FIGURE 3. Draped nets on (a) a paraboloid of revolution, (b) a hyperbolic paraboloid. (Colour available
online.)

next section. We note that the fibres may be sheared initially so that x = u + v cos γ0

and y = v sin γ0 before being draped, but this does not affect the qualitative response.

3.2. Paraboloids When the obstacle is a paraboloid of revolution given by z = (x2
+

y2)/2, (1.1) becomes

x2
u + y2

u + (xxu + yyu)2
= x2

v + y2
v + (xxv + yyv)2

= 1.

In the special case where x = x(u) and y = y(v), we see that

(1 + x2)
(

dx

du

)2

= (1 + y2)
(

dy

dv

)2

= 1,

which can be integrated (subject to x(0) = y(0) = 0) to give x = f (u) and y = f (v),
where f satisfies the implicit equation

f (t)
√

1 + f (t)2 + sinh−1 f (t) ≡ 2t. (3.2)

The corresponding draped net is shown in Figure 3(a). Note that the solution can be
continued further, but we only show the draping of a finite square sheet.

The shear angle is given by

cos γ =
xy

√

(1 + x2)(1 + y2)
,
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and is π/2 on x = 0 and on y = 0, so this solution is indeed generated by the two initial
fibres being laid perpendicularly at the vertex of the paraboloid. The shear angle tends
to 0 or π as (x, y)→ ∞ (other than on the coordinate axes), and again it decreases most
rapidly in a direction bisecting the two initial fibres.

We note that an analogous ansatz, with x a function only of u and y a function
only of v, works for any smooth surface of the separable form z = F(x) + G(y). For
example, a simple extension of the above solution for an axisymmetric paraboloid is
for the hyperbolic paraboloid z = (x2 − y2)/2, which can also be draped with x = f (u)
and y = f (v), where f satisfies (3.2). The net is shown in Figure 3(b) and the contours
of the shear angle are exactly the same as those for the paraboloid of revolution.

All these solutions give nonzero values for γ everywhere, but this is not always
possible with seamless draping, as we will now see.

3.3. Tori The difficulty of seamless draping on simply connected obstacles is
compounded when obstacles have holes. Hence we next consider toroidal obstacles
parametrized by

r(θ, φ) =





















(a + b sin θ) cos φ
(a + b sin θ) sin φ

b cos θ





















,

with a > b > 0, so that (1.1) gives

b2θ2
u + (a + b sin θ)2φ2

u = b2θ2
v + (a + b sin θ)2φ2

v = 1. (3.3)

Equations (3.3) admit separable solutions [9], in which

θ = θ(ξ), φ = φ(η), ξ = u + v, η = u − v.

This ansatz is consistent with (3.3) only if φ′(η) is constant, so, without loss of
generality, we set φ(η) = cη, where c is a positive constant.

Problem (3.3) then reduces to

b2
(

dθ

dξ

)2

= 1 − c2(a + b sin θ)2, (3.4)

the general solution of which can be expressed in implicit form involving elliptic
functions, which we will not reproduce here. The shear angle is then determined from

sin
(

γ

2

)

= c(a + b sin θ). (3.5)

Now suppose we begin draping at the top of the torus, so that θ(0) = 0, which is
consistent with (3.4) only if we assume that c < 1/a. Then, without loss of generality,
we can take θ to be an increasing function of ξ and we see from (3.5) that γ can never
reach zero. However, it can become equal to π if

c(a + b sin θ) = 1.
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(a) (b) (c)

FIGURE 4. Three different solutions for a Chebyshev net on a torus with radii a = 1, b = 0.5 and
separation parameter (a) c = 0.5, (b) c = 0.8, (c) c = 2/3. (Colour available online.)

We deduce that with suitable seams, it is possible to cover the entire torus without
the shear angle reaching π provided c < 1/(a + b). For intermediate values, 1/(a +
b) < c < 1/a, we can start constructing a net from θ = 0, but the solution inevitably
terminates with γ = 0 before the entire torus has been covered.

Figure 4 shows three solutions for a torus with a = 1 and b = 0.5. In Figure 4(a),
we take c = 0.5 < 1/(a + b), so the solution exists on the entire domain θ, φ ∈ [0, 2π),
with seams depicted by black dotted curves at θ, φ ∈ {0, 2π}. In Figure 4(b), we take
c = 0.8. Since c < 1/a, we can then integrate (3.4) in a neighbourhood of θ = 0 but,
because c > 1/(a + b), the solution terminates with γ = π at

θ = sin−1
(1 − ac

bc

)

and θ = −π − sin−1
(1 − ac

bc

)

.

Finally, Figure 4(c) shows the borderline case where c = 1/(a + b) = 2/3. Now the
solution fails precisely when the two sides are about to join together at θ = π/2 and
−3π/2.

In the limit where b ≪ a, the torus approaches a cylinder, which is developable and
so can trivially be covered by a “rolling up” a plane net. As the value of b/a increases,
the axial curvature of the torus becomes increasingly important, and one might expect
that it eventually becomes impossible to cover the entire torus without the shear angle
vanishing. The solutions derived here demonstrate that this expectation would be false:
regardless of the values of a and b, by choosing c appropriately, one can always find
a valid solution on the whole torus. This result is consistent with constraint (1.6),
because the Euler characteristic of the torus is zero.

3.4. Separable solution for an axisymmetric obstacle The strategy adopted
above for the torus in principle works on any axisymmetric obstacle. We can seek
solutions of (1.8) in separable form with

r = r(ξ), θ = θ(η), ξ = u + v, η = u − v.
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As in Section 3.3, we find that θ′(η) is constant, and we can set θ = cη. Then equations
(1.8) reduce to

dr

dξ
= ±

√

1 − c2r2

1 + Z′(r)2
,

which gives a family of draping solutions, parametrized by c. The shear angle satisfies

cos γ = 1 − 2c2r2,

and is necessarily zero on the symmetry axis. Thus, this family of solutions cannot
describe draping that starts at the axis of, for example, a paraboloid or a sphere. We
therefore move on to present a numerical scheme that allows us to compute the solution
on any smooth axisymmetric obstacle.

3.5. Numerical solution for an axisymmetric obstacle We consider an axisym-
metric obstacle with a smooth umbilic point at r = z = 0 on the surface z = Z(r), so
that Z(r) ∼ κr2/2 + · · · as r → 0. We define new spatial coordinates (ξ, η), given by

ξ = A(r) cos θ, η = A(r) sin θ,

where A(r) is chosen to be

A = r exp
[

∫ r

0

√

1 + Z′(s)2 − 1
s

ds

]

. (3.6)

Thus the governing equations (1.8) are then transformed to

ξ2
u + η

2
u = ξ

2
v + η

2
v = F(A), (3.7)

where F is defined parametrically by

F(A) = exp
[

2
∫ r

0

√

1 + Z′(s)2 − 1
s

ds

]

,

along with (3.6).
Assuming that two initial fibres are laid perpendicularly at the pole, we may restrict

our attention to the quadrant u, v > 0, subject to the boundary conditions

ξ = g(u), η = 0 at u > 0, v = 0, ξ = 0, η = g(u) at u = 0, v > 0, (3.8)

where g is defined by

g

(

∫ r

0

√

1 + Z′(s)2 ds

)

= r exp
[

∫ r

0

√

1 + Z′(s)2 − 1
s

ds

]

.

Now we discretize the problem on a finite square bounded by the characteristics
u = 0, L and v = 0, L for some L > 0, using a uniform grid of size δ = L/N, where
N ∈ N. The partial differential equations (3.7) are approximated up to order δ2 by the
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FIGURE 5. (a) A schematic showing the boundary conditions and the stencil used for the numerical
scheme. (b) The error in the numerical calculation of x(5, 5) for a paraboloid plotted against the grid
size δ. The solid line shows the fit error ∼ 0.016 δ2.

discrete equations

(ξi+1,j − ξi,j)(ξi+1,j+1 − ξi,j+1)

δ2
+

(ηi+1,j − ηi,j)(ηi+1,j+1 − ηi,j+1)

δ2
=

Fi,j+1 + Fi+1,j

2
, (3.9a)

(ξi,j+1 − ξi,j)(ξi+1,j+1 − ξi+1,j)

δ2
+

(ηi,j+1 − ηi,j)(ηi+1,j+1 − ηi+1,j)

δ2
=

Fi,j+1 + Fi+1,j

2
, (3.9b)

where ξi,j and ηi,j are the approximations of ξ(u, v) and η(u, v) at (u, v) = (δi, δj), and

Fi,j = F

(√

ξ2
i,j + η

2
i,j

)

.

Knowing the values of ξ and η at (i, j), (i + 1, j) and (i, j + 1), the values ξi+1,j+1 and
ηi+1,j+1 at the fourth point of the square are given by (3.9), and the values at i = 0 and
j = 0 come from (3.8). The boundary conditions and the stencil used for the numerical
scheme are shown schematically in Figure 5(a). We first test the proposed scheme on
the paraboloid shown in Figure 3(a) in which Z(r) = r2/2, so that

F

( 2re−1+
√

1+r2

1 +
√

1 + r2

)

=
4e−2+2

√
1+r2

(1 +
√

1 + r2)2
,

g

(

r
√

1 + r2 + sinh−1 r

2

)

=
2re−1+

√
1+r2

1 +
√

1 + r2
.

The numerical solution gives the approximation to x at (u, v) = (5, 5) as

x(5, 5) ≈
ξk,k
√

Fk,k

, where kδ = 5.
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FIGURE 6. (a) The cosine of the shear angle γ plotted against uv for various fixed values of v; the
dotted curve shows the similarity solution Γ(uv) satisfying (3.11). Note that the curves are practically
indistinguishable. (b) Numerical solution for a Chebyshev net on a sphere. (Colour available online.)

However, we know from Section 3.2 that x(5, 5) = f (5) ≈ 2.78682, where f is given by
(3.2). Figure 5(b) shows that the error between the numerical and analytic solutions
decreases quadratically with the grid size δ.

Next we use the same scheme for a spherical obstacle for which the functions F and
g are given by

F(A) =
(

1 +
A2

4

)2

, g(u) = 2 tan
(

u

2

)

.

In this case, analytical solutions for (x, y) are not available but, since the Gaussian
curvature K is unity on the sphere, the sine–Gordon equation (1.4) admits similarity
solutions in which γ = Γ(uv), where Γ satisfies

sΓ′′(s) + Γ′(s) + sin Γ(s) = 0. (3.11a)

For consistency with the boundary conditions in Figure 5(a) we impose Γ(0) = π/2,
and the unique solution of (3.11a) then has asymptotic behaviour [6]

Γ(s) =
π

2
− s +

s3

18
− 7s5

1800
+ · · · as s→ 0. (3.11b)

We can compute the shear angle from our numerical solution using

ξuξv + ηuηv = F

(
√

ξ2 + η2
)

cos γ.

In Figure 6(a) we show the resulting numerical solution for cos γ (using δ = 0.000341)
as a function of uv by varying u while holding v constant. The curves for different
values of v all collapse, as expected, confirming that the solution for γ is self-similar,
although this is not true for ξ and η. Moreover, the numerically computed solution is

https://doi.org/10.1017/S144618112000019X Published online by Cambridge University Press

https://doi.org/10.1017/S144618112000019X


368 P. D. Howell, H. Ockendon and J. R. Ockendon [14]

indistinguishable from the similarity solution cosΓ(uv) obtained from (3.11). From a
practical viewpoint, the key result is that the shear angle γ reaches zero when uv = u2

c ,
where uc ≈ 1.3644.

In Figure 6(b), we show just one quadrant of the net, which could be continued
periodically to cover the rest of the upper portion of the sphere. The solution is
terminated on the fibres u = uc and v = uc, which meet at a cusp where γ first reaches
zero. The upper limit of the region covered by the net corresponds to the point where
v = 0 and u = uc (or vice versa), and at this point the height above the equator is given
by z = cos uc ≈ 0.205. The lowest point occurs when (u, v) = (uc, vc), and we compute
the corresponding height as z ≈ −0.6847, so the net cannot reach the south pole before
γ reaches zero. Confirmation comes by integrating along the line v = u and exploiting
symmetry to show that γ first reaches zero when

z = cos
[

2
∫ uc

0
cos

(

Γ
(

u2)

2

)

du

]

,

which gives a value of z that differs from our full numerical solution by less than
2 × 10−6.

By applying the identity (1.5) with Gaussian curvature K ≡ 1, we deduce that the
quadrilateral draped region in Figure 6(b) has area equal to π/2, and therefore covers
precisely half of the surface of the spherical obstacle.

What happens beyond the limiting characteristics shown in Figure 6(b) will be
discussed in the next section,

3.6. Draping with small shear angle We conclude this section by analysing the
local fibre geometry near points where γ vanishes.

Without loss of generality, let us fix the coordinates such that the two fibre directions
coincide at the origin, where they are parallel to the x-axis. The parametrization r(u, v)
must therefore satisfy

r(0, 0) = 0, ru(0, 0) = rv(0, 0) = (1, 0, 0)T, (3.12)

and we assume that in a neighbourhood of the origin, the obstacle may be approxim-
ated by a quadric of the form

z ∼ 1
2 ax2

+ bxy + 1
2 cy2

+ · · · , (3.13)

where the local Gaussian curvature is given by K = ac − b2.
Given (3.12), equations (1.1) imply that the solution near the origin takes the form

x(u, v) ∼ (u + v) − 1
6 (a2(u + v)3

+ k2
1u3
+ k2

2v3) + · · · ,

y(u, v) ∼ 1
2 k1u2

+
1
2 k2v2

+ · · · ,

for some constants k1 and k2 which can only be determined globally. The shear angle
is then found from

cos γ = ru · rv ∼ 1 − 1
2 (k1u − k2v)2

+ · · · ,
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FIGURE 7. (a) Local behaviour of a net on a paraboloid z = −0.1 − 0.5
(

x2
+ y2

)

near a zero of the shear
angle γ; also shown is the projection onto the (x, y)-plane. (b) The continuation of the solution from (a).
(Colour available online.)

and hence γ ∼ ±(k1u − k2v) as (u, v)→ (0, 0). We note that γ is generically zero on a
line given locally by k1u ∼ k2v, which in the (x, y)-plane corresponds to

y ∼
(

k1k2

2(k1 + k2)

)

x2. (3.15)

This curve is locally a parabola which is tangent to the fibre direction at the origin; it
does not involve the local Gaussian curvature and, therefore, the behaviour does not
depend on whether the surface is developable or not.

Figure 7 shows an example where we take a = c = −1 and b = 0 so the surface
is locally a paraboloid of revolution, for plotting convenience shifted by −0.1 in the
z-direction. The other parameters are set to k1 = −0.5 and k2 = 1. Figure 7(a) shows
the resulting net draped over the surface, for values of u and v between −0.5 and 0;
the projection of the solution onto the (x, y)-plane is also shown. The fibre directions
become parallel at x = y = 0, u = v = 0. In Figure 7(b), the darker curves reproduce
the projection onto the (x, y)-plane from Figure 7(a), and now we can also show the
lighter curves that reveal the behaviour with the ranges of u and v extended to the
region −1 < u < −2v < 1. In this case, the shear angle is zero when u + 2v = 0, whose
image in the (x, y)-plane is indicated by the dotted curve; as predicted, this curve is
locally parabolic and tangent to the cusp at the origin.

In the example shown in Figure 7, the curvatures k1 and k2 of the fibre directions
meeting at the cusp are chosen to differ, so that the structure is asymmetric. In cases
where the geometry imposes reflectional symmetry, for example the spherical net
shown in Figure 6(b), the fibre curvatures satisfy k1 + k2 = 0, and the curve on which
γ = 0 becomes degenerate, according to (3.15). In such cases, we need to proceed to
higher order to obtain the form of the local envelope.

Let us therefore consider a surface given locally by (3.13) with b = 0, so it has the
required symmetry about the x-axis. The corresponding expansions for x and y take
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FIGURE 8. (a) The projection onto the (x, y)-plane of a symmetric net near a zero of the shear angle
γ, with parameter values a = 1, k1 = 0.8025, k3 = 0.09803. The dotted curve shows the local behaviour
(3.18) of the cusp. (b) The pre-image of (a) in the (u, v)-plane. (Colour available online.)

the forms

x(u, v) ∼ (u + v) − 1
6 [a2(u + v)3

+ k2
1(u3
+ v3)] +

3k1k3

4
(u4
+ v4) + · · · , (3.16a)

y(u, v) ∼ k1

2
(u2 − v2) + k3(v3 − u3) + · · · , (3.16b)

where k1 and k3 are globally-determined constants and

γ(u, v) ∼ −k1(u + v) + 3k3(u2
+ v2) + · · · . (3.17)

It follows that γ vanishes on a curve whose image in the (x, y)-plane is given by
(

x

y

)

∼ 2k1k3

(

3s2

2k2
1s3

)

as s→ 0, (3.18)

and we therefore expect to see the fibre directions becoming parallel on a curve with a
2/3-power cusp, rather than the locally parabolic curve seen in Figure 7(b).

We can apply this theory to the spherical example in Figure 6(b) where we know
that γ(u, v) = Γ(uv), and Γ satisfies (3.11). Expanding about the singularity at (u, v) =
(uc, vc), we get

γ(uc + ũ, uc + ṽ) ∼ ucΓ
′(u2

c)(ũ + ṽ) + Γ′(u2
c)ũṽ + 1

2 u2
cΓ
′′(u2

c)(ũ + ṽ)2
+ · · · , (3.19)

and, from (3.11), we have u2
cΓ
′′(u2

c) = −Γ′(u2
c). Therefore (3.19) is indeed of the same

form as (3.17), and we can read off the values

k1 = −ucΓ
′(u2

c) ≈ 0.8025, k3 = − 1
6 Γ
′(u2

c) ≈ 0.09803. (3.20)

Figure 8(a) shows the local pattern of characteristics given by (3.16) with the
parameters given by (3.20) and a = 1. The darker curves show the image in the
(x, y)-plane of the square (u, v) ∈ [−0.5, 0] × [−0.5, 0], which is equivalent to that seen
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on the sphere in Figure 6(b). The lighter curves again show the results of extending the
ranges of (u, v) to positive values of u and v. We terminate each characteristic when
the fibre angle reaches zero: we can see that this occurs on the dotted cusped curve
given locally by (3.18). However, here the fibres begin to cross over each other before
reaching the branch of the cusp at which they become parallel, giving an indication of
the singular behaviour to be expected when attempting to extend the sphere draping
solution from Figure 6(b) beyond the first zero of the shear angle γ.

Figure 8(b) shows the pre-image of Figure 8(a) in the (u, v)-plane. Again, the dotted
curve shows where the fibre angle γ reaches zero and where the fibres have been termi-
nated. If one were to trim the fabric along this curve, we anticipate that the behaviour
illustrated in Figure 8(a) would lead to the existence of two overlapping sheets of fabric
in the region between the two dotted curves. If such a geometric configuration occurred
in the characteristics of a hyperbolic system of conservation laws, it would lead to a
shock wave which could be modelled by a weak solution. Here, the possibility of
overlapping layers means that multi-valuedness need not be unphysical.

The results of this section have demonstrated that continuous draping of a smooth
nondevelopable obstacle is often not possible without seams or creases since the
nonzero Gaussian curvature can induce distortions of the net that result in the shear
angle reaching zero before the entire obstacle can be covered. In the next section we
extend our analysis to describe piecewise smooth obstacles that contain edges and/or
vertices.

4. Draping nonsmooth obstacles

4.1. Local solutions We first focus attention on the local draping behaviour near an
edge in an otherwise smooth obstacle. The resulting disruption to the fibre geometry
depends on whether or not one of the fibres lies along the edge; if it does then,
following the discussion in Section 2, it is possible for γ to have a jump discontinuity
across the edge. Indeed, it is in principle possible to shear the material even on a
smooth surface such that γ has a discontinuity across a fibre.

Consider a general surface which is everywhere continuous, but whose nor-
mal is discontinuous across a curve Γ, say. As usual, we seek a parametrization
r= r(u, v) of the surface satisfying (1.1), with the shear angle determined by (1.2).
We parametrize Γ by r = re(s) = r(ue(s), ve(s)), where (u, v) = (ue(s), ve(s)) represents
Γ in the (u, v)-plane; the tangent to Γ is

t = r′e(s) = u′e(s)ru(ue(s), ve(s)) + v′e(s)rv(ue(s), ve(s)). (4.1)

Both r and t are continuous on Γ, and the continuity of |t|2, gives the condition

u′ev′e[cos γ]+− = 0, (4.2)

where [·]+− denotes the jump in a quantity across the edge. It follows from (4.2) that the
shear angle γ is continuous across the edge, unless either u′e = 0 or v′e = 0 or, in other
words, unless the edge is tangent to a characteristic.
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FIGURE 9. (a) Schematic of the (u, v)-plane showing the edge u = −ǫv2 in the obstacle (black curve)
and the characteristic u = 0 that is tangent to the edge (red dashed line). (b) The projection of the
characteristics given by (4.4) and (4.5) on the (X, y)-plane, here with ǫ = 0.5 and θ = π/4. Again, the black
curve shows the edge X = −y2 and the dashed curve shows the characteristic U = 0. (Colour available
online.)

By taking the scalar product of (4.1) with ru and rv and using (4.2), we obtain the
further jump conditions

u′e[t · ru]+− = v′e[t · rv]+− = 0.

The implication is that the angle between the edge and the fibre direction ru must be
continuous unless the edge is parallel to rv, and vice versa. Thus, the components of
the fibre direction vectors parallel to the surface do not change as they cross the edge,
except where the edge is tangent to a characteristic.

To illustrate what happens at such points, we look at the case where undeformed
material lies on a flat table z = 0 for x < −ǫy2, and then drapes over the nearly planar
quadric

z = − tan θ(x + ǫy2), for x > −ǫy2,

where 0 < ǫ ≪ 1. In the limit ǫ → 0, the obstacle is simply two planes intersecting
along the y-axis at an angle π − θ. The fibres on the table are given by x = u and
y = v so that the edge x = −ǫy2 is tangent to the fibre u = 0 at the origin, as seen in
Figure 9(a).

We need to consider separately the solution in the regions indicated in Figure 9(a).
There is an undistorted region in u < −ǫv2, a region I between the edge and the
characteristic fibre u = 0 and the region II in which u > 0. We can exploit the smallness
of ǫ by noting that u and x are both small in region I when v = O(1). In terms of the
normalized variables U = u/ǫ and X = x/ǫ, the governing equations (1.1) in region I
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are transformed to

ǫ−2y2
U + X2

U + tan2 θ(XU + 2yyU)2
= y2

v + ǫ
2X2

v + ǫ
2 tan2 θ(Xv + 2yyv)2

= 1, (4.3a)

subject to the continuity conditions

X = U, y = v on U = −v2. (4.3b)

When ǫ ≪ 1, the asymptotic solution to the problem (4.3) is given by

X(U, v) ∼ U cos θ − v2(1 − cos θ) + · · · , (4.4a)

y(U, v) ∼ v +
4ǫ2

3
(1 − cos θ)((−U)3/2 sign(v) − v3) + · · · . (4.4b)

The shear angle in region I is then found from

cos γ = ǫ−1yUyv + ǫXUXv + ǫ tan2 θ(XU + 2yyU)(Xv + 2yyv)

∼ 2ǫ(1 − cos θ)(v − sign(v)
√
−U) + · · · .

Thus cos γ = 0 at U = −v2 and the shear angle is continuous across the edge up to
order ǫ; as shown above, it must in fact be continuous at all orders. The tangency of
the edge to the characteristic U = 0 does, however, result in a square-root singularity
in γ as U approaches zero from below.

To extend the solution into region II, we impose continuity of x and y across the
characteristic U = 0, but this is not sufficient to specify the solution uniquely: we
also need data on the characteristics U = constant that emanate from region II. For
definiteness, we continue the fibre v = 0 into region II, by imposing y(U, 0) = 0 for
U > 0. Then for ǫ ≪ 1 the asymptotic solution in region II is

X(U, v) ∼ U cos θ − v2(1 − cos θ) + · · · , (4.5a)

y(U, v) ∼ v − 4ǫ2

3
(1 − cos θ)v3

+ · · · , (4.5b)

and

cos γ ∼ 2ǫ(1 − cos θ)v + · · · .

Thus γ is continuous also across U = 0, albeit with the square-root singularity as the
characteristic is approached from the left-hand side.

In Figure 9(b) we plot the asymptotic solution derived above in the (X, y)-plane
with θ = π/4 and a large value of ǫ = 0.5 so that the distortion of the fibres is clearly
visible. Although γ is continuous, one can detect a singularity in the fibre curvature
as the characteristic U = 0 (indicated by the dashed curve) is approached. We will see
that such behaviour is typical on a characteristic that grazes an edge in an otherwise
smooth surface.

A similar analysis can be performed when the obstacle is given by z = 0 for x <

ǫy2 and z = − tan θ(x − ǫy2) for x > ǫy2. We again have to solve separately in the two
regions III and IV, as shown in Figure 10(a), but the altered geometry introduces the
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FIGURE 10. (a) Schematic of the (u, v)-plane showing the curve u = F(v) corresponding to the edge x =

ǫy2 in the obstacle (black curve) and the characteristics u = 0 and v = 0 that are tangent and perpendicular
to the edge (red and blue dashed lines). (b) The projection of the asymptotic solution given by (4.6) and
(4.7) on the (X, y)-plane, here with ǫ = 0.5 and θ = π/4. Again, the black curve shows the edge X = y2

and the dashed curve shows the characteristic U = 0. (Colour available online.)

additional complication that the edge x = ǫy2 in the (u, v)-plane is now unknown in
advance; this curve is denoted by u = F(v), as shown in Figure 10(a). In addition, the
solution in region III depends on information from the characteristic v = 0 (indicated
by a blue dashed curve), while the solution in region IV depends on information from
the characteristic u = 0 (indicated by a red dashed curve). Therefore the problems in
regions III and IV are coupled and must be solved simultaneously.

In terms of the rescaled variables X = x/ǫ and U = u/ǫ, the solutions for X and y

may again be expressed as asymptotic expansions in powers of ǫ2. In region III,

X(U, v) ∼ U + · · · , (4.6a)

y(U, v) ∼ v − 4ǫ2

3
(1 − cos θ)U3/2 sign(v) + · · · , (4.6b)

γ ∼ π

2
+ 2ǫ(1 − cos θ) sign(v)

√
U + · · · , (4.6c)

and in region IV,

X(U, v) ∼ U cos θ + v2(1 − cos θ) · · · , (4.7a)

y(U, v) ∼ v − 4ǫ2

3
(1 − cos θ)v3

+ · · · , (4.7b)

γ ∼ π

2
+ 2ǫ(1 − cos θ)v + · · · . (4.7c)
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The boundary between the two regions in the (U, v)-plane is given by

U ∼ v2 − ǫ
2

3
(1 − cos θ)(5 + 3 cos θ)v4

+ · · ·

and the projection onto the (X, y)-plane of the asymptotic solution is shown in
Figure 10(b), again taking θ = π/4 and ǫ = 0.5. We observe that the shear angle γ
is still continuous everywhere, and again has a square root singularity as the grazing
characteristic U = 0 is approached from region III.

We next consider the global behaviour of draping solutions on surfaces with edges,
as well as the more extreme singularity that occurs when the obstacle has a vertex.

4.2. Draping a piecewise developable surface In practice, there is often interest
in draping obstacles that comprise two or more developable surfaces joined together
along edges. Each developable section may be unwrapped onto a plane, upon which
a general drape may be constructed as in Section 2. However, we must now ensure
that the resulting drapes connect smoothly across the joins between the developable
surfaces so that seamless draping can be achieved.

We suppose that two developable surfaces, joined at an edge, have been separated
and flattened out onto the (x, y)-plane. The edge between the two surfaces is flattened
onto two planar boundaries, which are denoted by r = r+0 (s) and r−0 (s), where s is
arc-length. We denote the corresponding tangents by

dr±0
ds
=

(

cos θ±

sin θ±

)

.

The general solution for the drape on the planar surface on either side of the join is
given as in (2.6) by

r(u, v) = f±(u) + g±(v),

where f± and g± have derivatives denoted by

df±

du
=

(

cosα±

sinα±

)

,
dg±

dv
=

(

cos β±

sin β±

)

.

As shown in Section 4.1, to ensure that draping is possible, the angle between each fibre
direction and the edge must be continuous when the boundaries are joined together, so
we impose the jump conditions

α+ − α− = β+ − β− = θ+ − θ−, (4.8)

which are equivalent to requiring u and v to be continuous across the edge. Thus, if
(u, v) = (u0(s), v0(s)) on the edge, then

r±0 (s) = f±(u0(s)) + g±(v0(s)). (4.9)

Now suppose that we prescribe the functions f−(u) and g−(v) and are given the
locations r±0 of the two branches of the edge. We can then in principle use (4.9) to
solve first for u0 and v0 and then for f+ and g+.

https://doi.org/10.1017/S144618112000019X Published online by Cambridge University Press

https://doi.org/10.1017/S144618112000019X


376 P. D. Howell, H. Ockendon and J. R. Ockendon [22]

In the simplest configuration, we suppose that the fibres are laid straight and
perpendicular on the “−” side of the edge, with

f−(u) =

(

u

0

)

, α−(u) = 0, g−(v) =

(

0
v

)

, β−(u) =
π

2
.

From (4.9), we find u0 and v0 using

r−0 (s) =

(

x−0 (s)
y−0 (s)

)

=

(

u0(s)
v0(s)

)

,

and thence

r+0 (s) =

(

x+0 (s)
y+0 (s)

)

= f+(x−0 (s)) + g+(y−0 (s)).

By differentiating with respect to s and rearranging, we find

d

ds
( f+(x−0 (s))) = cos θ−

(

cos(θ+ − θ−)
sin(θ+ − θ−)

)

=
1
2

(

cos(θ+) + cos(2θ− − θ+)
sin(θ+) − sin(2θ− − θ+)

)

, (4.10a)

d

ds
( g+(y−0 (s))) = sin θ−

(

− sin(θ+ − θ−)
cos(θ+ − θ−)

)

=
1
2

(

− cos(θ+) + cos(2θ− − θ+)
sin(θ+) + sin(2θ− − θ+)

)

. (4.10b)

To determine f+(u) and g+(v), we just have to integrate with respect to s and then invert
the functions x−0 (s) and y−0 (s). This final step is possible provided x−0 and y−0 are strictly
monotonic functions.

4.3. Draping circular edges We now adapt the above procedure to describe
draping the frustum of a circular cone. This situation is shown in Figure 11(a), where
the two flattened boundaries are circular arcs. We scale to make the radius of the
smaller circle equal to 1, so we have

θ−(s) = −s, θ+(s) = −κ+s,

with 0 ≤ κ+ < 1. Integration of (4.10) produces

f+(x−0 (s)) =
1
2



























sin((2 − κ+)s)
2 − κ+

+
sin(κ+s)
κ+

1 − cos((2 − κ+)s)
2 − κ+

− 1 − cos(κ+s)
κ+



























,

g+(y−0 (s)) =
1
2





























sin(κ+s)
κ+

− sin((2 − κ+)s)
2 − κ+

−1 − cos((2 − κ+)s)
2 − κ+

− 1 − cos(κ+s)
κ+





























.

We then invert

x−(s) = sin s = u, y−(s) = −1 + cos s = v
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FIGURE 11. (a) The join between two flattened developable surfaces whose boundaries are circular arcs.
(b) The three-dimensional shape obtained when the boundaries are connected, corresponding to draping a
net over a truncated cone. The characteristics on which u and v are constant are shown as blue and orange
curves, respectively. (Colour available online.)

to give f+ and g+ as

f+(u) =
1
2































sin((2 − κ+) sin−1(u))
2 − κ+

+
sin(κ+ sin−1(u))

κ+

1 − cos((2 − κ+) sin−1(u))
2 − κ+

− 1 − cos(κ+ sin−1(u))
κ+































(0 ≤ u ≤ 1),

(4.12a)

g+(v) =
1
2





























sin(κ+ cos−1(v + 1))
κ+

− sin((2 − κ+) cos−1(v + 1))
2 − κ+

1 − cos((κ+ − 2) cos−1(v + 1))
κ+ − 2

+
cos(κ+ cos−1(v + 1)) − 1

κ+





























(−1 ≤ v ≤ 0).

(4.12b)

The solution on the “+” side of the edge is then given by r(u, v) = f+(u) + g+(v)
for u2

+ (v + 1)2 > 1. We note that an analogous solution was obtained previously
by considering a truncated pyramid in the limit as the number of faces tends to
infinity [19, 20]. The upper section of Figure 11(a) shows the resulting net produced
when we take κ+ = 1/2. When the two boundaries (marked by black dashed curves)
are joined, with the quarter-circular region held flat, the upper section is mapped onto
a frustum, as shown in Figure 11(b), which illustrates the result of draping a square net
over a “lampshade”.

In Figure 11, we see that the characteristics are tangent to the boundary at the end
points of the circular boundaries, and the characteristics through these end points
delineate a finite distorted triangular domain in which the upper solution is fully
determined by the jump conditions across the edge. To continue the solution further,
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FIGURE 12. The net from Figure 11 extended beyond the edge of the circle x2
+ y2
= 1. (Colour available

online.)

we proceed as in Section 4.1 to pin the fibres u = 0 and v = 0 along generators of the
cone. This enables us to extend the characteristics through the end points on straight
lines perpendicular to the edge, as indicated by the blue and orange dotted lines,
respectively, in Figure 12(a). This choice means that the unflattened net covers one
quarter of the “lampshade”-shaped obstacle, as shown in Figure 12(b), and may be
extended by symmetry to cover the entire obstacle. This is the global continuation of
the local solution presented in Section 4.1.

Analytically, the resulting solution shown in Figure 12 is obtained by extending the
definitions (4.12) of f+ and g+ to

f+(u) =
1 − κ+

κ+(2 − κ+)

(

0
−1

)

+

[

u +
(1 − κ+)2

κ+(2 − κ+)

]

(

sin(πκ+/2)
cos(πκ+/2)

)

(u > 1), (4.13a)

g+(v) =

(

0
v

)

(v > 0). (4.13b)

The possible choices of the signs of (u − 1) and v divide the solution in the upper
section into four regions. In the region marked 1 in Figure 12(a), where u < 1 and
v < 0, the solution is as shown previously in Figure 11(a). In regions 2 and 3, we
have {u < 1, v > 0} and {u > 1, v < 0}, respectively. In either case, one family of
characteristics originates at the edge, while the other comes from the perpendicularly
extended boundary of the domain. Finally, in region 4, we have u > 1 and v > 0, so
the functions f+ and g+ are both given by equation (4.13) and the characteristics are all
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FIGURE 13. (a) The join between a circular arc of unit radius and a flat edge. (b) The sheet draped over a
cylinder formed by joining the two edges. (Colour available online.)

straight lines, with both α+ and β+ constant and given respectively by

α+ =
π

2
(1 − κ+), β+ =

π

2
.

The minimum value of the shear angle γ is attained in region 4, and thus given by

γmin =
πκ+

2
.

The shear angle reaches zero in the limiting case where κ+ = 0, which corresponds to
joining a straight edge to a disc to form a circular cylindrical obstacle, as shown in
Figure 13.

Figure 13(a) shows the characteristic picture in the flattened (x, y)-plane when κ+ =
0 and the upper edge is a straight line. The shear angle approaches zero at the top corner
of the upper section, where the two edge characteristics meet. Figure 13(b) shows the
three-dimensional picture formed when the two edges are joined, corresponding to
draping a sheet over a truncated circular cylinder. This figure illustrates that some
wrinkling is unavoidable when a square tablecloth is spread over a circular table.

In the solutions shown in Figures 11–13, we have chosen a uniform orthogonal net
on the flat portion of the frustum, with α− = 0 and β− = π/2. It follows from (4.8) that
the maximum value of α and minimum value of β on the “+” side are given by

maxα+ = ∆max, min β+ =
π

2
+ ∆min,

respectively, where ∆max and ∆min are the maximum and minimum values of θ+ − θ−
on the join. It follows that γ reaches zero on the “+” side if and only if

∆max − ∆min ≥
π

2
. (4.14)
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FIGURE 14. (a) The projected net on two flattened-out joined cylinders, (b) The three-dimensional drape
formed when the two edges are joined (m = π/3). (Colour available online.)

Figure 13 shows a marginal case where γ has only just reached zero, and indeed we
have ∆max = π/2 and ∆min = 0 in agreement with (4.14). Indeed, γ will reach zero in a
finite distance whenever the difference in inclination angle between the top and bottom
branches of the edge varies by at least π/2.

4.4. Draping intersecting cylinders We now consider draping a pair of identical
circular cylinders joined at an angle of 2m when one cylinder is draped with the fibres
along and perpendicular to its generators. There will inevitably be a seam along the
bottom generator, but we now show how the “knee” can be draped smoothly. When the
two cylinders are cut apart along the join and then flattened out, the net is as shown in
Figure 14(a), where x and y correspond to azimuthal and axial distance, respectively,
along the surfaces of the two cylinders. We have taken the radii of the cylinders equal
to unity, so x varies between −π and π. The two branches of the join are given by
y = ± cot m(1 − cos x) or, parametrically in terms of arc-length s,

(

x±0 (s)
y±0 (s)

)

=

(

f2(s)
± cot m(1 − cos f2(s))

)

,

where f2 satisfies

df2

ds
=

1
√

1 + cot2 m sin2 f2

, f2(0) = 0. (4.15)

With the inclination angles α and β defined as in Section 4.2, on the left-hand
cylinder we have α−(s) ≡ 0 and β−(s) ≡ π/2. The solution on the right-hand side
of the edge is then found by integrating (4.10). Since θ+ = −θ− = tan−1(cot m sin f2),
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equations (4.10) may be integrated using (4.15), and then inverted to give

f+(u) =























−u + 2 sin m tan−1(csc m tan u)

− sin m log
( (1 − cos m)(1 + cos m cos u)
(1 + cos m)(1 − cos m cos u)

)























, (4.16a)

g+(v) =

































2 cos−1(1 + v tan m) − 2 sin m tan−1
(csc m

√
−v tan m(2 + v tan m)
1 + v tan m

)

−v + sin m log
( (1 − cos m)(1 + v sin m + cos m)
(1 + cos(m))(1 − v sin m − cos m)

)

































.

(4.16b)

The solution on the right-hand section produced by imposing continuity across the join
is then given by r(u, v) = f+(u) + g+(v).

Expressions (4.16) hold on the domain −π < u < π and − cot m(1 − cos u) < v < 0,
corresponding to the values of (u, v) on the characteristics intersecting the edge from
v < 0. The bounding characteristics on which v = 0, u = π or u = −π are indicated
by dotted black curves in Figure 14(a), where we can see that they enclose a region,
labelled “1”, in which the solution is determined by (4.16). To extend the solution
further, we have to impose more boundary conditions on the upper section (v > 0).

First, we extend to positive values of v by assuming symmetry about the line x = 0,
so that β+ = π/2 when u = 0. This choice corresponds to replacing (4.16b) by

g+(v) =

(

0
v

)

for v > 0, (4.17)

and extends the solution into the region labelled “2” in Figure 14(a).
Next we consider values of u > π and u < −π to extend the net to cover the whole

cylinder −π < x < π. As in the case of the lampshade, the simplest choice is to take
α+ = 0 to ensure that the characteristics v = constant intersect x = ±π normally. Then,
imposing continuity with (4.16a) at x = π, we find

f+(u) =

(

u

0

)

+

(

−2π(1 − sin m)
4 sin m log(cot(m/2))

)

for u > π (4.18)

with an analogous expression for u < −π. We thus extend the solution into the regions
labelled “3” in Figure 14(a).

Finally, when v > 0 and |u| > π, the choices (4.17) and (4.18) imply that we again
have an orthogonal net, with α+ = 0 and β+ = π/2, as shown in the regions labelled
“4” in Figure 14(a). Figure 14(b) shows the final result of rolling the solution from
Figure 14(a) onto the two joined cylinders, and demonstrates that we can successfully
drape a sheet over the joined cylinders without the shear angle γ reaching zero. In
general, one can show that the construction outlined above works for any angle 2m
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FIGURE 15. (a) Undeformed material in the quadrant u, v > 0. (b) The same material sheared through
an angle π sin θ/2. (c) The resulting draping of a cone with apex angle θ (here equal to π/6). (Colour
available online.)

such that m > π/4, and that the minimum shear angle is given by

γmin = 2
(

m − π
4

)

.

However the minimum shear angle reaches zero whenever m ≤ π/4, implying that it is
not possible to cover the entire structure when the cylinders meet orthogonally or at an
acute angle.

4.5. Draping cones and corners In order to drape the tip of a cone we will show
that it is necessary to create discontinuities in the shear angle in the material. We
suppose that the fibres u = 0 and v = 0 are placed over the tip of a right circular cone
of angle θ and lie along the generators of the cone in perpendicular planes. Thus, as
illustrated in Figure 15, the angle between the two fibres on the cone surface must be
reduced from π/2 in the undeformed state to π sin θ/2, when draped over one quarter
of the cone surface. The material in each quadrant of the (u, v)-plane therefore has to
be sheared to an angle γ = π sin θ/2, and there will inevitably be discontinuities in the
shear angle (and also in ru, rv) across the characteristics u = 0 and v = 0. Note that if
the top of the lampshade in Figure 12(a) is reduced in area, region 4 of uniform shear
takes up more of the area of the cone. This process may be continued until the solution
shown in Figure 15 is reached when the area of the top vanishes and the lampshade
becomes a cone.
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A similar approach can be used for any cone or pyramid. If, for instance, we
wish to drape a corner made up of three planes intersecting at right angles, then the
fibres that spanned an angle 2π in the plane need now to span three right angles.
Thus if each quadrant of the u, v plane is sheared equally, the angle of shear in
each quadrant must be reduced from π/2 to 3π/8. This will allow the corner to be
draped smoothly, but it will not be possible to arrange the material symmetrically
on the three faces. This method to drape polygonal obstacles has been described by
Robertson et al. [19, 20].

5. Conclusions

In this paper we have shown how the continuum limit of a Chebyshev net provides
a model that can shed light on difficulties that may be encountered in draping a woven
sheet over a curved obstacle. The resulting mathematical insights largely depend on
the fact that the two families of fibres in the draped sheet can be identified with the
characteristics of the nonlinear system (1.1) of partial differential equations governing
the configuration of the net on the obstacle. Thus the fibres carry information across
the sheet and may propagate configurational discontinuities. Also, mathematical
singularities occur when members of the two families of fibres become tangential
to each other, and this gives an indication of likely local creasing in practice. By
performing a local analysis, we have categorized the generic behaviour to be expected
in the vicinity of such a singularity.

We have shown that fundamental results from differential geometry allow one to
make some quite general statements about the possibility of smoothly draping different
classes of obstacles. We have also shown that, despite the nonlinearity, one can find
several families of explicit solutions for a range of obstacles, both smooth and with
edges. We then demonstrated a numerical discretization, based on the fact that fibres
are characteristics, which in principle allows solutions to be computed on any smooth
obstacle. The creation of seams and/or discontinuities of the shear angle in different
regions of the draped material that are bounded by fibres can further enlarge the range
of drapable obstacles.

Our idealized model is purely geometrical and does not describe the mechanical
properties of the fibre sheet, and the role of gravity in draping is also completely
ignored. In addition, we note that there remain open questions concerning the
existence, uniqueness and smoothness of solutions of (1.1), especially for the Goursat
problem in which the draped position of one fibre from each family is prescribed.
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