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1. A Fourier integral is said to be of finite type* if its
generating function vanishes for all sufficiently large values of |z|.
Because the coefficient functions are defined by integrals over a
finite range, the behaviour of such a Fourier integral usually
resembles closely that of the corresponding series.

It may be shewn that when £>1 the necessary and sufficient
conditions for the summability (C, k) of a Denjoy-Fourier integral
of finite type are exactly the same as those for the corresponding
series. When k <1 this is no longer the case, and the integral
may be summable while the series is not. Indeed, it is possible
to give an example of a function. whose series is summable (C, k)
for 0 gk <k <1 almost nowhere in the interval (—, m), while
the integral is summable for all £ >0 everywhere in the interval.

This result is due to the fact that for the coefficients of a
Denjoy-Fourier series the most that can generally be stated is

an=o0(n), b,=o(n),
so that the series is, in general, at most summable (C, 1), whereas
the corresponding integral is not necessarily so restricted by the
behaviour of the coefficients.

To make matters quite definite, let f(x) be zero outside
(—m, w) and integrable in the general Denjoy sense in (—, 7).
Then f(z) has a l%onrier series

(11) $a,+ = (a,cos nz + b, sinnx),

n=1

where
12) ap= % J; f(t)cosntdt, b,= 71-; ' ;f(t) sin ntdt

(n=0,1, 2,...),
and it has a Fourier integral of finite type

(1-3) fn (ua, cos sz + b, sin sz) ds,
0
where
4 <17 ftycosstdr, b=1]" i >0
(14) a,-;]qf()cosst t .—;J_'f(t)smstdt (s20).

* 8. Pollard, Proc. Camb. Phil. Soc., 23 (1926), 373—382.
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756 Miss Grimshaw, Distinction between Fourier integrals

For a particular value of £>1 the summability (C, k) at a
point 2 in — 7 <z < of either the integral or the series implies
that of the other, and the sums are the same. For other values
of k& the conditions differ in quite a marked degree.

2. In a consideration of the summability of the integral (1-3)
we are led to investigate the behaviour of

™ 8 k
21 I"("’)=_[ (1——) (a4 cos sz + b, sin sz) ds
0 @

as @ —> ©.
The corresponding expression for the series (1'1) is

k
(22) or(w)=14a+ = (1 - E) (an cos nz + b, sin nz).
l{n<a @

The final form of the criteria for summability of the integral
depends essentially upon the possibility of changing the order of
integration in a repeated integral, and is in some respects easier
to obtain than the corresponding form for the series.

It will be noticed that J; (w) does not exist, in general, unless
k>—-1. In what follows this will be assumed throughout, and
other restrictions on & will be introduced as required.

For the purpose of comparison we consider a generating
function f(#) which vanishes outside the interval (—, 7). It
will be evident, however, that the results of paragraphs 3 and 5
are quite general, and can be established in exactly the same way
for a function which is integrable in the general Denjoy sense in
any finite interval (p, ¢) and vanishes outside this interval.

3. TREOREM 1. Ifk>—1, then

3D L=2["" fe+vrna
where }

1
(32) 7 (t) =f0 (1 — u)* cos tudu.

It immediately appears that

w k
wy (wt) = fo (1 - g) cos tudu

so that (3'1) is equivalent to

I,,(w)=71—rf

I @« S k
dtf(z +1) L (1 - 5) cos ¢sdsd

—T=-Z
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Moreover, by (1'4) and (21),
I (w) =%_ﬁ?ds (.l —g)kfj f@®)coss(t—ax)dt.

(33) _1 f”ds (1—5)" " f(o+1) cosstdt.

mJo —r—-z

Thus the result to be established is equivalent to the possibility
of inverting the order of integration in (3-3).

Write @ =f@) -},
s0.that, by (1-2), f T 9@ dt=0.
1f - G@=[ g0
then G(—m)=G(r)=0.

By integration by parts, which is justified since cos st is of
bounded variation in any finite interval,

T2

fﬂ_z g (z+¢)cosstdt = [G (% +1t) cos st:|

-T—2

+ s‘f"—z G (x + t) sin stdt

- -

=35 F—z G (z + t) sin stdt.

-7 -2

Thus (3-3) becomes
_& ™) _ i k "w—z
I (w)= e fo ds (1 w) | cos §tdt

s [Cass (1-2)' [ G @+pysinaat

-—n—Z

Now G (z+t) is continuous, and so |G (z+¢)| has a finite
upper bound M in (— 7 —z, m —z). If we replace the integrands
in the above integrals by their absolute values, the result 1s not
greater than ‘

w s k w s k
aof (1——) ds+2wMJ (1——) ds < oo
0 [ 0 ()
since k> —1. '

50—2

https://doi.org/10.1017/50305004100015541 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004100015541

758 Miss Grimshaw, Distinction between Fourier integrals
By de la Vallée Poussin’s theorem we may change the order
of integration and write

-z

L(w)= f;_zda j: (1- f-,)k cos tsds

-2 o k
+ 711_ ’- zdtG(.’lJ-}-t) Ls(l—%) sin tsds.

S —_-—

Now
f::dtg (z+1) f: (1 - z)k cos tsds
= [G (x+1) J.: (1 - (—E)k.cos tsds}i:z

T-2 w 8 k .
+ J_bz dtG(ar:+t)/0 s(l —.;) sin tsds

Tz ") k
= [ dtG(w+t)J. s(l—f) ein tsds,
S =T 0 @

the integration by parts being allowed since

© S. k
f (1— ;’) cos tsds
0

regarded as a function of ¢ is of bounded variation in any finite
interval.

Thus
1 fo—ao w ¥ k
Ik(w)=;J-"_zdt{éa,,-f-g(x-{-.t)}".o (1—5) cos tsds
@

== r—zxf(a;+ t) v (w?) dt,

T apg-

which establishes the theorem.

_—
4. Fork>-1, f (1 —-u)du
0
is absolutely convergent.
2 (ut
Also . cos tu = ,Eo (=) @y’

the series being, for each ¢, uniformly convergent in » in (0, 1).
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Thus by (3-2)
=32 (-r o[- wpumd
7= 2 ) gy |, (1w du

(_)" T+ 2+ 1)
- (2n)! T(2n+k+2)

P(’c-rl) 2 ( " t2n+k+1
2 ) F2n+k+2)
Dk+1
_(F-T,_)C"*H(t)’
gpim

where Cp (t) = 2 ( ) m%—_*-l)
This last function has been investigated in detail* and many
of its properties are well known.

For t >0 and 0 < p<2, Cy(¢) is bounded, while for p > 2

tr
Co () ~ I‘(p+1)
ast—>r .
It follows that
A
(41) S Iv@lsEm (S1<ks))
k
@2) v~z  (k>1)

where here, and in subsequent contexts, 4 is constant relative to
the function considered.

Now C, (¢) is defined as above for p > — 1, and it is clear that
. i
Co(t)= T+ Cpi2(2).
Thus Cp () is bounded for £>1 and —1 < p<2.
d

Moreover 7i Coptr (8) = Cp (0),
-1 k+10k+l(t) 1%_(}_)
and so I‘(Ic+l) ¥ ()= i +t *
whence, for ¢ >1,
(43) YOl < l’ﬂm (k>-1)

where a = min (%, 2).

* W.H. Young, Quart. Journal of Maths., 43 (1912), 161—177.
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760 Miss Grimshaw, Distinction between Fourier integrals

For small values of ¢, y(¢) and all its differential coefficients
are bounded, since

1
5 (8) = [0 (A —wfurcos®tudu (r=0,1,2,...),

and therefore
1
Y ()] < [ (1-wfpwdu=B(k+1,r+1)
0

This may be written
(44) , v @< 4.
From (4-3) and (4-4) it immediately appears that

f:w )| dt <

provided that k > 0. That is, y (¢) is of bounded variation in (0, « )
if £ >0.

* Tt is also evident from (4-4) that y(¢) is of bounded variation
in any finite range for all k> — 1.

5. When k& > — 1 the limits of I} (») are identical with those of
27 ferny @)

If now 7 is any positive number less than both = —z and
T + &,

T~

51) {,, F(@+ 1) wy (of) dt = [F(x +1) ay (wt)]

—J'_’F(zw) w®y’ (et) dt,

where F(t) is an indefinite integral of f(¢), the integration by
fI:art;s being justified since v (¢) is of bounded variation in any
nite range.
In the range of integration

A
oy (@) < grogm (~1<k<1)

A
< —

(k>1)

by (4°1) and (4°2).
Take now & >0, and consider the right-hand side of (5:1). The
term between limits tends to zero with wy (wt) as w = .
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For the integral, if (A, i) be any interval in (9, 7 — z),
f“ oy’ (wt) dt = [wfy (wt)]" -0,
A A

so that, since F(z+1¢) is continuous, by the Riemann-Lebesgue
convergence theorem

_]"’F(z+ £) wy’ (t) dt ~ 0

as w-—» 0, K
Thus f " (@4 1) wy (wt)dt .

In like manner |
[7 t@+yor@yi—o,

and the limits of ¥ (@), for k >0, are the same as thqse of

w 7
p f-ﬂf(ac+ t).oy (wt) dt.
It is known that
1(° X
52 =] voda=1
o [?
Thus, as @ — 0, 7—'_[ v (wt) dt— 4.
0

If then we write
$(t)=f(@+1t)+f(@—t)—2s

the necessary and sufficient condition for summability (C, k) of the
integral (1-3) to the sum s at x takes the form

%’f:¢(t)y(wt)dt»0.

By what appears above the limits of this last integral are
independent of 7, and the condition may be written

(53) limﬁa‘wf"¢(t)ry(wt)dt‘=o (k> 0).
=0 w—ewo | o
Write now @ () = [:4, () du.

* W. H. Young, Quart. Journal of Maths., 43 (1912), 166, 170.
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762 Miss Qrimshaw, Distinction between Fourier integrals

Integration by parts gives
® f "6 (t) y (wt) dt = [a@ (t)fy(wt)]n— o f @ () ¥ (wt) dt
0 0 0

_ .
= 0 (1) y (am) = [ O (at)dt.
By (41) and (4'2), since k£ > 0,
wy (on) >0 as w-—>o.

Hence another form of the necessary and sufficient condition of
summability to s at x 1s .

N n . -
(54) lim Tim | o f ® (£) o () dt’ =0 (k>0).
N0 w0 0

6. For the purposes of investigation of the Fourier series of
f(x) we define a function f;(z) which is periodic in 27, and
coincides with f(z) in the interval (—, 7). Cleéarly the two
functions have, relative to (—r, #), the same Fourier series.

We proceed to examine the behaviour of o(w), the partial
Rieszian sum of this series, as w.—» .

Write A, () = ay cos nx + by 8in nz.

n\* .
Then by (22) ox(0)=4a;+ S (1-5) An(®).

l1€n<w

Tueorem IL If k>0,

(61) a@=ta=1[ ¥ )rora
where ¢1(t)=ﬁ(w+t)+ﬂkw—t)—ao.
Then, since _’lr J: y(@)dt=14,

o (w) will have the limit s, for & > 0, if, and only if,

[C6.(2)v@a—o,

or, what is equivalent,

o[ 8.@r @ di—o0,
where bW =fiz+t)+fi(x—1t)—2s.
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7. It is readily verified that ¥ (¢) is periodic in 2, even, and
such that

[" w@di=o,
t
so that W, (t) = [ ¥ (u) du
to
is a continuous function, periodic in 2ar.

Now let v(t) be any function of bounded variation in (0, o)
which tends to zero-as t = oc. Then

f: hi@®v (@) dt= lim .{: Vi) (b) dt
-tim {[w@p o) - [ v.0weo}

—— [T w@do o),

since ¥, (1), 'being continuous and periodic, is bounded in (0, o).

If 8,(t) is the nth partial Cesdro sum of the Fourier series of
\I,l (t))

S t)— ¥, (1)

uniformly in (0, o ) by the above property of ¥, (t), and it follows
immediately that

@) tm [ —S.Odv)=—[ ©Odv©=] W@
n-=wo /0 .0 40
The Denjoy-Fourier series of 4, (¢) proves to be

[ -]
S cpcosnd

n=1

where cn =24, (z),
and it may be verified that

£ n-1
(7'2) f o S,,, (t) dv (t) = X (1 - ’)Ll) Cin U,y

0 m=1 n

A .
where V= lim [ v (t) cos mtdt.
A 0

This limit, clearly exists.
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764 Miss Grimshaw, Distinction between Fourier integrals

8. By (41) and (42), y(t)—>0 as t—o0. It is moreover of
bounded variation in (0, © ) for ¥ >0. Thus we may replace v (t)

by ?rry (wt), and the coefficients are found to be

ol (ke +1) [*Crp (0) -

U = - Jo (wlp cos midit
_Dk+D C"*lft) cos ¢t

w 0 tk [}
1 k
=3(1-3) (<o),
=0 (m2w)
for k> 0%,
The series . § Cn¥m
& m=1

is therefore actually ﬁnit::, and its sum by any positive Cesaro
mean coincides with the actual sum. In view of (7:1), for the
particular function v(t) we have chosen, (7-2) now becomes

S Gntm= f " (©) v () de
m=l‘ 0 .
or s (1 —%)kA,,(a:) f?rfo ¥ (8) oy (wt) dt

1€n<w
RO

Hence (6°1) holds if £ >0, and Theorem II is proved.

The result established may be expressed as follows.

For k>0, the necessary and sufficient condition that the
Denjoy-Fourier series (1°1) should be summable (C, %) to s at a
point z in (— r, ) is that

(81) m[: & () y(wt)dt—0
a8 @ —> 0.

9. Write (81) in the equivalent form

:—’rf: W () oy (wt) dt — 8 — }a,

or, using (7°1), since y(¢) is of bounded variation in (0, © ) when
k>0,

- % [: U (t)y (ot) dt—+s—}as (k> 0).

* W. H. Young, Quart. Journal of Maths., 43 (1912), 166.
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If 5 is any fixed positive number, @ >11—7, and M is the upper
bound of | ¥, (t)|,

lm2 [m W, (0) v (wt) dt ‘ < Mo? dt (a=min (£, 2})
]

[ A
b (wtp¥
_MA (" dt

w*™? . t'l.-H

—0 when k> 1.
If k=1, the above shews that we may choose X such that

©* f W, (t) v (wt) dt ’ <e¢
Ix

where e is any previously assigned positive number.
And then, with the argument used in § 5, it may be shewn
by Lebesgue’s theorem that

@ LX‘I', ) 'y'(wt)‘dt‘—ro

as w—»0.
Thus, when & > 1, the condition (8'1) becomes

-2 [ @y @)dt>s-1a,

for fixed positive 7.
Moreover,

PE ) o A
J ‘(¢ dt = lim |ty () dt
0 ’ Ao J O

- iim {[w ] - [ive at}

™
by (41), (42) and (52), and the final form of the condition for

summability of the series is

91) lim T w"f" &, (£) 7 (wb) dtl -0 (k>1).
N0 0> 0 ]

Now ¢, (t) coincides with ¢ (¢) for z+¢, 2 — ¢t in (— 7, 7). Thus
(91) is equivalent to
(92) lim lim | w? ["cp ) v (wt) dtl =0 (k21).

to

N0 =xn
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10. It is convenient at this stage to collect the results
established. (53) and (54), (8'1) and (9:2) shew that for k> 1
the necessary and sufficient condition that the Denjoy-Fourier
series and the Denjoy-Fourier integral of f(«) shall be summable
(C k)tosatxis
(101) lim lim

c ) 0o

! {:@ ) v (wt) dt ‘ =0.

If 0 <k <1 the necessary and sufficient condition of sum-
mability of the integral is still (101), or it may be written in the
equivalent form

(102) lim T | o [ ¢(t)'y(wt)dtl -0,
=0 o> S0

whereas the condition for the series can in general take no more
simple a form than ‘

(103) lim o f: é:(8) y (wt) dt = 0.

W=

That (10-3) cannot always be reduced to (10-2), i.e. that the
series and the integral are not summable (C, k) in the same way
for k< 1, is best shewn by an example.

11. If the series
2a,+ Z (a,cos nz + b, sin na)
n=1
is summable (C, k), where k£ >0, at all points of a set of positive
measure, then, since at these points

a, cos nz + b, 8in nx
GnCOSRE X On BRI 0,
n
Ca a b
it follows that Rep, 20
nk nk
as n—» oo %,

@y b
Thus, if =, — do not converge to zero,
nk’ nk

a, cos nx + b, sin nz

nk

can only converge to zero at points of a set of measure zero. In
other words, unless
an=o0(n*), b,=o0(n¥)

K
the series da,+ X (a,cosnz + b, sin nx)
n=1
is summable (C, k) almost nowhere in any interval.

* E. W. Hobson, Theory of functions of a real variable, Vol. 2, 682.
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12. Titchmarsh has shewn® that if A (n) be positive and de-
crease steadily to zero as n-» oo, then however slowly A (n)—>0
there is a function whose Fourier coefficients are such that

an#o{nh(n)}, b,# o{nr(n)).

To construct such a function we proceed as follows.
Let 1'(x) vanish outside the interval (— o, 7). In the interval
write

. T
T (z)=p*ny X (np) sinnyx (171“1 < xs%),
where p=1, 2, 3, ... and 7, 1s an integer, depending on p, which
tends to o so rapidly that n, > 2n, , and 2p*\ (n,) 18 convergent,

T(0)=0,
T(-2)=="T ().

. T'(z) has a single point of non-summability in (=, 7), namely

the origin. It is Denjoy integrable in (—, 7).
As g'_[‘ilzchmza,rsh shews,

bo= [ T(2)sinneda o for ()

Thus, for any k, 0 <k < 1, we can so arrange A (n) as to make

b # 0 (n*),

and the Denjoy-Fourier series of T () will be summable (C, k), .
0 <k <k, almost nowhere in the interval (— =, ). The origin is
an exceptional point where the series vanishes.

‘On the other hand, if &> 0, the Denjoy-Fourier integral of
T (z) is summable (C, k) everywhere in the interval. For it is
easily seen that, unless =0, by a classical argument, since T (z)
is absolutely integrable in any interval to which the origin is
exterior, '

ﬁmﬁmwaT@+0+T@—0—2@7@om=o (& >0),
70 w-»wo 0
T(+0)+T(2-0)
g=— 3 ,

and at the origin the integral is convergent to zero.

where

* E. C. Titchmarsh, Proc. Lond. Math. Soc., 22 (1924), Records XXV.
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