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1. Introduction

One of the anomalous behaviours of Laplacians on fractals is the existence of spec-
tral gaps, i.e., limp_ oo Ait1/Ak > 1, where )\ are the eigenvalues. This is not
possible for the standard Laplacian on bounded domains in R™ or on compact
Riemannian manifolds. In fact, according to the Weyl law, on a compact connected
oriented n-dimensional Riemannian manifold M,

(2m)"k

nj2 207k
() B, vol(M)

as k — oo,
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where vol(M) is the volume of M, and B, is the volume of the unit ball in R"
(see, e.g., [5]). Consequently, limy oo Ag41/Ar = 1. Strichartz [36] showed that the
existence of spectral gaps implies better convergence of Fourier series. Rigorous
proofs for the existence of spectral gaps have been obtained for only a limited
number of fractals, such as the Sierpiriski gasket and the Vicsek set (see [9, 19, 38]).
For Laplacians defined by most self-similar measures, especially those with overlaps,
it is not clear whether spectral gaps exist. This is the main motivation of the
present paper. This paper is also a continuation of the work by the authors [8] and
by Pinasco and Scarola [32] on estimating the first eigenvalue of Laplacians with
respect to fractal measures.

To describe some classical results, let 2 be a bounded domain on R™ and let
Ak be the k-th Dirichlet eigenvalue. Li and Yau [24] obtained the following lower
estimate for the sum of the first k£ eigenvalues

b nC,
> N> TZM"*?)/”vol(Q)*Q/”, (1.1)
n
1=1

where vol(§2) denotes the volume of , and C,, = (27‘()23;2/”.
An upper estimate was obtained by Kroger [23]. The results of Li-Yau and Kroger
have been extended to homogencous Riemannian manifolds by Strichartz [35].
For the gaps between consecutive eigenvalues, Payne, Pélya and Weinberger [31]
(see also [33]) proved the following estimate for the gaps between two consecutive
eigenvalues:

D DNEPY
Apa1 — A < ==L 1.2
b= A €~ (1.2)

The goal of this paper is to prove analogues of (1.1) and (1.2) for Laplacians
defined by a measure p. Let Q@ C R™ be a bounded open subset of R” and p be a
positive finite Borel measure with 1£(Q) > 0 and with support being contained in Q.
Under suitable conditions (see §2), u defines a Dirichlet Laplacian —A,; moreover,
there exists an orthonormal basis {¢,, } consisting of eigenfunctions of —A,, and the
eigenvalues \, satisfy 0 < \; < Ay < -+ -, with lim,, .o A, = 00. We remark that if
i is the restriction of Lebesgue measure to €2, then A, is the classical Dirichlet
Laplacian.

We first prove an analogue of the classical lower estimate of the sum of eigenvalues
of the standard Laplacian obtained by Li and Yau [24]. We let L?(Q) denote the
Hilbert space of square-integrable functions with respect to u. For u € Li(ﬂ), if
there is no confusion of what € is, we let

1/2
el = ( / u|2du> .
Q

If p is the restriction of Lebesgue measure to €2, we denote the corresponding
L?-space and norm respectively by L?(Q) and || - ||.

THEOREM 1.1. Let Q@ CR"™ be a bounded domain, p be a positive finite Borel
measure on Q0 with supp(u) C 2, —A,, be the Dirichlet Laplacian defined by
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described in §2, A, be the k-th eigenvalue of —A,, and @y be the corresponding
Li(Q)—nor’malized eigenfunction. Then

(n+2)/n k —2/n
2 - 2
YN > n+2 ( > sl ) (anseuﬂgg_l |¢;(2)] >

Jj=1

2 2/n
> n+2<Z”SDJ >V01 ) 9

where C,, = (277)2352/” as in (1.1).

Finally, we generalize the classical theorem by Payne, Pélya and Weinberger [31]
on the gaps between two consecutive eigenvalues.

THEOREM 1.2. Assume the hypotheses of theorem 1.1 and assume in addition that
the domain of the Dirichlet form E(-,-) in (2.2) is H}(Q). Then for all k > 1,

4 N ...
A1 — Zz 1A f(ﬂj@la ,c,ok)7 L3
nzz 1”()02”2 g(ﬂv@l,...,(pk)
where
1 2 2\ 4
Fl 01505 0) 2| Z‘Pz .
nJa i=1
2 I
n Z Z (/ Tapive du) / Tapipe dz
ni,f:la:] Q
1 L&
T 2 2 (/za%@jd“> (/Qxa%wdu>/gojwdx
i,j,0=1a=1
and

g(ps 15 0r) 711/Q|5E|2<Z )du Z Z(/xagoigogdu> .

i=1 zé 1a=1

REMARK 1.1. In the case p is Lebesgue measure, f(u; 1, .., 0k) =9(t; 01, -, Pr),
and consequently the inequality in theorem 1.2 reduces to

A N
by — )\ < #’
k+1 k nk

which coincides with the classical Payne, Pdlya and Weinberger inequality
(see [31,33]).

REMARK 1.2. We note that in (1.3), ||¢;|| > 0 for all 4. In fact, if Vo, = 0, then, in
view of the Poincaré inequality for measures [see (2.1)], we would get ||¢;|, =0, a
contradiction.
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REMARK 1.3. If Q = (a,b) and supp(u) = [a, b], it is proved in [4] that the domain
of the Dirichlet form £ is equal to H}(€). The same holds in higher dimensions if
p is equivalent to Lebesgue measure [30].

Both theorems 1.1 and 1.2 involve the sum Zle ll0i||?, which suggests that it is
necessary to study the eigenfunctions. We are not able to obtain a good estimate
for this sum. Properties of eigenfunctions in one-dimension, especially when the
support of p is an interval, have been studied in [3]). In §3, we focus on the case
when the support of p is not an interval, such as a Cantor-type measure.

This paper is organized as follows. In § 2, we recall the definition and some ele-
mentary properties of the Dirichlet Laplacian A, defined on a domain by a measure
. In § 3 we prove the min-max principle for —A,, and some properties of the eigen-
functions in one-dimension. Theorem 1.1 is proved in §4. § 5 is devoted to the proof
of theorem 1.2. Finally in §6 we state some comments and open questions.

2. Preliminaries

For convenience, we summarize the definition of the Dirichlet Laplacian with respect
to a measure pu; details can be found in [20]. Let @ C R™ be a bounded open subset
and p be a positive finite Borel measure with supp(u) € Q and p(€2) > 0. We further
suppose p satisfies the following Poincaré inequality (PI) for measures: There exists
a constant C' > 0 such that

/ lul*du < C’/ |Vu|>dz for all u € C°(RQ). (2.1)
Q Q

Notice that (PI) cannot be immediately extended to Hg (£2) functions. For exam-
ple, let © = (0,1) C R and p be the standard Cantor measure, which is supported
on the Cantor set. For any u € H}(Q), if we increase the value of u on the Can-
tor set, fol |Vu|? dz remains unchanged but fol |u|? dp can be increased within the
same equivalence class of u without bound and hence the inequality cannot hold.
However, the following is true. (PI) implies that each equivalence class u € Hj(Q)
contains a unique (in L7 () sense) member @ that belongs to L7(€2) and satisfies
both conditions below:

(1) There exists a sequence {u,} in C°(Q) such that u, — @ in H}(Q) and
U, — @ in L2 (Q);
(2) @ satisfies the inequality in (2.1).
We call @ the Li(Q)—Tepresentative of u. Consider our Cantor set example above.
For u € H}(Q), let {u,} C C(Q) be a sequence convergent to u and hence Cauchy
in Hj(€). By (PI), {u,} is Cauchy and hence convergent in L? (). Then @ is the

function obtained by redefining u on the Cantor set to be the LIQL(Q) limit of w,,.
Assume (PT) holds and define a mapping ¢ : Hg(Q) — L2(Q) by

t(u) = .
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¢ is a bounded linear operator, but not necessarily injective. Consider the subspace
N of H}(Q) defined as

N = {ue HY(Q) : [ow)], = 0}.

Now let N+ be the orthogonal complement of A" in H (). Then v : N+ — L2(€)
is injective. Throughout the rest of this paper, unless explicitly stated otherwise,
we will use the Li (Q)-representative 4 of u and denote it simply by u.

Consider a nonnegative bilinear form &(-,-) in L () given by

E(u,v) = /QVU -Vodz (2.2)

with domain dom(€) = N+, or more precisely, t(N*). (PI) implies that (£, dom(€))
is a closed quadratic form on Li (©). Hence, there exists a nonnegative self-adjoint
operator —A,, in L2 (£2) such that dom(&) = dom((—A,)'/?) and

E(u,v) = ((—Au)l/Qu7 (—Au)l/zv) for all u,v € dom(&),
w
(see [7]), where throughout this paper, (-,-), denotes the inner product in LZ(€2).
We call A, the (Dirichlet) Laplacian with respect to p. It follows that u € dom(A,,)
and —A,u = f if and only if —Au = fdpu in the sense of distribution: for all ¢ €
CX(Q), [oVu-Vedz = [, fedu (see [20, proposition 2.2]). A real number A € R
is a (Dirichlet) eigenvalue of —A,, with eigenfunction f if for all ¢ € C2°(1),

/QVfngodx:)\/Qfapd,u. (2.3)

From [20, theorem 1.2], when p satisfies (PI), there exists an orthonormal basis
{en}py of L2(Q) consisting of (Dirichlet) eigenfunctions of —A,. The eigen-
values {A\,}52, satisfy 0 < Ay < Ay <---. Moreover, if dim(domé&) = oo, then
lim,, 00 Ay, = 00. We have the following characterizations of dom £ and dom (—A,,):

domENJ‘{chgon,: cfl)\n<oo},
n=1

n=1

dom (—A,) = {i CnPn ici)\i < oo} :
n=1 n=1

The Laplacian A, can be used to describe various physical phenomena on a domain
Q with an inhomogeneous mass distribution. For example, an inhomogeneous
vibrating string or membrane with mass distribution p and satisfying the Dirichlet
boundary condition is governed by a wave equation of the form u;; = ¢*A,u. Simi-
larly, heat conduction in such a domain can be described by a heat equation of the
form uy = kA u.

Classically, in one dimension, the operator A, has been studied quite extensively.
Kac and Krein [21] studied the spectrum of A, as well as the associated spectral
function, i.e., a nonnegative increasing function having jumps at each eigenvalue
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of A,. In [21], the support of the measure is allowed to be noncompact and the
measure is allowed to be infinite, and for these cases, criteria for the spectrum to be
positive and discrete are obtained by making use of a generalized Fourier transform
mapping the L2-space defined by j to an L2-space defined by the spectral measure.
The operator A, can be defined equivalently by Volterra—Stieltjes integral equations
(see [2,22]). Feller studied the operator A, in connection with diffusion processes
[10,11]. Spectral asymptotics of A, was studied by McKean and Ray [25].

More recently, the operator A, has been studied extensively in connection
with fractal measures by authors including Fujita, Solomyak, Verbitsky, Naimark,
Freiberg, Lobus, Zéahle, Bird et al., Hu et al., Andrews et al., Gu et al., Tang,
Xie and the authors (see [1,3,4,6,8,12-18,20,26-30, 34, 37] and the references
therein). Many of these papers study the spectral asymptotics of A, while others
study the associated wave, heat and Schrodinger equations. We point out that the
operators in some of Freiberg and Zahle’s work are more general. More precisely,
one may regard A, formally as d*/(dudz), since the Dirichlet form defining A,
[see (2.2)] is an integral with respect to Lebesgue measure dz. Freiberg and Zihle
studied more general operators of the form d?/(dudv), where v is a Borel measure
without point mass.

To state a sufficient condition for (PI), we recall that the lower L°°-dimension
of a measure p is defined by

. .o In(sup, p(Bs(x)))
i (1) =Tl =05

)

where the supremum is taken over all x € supp(u).

THEOREM 2.1. ([20, theorems 1.1 and 1.2]) Let @ C R"™ be a bounded open set and
& be a positive finite Borel measure on R™ with supp(p) C Q and u(2) > 0. Assume
@m (H’) >n—2.

(a) (PI) holds. In particular, if n =1, or n =2 and p is upper s-reqular with
s> 0, or p is absolutely continuous with bounded density, then (PI) holds.

(b) The set of eigenvalues of —A,, is contained in (0,00) and has no accumulation
point. Hence —A,, has a positive smallest eigenvalue X'

3. Min-max principle and properties of eigenfunctions

Let Q be a bounded domain in R™ and p be a positive finite Borel measure with
supp(p) C Q. In this section we extend the variational principle for the principal
eigenvalue and Courant’s min-max principle for the k-th eigenvalue to the Lapla-
cians A,. This will be needed in the proof of theorem 1.2. We introduce some
additional notation that will be needed in the proof of the theorem. For any subset
S C domé&, let (S) be the vector subspace of dom & spanned by S, and let S+ be
the orthogonal complement of S in dom & with respect to the inner product in
HE(Q).
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THEOREM 3.1 Min-max principle. Let A, be the Dirichlet Laplacian defined on a
bounded domain £ CR™ and let 0 < Ay < Ay < -+ be the eigenvalues. Then for
k=1,2,..., the k-th eigenvalue satisfies

; . 1 _
Ak:sgi):mm{g(u’u) cu € ST ull, =1}, (3.1)

where Yp_1 s the collection of all (k — 1)-dimensional subspaces of domé&. In
particular, for k =1 we have the variational principle for the principal eigenvalue:

A =min {&(u,u) : u € dom&, [|ul|, = 1}. (3.2)

Proof.  Step 1. Let {¢r} C L7 () be an orthonormal basis of L2 (€2) with {¢x} C
dom & satisfying

—A =\ in Q
pPk = AR (3.3)
=0 in OS2
for k=1,2,.... Hence
E(er, 1) = (M, 1) = MO, (3.4)

where dy; is the Kronecker delta. If v € dom € and ||u||, = 1, then we can write

u= Z drpr  in L2(), (3.5)
k=1

where di, = (u, ¢r),, and the equality holds in the sense that |lu — fo:l derlln —
0 as N — oco. Moreover,

> odi = ul} =1 (3.6)
k=1

Step 2. Equation (3.4) implies that {(,0;.3//\11/2 2, Cdomé€ is an orthonormal

set with respect to the inner product £(-,-). We claim that {gpk/)\,lc/Q}iozl is an
orthonormal basis of dom & with respect to £(-,-). To see this, we let u € dom &
such that €(pg,u) =0 for all k£ > 1. Then (Agpr,u), =0 for all £ > 1 and hence
(pr,u), =0 for all k> 1. Thus, u =0 p-a.e. on €, which implies that u =0 in
dom& (in the Hi-norm), since ¢ : N+t — L?(€2) is an injection. Thus, for all u €
dom &,

c- Pk
k=1 k

where ay = &(u, <pk//\,1€/2). Observe that

_ Pk 1 1 - 172
ay = 5(}\1/2#) = W(/\Mﬂkau)u =iz (Akwk, Zdew) =\, “dy.
k k k =1 p
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Substituting this into (3.7), we get

oo

Z 1/2dk 1/2 decpk in dom €£. (3.8)

k=1 k k=1

Combining (3.4), (3.6), (3.8), we get

Since E(¢1,p1) = A1, (3.2) follows.
Step 3. Let {@r}32, € L2(€2) be as in Step 1. Let v € dom £ with [[v]|,, = 1. Write
v=> 7 ) Cii, where the equahty holds in both LZ(€) and dom&. As E(v,v) =

Yoo hic,
Ak rnin{Z)\iq2 cep = =cp_q1 =0, Zc? = 1}
i=1 i=1

=min {&(v,v) : v € (p1,.. -1, ol = 1}. (3.9)

We claim that this is equal to

max min{&(v,v):v € ST, ||v]l, = 1}.
S€EXk_1

To prove this, let S € ¥;_1 and let S = (vy,...,v5—1) with v, = Zfil de;p; for

(=1,....k—1. Consider the following two cases.
Case 1 det(dg)k 72 =1 = 0.
In this case, there exist c1,...,Ck_1, not all zero, such that
k-1 k—
Zc?zl and deci:& t=1,... k-1 (3.10)

Let @ := 32" ¢ipi. Then by (3.10), & € S+ and ||3]|,, = 1. Using these and (3.9),
we get

E(,0) KEM,D) =Y Nc? <\ = min E(v,v).

min
veS+t,|lvll,=1 VE(P1,pr—1) L [lv] =1

Case 2. det(dgl)“ 1 #0.

Let v € {@1,...,pp—1)" with [Jv]|, =1, ie, v=>"22, cipp; with Y oo, cZ =1
and E(v,v) = Z;’ik Aic?. We will find o' € S+ with [|v/[|, = 1 such that £(v/,v") <
E(v,v).

We claim that there exists v = Z;’il cipi (i.e., 0 has the same @; components as
v for ¢ > k) such that (9,v;), =0 for all {=1,...,k — 1. To see this notice that
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the condition (v,v,), = 0 implies that

k-1 oo
Zd@iciZ—ZduCi, f=1,....k—1.
=1 i=k

Since det(dh’)?;:ll # 0, a solution ¢y, ..., cx—1 exists (possibly all 0). This proves
the claim. Let v' := /|9 ,. Note that

k—1 %) k—1
1Bl ="+ ci=> c+1,
=1 1=k 1=1

and
k—1 k—1 k—1 o0 k—1 o0
2 2 2 2 2 2
vi< (Ya] = (Xa) (Sa) e (Te) (e
j=1 j=1 j=1 j=k j=1 Jj=k
Thus,
1 1 >
EW',v) (8,9) = > N
=112 ) k—1 A
|| HM 1+Zi:1 CZ2 j=1
1 k—1 [e'S)
= e+ Z \jc?
kE—1 Z 7% 7%
T4+ 7 j=1 j=k
o0
< Z/\Jc? =E&(v,v)

j=k

It follows that
min EW, ') < min E(v,v).
v'est |v] =1 VE(PL, k) 0] =1

This completes the proof. O

The following proposition establishes some properties of eigenfunctions in one-
dimension, some of them being specific for measures on bounded domains in R.
Additional properties of eigenfunctions can be found in [3]. Let £!(E) be the one-
dimensional Lebesgue measure of a subset £ C R.

PROPOSITION 3.2. Let 0 C R be a bounded open interval, p be a positive finite
Borel measure on Q with supp(u) C Q, A, be the Dirichlet Laplacian with respect
to w, and ¢ € H}(Q) be an eigenfunction of —A,,, i.e., there exists X € R such that
—Aup = Ap. Then

(a) ¢ € COV2(Q);

(b) @ is linear over any component of 2\ supp(u);
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if LY(supp(p)) = 0, then ¢ ¢ C*(Q), and in fact, ¢’ is not absolutely contin-
uous (with respect to Lebesgue measure);

etgenfunctions corresponding to the first eigenvalue do not change sign;

the first eigenvalue is simple.

It follows directly from Sobolev’s embedding theorem that Hg () —
Co12(Q).

Consider a component (a,b) of Q\ supp(u). For all v € CS°(a,b) C C°(Q),

/cp’v’dx:)\/apvdﬂzo,
Q Q

and hence it also holds for continuous piecewise linear v with supp(v) C (a,b).
Note that ¢'[(qp) € L?(a,b) C L*(a,b). Let 6 > 0 and

a<r1—0<xT1<T1H+0<To—0< T <9+ <h.

Let v € C(a,b) that is equal to 0 on (a,x1 —0) U (x2 + 4,b), equal to 1 on
(x1 + 8,22 — §), and linear over (1 — 0,z1 + 0) and (x2 — §, 22 + §). Then

b x1+06 xo+0
0= / o' dy = / ¢ (y)v' (y) dy + / ¢ (y)v' (y) dy

175 1276
1 z1+9 , 1 T2+68 )
=25 Py dy — o5 ¢'(y) dy.

acl—& $2—6

By the Lebesgue differentiation theorem, for Lebesgue a.e. z € (a,b), ¢'(z) =
¢, a constant. As ¢ € H} () is absolutely continuous, for all z € (a, b),

completing the proof of (b).

By part (b), ¢”" = 0 Lebesgue a.e. Hence, if ¢’ is absolutely continuous, then
for Lebesgue a.e. a,b € (2,

Thus, ¢’ is a constant. Since ¢ € Hg(£2), we conclude that ¢ = 0, contradict-
ing that ¢ is an eigenfunction.

By [3, proposition 3.4], eigenfunctions corresponding to the first eigenvalue
are concave or convex. As they vanish at the end points, they do not change
sign.
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(e) Let 1 and ¢y be normalized eigenfunctions corresponding to the first eigen-
value of —A,,. Then @1, po € C%Y/2(Q) C C(Q). If p1 = 2 on supp(u), then
by linearity on components of 2 \ supp(x) and continuity, p; = @2 on §2. Thus

p1 Z o if and only if p1 Z o on supp(u).
Suppose that ¢1 and @9 are of the same sign, say positive, and @1 Z @o. If

V1 = @2, then 1 > w9 on some subset E C Q with u(E) > 0. Hence

1=/|¢1\2dﬂ>/|<ﬁ2|2d/i=17
Q Q

a contradiction. Thus, there exist x1,xo €  such that (1) > pa(x1) and
©1(w2) < pa(x2). Now ¢ = 1 — g is an eigenfunction with ¢(z1) > 0 and
p(x2) < 0, contradicting (d). O

4. Lower estimate of sums of eigenvalues

We will use the lemma from [24] which says that if f is a real-valued function
defined on R™ with 0 < f < My, and

/ 22£(=) dz < My,

then

(4.1)

n

(2)dz < (My By 2 agg/ ) (
Rn

/(n+2)
n+2>n (

where we recall that B,, is the volume of the unit ball in R".

Proof of theorem 1.1. Let

k
D(z,y) =Z<ﬂy(w)soj(y)7 z,y€Q and f(z) :=/Q|<f>(z,y)l2du(y), z€R",

(4.2)
where

n

bey) = (202 [ Bag)e s
is the Fourier transform of ® at z and each ¢; is extended to R™ by setting it equal
to 0 on R?\ Q. Then, using the linearity of the Fourier transform, we have

k

1) = [ | @i duto)

(4.3)
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Let My := sup,cpn Z;?:l |¢j(2)]?. Then it follows that for all z € R™,

0< flz) <M Z 51171 0y < (2m)"vol(€2 Z 512 (4.4)

Also,

| s as = [ [ aPee P asant)
= [ [ ¥zt

:// V. ®(z,y)|>dzdu(y) (Plancherel’s theorem)
/o

k k
:// (ZM%(:C)%(M)<Zcpg(a:)<pg(y)> dp(z) dp(y)
@78 \j=1 =1

N = Mo, 4.5
J

M=

1

<.
Il

where the fourth equality follows from (2.3). Using (4.3) followed by the Plancherel
theorem, we get

k
ZI% 2)|? = ZII%II2 (4.6)

By applying [24, lemma 1] (see (4.1)) to the function f in (4.2), and using (4.5)
and (4.6), we get

n/(n+2)
n-+ n/(n+ n -+
E ||‘PJH2 / f dz<(MlB )2/< 2)M /( 2)( )

n
j=1

2/(n+2) k n/(n+2) nt? n/(n+2)
“(rayeer) () ()

Thus, using (4.4), we get

k k (n+2)/n —2/n .
Yoz (Z%IF) (B sup ZI% ) ( 2)
= n —+

j=1 zER™
- 2/ n
2 (Z @jHQ) ((2m)~"vol(Q)By,) <M>
Jj=1
which completes the proof. 0
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5. Upper estimate of gaps of eigenvalues

This section is devoted to generalizing the estimate of Payne, Pélya and Weinberger
in (1.2) to Laplacians with respect to measures. We use the same notation as in
theorem 1.1.

Proof of theorem 1.2. By the min-max principle (theorem 3.1),

[ Jo I Vu|?da ,
Ak41 = inf T ordn vp;du=0,i=1,...,k, v Edomé& ;. (5.1)
fQU H Q
For ¢ =1,...,k, choose test functions v; = gp; — Z§:1 ai;p;, where the a;; are

determined below and ¢ is some polynomial function that will be chosen later. As
dom € can be identified with the entire H{ (), we have v; € domE. We assume
(vi,pe)y =0for £ =1,... k. Then

k
0=/ngiwdu—zaij/ﬂijdu=/Qgsomdu—aie.

j=1

This determines a;y and shows that a;y = ap;. We also have

k
/Qviz dp :/Q (ggoivi - Zaijgojvi> dp = /Qggaivi dp (5.2)

j=1
and
k
/ |V’Uz'|2 dz = / \Y gcpi—Zaijgaj VUZdZL'
Q Q por
k
= / V(gpi) Vv dz — Zaij/ Vo, - Vv dx
Q =1 Q
= / (%‘Vg =+ QV%> -Vou;dz +0
Q
= / viVg - Vv;dx +/ gV, - Vu; dz.
Q Q
Note that
Ai/ piguidp = / Vi - V(gu)dz = / Vi (ngi +U¢Vg> dz
Q Q Q
and hence

/ gV - Vu; = /\i/ piguidp — / v;V; - Vgduz.
Q Q Q

Combining the above expressions, we get

/|Vvi|2dx=/gong~Vvidx+/\i/@igvidu—/vngoi-ngx. (5.3)
Q Q Q Q
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The first term on the right-hand side can be expressed as

855

/ piVg-Vv;dx = —/ div(e;Vg)v; dae = —/ v;V; - Vgdx —/ wiv; Agdx.
Q Q Q Q

Hence

/ |Vu)? do = —/ piviAgdr — 2/ v;V; - Vgdx + /\,-/ giv; du. (5.4)
Q Q Q Q

Consider the second term on the right-hand side of (5.3). By using the definition

of v; and the symmetry of a;;, we have

k k
—22/ v;Vg-V;dr = —22/ gVg-o;Vp;dr+ 2
=179 =179

ij=1

k
1

:—55 /QVgQ-thfdx+
i=1

ij=1

k k
1
= 52/990?Ag2 dz — Z aij/ﬂgoigojAgdx.
i=1

ij=1

Combining (5.2), (5.4), (5.5), and using the definition of v; again, we get

k k k
1
Z/ |Vvi|2dx:—Z/ vigoiAgdgc—l—fZ/ ©iAg? dz
i=1"9 =179 2 Ja
k k
R i1

ij=1

k
Z aij/ﬂgoigojAgdx

4,j=1

k
Z—Z/w?gAgdx+
i=179
1 E
2A 2
+§Z/Q<piAg dx
i=1
k k
i,j=1 @ i=1 Q2

k k
=Z/Qs0?|Vgl2dx+Z/\i/Qv?du
i=1 1=1
k k
<> [ GEvaPana Y [ ot
1=1 =1

Fori=1,...,k, (5.1) implies that

)\k+1/vi2d,u</ |V | da.
Q Q
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Hence

S fo 93 Vgl? da
Z];:l fQ v? dp

Now take g = g,(x) = 22:1 agzg with 22:1 a% = 1. Then Ag =0 and |Vg| = 1.
It follows that

Ait1 — A <

k 2 k 2
S > d " i
)\k-‘,-l o )\k < szl fQ ¥ dx — Zz:l ||@ || (56)

k k J
Diet fQ vi2a dp >y fQ vz'Qa dp

where v;q = gai — ZI;:1 a;jp;. Using (5.5) and the facts that Ag? = 2 and Ag = 0,
we get

k k k
S lelr =3 [ rde=-2Y" [ Vo, Voo
i=1 =179 i=1 "5
— —22%/ Via zn:ag O dx.
=179 f=1 0z

Let dS be the normalized uniform measure on S™~! so that fsnfl 45 — 1. Then
sy ’ k - Dpi
5; llpill* = ;/Snl /va<ﬁzlagaxﬂ> dz dS
k n Do
- _/sn_l /g(?_}””(ﬁz_l%a;» dadS
k 1/2
< (/Q/SHIvaadex>

i=1

k n s 2 1/2
X ag—— dea:) .
</n /S"—l 2 (; ﬁﬁxﬁ)

i=1

Obviously, for a, § € {1,...,n}, we have fS"71 aqag dS = d43/n. Hence
k n 2 k n 2
Op; 1 0p;
Lo (Yag?) asar=3" [ 257 (52 a
oo\ o Oxg = Janio Oxg
k
1
Z—/ Vipi|? da
- /e
k k
1 1
*Z)\i/@?d,u:*z)\i-
nia Q nia
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It follows that
1< P k
1 (Z |<m||2> <= <ZAZ-> /Q/S > 2 dSda. (5.7)
i=1 i=1 i=1
Also, from (5.6) we get

k

k
(Ak+1 — Ak) Z/ / v, dpdS <Y gl (5.8)
i=1 Sn=1.JQ =1
Combining (5.7) and (5.8) yields
k
Mot — < il X fo Jons vhdS da
S Jo Jon 02 dSdz SE [y fgu v, dS du
k

AV N S Jen Jo vk dedS -

< iz [z
nYy i leill® >y fswl fQ vzza dpdsS

To compute the integrals in (5.9), we first note that

k k
/ Vi, dz = / JaPi — Z @ijPj |\ JaPi — Zaww dz
Q2 Q j=1 =1
k k
= / gawi da — 2/ ga%ZawW dz + Z / aijaipjpe d
Q Q =t Q

je=1
= (I) — 2(IT) + (III).

(1) = / <Z aaxa> (Z a5z5> o de = Z aaag/ Tz pp? dz.
2\ a=1 ps=1 Q

a,f=1

Notice that

aij =/ansoi<pj dp = Zaa/ﬂxawi% dp. (5.10)
a=1

Using the definition of g, followed by (5.10), we get

n k n k
(1) = /Q <Z aaxa> pi Y aupedr =) " aaaié/ Tapipedr
a=1 =1

a=1t=1 Q

k n
=> > aa%(/ xﬁwiwdu> (/ xawwdx)
Q Q

(=1 a,B=1
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k n
(I = > <a§_:1a /xasozsog dM) <leaﬁ/wﬁ%wdu> /Qsoywdw

aaag</xacpicpj du) (/xggoiwd,u> / pjpedax
1 Q Q Q

/ (I ds </ aaagd5>/maxggpl de = — Z/ z2p?d

Sn—l 1 Sn—l

Il Il
M- M-

I
S|
S
B3
o
S
D
Q.
8

k n
5aﬁ/
I1)dsS = — Tapipedp /xasﬂisﬁ dz
a3 32 S ( [t e
1k n
-3 (/%%w@)(/wa%wdf)
n 1\ JQ Q
§a,3/
III) dS = — Tapipj dp /ZE pipedp /@‘de
/. am >y n(ﬂ ; )(Qg vn) [ e
1 k n
== Tapip; dp /%APW dp /@'Wd%
55 o) (fronon) [

Combining the above integrals we get

1
vz dzdS = f/ x /xa%"P du /xa%‘P da
/5"*1/52 n sz' ‘ ZZ ‘ Q ‘

Flal
1k
o

(/fca%% dﬂ) (/l’a%wdu> / wjped.
j=1la=1 \ /¢ Q2 Q2

n

Therefore,

k k n
=— [ |z ¢; | dz — — Topipe dp Topipede

/Iasﬁisﬁedu>/cpjcpgdx. (5.11)
Q Q

+
S|
]~
3
/N
S~
8
)
hS
AS)
<
=¥
=
~_—
VR
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A similar calculation gives

k 1 k LA 2
Vi dpudS = */ ks ¢ | dp—— /xaww du |
; /5"71 /Q nJje zz:; " 1';:31 (12::1 Q
(5.12)
Combining (5.9), (5.11) and (5.12) completes the proof of the theorem. O

6. Comments and open problems

In view of theorems 1.1 and 1.2, it is of interest to estimate the bound of the
norm ||¢;|| of the eigenfunctions ; that satisfy [|¢;||, = 1. It is also of interest to
characterize measures 1 that satisfy the condition dom & = H}(Q) in theorem 1.2.
An upper estimate for the sum of eigenvalues was obtained by Kroger [23]. Let
dist(x, 092) denote the distance from a point = € Q to the boundary of Q. Let
Q, = {z € Q:dist(x,00) < 1/r} and B be a unit ball in R". Kroger proved that
if there exists a constant C’S(zo) such that vol(£2,) < (Céo)/r)vol(ﬂ)(””)” for every

r > vol(Q)~/™, then for every k > (Cs(zo))”7

Ay < (2m)?
1

:LL S (vol(@)vol(B)) T (/o e DDy (6.1)
n

k
=
where 07(11) is a constant depending only on the dimension n. It is of interest to
generalize this result to Laplacians with respect to measures.

The spectral asymptotics of Laplacians defined on domains by fractal measures
have been investigated and obtained by a number of authors (see [14,17, 25-27, 29]
and the references therein). It is of interest to find examples among these measure
for which spectral gaps exist.
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