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Abstract. Several perturbation tools are established in the volume-preserving setting
allowing for the pasting, extension, localized smoothing and local linearization of vector
fields. The pasting and the local linearization hold in all classes of regularity ranging from
C! to C* (Holder included). For diffeomorphisms, a conservative linearized version of
Franks’ lemma is proved in the C"* (r € Z*, 0 < a < 1) and C settings, the resulting
diffeomorphism having the same regularity as the original one.
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1. Introduction
1.1.  Continuous-time dynamics. — One of the basic problems in conservative continuous-
time dynamics is the following.

How may a local C"-perturbation of a divergence-free vector field be extended to a
global one?

More precisely (and always in the conservative setting), given a C” vector field X on a
closed connected manifold M and a C"-perturbation Y of the restriction of X to an open
set U, is it possible to find a C"-perturbation Z of X that still coincides with Y in a slightly
smaller set, say, in any chosen compact set K C U? In the non-conservative context, the
solution is trivial; Y can be glued with X using a suitable partition of unity, i.e. we let
7= EY+ (1 —-£&)XinU and Z=Xin U‘, where the smooth function & equals one in a
neighbourhood of K and zero in neighbourhood of U*¢. Clearly, Zis C'-close to X if Y is
C"-close to X in U, and the problem is solved.

In the conservative setting, the situation is more delicate, as 7 constructed as above
fails, in general, to be divergence-free in the transition ‘annulus’ §2, i.e., in the set where
0 <& < 1. One obvious way to tackle this difficulty is by trying to find a C" vector field
v supported in £2 whose divergence equals that of Z and then set Z = Z — v, which thus
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cancels the divergence. Provided v can be found C”-small if ¥ — X |y is C”-small, the
question is solved.

The problem is that, in the conservative setting, an obstruction of topological nature may
hinder the above procedure: the interplay between the divergence theorem and connected
cobordism. To simplify the explanation, all manifolds referred to below are assumed to
be compact, connected, orientable and smooth (besides second countable and Hausdorff).
Let M, U and K be as above. We start by observing that K may contain a closed (n — 1)-
submanifold y which is the boundary of no n-submanifold contained in U. In this case,
the perturbation Y of the restriction of X to U may change the original flux across y
(see Example 1 below). But, simultaneously, there might exist another closed (n — 1)-
submanifold y’, now contained in U°, that together with y constitutes the boundary of an
n-submanifold W. Note that the divergence-cancelling procedure described above ensures
that Z = X in U, and thus the original flux of X across y’ is kept unchanged in Z. As
a consequence, the flux of Z across the cobordant manifolds y and y’ will be distinct,
which implies (by the divergence theorem) that the divergence of Z cannot identically
vanish inside the manifold W bounded by y and y’. Therefore, there is no possibility of
extending Y|x in a divergence-free way to the whole M so that the resulting vector field
still coincides with X in U€. At first glance, one may think that the above obstruction might
be overcome if one can find an alternative method for the construction of the extension Z
of Y|k that renounces to obtain Z = X in U*.

Even so, the answer may still be negative. Indeed, the desired divergence-free extension
of Y| g might simply not exist at all (see Example 2 below). Note that while, by hypothesis,
y is the boundary of no n-submanifold contained in U, it may still be the boundary of an
n-submanifold W not contained in U (i.e., y may be null-cobordant in M). Now, by
the divergence theorem, the flux of the original vector field X across y is zero, but the
divergence-free C"-perturbation Y of the restriction of X to U may change this flux to a
non-zero value. But then, no C! extension of Y |k to the whole M can have a divergence
that identically vanishes inside W.

These obstructions can be removed at once if we make a simple and natural topological
assumption, namely, that U\K is connected. This implies the existence of a compact
n-submanifold P with smooth connected boundary such that K Cint P and P C U
(Lemma A.1), which is the key to the construction of the pasting of ¥ and X by the
procedure described above. This pasting result (Theorem 1), which can also be formulated
in the Holder setting (Theorem 3), is then briefly the following.

THEOREM (Conservative C” pasting lemma) Let M be a closed connected manifold, let
U C M be an open neighbourhood of a compact set K such that U\K is connected and
let r € Z*. In the conservative setting, given any C" vector field X on M and any C' -
perturbation Y of the restriction of X to U, there exists a C"-perturbation Z of X that
coincides with Y in a neighbourhood of K and with X in U°.

Theorem 1 also shows that vector field Z can be obtained so that the C" norm of Z — X
is linearly bounded by that of ¥ — X |, for some fixed constant C > 1 depending only on
r, K and U (and, of course, on the manifold’s atlas, which is assumed to be fixed).

The proof is constructive, elementary and self contained. It essentially relies on a
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simple but ingenious global-to-local reduction procedure originally due to Moser [MO].
Besides its simplicity, the main advantage of Moser’s direct approach is the guarantee
that the auxiliary divergence-cancelling vector field v satisfying div v = div Z will be
(compactly) supported inside the open ‘transition annulus’ £2 C U\K (the set where the
transition from vector field Y to X is set to take place; in practice, it will correspond to
a small neighbourhood of the closure of {x € M : 0 < &(x) < 1}), and thus extends by
zero to the whole M (in the C” class). This is needed to guarantee that the divergence
cancelling operation Z—v producing Z does not change Z outside £2, so that Z
still coincides with ¥ and X in K and U°€, respectively. Due to the linearity of the
divergence operator, the use of optimal regularity tools of Dacorogna—Moser type [DM,
Theorem 2] (which are crucial in the discrete-time case; see §§1.2 and 4) can be entirely
avoided, as there is no regularity loss in the divergence of the initial (non-conservative)
pasting perturbation: if X and Y are divergence-free C” vector fields and Z is a vector
field defined as above, then div 7 is still of class C” and C” small if Y is C" close
to X.

This conservative pasting lemma permits us to establish several perturbation tools of
which three illustrative examples are singled out.

(1) Localized smoothing (Theorem 5): at least for certain useful open sets £2 C M (see
Footnote 1 on page 10), one may conservatively C" perturb a divergence-free vector
field X in order to make it smooth inside S2, while keeping X unchanged on the
complement of 2.

(2) Perturbative extension with increased regularity (Corollary 1): if a C"-perturbation
Y of the restriction of X to U is of class C*, s > r, C" being the regularity of X, then
Y|k can be (conservatively) extended to a C"-perturbation of X that is of class C*
on the whole M.

(3) Local linearization of ‘Franks’ lemma type’ (Theorem 6): one may conservatively
Cl-perturb a vector field v near a point x (keeping v(x) unaltered), in order to
change its derivative at x and make v affine linear near this point, the allowed
variation § of the derivative depending linearly on the required C'-closeness € of
the resulting vector field to v (this result requires the use of an additional homothety
trick).

Other examples could be given. However, the primary intention of this work is to present a
few solid basic techniques that might serve as a starting point for the development of more
sophisticated conservative tools. Special care has been taken to ensure the following.

(a) The results obtained are the best possible both in terms of the regularity of the
resulting vector field or diffeomorphism in terms of the regularity of the closeness
of the resulting system to the original one. In the case of volume-preserving
diffeomorphisms (see §§1.2 and 4), this endeavour is restricted by the limits of the
present knowledge concerning the existence of optimal regularity solutions to the
prescribed Jacobian partial differential equation (PDE) (which is an open problem in
the C” case, r € Z+ [CDK, p. 192]).
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(b) The linear dependence of § on € is established in all perturbation results (with
the exception of Theorems 4 and 5 where this is meaningless). Obtaining this
dependence is often crucial in applications.

(c) The proofs presented are constructive whenever possible and complete or at least
easily completable following the indications in the text.

The pasting technique for divergence-free vector fields was introduced by Arbieto and
Matheus in [AM]. It is known, however, that the statements and proofs of the main tools
[AM, §3.1] are not quite correct (concerning the statements, see Warnings 1 and 2 below).
Some of the problems have been identified in [AM2], but we are unaware of any reference
correctly stating this kind of results and providing sound proofs. The writing of the present
work was partially stimulated by the author’s encounter with that paper.

1.2. Discrete-time dynamics. We now turn to the case of volume-preserving
diffeomorphisms. To establish in this setting a C”-perturbation pasting lemma analogous
to Theorem 1 seems beyond the techniques presently available (see (a) above and
§4), the main difficulty being that the volume-correcting C” diffeomorphism (playing
the analogous role to the divergence-cancelling vector field v in §1.1) must now be
reconstructed from a determinant which is only of class C"~! and C”"~!-close to one.
Nevertheless, using optimal regularity tools with control of support, such a result can
actually be established in the Holder setting, but special care must be taken due to the
pathological continuity behaviour of the composition and inversion operators in these
functional spaces. This result will be presented in a separate note [TE2]. Here, we
shall restrict our work to establishing a quite general conservative linearized version of
Franks’ lemma, an important feature being that the resulting diffeomorphism will have
the same C™* regularity as the original one (r € Z*, 0 < a < 1). As is well known, to
achieve the local affine linearization (and not merely the perturbation of the derivative) it
is often essential to guarantee the control of the dynamics near the perturbed fixed point or
periodic orbit, especially when the perturbed derivative is non-hyperbolic, as was already
evident in the original paper [FR]. Another important aspect as far as applications are
concerned is to establish the linear dependence of the permitted variation § of the derivative
in terms of the required C!-closeness € to the original diffeomorphism. As in [FR], this
linear dependence is also established in Theorem 8. It is interesting to compare the later
result both with (a) the original Franks’ lemma and with (b) the corresponding result for
vector fields (Theorem 6). In all three results, the resulting diffeomorphism or vector
field has the same regularity as the original one and the linear dependence of § on € is
established, but while (a) and (b) are quite elementary, the Holder case of Theorem 8
requires the use of optimal regularity tools with control of support and has much deeper
roots, ultimately relying on the elliptical regularity solutions to the Poisson problem with
Neumann boundary condition and the corresponding Schauder estimates (see [DM]). The
solution in the C* case is simpler, relying on Moser’s elegant yet powerful flow method.
In both cases, the starting point is a homothety trick that proved crucial in establishing
Avila’s regularization [AV]. Note, however, that the results in [DM] cannot be directly
applied in the present context, due to their lack of control of support (see (ii) below).
We use instead their counterparts in [TE], where this control is achieved (the proofs of
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the later results follow closely the original ones in [DM]). In the dynamical systems

literature, Dacorogna—Moser’s powerful theorems have been often misinterpreted and

naively applied in several ways. As these flaws are somewhat recurrent, it is perhaps
not out of place to draw attention to them here.

(1) In[DM], itis necessary to assume that the domain £2 is connected (besides bounded).
This was omitted by lapse in the statements of the propositions, but it is explicitly
assumed at the beginning of page 2.

(i) In [DM, Theorem 1°], the solution diffeomorphism ¢, in general, does not extend by
the identity to the whole R” in the C k+le class, not even when the determinant
f equals one in a neighbourhood of 9$2. For instance, in order to guarantee
that a volume-correcting diffeomorphism acts only inside the region £2 where the
volume distortion takes place (i.e., that supp(¢ — Id) C £2), one needs instead the
corresponding results with control of support as in [TE]. An analogous observation
holds for the linearized problem div u = h.

(iii) The optimal regularity statements in [DM] and [TE] with C*¢ replaced by C*, k €
7, have not been established in dimension higher than one (being false for k =
0 [CDK, pp. 192 and 180]).

(iv) Concerning the regularity of the solution diffeomorphism ¢ in [DM, Theorems 1°]
when the determinant f is C*°, see part (B) in the proof of Lemma 2 below.

2. Conservative pasting, extension, localized smoothing and local linearization of vector
fields

Convention. Throughout this paper, M is a (second countable, Hausdorff) connected
orientable closed C° manifold of dimension n > 2, equipped with a finite atlas
(Vi, ¢i)i<m and a C* volume form w. By [MO] t, we can assume that the atlas is
conservative, i.e., on each local chart, @ pushes forward to the canonical volume form
on R" and ¢;(V;) = AB", for some constant A > 0; u is the Lebesgue measure induced
by w on M. We may further assume that the atlas is regular in the sense that there is a
‘larger’ conservative atlas (W;, @;); <, such that V; C W; and &; lv, = ¢;. As usual, B" is
the (open unit) n-ball in Euclidean space and D" = B" is the n-disk.

Given an open set U C M, denote by X*(U), s € Z™ U {oo}, the space of vector fields
of class C* defined on U and by Xy, (U) the subspace of those that are divergence-free in
relation to w or, equivalently, whose flows preserve . As mentioned in the Introduction,
in Theorem 1 we consider vector fields Y defined on open sets U C M, which are C”-
perturbations of X |y, where X is a vector field in Z{L (M). To guarantee that the C" norms
of these Y remain finite, we introduce the following definition.

Definition 1. (C"-bounded) Let r, s € ZT U {oo}, r <s. Y € X5(U) is C"-bounded if Y
and all its derivatives up to order r are bounded on U. | - |¢r.py is Whitney C" norm
Npar <s)onX*(U) (§A.1). When U = M, we simply write || - ||cr.

1 As remarked in [DM, pp. 4 and 23], the proof given in [MO, Lemma 2] is actually for that proposition with
both the hypothesis supp(g — #) C Q and the conclusion supp(u — Id) C Q removed (if g, / are the restrictions
to the open n-cube Q of two smooth volume forms defined on 0 and having the same total volume, the proof
produces a smooth diffeomorphism u realizing a pullback between them).
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We recall the informal description of Theorem 1. In the volume-preserving setting,
let X be a vector field of class C” on a closed manifold M and let U C M be an open
neighbourhood of a compact set K. Given a C" perturbation Y of the restriction of X
to U, it is possible (provided U\K is connected), to C"-perturb X inside U only, so
that the resulting vector field on M still coincides with Y in some neighbourhood of K.
One interesting point is that the perturbation can be made C* in the open set where the
control over the dynamics is necessarily lost, i.e., on the ‘transition annulus’ where the
conservative ‘harmonization’ of the two original vector fields takes place (this being the
unavoidable cost of bringing together in the same vector field two more or less ‘conflicting’
dynamics).

THEOREM 1. (C?® conservative pasting with C"-closeness) Let M be a manifold as above.
Suppose that K is a compact subset with an open neighbourhood U C M such that U\K
is connected. Then, given s € Z+ U {oo} and an integer 1 <r <, there is an open set
K CV CU anda constant C = C(r, K, U) > 1 such that, given X € Xj (M) and a C"-
bounded Y € X}, (U), there exists Z € X) (M) satisfying:

(1) Z=YinV;

(2) Z = X in a neighbourhood of U¢; and

3) NIZ—=Xllcr =CIIY — Xlicr;v-

Moreover, V depends only on K and U and not on r, s and one may further require Z to
be C™ at every point where it neither coincides with X nor with Y.

Actually the proof establishes a considerably more precise result (as usual, ¥ # X |y
means that Y (x) # X (x) for some point x € U).

THEOREM 2. Let M, K, U, r and s be as above. Then, there is a constant C =
C(r, K, U) > 1 and there are two disjoint compact n-submanifolds Q and S with smoothly
diffeomorphic connected boundaries for which K C int Q and U€ C int S and such that,
given X € %‘L(M) and a C"-bounded Y € %‘L(U) such that Y # X|y, there exists Z €
X3, (M) satisfying:

(1) Z=YinQ;

2 Z=XinS;

B) ZisC®in2=(QUS), 2 being C* diffeomorphic to dQ x 10, 1[; and

@ N1Z—=Xllcer =CIIY = Xllcr.vu-

Moreover, Q and S depend only on K and U and notonr, s.

(Note that if Y = X |y, then inequality (4) implies that Z = X on the whole M, and thus
one cannot, in general, guarantee the conclusion (3) in this case.)

Remark 1. (Holder setting) Theorem 1 is still valid in the Holder setting (i.e., for
divergence-free vector fields of class C**# endowed with a possibly lower C"** norm),
the unique exception being that one may require Z to be C* in the set of points where
Z neither coincides with X nor with Y essentially only when r + o < s + 8 (smooth
maps being, in general, only C"*-dense in the class of C"* maps, 0 < p <o <1; see
Theorem 3 below for the notation). We observe that while the previous density remark
implies that the analogue of conclusion (3) in Theorem 2 is impossible to obtain when
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r=s and 0 < @ = B < 11, the remaining relevant Holder case r + o < s + f is actually
free from these constraints. In particular, using the above mentioned (Euclidean space)
Holder density result in place of the C”-density of C*° in C", the proof of Theorem 4
immediately yields that %ZO(M ) is C"*-dense in ijﬂ (M) when r + o <s + B. Note,
however, that, a priori, this is not enough to obtain the corresponding Holder version of
Theorem 5 (which, in turn, is used to obtain conclusion (3) in Theorem 2 above), as the
resulting vector field Z would still be obtained as the limit of a sequence of C*# vector
fields, and this sequence is Cauchy only in relation to the lower C"*-norm, which is not
enough to ensure that Z belongs to the higher class C*#, as required. Nevertheless, this
problem can be overcome by a simple lower semicontinuity reasoning: using [GT, (7.14),
p. 148 and Lemma 7.3, p. 150] one sees that modifying the proof of Theorem 4 as explained
above, the sequence Z; of smooth, divergence-free vector fields C"*“-converging to X has
C*# norm uniformly bounded by that of X times a constant. Now, carrying on the proof
of Theorem 5 using these smooth approximations to X, it is immediate to check that an
analogous uniform boundedness of the C**# norms also holds for all the auxiliary functions
and vector fields involved in the construction of the Cauchy sequence Zj (the universality
of the operator @ in Lemma 1 being essential here). This finally yields that the C*# norms
of the vector fields in this sequence are still uniformly bounded by the C*# norm of X
times a constant (which is independent of X). This guarantees that the limit vector field Z
actually belongs to the C*# class by lower semicontinuity (see, e.g., [CDK, p. 358]). We
finally observe that the existence of manifolds Q and S satisfying (1)—(3) as in Theorem 2
also holds for Theorem 3, except that (as explained above) one cannot guarantee Z to be
C®in2whenr=sand0<a=8<1.

In §3.2 we briefly outline the few changes needed in the proof of Theorem 1 to obtain
Theorem 3. There, it is also explained why constant C actually does not depend on the
Holder exponent o, but only on r, K and U.

Given an open set U C M, s € ZT and 0 < B <1, x5P(U) is the subspace of X*(U)
consisting of vector fields Y such that, on local charts, each partial derivative of Y of order
s is B-Holder continuous (these derivatives being functions from ¢;(V; N U) into R™).
One sets C*9 := C* and C*F := C*®.

THEOREM 3. (C%# conservative pasting with C"*-closeness) Let M be a manifold
as above. Suppose that K is a compact subset with an open neighbourhood U C M
such that U\K is connected. Then, given s € ZtT U{oo}, 0 <a, B <1, and an integer
1<r<s such that r + o < s+ B, there is an open set K CV C U and a constant
C =C(r, K, U) > 1 such that, given X € X3’ (M) and a C"-bounded Y € X3;° (U), there
exists Z € Z{S,jﬂ (M) satisfying:

(1 Z=YinV;

(2) Z = X in a neighbourhood of U¢; and

3) I1Z = Xllcre =CIIY = Xllcre;u-

+ The case r + « = s + B splits into three subcases: (a) the one just mentioned; (b) r =5, « = 8 =0, which is
the C” case (Theorem 1); and (c) s =r + 1, « = 1, B =0, which again reduces to Theorem 1, the norms chl
and C"t! being equivalent [CDK, p. 342]. Thus, only (a) is ‘Holder relevant’.
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Moreover, V depends only on K and U and, with the exception of the case r = s and 0 <
o = B <1, one may further require Z to be C* at every point where it neither coincides
with X nor with Y.

Warning 1. It should be stressed that if U\ K is not connected, then cobordism constraints
might occur making (in general) impossible the conservative pasting of vector fields X and
Y as stated in Theorems 1, 2 and 3 (by any method and under any regularity assumptions;
see Example 1). If U\K fails to be connected, a conservative C" perturbation Y of the
restriction of X to U may actually fail to have a divergence-free extension to the whole M,
even if the C" closeness condition is dropped (Example 2).

Example 1. Represent the flat 2-torus as M =S! x (R/Z) with coordinates (s, z) and
endow it with the standard volume form. Let X be the vertical vector field 9/9z and
consider its e-C* perturbation ¥ = (1 4 €)(3/9z), € > 0. Then, there is no Z € .’{}L (M)
such that (a) Z=Y in K =S! x 1/2 and (b) Z= X in y =S' x 1. The vector fields X
and Y have a different flux across the cobordant circles S! x z, and thus the divergence of
Z cannot identically vanish inside either of the two annuli bounded by K and y.

Example 2. Extend the annulus U = S!'x1—1,1[cR3 to a smoothly embedded 2-
sphere S that is invariant under rotation about the z-axis and endowed with the canonical
volume form inherited from R3. Endow S with the rotation vector field X : (x, y, z)
(—y, x, 0) and consider the €-C perturbation of the restriction of X to U given by
Y =(—y, x,¢€), e >0. Both X and Y are divergence-free but there is no C 1 divergence-
free extension of Y to the whole S, as the flux of ¥ across the boundary circle y =S' x 0
is not zero, the divergence being necessarily positive around some point of the southern
hemisphere.

Warning 2. The dependence of constant C on r, K and U is obviously unavoidable,
whatever the method employed to achieve the pasting of the vector fields. For instance,
given a point p € M, in some local chart set K = {p} and U = B;(p), a small open ball
whose closure is contained in the chart. Since d = dist(K, U€), the mean value theorem
then implies that C = C(r, K, U) > d~". In general, and by the same reason, for K and
U as in Theorem 1, a ‘thin’ U\K implies a quite large C. More precisely, assume for
the moment that M is endowed with a Riemannian structure inducing an intrinsic metric
(this structure is actually unnecessary for the results obtained here). Suppose that, for each
€ > 0, U¢ is an open neighbourhood of K contained in B¢ (K) with U\ K connected. Then
C(r, K, Us) —» oo as € — 0. To get an idea of how the ‘geometry’ of U\ K tends to have
an impact on the size of C, and in the specific context of the method employed here to
solve equation div v = h, observe that, roughly speaking, the ‘thinner’ and possibly more
‘convoluted’ the image of U.\K on the atlas as € tends to zero, the larger the number
N + 1 of small cubes U; needed to achieve the covering

N
2ic|Jujceculk
j=0
(see the proof of Theorem 1), and a large number of small cubes contributes to C with a
very large multiplicative factor (the smaller the cubes the larger this factor becomes; see,
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in particular, §3(c) and Footnote { on page 20). Together, this and the previous warning
impose double caution on the use of the pasting lemma to attempt general perturbations of
divergence-free vector fields with a priori unspecified support (however, see Theorem 6).
As stated, with § independent of K and U, Theorem 3.1 in [AM] contradicts the mean
value theorem, assuming, as implicit, that W¢ is non-empty (in the paper’s notation).

2.1. Conservative localized smoothing and extension. The proof of the next result
corrects and generalizes that of [AM, Theorem 2.2]. It provides a short alternative way to
establish Zuppa’s regularization theorem [ZU] without the need to introduce a Riemannian
structure on the manifold.

THEOREM 4. Let M be a manifold as above and let r € Z+. Then
.’{Zo (M) is C"-dense in X}, (M).

Proof. Let (V;, ¢;)i<m be the atlas of M. There is no difficulty in finding a partition of
unity &; <,, subordinate to V;<,, with&; =11in ¢1_1 ((21/3)D") (see the convention above).
Let X; = (Xl.l, ey X;’), i <m, be the expressions of X € XL(M) in the local charts.
Since the atlas is regular (see the convention in §2), using convolutions one can find, for
each i, a sequence X;; of smooth vector fields on ¢;(V;) = AB" C”-converging to X;.
Observe that, as X;, each X;i is divergence-free (in relation to the standarc_i volume form
on R"), since the convolution operator * is bilinear and satisfies d; (o * X l] )=p*03;X lj .
To simplify the notation, one still denotes by X the pullback ¢ (X;x). Define the smooth

vector field on M,
Y= Z & Xik,

i<m
setting & X :=01in Vl.c. Since ) & = 1, the estimate for the | - |, norm of the product

(end of §A.1) gives

i<m

Ve — XI, =Y &Xix — X)

i<m

< m2"'max ||, max| Xy — X|v; | 2.1
r 1<m 1<m

Since X and the X;; are divergence-free in M and V;, respectively, and &; is compactly
supported inside V;,

divY =divY —divX =div(¥y — X) = Y (3;) (X}, — X)

i<m;j<n
and
|div Yi|, < mn2"max|&|,+1 max| Xy — X|v; |- (2.2)
i<m i<m
Since the norms |- |, and | - |¢cr are equivalent, (§A.1) we work with the former.
From (2.1) and (2.2), it follows that
Yk — X|». Idiv Y¢|, —> O since X;x —— X|y.. 2.3)
k— 00 k—o00

Now, divY; =0 in D:¢fl((2k/3)D”), since, &|p =1 and thus Y; = Xy in this
set. Let 2 = M\qﬁl_l((k/S)D") and 2| = M\qﬁl_l(()»/Z)]D)”). Let hy = div Y. Clearly,
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21 C 2 and supp hy C £21. Observe that £2 is connected since M and 852 (diffeomorphic
to S"~1) are both connected, and the same holds for §2;. Moreover, f o hkw =0 (o being
the volume form on M), since, by the divergence theorem,

/ (diVYk)wzf YkJa)Z—/ XlkJa)Z—/ (div X 1x)w =0,
2 982 B B

where B = ¢1_1 ((X1/3)B"). Now, by Lemma 1 (below), there is a constant C =
C(r, 21, £2) > 0 and v; € X*°(M) such that

div Vg = hk,
supp vk C §2, 2.4)
[vklr < C|hk|r-

Let Zy = Yx — vi. Then, Z; € Z{ZO (M) and, finally, by (2.3) and (2.4),

|Zk — X[ < Yk — X + |vg|, —— 0. O
k— 00

At least for certain open sets £2 C M7, which turn out to be useful in many important
situations, one may conservatively C”-perturb a divergence-free vector field X in order to
make it smooth inside £2, while keeping X unchanged on the complement of £2. This result
has the advantage of avoiding the occurrence of a ‘transition annulus’, where typically Z is
neither smooth nor coincides with X. If, for instance, one needs to perform a preliminary
conservative C” perturbation of a vector field X in order to increase its regularity, it may
be actually be possible to smooth it just where this is really needed for the construction
of the subsequent perturbations (e.g., on small open neighbourhoods of certain periodic
orbits in dimension n > 3), while keeping X unchanged on the complement of that set.
The advantages in terms of dynamical control are evident.

Given a compact n-submanifold N C M (n = dim M) with C">? boundary, one may
construct a C"~! vector field transverse to 9N and pointing inward, which, in turn, defines
a C"! collar embedding ¢ : 9N x [0, oo[ — N, ¢(x, 0) =x. For each € > 0, { (N X
[0, €]) is a (compact C"Y) collar of ON.

THEOREM 5. (Conservative localized smoothing—special case) Let M be a manifold as
above and let N C M be a compact n-submanifold with connected C3 boundary. Let 2 be
either the interior of N or the interior of a (compact C?) collar of )N. Given X € X,(M),
r € ZT, there exists Z € X}, (M) as C"-close to X, as desired, satisfying:

(1) ZisC®in$2; and

2) Z=Xin$2°".

Proof. Case §2 =int N. Since the norms | - |, and || - ||cr are equivalent, we work with
the former. Fix a C? collar embedding

£:0N x [0, 00 — N.
1 In the preprint arXiv:1611.01694v3 to this paper, it was stated without proof (unnumbered theorem on p. 8)

that Theorem 5 below still holds for arbitrary open sets £2 C M. It turned out that the proof known to the author
contained an error. Therefore, and to the best of our knowledge, the general case remains, so far, conjectural.
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Consider the open covering of §£2 = int N by overlapping ‘annuli’ given by

Ao =2\ (AN x10, 5D,

11
Av=¢(ON x |——, =—| ), k=1,
2k +3 2k

and fix a smooth partition of unity &;>¢ of 2 subordinate to it (Ao is actually a C2-isotopic
copy of £2). Let
Q2 = A N Agy1.
Note that & + &1 = 1 in £2; by subordination to the covering (we suggest to the reader
the drawing of a figure). Given X € X (M) and € > 0, we shall construct a sequence
Zi>0 € %L(M) such that, for k > 0:
(1) Zgy1=Zrin Ap 5
2) ZpisC*®in (AgU---U Ap)\2k;
B) Zy=Xin(AgU---U Ap)<; and
@) 1Zo— X|r <€/2and | Zyy1 — Zilr < €/28F2.
It follows that Zj is a Cauchy sequence converging to Z € X}, (M) in the Banach space
X, (M), satisfying:
o ZisC®inQ2 =™ Ays;
e Z=Xin2°=N"(AgU---U Ay)¢; and
o |Z—X|,<e.

(A) Construction of Zo. Let Z\o =§1X + & Xo € X" (M), where El =& in Agp and
a =1 elsewhere. Here Xg € Z{ZO(M ) is a vector field whose C”-closeness to X will be
determined below. Note that Zg is divergence-free in £2§. Actually, by subordination of
the partition to the covering, there is an open set

25 =¢@Nx13 + 80, 5 —8,D.

where 0 < 89 < 1/12, such that .Q_(’)“ C $20 and supp ho C §2; for ho := diV’ZT). Observe
that §20 and §2; are connected (d N being connected) with C 2 boundary, and thus, by the
divergence theorem [LA, p. 203],

/ h0w=/ ZBJCUI—/ X()Ja)+/. Xow
20 32 aNo NG

=— / (div Xo)w + / (div X)w
int No int Ny

=-04+0=0
since 9§2p = dNg LU AN/, where for k > 0,

1 . 1
Nk=9\§<aN X i|0, m[) and Nk —.Q\{(&N X :|0, m[)

are manifolds that are C>-isotopic to N. By Lemma 1 (below), there is a constant C =
C(r, 27, £20) > 0 and vy = D (hg) € X" (M) such that

div vy = h(),
supp vgp C $2o,
[volr < Clholr.
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Then
Zo=Z2Zo—vo=Zo— P(div Zy) € 36’ (M)
is C*®in Ap\$2p and Zp = X in A‘ Moreover, it is easily seen that if | Xg — X/, is small,

then |Zo — X|r, |holr and, consequently, |vol, are all small (see §2.3 below), and hence
for X sufficiently C"-close to X,

1Zo — X, =1Zo — vo — X|r <1Zo — X|, + |vol, < €/2.
(B) Construction of Z;. Let
Zi =6X + £ X, +&Xo € X' (M),

where /5\2 =& in AgU A and /5\2 =1 elsewhere. Again, X| € %ff (M) is a vector field
whose C”-closeness to X is to be specified. Now:

(a) z is divergence-free in (£29 U £21)¢;

(b) Zl Zjy in Al’

©) 21 is C*®in (Ag U A1)\ $2;; and

(d) Zl =X in (Ag U Ay)~.

Using Lemma 1, we proceed exactly as in (A) to eliminate the divergence of 7 inside
£20 and £21, while keeping this vector field unchanged in (£29 U £21)¢, and thus obtaining
Z € .’{r (M) as C"-close to Zo as desired and still satisfying (b)—(d) above (to establish
fﬂu hla) 0, where h; = div 21 |@,, we now use 9§21 = dN; U 8N* in order to apply the
divergence theorem).

As Z = Zp in A{ and 2\1 =X and Zop = X in A1\ (£209 U £21), and since we can take
X1 as C"-close to X as desired, we need only to guarantee that Z; is as C"-close to Zg
as wished in £29 U £21. With £2; there is no concern, the situation being exactly the same
as in (A). To see that for X; C"-close to X one has Z; C"-close to Zj in 29, we use the
linearity of the operator @ : i — v in Lemma 1. First, note that since X( and X are both
smooth and in £2(, we have z =& X1 4+ & Xy, and then, in 29,

Z1 =71 — @(div Z1) = £ X1 + £ Xo — D(div(E X1 + £X0))

is also smooth. On the other hand, using the linearity of the divergence and that of the
operator @, writing X1 = X + (X1 — X), we have, in 2y,

= A+ B,

where
A=§5X+§Xo— P(div(§1 X + £0X0))

and
B =§(X; — X) — @(div(§1 (X1 — X))).
Now, since/.f\l = &1 in §29, one has
A =27y — (div Zp) = Zo,
while (on local charts)

B=§&(X; - X)— CD(Zaisl(X’i — Xi))

i<n
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is C"-small if | Xy — X|, is small. Therefore, (Z; — Zo)|g, is as C"-small as wished
provided | X| — X|, is small enough.

(C). Construction of Zy, k > 2. Proceeding exactly in the same way as in (B), we let
Zx =81 X +&Xi+ - + & Xo € X (M),

where Xy € X7 (M) is as C"-close to X as needed below and

k1 InAgU---U Ay,

Eq1 =
1 elsewhere,

and then cancel the divergence inside £2; and £2;_; using Lemma 1. Reasoning as in (B),
we need only to guarantee that Zj is as C”"-close to Z_ as wished in £2;_;. Again, the
fact that & and & coincide in §2;_; guarantees that, in this set,

Zy =Zx — D(div Zx) = Zy—1 + B,

where B is C"-small if | Xy — X|, is small, and, consequently, asin (B), | Zx — Zi—1l.0,_,
is as small as desired and it straightforward to verify that Z; satisfies (1)—(4) above.

Case $2 = interior of a collar. The proof is the one given above, modulo the following
simple change: we fix a C? compact collar embedding ¢ : 9N x [0, €] < N and define,
as in the previous case, a sequence Ay of overlapping ‘annuli’ now indexed by Z, forming
an open cover of £2 = (AN x ]0, €[), with Ay approaching 0N and £(dN X €) as k tends
to oo and —oo, respectively. The construction is then essentially the same, noting that
the hypersurfaces (N x §), § €]0, 1[, are of class C 2, and thus the divergence theorem
applies when needed. O

The next result shows that if in Theorem 3 we want to have Z satisfying (1) and (3) but
are not particularly interested in having (2) Z = X in U°€, then the regularity of Z can be
increased to that of Y and it can actually be made C* in U*€.

COROLLARY 1. (C%# conservative extension with C”-closeness) Let M be a manifold as
above. Suppose that K is a compact subset with an open neighbourhood U C M such that
U\K is connected. Then, given s € Z7 U {oo}, 0 < B < 1, and an integer 1 <r < s, there
is an open set K C 'V C U and a constant C = C(r, K, U) > 1 (that of Theorem 3) such
that, given X € %L(M) and a C"-bounded Y € %‘L’ﬁ(U) such that Y # X|y, there exists
Ze f{fjﬁ(M) satisfying:

() Z=YinV;

(2) Zis C* in a neighbourhood of U¢; and

3) IZ—=Xllcr =CIIY = Xllcr:u-

Furthermore, if B =0, then Z is C* in Ve

Proof. Fix X e f{l‘f’ (M) such that
~ 1
X —Xllcr <—IY = Xllcr-v, 2.5
l ler < Yo I lcru (2.5)

where C =C(r, K, U) > 1 is the constant given in Theorem 3. By the observation
preceding that result, there is a compact n-submanifold Q C U with smooth connected
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boundary such that K C int Q and a vector field Zj € xfﬁ (M) such that Zop =Y in Q,
Zop = X in a neighbourhood of U¢ and

1Zo = Xller < CIIY = Xlierou-
By Remark 4 (§3.1), we may replace constant C by C — 1 in the inequality above and get
1Zo = Xller < (C = DY = Xllerp < (€ = DAY = Xllerv + 1X = Xller).
Combining with (2.5),

1Zo — Xllcr <11Zo — Xller + 1X = Xler
<(C = 1/DIY = X|cr.p-

Let V=int Q. If 8 > 0, then Z = Z is the desired vector field. If B =0, we get Z as
wished by applying Theorem 5 to Zo € X, (M) and £2 = V¢, the interior of N = V¢, a
compact n-submanifold with smooth connected boundary dN =9 Q. O

2.2. Conservative local linearization. Theorem 3 can be also used to prove that a
divergence-free vector field can be conservatively C!-perturbed to become linearized near
x € M, the perturbation support being a neighbourhood of x as small as desired. Although
the main application occurs when the points of X' are singularities of v, we formulate
it in the general case. Special care has been taken to find a § that directly estimates the
permitted variation of the derivative on all local charts. Observe that, given € > 0, the same
6 (depending linearly on €) works simultaneously for all divergence-free vector fields on
M in all classes of regularity (cf. Theorem 7 below).

THEOREM 6. (C*# conservative local linearization—‘Franks’ lemma type’) Let M be a
manifold as above. Then there is a constant x > 0 (depending only on the atlas of M ) such
that, given:

e anye>0;

anyve.’{fjﬂ(M),seZ+U{oo},0§,B§ 1;

any finite set ¥ C M;

any neighbourhood U of X; and

any traceless linear maps Ay € L(n, R), x € X, satisfying

[Ax = Dv(x)|l < xe,

where Dv(x) is taken in some (reindexed) local chart (Vy, ¢y) around x, there exists
Ze Z{‘L’ﬂ(M) satisfying:

(1) foreachx € X, on local chart (Vy, ¢x), Z(y) =v(x) + Ax(y — x) near x;

2) Z=vinU¢ and

3) IZ—-vlc <e.

Remark 2. (1) Implies, for each x € X, that Z(x) = v(x), and on local chart (Vy, ¢,),
DZ(x) = A, and Z is affine linear near x.

Preview of proof. The attentive reader will notice that Theorem 6 is not a particular case
of Theorem 3. The result easily reduces to the case when X' consists of a single point.
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The problem is obviously a local one, the construction being carried out on some chosen
local chart (performing a translation, we may assume that x = 0). Instead of trying to prove
directly that, for any traceless A € L(n, R) sufficiently close to Dv(0), pasting adequately
Y(y) =v(0) + A(y) to v on a sufficiently small neighbourhood U of x (using Theorem 3)
we can get a divergence-free vector field C! close to v, with the inherent problem of
controlling the growth of constant C = C(1, K, U) as U ‘blows down’ to x, we proceed
differently and rescale to the open unit ball B”, the restrictions of vector fields ¥ and v to
arbitrarily small balls AB” (under the action of homotheties @; = A~ !1d). Observing that
the C! norm of the vector field

Yy — v =@, (Y —v) € XF (B")

tends to |[A — Dv(0)| as L — 0, we perform the pasting on this constant scale, with fixed
K, U and C =C(1, K, U) and then pull back (scale down) the resulting vector field to
the original real scale, i.e., to a sufficiently small ball AB”, finally extending it by v to the
whole M, the non-increasing behaviour of the C I norm under the action of homothetic
contractions guaranteeing the desired conclusion.

Remark 3. In the proof of Theorem 6, we will need to apply Theorem 3 with M being an
open ball nB" C R”. Obviously, Theorem 3 remains valid if the manifold M is instead
a connected open subset of R” equipped with the trivial one chart atlas (M, Id) and both
X, Ye ij’g (M) are C"-bounded (see Definition 1), where u is the Lebesgue measure
induced by the the canonical volume on R”.

Proof of Theorem 6. Choose a local chart around each x € X' and fix on it a small closed
ball B, centred at x (we identify x with its image on the chart), so that these balls have
disjoint preimages on M and are contained in U. Changing U by the union of the interiors
of these #X balls, it is immediate that the proof reduces to the case of X consisting
of a single point x. Let d =d (1, max; j<mll®;illc2) > 1 be the constant controlling the
potential magnification of the local C! norm of a vector field under the chart transitions
of the atlas (see §3.1(c)). Get constant C = C(l1, %ID)”, %]B%n) given by Theorem 3 for
M =B", taking Remark 3 into consideration, and let x = 1/(Cd). Take a local chart
(W, ¢) around x. Performing a translation, we may assume that ¢ (x) =0 € R". Take
n >0 such that D" C ¢(W) and ¢~ '(nD") C U. To simplify the notation we still
denote by v the vector field ¢,v|w € %Lﬁ (¢ (W)) (recall that the atlas is regular (see the
convention in §2), and hence this local chart expression of v is C I_bounded; W is now the
Lebesgue measure on R"). Fix any traceless A € L(n, R) such that

A —Dv(0)|| < xe
(recall that ¢ (x) = 0 and Dv(0) is taken on local chart (W, ¢)). Define, on nB”,
Y(y) =v(0) + A(y) — v(y).

HOMOTHETY TRICK (Step 1). Rescaling to the unit scale. For each 0 < A < min(1, n),
rescale Y|,p» to the unit ball B"

Vi = 07 1d)Y e € X5F (B").
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Claim. | Yyl c1.pn :(; |A — Dv(0)|.
Recall that || Y3 [l 1,50 = max(| Vil co,n . Sup, g | DY ).
(a) The derivative is unchanged by the action of the homothety,
DY;(y)=DY(Ly) =A — Dv(Ax) forally e B"
and therefore, since v is C!,

sup [ DY, |l = sup |DY] —> [[A — Dv(0)||.
yeBr yerBn r—0

(b) As for the C? norm,

1Yl co.pn = A7 1Y [l om0 —> 1A = Du(O)
r—0

since
ANY llcome = sup 27w (0) + A(y) — v(y)]
yerB®
v(0) + Dv(0; y) — v A — Dv(0;
— sup 0) 0; y) —v(y) . (») 0; y) 1A — Du(O)]|
yerB” A A A—0

as is immediate to verify: the fraction on the left converges to 0 € R” as A — 0, while

A(y) — Dv(0;
sup 1A = DVOIL A — Du(©; )l = 14 — DuO)].

yeAB A yeB”

Therefore, for 0 < A < n small enough,

||Yk||cl;]En < XE.

(Step 2). Performing the pasting. Letting X =0 on B", by Theorem 3 (and Remark 3),
there is Z; € %fjﬂ (B") such that

Zi=Y, iniB",
Zi=0 inB"\3B",
1Z1llcr.pn < CliYallcr.pn < Cxe =€/d.
(Step 3). Scaling down to the real scale. Pullback Z; to the ‘real scale’ defining
Zo=("'1d)*Z; € XF (B

compactly supported in AB"”. Extend Zg by zero to the whole nB" and define, on this set,
Z=Zy+v. Then Z=v(0) + A in (A/3)B" and Z = v in nB"\(21/3)B". Since A < 1,
Z1 +— Zg is a homothetic contraction, and thus the C ! norm does not increase and

1Z = vllcr,yme = 1 Zollcrame < 1 Z1llc1pr < €/d.

We finally get the desired Z € %fjﬁ (M) extending the pullback ¢*(Z) by v to the whole
M. Note that Z —v € %i;ﬁ (M) is compactly supported inside ¢~ (nB"), and thus the
global C! norm of Z — v satisfies

G N1Z = vl =dl Zollcr.ppe <€,

and it is immediate to verify that (1) and (2) are also satisfied. O
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2.3. Conservative pasting—proof of Theorem 1.

Preview. Using Lemma A.l1 (§A.3) and the existence of collars for manifolds with
boundary, fix Wy and W, two compact n-submanifolds with C* boundary such that

K CcintWy, WocCintW;, Wy cCcU, £ :=(ntWj)\Wy isconnected.

The transition from Y to X will take place inside the open set £2. Fix § € C* (M, [0, 1])
such that £ =1 in a small neighbourhood of Wy and £ =0 in a small neighbourhood of
(int W1)€. Now, given any X, Y as in the statement, let

w=EY+(1-6X inU,
w=X in U€.

Note that w € X% (M) since & = 0 in a neighbourhood of U€ and Y is defined and of class
C* on U. Since both X € %L(M Yand Y € %Z(U ) are divergence-free,

h:=divweC’(M) and hisC"-smallif Y — X|y is C"-small

as h = div X = 0 in a neighbourhood of U¢ and (on local charts)

n
h=Y @& —X) inU. (2.6)
i=1
Clearly, h is (compactly) supported inside £2. In order to get Zo € X, (M) satisfying (1)
and (2), it is enough to find v € X* (M) supported inside §2 such that

divv=h=divw

and then let Zop = w — v, which cancels the divergence of w inside the ‘transition annulus’
£2, while keeping w unaltered outside that open set (in particular, Zy=w =Y in a
neighbourhood of Wy and Zyp = w = X in a neighbourhood of (int W)€ D U¢). Since
the smooth scalar function £ is fixed, by (2.6) the C" norm of £ is linearly bounded by that
of Y — X|y,

|hlr <n2"|&lr411Y — X|ru, 2.7

and it can be shown that (3) holds (see §3). The crucial facts that guarantee the existence of
cancelling vector field v are: (a) the connectedness of £2, (b) supp & C £2 and (c) f o ho=
0, this equality following readily from the divergence theorem. Since X, Y are divergence-
free vector fields, w coincides with ¥ and X in W, and dW; (respectively) and 32 =
dWo 1 0Wi, and thus

/hw:/ uuw:—/ YJCL)—}-/ Xow
Q 082 aWo AW,

=— (divY)w + (div X)w=—-0+0=0.
Wo Wy

The actual construction of v uses the global-to-local reduction technique originally
devised by Moser in [MO], essentially aiming to solve, under condition (c), equation
det Df =1+ h on closed manifolds. We shall follow a complete presentation of the
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transposition of this technique to the solution of divu =h on £2 C R" (under specific
support premises) given by Csatd, Dacorogna and Kneuss [CDK, pp. 184—-188]. The
smoothing of Z inside the transition annulus £2 is the last step of the construction.

As a byproduct of the proof below together with the estimates in §§3.1 and 3.2, we
obtain the following useful result on the solutions to the equation div v =/, with control
of support (this is applied in the proofs of Theorems 4 and 5). The linearity of the operator
@ : h — v is immediate to check from its construction (cf. [CDK, pp. 184—188]). Another
important aspect is that the operator is universal, i.e., v has always the same regularity as
h (the construction being independent of r and «) and its C"*® norm can be estimated in
terms of that of / times a constant, i.e., the restriction of linear operator @ to the subspace
of A consisting of those functions 4 that are of class C"* is bounded for the || - || cr.« norm.

LEMMA 1. Let M be a manifold as above. Suppose that §21, §2 are two connected open
subsets with 2\ C §2. Then there exists a linear operator ® : A — B : h > v, satisfying
div v = h, where

Az{heCl(M): / hw:OandsupphC.Ql},
2

B={veXx'(M): suppv C 2}.

Furthermore, if h is of class C™%, r € ZT, 0 <« < 1, then v is C"% and there is a constant
C=C(r, 21, $2) > 1 such that

vlicre < Clihllcre.

Proof of Theorem 1. According to the Preview, it remains to define §2 and & precisely and
then solve
divv="h, veX*(M)supported inside £2.

The existence of constant C = C(r, K, U) satisfying (3) is proved in §3. We start by
carefully constructing §2 and an auxiliary domain £2;, which is needed in our approach.

(A) Construction of §2, 21, V and w. Using Lemma A.1 (§A.3), fix a compact
n-submanifold P with connected C* boundary such that K Cint P and P C U. By
the existence of collars for d P [HI, p. 113], there are four smoothly isotopic (nested)
manifolds P; <4 satisfying

KCintP;, P CintPiy; (<3), Py=P

and such that
2 :=(int P4)\P; and £2]:=(int P3)\ P>

are both diffeomorphic to d P x]0, 1[, and hence are connected open sets. Exactly as
described in the Preview, fix a scalar function & for Wy = P, and W = Ps (the same for
all X and Y) and define w and & accordingly. Clearly, i € C*(M) is supported inside 2,
2icR and [, ho =0. We set V =int Py.

(B) Finding a divergence-cancelling vector field v. 1In order to find v e X°(M)
supported inside §2 and satisfying div v = &, we may now apply the procedure in [CDK,
pp- 184—188], which reduces this problem to the solution of finitely many local equations

div ijhj, v; EXS(QJ') (2~8)
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with v; compactly supported inside the open cube Q; C R". The construction in [CDK]
carries almost verbatim to our closed manifold M, as the integrals involved in the definition
of the auxiliary functions % are invariant under chart transition (see below).

Briefly, since 2| C £2 is compact, it can be covered by finitely many small open sets
U; C£2,0<j=<N,N >3, each of them intersecting §21, such that the image of each U;
on some (reindexed) local chart (V;, ¢;) is an open cube Q; C ¢;(V;) CR" of volume
< 17. Clearly, N depends only on §2; and §2 and thus ultimately only on K and U.
Auxiliary functions 4 ; € C*(M) are now constructed exactly as in [CDK, p. 185, Lemma
9.9]. These are well defined since the atlas is volume preserving, which thus implies that
all integrals of scalar functions involved [CDK, p. 187] are invariant under chart transition
(these appear in the constants Ay, see §3.1(b). The scalar functions & ; satisfy [CDK,
Lemma 9.9]

N
h=Yhj. supph; CU;C S, f hjow=0.
j=0 Ui
On local chart (V;, ¢;),

/ hj=0, supph;jC Q; CR".
Qj
Each local equation (2.8) is now solved by [CDK, p. 185, Lemma 9.8] (which is valid
for arbitrary open cubes; see Footnote 1 on page 20) and the pullback ¢j vj, still denoted
by vj, is extended by zero to the whole M. As h = Z?’:O divv; = diV(Zﬁv:O v;) and
suppv; C 2,v= Z;V:o v; is the desired vector field. Observe that, by construction, /,
v; and finally v are C* if h is C*® (i.e., if X, Y are C°; see §3). We now have Zp =
w—veE %L (M) satisfying (1) and (2). Observe that the above procedure actually gives a
construction of the operator @ in Lemma 1, i.e., v = @(div w). Still, by construction, if
Y = X|y, then Zyp = X (see Lemma 1 above) and hence Z = X. Otherwise, by Remark 4
(83.1), the estimate ||Zg — X||cr < C||Y — X||¢r.v is still valid with constant C replaced
by C — 1 and we finally get Z still satisfying (1)—(3) and smooth in

A={xeM: Z(x) £ X&), Y(x)}

by applying Theorem 5 to Zy and §2 (this set being the interior of a compact collar
of dP). O

3. Linear bound on C™* norms

3.1. The C" case. Instead of the standard Whitney C” norm || - ||cr, we adopt the
equivalent but more convenient norm | - |, defined in §A.1. Then estimate (3) in Theorem 1
is proved letting C = n"*D/2C’ 4 1 and finding a constant C' = C'(r, K, U) for which

|ZO_X|r§C/|Y_X|r;U 3.1)
(clearly, C = C(r, K, U) since n = dim M is fixed).

+ This fact will be used in §3.1(c).
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Remark 4. Note that estimate (3) in Theorem 1 will still be valid if one replaces C by
C — 1 (as a consequence of adding +1 in the definition of C). This is used at the end of
the proof of Theorem 1 (in the smoothing step). The same observation holds for Theorem 3
(used in Corollary 1).

As
1Zo — Xy =|w—v—X|r <|w— X, + |v],
lw— X, =EY = X)|ru <2"|& 1Y = X|ru.

it is enough to find a constant Cop = Co(r, K, U) > 0 such that |v|, < Cp|Y — X|,.;y and
let C’ =2"|&|, + Cy (as |&|, depends only on r and £2 and thus ultimately only on r, K
and U).

We will obtain a finite chain of linear bounds with constants Cy, Ca, C3 depending only
onr, K and U, which finally leads to the desired inequality.

(@) |kl < C1]Y — X|,,y. From the local chart expression of & (see (2.6) and (2.7) in
the Preview, §2.3), it follows that this inequality holds for C; = n2"|&|,4;. Thus, |§|,41
depends only on r, K and U, and so does Cj.

(b) |hj|, < Czlhl|,. Following the reasoning in [CDK, §9.3, pp. 184—188] transposed
to M, fix ¥;, nx € C*°(M; [0, 1]) as in Lemma 9.9. Note that ;, nx depend ultimately
only on K and U. Let

di = Orsnjanglelr, dr = lrsr}canglnklr.
By definition, i; = hy; + Z,/(VZI )LkAi nk (see the proof of Lemma 9.9 in [CDK, pp. 185-
188]), where each A,{ (depending on the sequence Uy, ..., Uy) is either —1, 0 or 1 and
the Ay are the constants solving Z,ivzl AkA,{ = f_Q hyrj,0 < j < N.Inorderto find the A,
we solve the N simultaneous equations corresponding to 1 < j < N, as matrix E obtained
from (N 4+ 1) x N matrix A = (Ai) by truncating its first line is actually invertible and the
solutions thus obtained automatically satisfy the equation corresponding to j = 0. Finding
Mg by Cramer rule, Ax = |B|/|E|, and expanding determinant | B| along the kth column
(knowing that Ai =1, A,ﬁ =—lorOif j <k, Ai =0 if j > k and each column of E
contains, at most, two non-zero entries), we immediately get, on the chart containing the
cube U; (recalling that N > 3),
Iz
2

|hjly <|hrjly + N max [AcAlnklr < Calhly,
0<j=N

Il < N2V 73 max < N2V 3meas 2|h|,,

0<j<N

where Co = Ca(r, K, U) =2"dy + N22V 3 dymeas £2.
(©) lvjlr < Cslhjlr. Recall that v; is found on local chart (V;, ¢;) as the solution

of (2.8) given by [CDK, Lemma 9.8, p. 185] and then extending its pullback by zero to the
whole M. Clearly, Lemma 9.8 [CDK] holds for each cube Q; C R"¥. Since vol Q; <1,

T The proof of Lemma 9.8 in [CDK, p. 185] becomes valid for Q ; by performing the obvious translation of the

cube and replacing & by Ej € C(‘)’O(]O, piD, pj = (vol Qj)]/” <1, satisfying fopj E, = 1. Each Ej is fixed and
depends only on vol Q ;, and hence ultimately only on K and U.
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a simple induction argument over the dimension n (carried out on the modified proof
of [CDK, Lemma 9.8]; see Footnote T on page 20) shows that, on local chart (V;, ¢;),

ljlr < 71E;1)" K]

Now, in order to get the global C” norm of v;, we need to take into account the potential
magnification of these local norms under chart transitions (¢;;);, j<m. Since the transitions
between the chart expressions of a vector field are of the form

Xjlo;vinvy = @ji. Xilgivinvy).
it is easily seen that there is a constant
d =d(r, max;, j<m|Pjilr+1) = 1

such that
[Xjlg;cvinvplr < dIX|gvinvylr

for any i, j <m. The global C" norm of v; can then be estimated by

vjlr < C3lhjl, where C3=d(2dp)", do= max [Ejl,.
0<j<N

As the atlas is fixed, we actually have C3 = C3(r, K, U).
(d) Finally, v = Z;V:O vj, and hence |v|, < (N + l)maxOSjEN |vjl, and therefore,

v, <N+ DC1C2G]Y = Xy

As N + 1, Cy, C and C3 depend only on r, K and U, the desired constant is Co = (N +
1)C1C,C3.

3.2. The C"* case, 0 <« < 1. First, note that a direct inspection of the construction
given in the proof of Theorem 1 of the operator @ in Lemma 1 reveals that the resulting
vector field Z = w — @ (div w) is of class C5Pif X and Y are C5P, s € Z1,0 < B <1
The proof of Theorem 3 is that of Theorem 1 modulo a few changes needed to get estimate
(3) that we now indicate. To simplify the estimates, it is preferable to work exclusively
with the following C"*% norm, which is equivalent to the usual Whitney—Holder C" ¢
norm || - ||cre (see §A.1 for the notation),
IXresv = max (Xlru. [30X}]a;¢_,(vij))7
i,j;lol=r

the o-Holder seminorm [4],.p of a scalar function /2 on a domain D (with at least two
points) being defined in the usual way. On local charts, this is also equivalent to the C"¢
norm adopted in [CDK, p. 336], which serves as a reference for the estimates invoked
below. We will need reasonable estimates for the Holder norms of the product and
composition of functions defined on open subsets A C M, and these exist provided that:
(1) on every local chart, the domain ¢; (V; N A) of each function involved is a Lipschitz
set (see, e.g., [CDK, pp. 338, 366, 369]) and (ii) these functions and their derivatives up
to order r extend continuously to the boundaries of these domains (we generically denote
the space of C™* functions on A satisfying (ii) by C">%(A)). With these two conditions,
we also guarantee the respective inclusion of Holder spaces: if r + o <s + 8, where
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0 <r <s are integers and 0 <, 8 < 1, then CSP(A) c C"*(A) and there is a constant
C=C(s,A) >O0suchthat ||, 4.4 <C|-|sp:4 [CDK, p. 342].

Instead of the estimate at the end of §A.1, we now use for the norm of the product of
functions in C™*(A) (see, e.g., [CDK, p. 366]),

|hX|r,oz;A = C(r, A)|h|r,(x;A|X|r,a;A (32)

provided each open set ¢;(V; N A) is Lipschitz. At first sight, this may seem problematic
for the estimates involving the vector field Y, whose domain U may not intersect the local
charts in Lipschitz sets (also, while C"-bounded, Y may fail to satisfy condition (ii)). This
difficulty is circumvented by the following simple observation (replacing steps (a)—(c)
in §3.1).

(a") Following the proof of Theorem 1, w = X in a neighbourhood of (int P)¢, and thus

lw— Xl =|w— Xl ain P = 16X — X) |1 asint P-

Now, P is a smooth compact n-submanifold with boundary and since the atlas is regular
so are the closures V; of the chart domains (these are embedded D). Thus each open set
@i (V; Nint P) is Lipschitz and so are the domains ¢; (V; N V;) of the transition maps ¢ ;.
Therefore (as P and & depend only on K and U),

|lw — X|r,(x <C(, K, U)|é;-|r,oz|Y - X|r,a;intP
= C(ra o, K’ U)lY - X|r,a;intP
and
|h|r,a = |h|r,oc;int P
= C(r7 Kv U)|%_|r+l,ol|Y - Xlr,ot;int '
= C(ra o, K7 U)|Y - X|r,a;intP-

From now on, we need not concern ourselves with condition (ii) any more, as it is
immediate to verify that all functions involved satisfy it.

(b’) The finitely many auxiliary functions &, ¥;, n; are defined on the whole M, and
thus using (3.2) one gets the local estimate (on the chart containing the cube ¢;(V;))

|hj|r,ot <C(r,a, K, U)|h|r,ot‘

(¢") The auxiliary functions involved in the construction of the compactly supported
solution to divv; = h; on the cube Q; = ¢;(U;) are all defined on (the closure of) this
Lipschitz set, and thus (3.2) applies. The deduction of the local estimate

|Uj|r,ot <C@,a K, U)lhj|r,ot

is a bit more subtle than the corresponding C” case (but still simple), and involves a
judicious application of differentiation under the integral sign. Then, as in the C” case,
there is a constant

d=d(r,a)=dr, max; j<m|Pjilrt1,e) =1

permitting us to estimate the global C"* norm of v; in terms of that on the cube times
d. To get this constant, one uses (3.2) together with the estimate for the norm of the
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composition (still subject to conditions (i) and (ii) above; see, e.g., [CDK, p. 369]; here
g:A— B=dom f),

|f o glra:a <C@r A, B)| flra:s(1+ 1811 02)
<C@r A, B flra:s(1+max(gl] o 40 18105 1).

Finally, we observe that constant C in Theorem 3 actually does not depend on the
Holder exponent «, as C ultimately depends only on r and on the C"* and C"*1-¢ norms
of finitely many smooth functions depending only on K and U or even only on the atlas
(this is the case for the chart transition maps ¢;;). On local charts, the domains A of these
functions are always Lipschitz (see above), and thus, for each such function, all these
norms (with « in the range ]0, 1]) are uniformly estimated in terms of the respective C” +2
norm times a constant C(r, A) [CDK, p. 342]. Taking the maximum of these constants
for the finitely many functions involved, we get a constant c=C (r, K, U), enabling the
simultaneous estimate of all these C"® and C"T1% norms (0 <« < 1) in terms of the
respective C”+2 norms times C. Thus C depends only onr, K and U.

4. Linearized conservative Franks’ lemma

We now state the linearized volume-preserving version of Franks’ lemma. Since
perturbations of diffeomorphisms are usually carried out via chart representations, as with
Theorem 6, care has been taken to find a § that directly estimates the permitted variation
of the derivative on all chart representations (see §A.2.3 for the terminology). We start
by stating a simpler topological version of this result. The full strength is achieved in
Theorem 8.

THEOREM 7. (Linearized conservative Franks’ lemma) Let M be a manifold as in §2. Fix
reZtand0 < a < 1andletU be a C' neighbourhood of f € Diff,;* (M) in Diff,;* (M).
Then there is a smaller C' neighbourhood Uy of f in Diffli’“ Myands =56(r,a, f,U) >0
such that, given:

e any g el

e any finite set ¥ C M;

e any neighbourhood U of X; and

e any linear maps A, € SL(n, R), x € ¥, satisfying

|Ax — Dgx(x) || <3,

where g, is some chart representation of g around x, there exists § € U having, for each
X € X, a chart representation gy around x comparable with g, and such that:

() &x(y) = gx(x) + Ax(y — x) near x; and

(2) supp(Z —g) C U.

Furthermore, if g is C*, then so is g.

Remark 5. For each x € X, (1) implies that g(x) = g(x), Dgy(x) = A, and g is affine
linear near x in chart representation gx.

The proof actually establishes the stronger result stated below. Given a C!
diffeomorphism f of M onto itself, let sup,, || Df | denote the supremum of ||Df (y)| for
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all y € M, over all possible chart representations of f around y (see §A.2). As, in chart
representations, the derivatives of a conservative diffeomorphism belong to SL(n, R),
imposing a uniform upper bound sup,, || Df || < d automatically guarantees uniform local
bounded distortion for all conservative diffeomorphisms satisfying this inequality: on chart
representations, for any x € M, the image of S"=! under the derivative D f(x; ) is an
ellipsoid with major radius < d and minor radius > d~"*! (this is immediate looking at
the polar decomposition).

Also, as is shown below in part (C) of the proof of Lemma 2, § can be made to depend
linearly on the required C'-closeness € of the resulting diffeomorphism g to g (provided
€ is small enough). With both observations in mind, Theorem 7 can be reformulated as
follows.

THEOREM 8. (Linearized conservative Franks’ lemma) Let M be a manifold as in §2.
FixreZT,0<a < 1andd > 1. Then there is a constant x = x(r, a, d) > 0 such that,
given:

e anyge Diff,;""(M) with sup,, || Dg|l < d;

anyO<e <1;

any finite set ¥ C M;

any neighbourhood U of X ; and

any linear maps A, € SL(n, R), x € X, satisfying

Ay — Dgx(x)|l < xe,

where g, is some chart representation of g around x, then (adopting any local C'-
metrization of Diffli’“ (M) near g as in §A.2) there exists g € Diffl;’“ (M) €-C'-close to
g having, for each x € X, a chart representation gy around x comparable with g, and
such that:

(1) &) =gx(x) + Ax(y — x) near x; and

(2) supp(g —g) CU.

Furthermore, if g is C*, then so is g.

Remark 6. Avila’s localized smoothing [AV, Theorem 7] implies that Theorem 7 can be
stated for Diff}L(M ) in place of Diffﬂ'“ (M) (with x = x(d) > 0), the reduction of the C!
local linearization to the C* case being then achieved through Lemma 2 below. However,
if g is C¥, k > 2 an integer, one should not be tempted to apply [AV, Theorem 7] in order
to smooth g near x (getting 2), and then apply the elementary perturbation lemma [BC,
Lemma A.4, p. 93] to correct g(x) back to g(x) and finally apply Lemma 2 below to get
a C! perturbation g, still of class Ck, which is affine linearized near x (in some chart
representation) and coincides with g at x and outside any given small neighbourhood of
this point. Indeed, [AV] does not guarantee the resulting map to be C? at the boundary
points of the open set £2 where the smoothing takes place, the above reasoning being valid
only for k = 1.

Obviously, the C!-closeness of g to g is the best possible and cannot be upgraded
to any of the higher C'* topologies (even if the localized support is dropped and X is
reduced to a single point). In terms of regularity, Theorems 7 and 8 are also optimal, in the
sense that the resulting diffeomorphism g is still C™** (respectively, C*°) as the original
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one. If one is particularly interested in the class of ck diffeomorphisms, k > 2 an integer,
it is natural to ask if g can be found of class C¥ as g and not merely of class CK—1.¢
for any chosen 0 < @ < 1 (a version of this statement appears without proof in [HHTU,
p- 217]). For k > 2, a positive answer seems beyond the techniques presently available (if
possible at all). The case k =1 is exceptional due to Avila’s theorem mentioned above,
but no analogous result is known for k > 2. These difficulties are related to the fact that, in
dimension n > 2, there are, in general, no known C”" *1 solutions to the prescribed Jacobian
PDE, det Df = h, when h is of class C", r € Z7 (see, e.g., [CDK, p. 192], [RY, p. 324]).
In virtue of Lemma 2 below, the answer would be positive if g could be C ket
smoothened near 0, i.e., if one could answer affirmatively the following question.

QUESTION (Local C**-smoothing with C'-closeness) Given any volume-preserving C*
map g :B" — R", k > 2 an integer, is there arbitrarily Cl-close to it another volume-
preserving C¥ map g:B" — R” which is C*% near zero (for some 0 <« < 1) and
satisfies supp(g — g) CC B" ?

Proof of Theorem 7. 'We shall reduce the proof to that of Lemma 2 below. Fix a covering
system {B;};<i, i, j for f, here called 7, as in §A.2, and 0 < € < 1 such that % r (f) C
U. Let Uy = U y2,x (f). Recall that, by definition of % y (f), the same covering system
works for any g € %Z r(f). Let g €lUp. As one wishes, for each x € ¥, to be able
to choose freely any chart representation g, around x where we can perform the local
linearization (getting g5 ), we will need to estimate sup,,|| Dg/|| for all such g, the supremum
of || Dg(y)| for all y € M, over all possible chart representations of g around y (see
§A.2). As the transitions between chart representations of g around point x are of the
form 8iB= ¢]A-j o gji;B 0 ;7 (§A.2.2), one gets, as € < 1, for all g € Uy,

supy [ Dgll < ¢ :=a’(supy IDFIl + 1),

where
a=max sup |Dgjil
LISMe; (ViNV;)

and ¢j; =¢j o ¢l._1 are the chart transitions of the atlas (V;, ¢;);<». Note that we need
not be concerned with the C° norm of g — g since it becomes as small as wished if
supp(g — g) is contained in the disjoint union of sufficiently small open balls (on local
charts) centred at the points of X~'. This also guarantees that (2) holds. Hence, only
the distance between the derivatives of g and g is of concern. Performing adequate
translations in both domain and target of each chart representation g, around x, it is now
easily seen that the problem reduces to proving Lemma 2 below and finding through it
the constant x = x (r, @, ¢, n) and then letting § = x€g, where €9 = €/2b. Here, b > 1 is
a multiplicative constant (to be determined below) controlling the possible magnification
of the distance ||Dgx(y) — Dgx(»)|, y € supp(gx — &x), when passing from g, gx to
any other pair g, ? of comparable chart representations of g and g around y. This will
guarantee, in particular, that, for g € Uy, ||g — gllcr < €/2 in the local metric induced on
U v (f), and therefore that one gets, as wished,

Ig— fller Mg —gller +llg — fller <€/2+€/2=¢€.
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We now construct g and proceed to determine the constant » mentioned above. Since this
is more subtle than it might seem at first sight, we do it with some detail. To simplify
the exposition, we identify a point x in M with its image ¢; (x) in a local chart. We first
select at will, for each x € X, a chart representation g, = g;; p of g around x and fix a
small closed ball B, centred at this point and contained in the (open) domain ¢; (D) of gy,
such that the B, are mutually disjoint (i.e., have mutually disjoint preimages in M). Using
Lemma 2 below, we find § = x€o, where €9 = €/2b and

b=n2a <a +(c+Dmax sup (| D%l + 1))
LISMg (VinV;)

and then, for any given A, € SL(n, R), as in the statement of Theorem 7, we find a volume-
preserving C" (respectively, C*°) diffeomorphism onto its image gy : ¢; (D) — ¢;(V;),
which is affine linearized by A, near x and satisfies gy (x) = gy (x), supp(gx — gx) C By
and || gy — gxllc1 < €/2b. In this way, we have g globally defined: g = gy in By andg =g
in (J,cx Bx)¢ (again, we simplify the notation identifying g, with the corresponding map
in M and B, with its preimage in M). Now, let g = AIA-T, g and ? = QfT, g be any other
pair of comparable chart representations of g and g around the preimage y = ¢; '(y)in M
of y € supp(gx — gx). We claim that

IDE®) — DEG)I < €/2, (4.1
as wished. From the expression giving the derivative under chart representation transition,
DE() = D¢5;(gx(») 0 Dgx(y) 0 Do7(3), v =703,

one gets that
IDg() — DEM
is less than or equal to
ID¢7;(8x () 0 Dgx(y) — Dg7;(8x(y)) o Dgx (W - 1DS7 (M. (4.2)

(1) If gx(y) = gx(y), then the norm on the left equals

ID$7;(gx (W) - 1D&x () — Dgx (Ml

and hence

IDE(3) — DEG < a®l1gx — gxllc1 < a’e/2b < €/2.

(i) If g (y) # g+ (), then, denoting by M (y) = [ax;] the n x n matrix in (4.2) inside
the norm on the left, we have, for the constant a defined above,

IDEE) — DEG)II < al M.

We estimate the absolute value of the entries ay; and then use || M(y)|| < n max|ag|.
Denoting by ¢* the kth component of b5 and by {e;}; <, the canonical base of R”,

D 0 (1)) 9 8x' () — e (2 (1)) - 9y 8L (1))

i=1

lag| =
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Now, the key step is to write (using the mean value theorem)

e, O (82 (1)) = ;" (82 () + 306, 0" (2) - 1% (¥) — g D), (4.3)

where z is some point in the interior of segment [gx(y), gx(¥)] and u is the direction
(&x(») — 8x(1))/18x (¥) — gx()|. Since

19,8 DI < gxllcr < ligxller +€/2b <+ 1,

a simple calculation shows that

laul <n(a+c+ DHmax sup [1D2il)Ig — gl (44)
LISMg (V;NV;)

and, since [|gx — gxllc1 < €/2b, inequality (4.1) follows. The problem with the above
reasoning is that the segment [gx(y), gx(y)] might nor be contained in the domain
¢ (V;N ij) of ¢7; and reducing supp(gx — gx) to an even smaller neighbourhood of x
will not help if g(x) 77\ V5. To overcome this difficulty, we use the fact that the atlas
of M is contained in a larger atlas (see the convention in §2): there is a small ¢ > 0 such
that, for every chart domain Vj, sup||D2d>k i1l evaluated in the o-neighbourhood Ag; of
¢ (Vi N V;)is smaller than sup||D2¢kj | + Lin ¢;(Vx N V;). If necessary, we then reduce
the radius of the closed ball By even further so that g (Bx) C ¢;(V;) has diameter smaller
than 0. As y € supp(gx — gx) C By, both g, (y) and g, (y) are contained in g, (B,), and
thus the segment [g;(y), gx(»)] is entirely contained in Az;. Itis thus enough to replace
¢ = ‘Pf'j in (4.3) by its extension @7/. and replace ||D2¢ji || by ||D2¢j,~ | +1in (4.4), as is
done in the definition of b. We have therefore reduced the proof of Theorem 7 to that of
Lemma 2 below. O

From now on, we assume that R” and all its subsets are endowed with the standard volume
formdx; A -+ - Adx,. We write A CC B for ‘A is compact and contained in B’.

LEMMA 2. (Uniform conservative local linearization) Given any n, r € Z*, 0 <a < 1
and c > 1 there exists a constant x = x(r, a, ¢, n) > 0 such that, given any

(@ O<e=<1;

(b) any volume-preserving C™% diffeomorphism onto its image

f:nB"—R", 15n>0
such that f(0) =0 and
IDfO) < c;
(¢) any A € SL(n, R) such that
A —Df () < xeo.

there exists a volume-preserving C"™% diffeomorphism onto its image fa : nB" — R"
satisfying:

(1)  fa=Anear0;

(2) supp(fa — f) CCnB"; and

3 Ifa—= flicr <eo.

Furthermore, if f is C*, then so is f4.
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Proof. We treat the cases (A) f € C"*\C* and (B) f € C* separately. In order to make
the construction of f4 more transparent, we start by establishing in case (A), through a
continuity reasoning, the existence for each ¢y > 0 of a § = §(r, «, ¢, n, €g) > 0 such that
(1)—(3) hold if ||A — Df(0)|| < 6 and, analogously, § = é(c, n, €p) > 0 is found in case
(B). Finally, the linear dependence of § on €y for 0 < €p <1 is established in each case
(see (C) and (D) below), getting 6 = x € for some constant x = x (r, «, ¢, n) > 0 in case
(A) and for x = x(c, n) > 0 in case (B). We then take x as the minimum of these two
values.

(A) Case f e C"*\C*°. The following auxiliary fact follows readily from the
compactness of
SL.:={DeSL®n,R):||D| <c¢}, c=>1

and the continuity of the the composition operator for matrices in relation to the standard
norm. Together with Fact 2 below, it will ultimately permit us to find, for given ¢y > 0 and
¢ > 1, asingle § working simultaneously for all f satisfying (b). Proofs of both facts with
linear estimates are given in (C).

Fact 1. Foranyn € Z™, € > 0 and ¢ > 1, there is § > 0 such that, given any A € SL(n, R)
and D € SL,
JA-D| <= |A" ' oD —1Id|| <e.

The precise €y — § chain establishing Lemma 2 can be easily reconstructed from the
following reasoning, which makes the structure of the proof more transparent. The
continuity of the addition and multiplication operators in relation to the C">* norm and that
of the composition and inversion operators in relation to the C'! norm will be systematically
used without mention.

While Lemma 2 is a C!-closeness result, we will need to work with the C1* norm
until step (A.2) in order to guarantee that the volume-correcting diffeomorphism ¢! is
of class C»* and C!-close to Id. Then we return to the standard Whitney C! norm using
ller <n -y <l (see $ALD).

For h € C’*“(]B7, RY, reZt, 0<a<1, we adopt the C"™* norm corresponding to
that of §3.2 (for h € C**(B"), the definition is the same but the component superscript i
disappears). This is equivalent to the standard Whitney—Ho6lder C” ™% norm || - ||cre.

ro; BT = r;B, °n' o;B)-
Al Iln?x (Al [07 h' ]o:n)
i;lo|=r

(A.1) Reducing to the case of diffeomorphisms with domain B" C'¢ -close to 1d and
A =1d. Let 0 < A <min(l, ). For each f of class C"“ satisfying (b), rescale f|,p» to
the unit ball getting a volume-preserving C"* diffeomorphism onto its image
fr:B" — R”
7 — A7),
One has
| f» — DfO)]1,a;m P 0. (4.5)
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(Up to the C! norm, the reasoning is the same as in the proof of Theorem 6. Let {e iYi<n
be the canonical base of R". Writing 9d; for ae/,, one has, for the partial derivatives of the
components f)f of fi,

19; £ (y) = 9, f{ ()] wp A 19; £ (hy) — 0; f' (Ax)|
x,yeB;x#£y ly —x|* x,yeB";x#£y [Ay — Ax|*
<A flianer —> O,
r—0

which thus establishes (4.5).) For each A € SL(n, R) let
har=A"1o f.
By (4.5) (see, e.g., [CDK, p. 384]),
lhas =A™ o DFO)]1amn — 0. (4.6)
Fix & € C*°(B"; [0, 1]) (the same for all f and A) with& =0in D" and & = 1 in B"\3B"

and define
gar=1d+&(ha s —1d).

Then, noting that, for L € L(n, R), |L|1 «:8» < ||L]|, by (4.6)
lhas = 1dl e —— A7 0 DF(0) =l e < A7 o DF(©O) —1d]l  (47)
and, by Fact 1 above, as Df (0) € SL,, for § small the norm on the right is uniformly small
for all f satisfying (b) and all A satisfying (c), and hence, for A small enough,
|ga.n — Id|1 o:B» 1s small 4.8)
and, in particular, g4  is a diffeomorphism of B” onto its image.
(A.2) Correcting the volume distortion. Dropping the subscripts, for simplicity, let
0 =04 =det Dgy y.
Then by (4.8), it follows that (i)
|6 — 1]o,q:B» 1s small, 4.9)

(ii) fo 0 = meas g4 5 (B") = meas B" and (iii) 6 = 1 in ¥ = 11" U (B"\ 2B"). Now it is
easily seen that we can apply [TE, Theorem 4] (with y = «) to get ¢ € Diff>*(B") such
that det Dgp =6 and ¢ =1d in €, with

|¢ — Id|;.pr small. 4.10)

Then

—~ -1
AL =8A00Q

is a volume-preserving C”™-“ diffeomorphism of B" onto its image with
—~ . 1 n
AN = 1d m §D s
gar=ha, inB"\5B",

and
llga.x — Idllc1. e is small. 4.11)
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(A.3) Back to the general case. Setting
far=A0ga,,
it is immediate to verify that

f;A = A near 0,
supp(f’;;\ — fi) cC B".
By (4.11) and Fact 2 below, for 6 (and A) small,

| faz = DFO)llc1.n < €0/2 4.12)

for all f satisfying (b) and all A satisfying (c). For a proof of Fact 2 with a linear estimate,
see (C.8) below.

Fact 2. Foranyn € 7%, e > 0and ¢ > 1 there is § > 0 such that, given any A € L(n, R),
DeSL.andaC! map g : B" — R”,

”A — D”, ||g — Id”cl;Bn <46 — ||A og— D“Cl;]ﬂgn < €.

(A.4) Scaling down to the real scale. It remains to scale down f; » back to the real

scale. Let
fay AB" — R”

Z )\fA)A()Flz).
Since the C'! norm does not increase under contracting homothetic conjugation and A < 1,

1fas = DFO)lcrm0 < I fax — DFO)lcr1pn < €0/2. (4.13)

Taking A even smaller, if necessary, we can further guarantee that

If = Df Ot me < €0/2.

Therefore, as supp(fa.» — flapr) CC AB", extending f4 := fa,1 by f to the whole nB",
we finally get, by the triangle inequality, that

Il fa — f||cl;;715a" < €0
and it is immediate to check that f4 is C™“ and satisfies all the conclusions of Lemma 2.

(B) Case f € C*°. Having fixed n, ¢ and €, both the determination of § = §(c, n, €p)
and the construction of f4 are similar to those in case (A), except that the volume-
correcting diffeomorphism ¢ in (A.2) must be obtained by a different method, as
using [TE, Theorem 4], there is no guarantee that the solution to det Dp = 6 is smooth
when 6 is smooth (in the later case, we get a solution ¢, of class C”, for each r € 7+,
but a priori nothing guarantees that these ¢, coincide to form a C* diffeomorphism.
Reciprocally, [TE, Theorem 5] and [CDK, Lemma 10.4] employed below cannot be
applied in case (A) since they do not provide the necessary gain of regularity, from
C"1-%(determinant 6) to C™* (diffeomorphism ¢)). Here all functions involved are
smooth and

[/ = DFO)lzipr ——> 0
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(up tothe C ! norm; see (A.1) above). For each multiindex o of order two, one has, for the
partial derivatives of the components of f3,

sup [3° £} (x)| = sup A3 f'(hx)| < Al floamn — 0.
xeBn xecBn A—0
Therefore,
lhas — A" o Df(0)]2;pn — 0 (4.14)
A—0

and, consequently, reasoning as in (A),
lga.5 — Id|2:pr is small

and hence
|0 — 1]|1.p» is small.

Then, we apply [TE, Theorem 5] and [CDK, Lemma 10.4] to get a C* solution
diffeomorphism to det D¢ = 6 with ¢ =1d in ¥ and

|¢ —1d|1.p» small.

It can be verified that, in [TE, Theorem 5], if the volume form 6 is smooth, the solution
diffeomorphism ¢ is also smooth. This follows from the fact that the solution to the
linearized problem divu =6 — 1 in [TE, Theorem 3] is smooth since it depends only
on O and not on r, @ (see [TE, Remark 3 and Footnote 3]) and from the way in which
¢ is found (integrating the time dependent vector field u; = u/((1 — )6 + t); cf. [DM,
Lemma 2], [CDK, pp. 209-210]). One then uses the estimate in [TE, Theorem 3] and that
in [CDK, Lemma 10.4] to get the estimate |¢ — Id|;.g» < C|6 — 1]1.", for some constant
C = C(n) > 0. The construction then follows that of case (A). As shown in (D) below, the
more general (and abstract) result [CDK, Lemma 10.4] can actually entirely replace the
use of [TE, Theorem 5] above.

(C) Linear dependence 8§ = xeg for 0 <€y <1 in the case f € C"*\C*>. The case
of f € C* is similar; the changes needed being indicated in (D) below. As in §3.1, we
shall establish a finite chain of linear bounds that finally lead to the determination of the
constant x. We emphasize that | - |, o in (C.2)—(C.5) is the C"“ norm defined in (A) above
and || - [|o1 in (C.5)—~(C.8) is the standard Whitney C ! norm (§A.1) in which Lemma 2 is
formulated.

We start by establishing the actual estimate in Fact 1.

(C.1) Givenanyn e Z*, c>1, A e SL(n, R) and Df(0) € SL..,
IA=Df ) <8 <1= A" o Df(0) —Id|| < (c+ D" '§ = Ci(c, n)é.

We have
A= o DF(0) —Id[| = [|A™" o (DF(0) — Al < [IA7"] - 6.

Since A € SL(n, R) and ||A|| < ¢ + 1, looking at its polar decomposition, one sees that

min |[A(x)| > (c + 1)7"!
xeSn—1

S§n—

and thus [|[A™1|| < (¢ + 1)"~! and the assertion follows.
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In what follows, C, C’ and C” denote auxiliary generic constants (varying from step to
step), whose existence follows from standard Holder estimates [CDK, pp. 342 and 366] or
is evident from the context.

(C2) |A" o DF(0) —1d|| <8 = |ga.x — Id|1,0:B" < C2(n)d. The partition function
& is fixed for each dimension n and |£|; o:p» < C(n)|&]2:» [CDK, p. 342], and therefore
one has, by (4.7), for A small enough,
1ga. — Id|1 o8 = |E(hax —1d) |1 00
<C'M&1a:Br 1ha s —1d|1a:m
<C"(m)|ha) —1d|1a:p
< C"(n)8 = Ca(n)é.
(C3)1gar—Idl1,4:B» <6 <1=10 — 1]1,0:B" < C3(n)é. One has
16 — 1lo,0;8» = max (|6 — 1lo;B2, [0]a:Br)-
Clearly, |0 — 1|o.g» < C(n)é for 8 — 1 is the sum of n! terms of the form
+(@ + 8@ +82) -+ - (@ +8p) —a@raz - - - an),

where each @; = 0 or 1 is an entry of the Id matrix and |§;| < 8 < 1, and thus |6 — 1|p.p» <
n!(2" — 1)4.

To simplify the notation, we write g for the generic component g%’ , of gax and okg
for its generic partial derivative of order k.

In abridged notation, the determinant @ = det Dg4 , is the sum of n! monomials of the
form +(0g)". Using the the following estimate for the o-Holder seminorm of the product
of scalar functions [CDK, p. 366],

U1 -+ hyle < nmax|hylg™" - max(h .
J J
and since, by hypothesis,
supldg| < [gal1,a:Br < [1d[1,0;Br +1=2
Bﬂ

and [0g]y:B» < 8, one has (in abridged form)
n!
[0l < Y _[(08)" apr < n'n2"~'8 = C'(n)s.
Thus (C.3) holds.

(C4) Let 2=B" \ ;D" and U = (D"\3B") U (3D"\;B"). Let €=¢(r, e, n) =
€r,a, U, 2) and Cy=Cy(r,a,n) =c(r,a, U, 2) be the corresponding constants
in [TE, Theorem 4]. One has, for the solution diffeomorphism ¢ € Diff"*(B") obtained
via [TE, Theorem 4] in (A.2) above,

|9 - 1|0,C(;]Bn <6 = G(r, a, n) - |§0 - Id|1,]Bn < C4(r7 a, n)(s'

(C.5) We now return to the Whitney C' norm. Since || - lct <nl- | for maps B" — R"
(§A.1), one has

lo —1d|1:8n <8 == ll¢ — Id||c1.p0 < nd = Cs(n)é.
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(C.6) Let Cg = 3. Then
lg —Idllcrpn <8 <1/2= [lp~" = Id||c1.5n < Ce8.

Since ¢!

is a diffeomorphism of B” onto itself, one has
le™" —Tdll 1 = (@ —1d) 0 o~ i crpn < o — Wl o1 (1 + lo ™ llcr.p)

<8+l lerpn)s
le —Id|lctp < 1/2= minl|D¢(x; u)| >1/2 forall x € B"
’ ueSt—

= sup|Dp || <2,
]B)l

and therefore, as [ !l co.g» = 1 it follows that [[¢~!{|c1.g. < 2, and thus (C.6) holds.
(C.7) Let C7 =4. Then
lo™ —Tdllc1.pn, lgan —dllcrpn <8 <1 = llganoe™" —Idlcipn < Cr8.
Let g :=ga.,. Then
Igoe™ —Idlcip < 1@ —1d) oo et + o~ —Idllc1pn

<18 = 1dller.pn (1 + 9 ler.pn) + 8
<8+ |Idflcr.pn + 1) 4+ 8 =48.

(C.8) Let Cg = Cg(c) =c + 2. Then
IA—=DfO, llgasr —dlcipn <§<1=[lAogasr— Df(O)ci.p < Csé.

We use the following basic estimate: given any linear map L € L(n, R) and any C'-
bounded map % : B" — R",

ILohllcign < ILII - IAllcr.pe-
Now, writing g for g4 5 and D for Df (0),
|Aog — D|¢ci.g» = (A — D) ocg+Do(g— 1) 1.
<IA—=DI-lgllcr.p: + 1Dl - I8 = 1dllc1,pn
<8(dlle1pr + 1)+ c8 = (¢ + 2)8.

(C.9) Let € =€(r, , n) be the constant obtained in (C.4). Note that we may assume
that all constants Cy above are > 2. Then, following the above chain of linear estimates, it
is immediate to verify that the constant x = x (r, «, ¢, n) below satisfies the conclusions
of Lemma 2 when f € C"*\C*: i.e.,

1
X =———min|l€, —— .
C1C2C3 ( C4cscéc7cg)

It remains only to verify that the C"* map ga» =Id 4+ &(ha ) —1d) is, in fact, a
diffeomorphism. It is easily seen (see below) that

lgas —Idllc1.pn <1/4 = ga.; is a diffeomorphism onto its image. 4.15)
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Now § = xeg < x since €y < 1, therefore
lgar —Idllcr.gn < nllgan —Idll1,a;8n <nC2Cix < 1/4
as Cs = n and all constants Cj, are > 2. Thus

nCCix < e <27,
C3C4CsC7Cs

It remains to prove (4.15). It is immediate from the hypothesis that the derivative is
everywhere non-singular, and thus only the injectivity of g := g4, needs to be established.
We show that, for any x, y € B, |g(y) — g(x)| > %|y — x|. The hypothesis implies that,
for any v € R", |[Dg(0; v)| > %|v|. Let h(x) = g(x) — g(0) — Dg(0; x). Then

supl| Dh|| = sup|| DZ — DE(0)|| < supl| DE — Id|| + sup[[ld — DEO)[| < 3 + ;=3
Bi’l Bﬂ ]Rn El‘l

and thus, for any x, y € B", |h(y) — h(x)| < %|y — x|. Hence
18(y) —g()| =1Dg(0; y — x) + h(y) — h(x)]
> |Dg(0; y —x)| = [h(y) — h(x)]
> 3y = x| = zly —xl = gly —xl.
Therefore g = g4, is injective and the proof of (C) is complete.
(D) Linear dependence § = x €y for 0 < €9 < 1 in the case f € C*.
(D.1) The estimate in (C.1) above carries unchanged to the present C* case.

(D.2) From (4.14), reasoning as in (C.2) and now applying the estimate for the |- |,
norm of the product (the end of §A.1), we immediately get

1A= o Df(0) = 1d|| < § = |ga s — Id|zpr < 2°[E]2;08 = Ca(n)s.

(D.3) |gar —Idlapr <8 <1=10 — 1|1.;8» < C3(n)é. The estimate |0 — 1|p.p» <
n!(2" — 1)6 was obtained in (C.3). In the abridged notation adopted there, the components
9;0 = (V0)! of V@ are of the form

33 @209 .

Since, by hypothesis, supg.|dg| < 2 and supg. |d°g| < 8, it follows that

max sup|9;0| < nn2"1s,
i B

which, together with the estimate above for |6 — 1|o.», finally gives
10 — 1]1.50 < n!n2""18 = C3(n)s.

(D.4) 160 — 1]1;n <8 =10 — llo,1/2;B» < ~/2nd = Cy4(n)s. Reasoning as in §A.1
(equivalence of norms | - | and || - ||cr), we have

max sup|d;0| < § = sup|| V|| < J/né
14 B" B
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and thus, by the mean value inequality,
16(y) —6(x)l
[0 —1li2gr = sup —FF———
/ x,yeB; x£y A/ ly — x|

< sup /|y — x| sup||VO| < ~/2né.

x,yeB” B~
Therefore, since |6 — 1]o.p» < §, (D.4) follows.

(D.5) 160 — 1o,1/2;8n <8 = lul1;p» < Cs5(n)é. Letu € X°°(IB") be the solution to

divu =6 —1,
u=>0 in €,

obtained via [TE, Theorem 3] (see (A.2) for the meaning of %" and (B) for the regularity
of u), which satisfies

lu]1;3n < C(n)]0 — 1lo,1/2;8» < C(n)8.

(D.6) 10 — 1]1.p7, |ul1.Br <8 <1/2= | —Id|1.p» < Cs(n)s. Fort € [0, 1],1et f; =
(1—1)0 +t and u; = u/f;. Using [CDK, Lemma 10.4] with 2 =B", r =1, « =0 and
T =1, and since u = 0 in &, we obtain a solution ¢ := ¢; € Diff>*(B") to

det Dp =0,
{(p =1d iné,
(for the regularity of ¢ see (B) above). Moreover (see below),
0 — 118", |ulipr <8 <1/2=>|u;|1.3» <8 <4 forallte[0, I]. (4.16)
Therefore (still by [CDK, Lemma 10.4]),

I
lo —Id[;pr < C(n)/ |url1;Bn dt < C(n)83.
0

It remains to show that (4.16) holds.
(0) max;eo,171uslo:Br < 2|ulo.gn < 26 since, by hypothesis,

min inf f; > 1/2.
t€[0,1] B fi /

(1) The partial derivatives of the components of u; are of the form

g — @) =00 +1) —u'(1—1)3;0
= (1 =16 +1)?

max sup|d i|< 38+8 L 86
u 242 Z—
ij: 1e0,1] Bnp ITth=\2 " 2)/ 4

since Iajui|, lul| <8, max;e[o,1] Supgn | f7| < 3/2,t € [0, 1] and supg.|0;6| < 1/2.

and therefore

(D.7) From this point onward the estimates are the same as in (C.5)—(C.8) and,
accordingly, we reindex the constants Cs, Cg, C7, Cs there as C7, Cs, Co, C1g, respectively.
Again, we may assume that Cy > 2 for 1 <k < 10 and following the chain of estimates
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it is immediate to verify that the constant x = x (c, n) below satisfies the conclusions of
Lemma 2 when f € C*: i.e.,

1
X= i
C1C2C3 -+ Cyo
Since C3 > n, reasoning as in (C.9), it is immediate to verify that also, in this case, ga 1
is, in fact, a diffeomorphism onto its image. The proof of Lemma 2 is complete. O
A. Appendix.

A.1. C" norms of vector fields and maps. Let |-| be the Euclidean norm on R”. Fix a
(finite) regular C* atlas (V;, ¢;) j<m of M. Let A C M be an open set and let X € X" (A)
be a vector field of class C”, » € Z*t, defined on A. On each (partial) local chart associated
with A, (V; N A, ¢; |VjﬁA), X has an expression

Xj:¢;(V;NnA) — R
X is C"-bounded on A (see §2) if the Whitney C" norm of X is finite: i.e.,

. k
| X|lcr;a := max sup [|D* Xl < oo.
Ji0=k=r ¢, (v;na)

As the atlas is regular, C” vector fields defined on M are always C"-bounded. Here,

IDOX ()| :=|X;(x)| and | D¥X;(x)| := max,, g1 |[D*X;(x; ur, ..., up)l). In §3,
we work with the equivalent norm

|X|pa:= max sup |8"Xi/.|,

i,j; 0=lol=r ¢ (v;nA) ‘
where X; = (X}, e, X;.’) and o runs over all multiindices o = (01, ..., 0,) € Ng for
which |o| =" 0; <r. Itis easily seen that
/2

| - |r;A <|- ”C’;A Sn(rJr )/ [ - |r;A7

noting that max,.g.—1 y ;_; |x;| is attained when |x{| =+ = |x,| = n~1/2, which thus

implies that 1 < | D¥X ; (x)|| < n*+D/2) for A = maxi;|g|:k|8"Xj- ().

With the obvious changes, the same definitions are adopted for the C” norms of maps
X € C”"(A; R?) (the local chart expressions of X being then of the form X; = X o qblfl),
provided we restrict ourselves to the subspace of those that are C” bounded. In this context,
if h € C"(A) and either X € X" (A) or X € C"(A; R?), then by the Leibniz product rule,

|hX|r;A = 2r|h|r;A|X|r;A,

which is an inequality systematically used in §3.1.

A.2. Local C'-metrization of Diff;f‘ (M) and chart representations.

Definition A.1. (We recall the convention C"*:=C’" and C®%:=C>®). Fix a
conservative regular atlas (V;, ¢;)i<, of M as before (see the convention in §2).
Given r e Zt U{oo}, 0<a <1, Diffﬂ’“(M) is the group (under composition) of the
C"“ diffeomorphisms f of M onto itself preserving the volume form, w = f*(w), or,
equivalently, the Lebesgue measure p induced by it on M. These are the bijections
f M — M satistying, for each pair i, j <m:
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(1) the map
fii=¢jo fod idi(Vin f7 (Vi) — R
is of class C"%, and the same holds for f~! in place of f; and
(2) det Df]t =1.

A2.1. Covering system for f € Diff;*(M) and local C U metrization. Given f €
Diff)* (M), by the compactness of M, one can find a finite open cover Bj<j of M and
two maps

iLj{l,...,m}—{1,...,m}
such that

By CVigy and f(By) CVjq.
The triple Bj<z, i, j is called a covering system for f and will be denoted by 7. For each
€ >0, let Z r(f) be the set of those g € Diffli"" (M) such that, for all [ < 1,

g(B) CViqy and g — fill, ID(gr = f)ll <e,
where
gr=djn0g0odlp. and B :=dip(B),
f1 being defined in the same way. These % r(f) induce a C'-topology on Diff* (M)

(see, e.g., [PR, p. 262]), making it locally metrizable by the standard Whitney C' norm:
forany h, g € % v (f),

dei(h, g):=Ilh — gllcr = max|lh; — gillcr-
I<m

Clearly, a covering system for f also works for any g € % r(f), € > 0.

A2.2. Chart representations of f|g. Given f € Diff ;“(M), suppose that B C M is an
open set such that B C V;and f (E) C V; forsome i, j < m. Then

f=fiip=¢j0fod g
is a chart representation of f|p with domain ¢;(B) C ¢;(V;) and target ¢;(V;). If x € B,

we call fa chart representation of f around x. To simplify the notation, we abbreviate
by x the point ¢; (x) representing x in the domain of f.

A.2.3. Comparable chart representations. ~Given any other g € Diffl:"" (M) such that
g(B) C Vi, f: fji,p and g = g;; p are called comparable chart representations of f
and g on B (alternatively, comparable chart representations of f|p and g|p). By the
continuity of the composition operator in relation to the C' norm, if ||f— gl is small,
then || f — gl is small for any other pair of comparable chart representations of f|p and
glp. Thus a C! perturbation of a chart representation of f |z results in C! perturbations of
all other chart representations of f|p, the transition between two such chart representations
being explicitly given by
fﬁB = ¢7J o fji;B o P,

where ¢y = ¢ o ¢ !"are the chart transition maps.
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A.3. Statement and proof of Lemma A.1.

LEMMA A.1. Let M be a (second countable, Hausdorff) connected, boundaryless C* n-
manifold. Given a compact subset K with an open neighbourhood U C M such that U\K
is connected, there is a compact n-submanifold V with connected C*° boundary such that
KcintVandV CU.

Proof. Take a finite cover By, ..., Bj of K by open Euclidean balls{ such that Vj :=
UiS j B; C U. Slightly perturbing the B; if necessary, we can assume that the smooth
(n — 1)-spheres 9B; intersect transversely so that V is a compact n-submanifold with
piecewise smooth boundary. Smooth out the ‘edges’ of V{ so that the resulting n-
submanifold V| has C* boundary and still satisfies K C int V| and V| C U (this is clearly
possible since the smoothing can be performed arbitrarily near dVp). Assume that 9V
is disconnected (otherwise the proof is complete). The idea is to use the connectedness
of U\K to connect successively and inside U\K all the components of dVj, and thus
create a new submanifold satisfying the desired conclusions. Needless to say, care must
be taken to avoid the intercrossing of the ‘connecting tubes’, the nature of the ‘connecting
surgery’ depending, at each step i, on whether the tube connecting two components of 9 V;
is contained in V;\ K or in U\int V; (see below).

There is no difficulty in showing that, given any component by of a V1, there is a distinct
component by and an injective C* path y : [0, 1] — U\K, y'(t) # 0, such that

y(©)ebo, y0,1DNIVi=0, y()eb

and y is transverse to dV| at y(0), y(1). Clearly, y* := y(]0, 1[) is contained either in
(D) (int V{)\K or in (I) U\V;. Thicken the embedded segment y ([0, 1]) to a thin C*
embedded ‘tube’ D"~ x [0, 1] i) U\K with its bases D" ! x 0 and D"~! x 1 attached
(respectively) to by and b; so that:

(1) the ‘outer cylinder’ S"2 x [0, 1] is smoothly attached to by and by; and

(2) asy*, C= f1(D"1x]0, 1) is disjoint from 9 V.

Now, as y*, C is contained either in (I) or in (II). In the first case, let

Vo = Vi\ fi (IB%"_1 x [0, 1]) (‘worm-hole drilling’)
and, in the second,
Vo=V1U fi (ID)"71 x [0, 1])  (‘solid handle attaching’).

Since V; is obtained from V| modifying inside U\ K only, it is immediate that V> is also an
n-submanifold with C* boundary still satisfying K C int V, and V, C U, but V, has one
component less than d Vj. If d V> is still disconnected, then use a finite induction argument:
we do with V, exactly what was done with Vj, decreasing again the number of boundary
components by one. After k — 1 steps (k = number of components of dV7), we get a
manifold V = V;, as desired. O

+ D C M is an Euclidean open ball if there is some local chart (V;, ¢;) such that D C V; and, up to a translation,
¢; (D) = AB" for some A > 0.

https://doi.org/10.1017/etds.2018.81 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2018.81

1440

[AM]
[AM2]
[AV]
[BC]
[CDK]
[DM]
[FR]
[GT]
[HHTU]
[HI]
[LA]
[MO]
[PR]
[RY]
[TE]

[TE2]
[ZU]

P. Teixeira

REFERENCES

A. Arbieto and C. Matheus. A pasting lemma and some applications for conservative systems. Ergod.
Th. & Dynam. Sys. 27 (2007), 1399-1417.

A. Arbieto and C. Matheus. Corrigendum to ‘A pasting lemma and some applications for conservative
systems’, July 2, 2013, http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf.

A. Avila. On the regularization of conservative maps. Acta Math. 205(1) (2010), 5-18.

C. Bonnatti and S. Crovisier. Récurrence et généricité. Invent. Math. 158 (2004), 33—104.

G. Csatd, B. Dacorogna and O. Kneuss. The Pullback Equation for Differential Forms (Progress in
Nonlinear Differential Equations and their Applications, 83). Birkhduser/Springer, New York, 2012.
B. Dacorogna and J. Moser. On a partial differential equation involving the Jacobian determinant. Ann.
Inst. H. Poincaré Anal. Non Linéaire 7(1) (1990), 1-26.

J. Franks. Necessary conditions for stability of diffeomorphisms. Trans. Amer. Math. Soc. 158 (1971),
301-308.

D. Gilbarg and N. Trudinger. Elliptic Partial Differential Equations of Second Order (Classics in
Mathematics). Reprint of the 1998 edition. Springer, Berlin, 2001.

F. Rodriguez Hertz, M. Rodriguez Hertz, A. Tahzibi and R. Ures. Creation of blenders in the
conservative setting. Nonlinearity 23 (2010), 211-223.

M. Hirsch. Differential Topology (Graduate Texts in Mathematics, 33). Springer, Berlin, 1994,
Corrected reprint of the 1976 original.

S. Lang. Introduction to Differentiable Manifolds (Universitext), 2nd edn. Springer, Berlin, 2002.

J. Moser. On the volume elements on a manifold. Trans. Amer. Math. Soc. 120 (1965), 286-294.

C. Pugh and C. Robinson. The C 1 closing lemma, including Hamiltonians. Ergod. Th. & Dynam. Sys.
3(1983),261-313.

T. Riviere and D. Ye. Resolutions of the prescribed volume form equation. Nonlinear Differ. Equ. Appl.
3 (1996), 323-369.

P. Teixeira. Dacorogna—Moser theorem on the Jacobian determinant equation with control of support.
Discrete Contin. Dyn. Syst. 37 (2017), 4071-4089.

P. Teixeira. Gluing conservative diffeomorphisms on manifolds. to appear.

C. Zuppa. Régularisation C*° des champs vectoriels qui préservent I’élément de volume. Bol. Soc.
Brasil. Mat. 10(2) (1979), 51-56.

https://doi.org/10.1017/etds.2018.81 Published online by Cambridge University Press


http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
http://w3.impa.br/~cmateus/files/pasting-corrigendum.pdf
https://doi.org/10.1017/etds.2018.81

	Introduction
	Continuous-time dynamics
	Discrete-time dynamics

	Conservative pasting, extension, localized smoothing and local linearization of vector fields
	Conservative localized smoothing and extension
	Conservative local linearization
	Conservative pasting—proof of Theorem 1

	Linear bound on Cr,α norms
	The Cr case
	The Cr,α case, 0<α≤1

	Linearized conservative Franks' lemma
	
	Cr norms of vector fields and maps
	Local C1-metrization of Diffµr,α(M) and chart representations
	Covering system for fDiffµr,α(M) and local C1 metrization
	Chart representations of f|B
	Comparable chart representations

	Statement and proof of Lemma l3A.1

	References

