COMPOSITIO MATHEMATICA

L-functions of GLsy,: p-adic properties and
non-vanishing of twists

Mladen Dimitrov, Fabian Januszewski and A. Raghuram

Compositio Math. 156 (2020), 2437-2468.

doi:10.1112/50010437X20007551

Q| LONDON
FOUNDATION V}\\\g MATHEMATICAL
COMPOSITIO Q/\ //A SOCIETY
MATHEMATICA L\\/T/ EST. 1865

_—

https://doi.org/10.1112/50010437X20007551 Published online by Cambridge University Press @ CrossMark


https://doi.org/10.1112/S0010437X20007551
http://crossmark.crossref.org/dialog?doi=https://doi.org/10.1112/S0010437X20007551&domain=pdf
https://doi.org/10.1112/S0010437X20007551

</ Compositio Math. 156 (2020) 24372468

&

/ doi:10.1112/S0010437X20007551

L-functions of GL,,,: p-adic properties and
non-vanishing of twists

Mladen Dimitrov, Fabian Januszewski and A. Raghuram

ABSTRACT

The principal aim of this article is to attach and study p-adic L-functions to coho-
mological cuspidal automorphic representations II of GLgy, over a totally real field F
admitting a Shalika model. We use a modular symbol approach, along the global lines
of the work of Ash and Ginzburg, but our results are more definitive because we draw
heavily upon the methods used in the recent and separate works of all three authors.
By construction, our p-adic L-functions are distributions on the Galois group of the
maximal abelian extension of F' unramified outside poo. Moreover, we work under a
weaker Panchishkine-type condition on II, rather than the full ordinariness condition.
Finally, we prove the so-called Manin relations between the p-adic L-functions at all
critical points. This has the striking consequence that, given a unitary II whose stan-
dard L-function admits at least two critical points, and given a prime p such that II,, is
ordinary, the central critical value L(%, IT ® x) is non-zero for all except finitely many
Dirichlet characters x of p-power conductor.
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Introduction

A crucial result in Shimura’s work on the special values of L-functions of modular forms concerns
the existence of a twisting character to ensure that a twisted L-value is non-zero at the center
of symmetry (see [Shi77, Theorem 2]). Since then, it has been a very important problem in the
analytic theory of automorphic L-functions to find characters to render a twisted L-value non-
zero. Rohrlich [Roh89] proved such a non-vanishing result in the context of cuspidal automorphic
representations of GLg over any number field. This was then generalized to GLy over any number
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field by Barthel and Ramakrishnan [BR94] and further refined by Luo [Luo05]. However, neither
[BR94] nor [Luo05] can prove this at the center of symmetry if N >4 (for us the functional
equation will be normalized so that s = % is the center of symmetry). There have been other types
of analytic machinery that have been brought to bear on this problem, for example, see [CFHO05].
Even for simple situations involving L-functions of higher degree this problem is open. For
example, suppose 7 is the unitary cuspidal automorphic representation associated to a primitive
holomorphic cusp form for GLy /Q, then it has been an open problem to find a Dirichlet character
X so that the twisted symmetric cube L-function L(3, (Sym® ) ® x) is non-zero at the center.
In this article, we prove the following result.

THEOREM A. Let F be a totally real field and ¥, the set of all its real places. Let Il be a
unitary cuspidal automorphic representation of GLg, /F admitting a Shalika model and such
that Il is cohomological with respect to a pure dominant integral weight 1 such that

Mo’/n > /J/g’n+1, fOl" a]l (NS ZOO' (1)

Assume that for all primes p above a given prime number p, 11, is unramified and Q-ordinary,
where () is the parabolic of type (n,n) of GLay, /F (see (65)).
Then, for all but finitely many Dirichlet characters x of p-power conductor we have

L(3.1® (xo Npyq)) # 0.

For notions and notation that are not defined in the introduction, the reader should consult
the main body of the paper. A more general statement is proven in Theorem 4.8. Furthermore,
we can prove a stronger non-vanishing result covering the nearly ordinary case (see Corollary
4.9) as well as a simultaneous non-vanishing result (see Corollary 4.10). For example, with a
classical normalization of L-functions, it follows from our results that there are infinitely many
Dirichlet characters x such that

L(6,A® ) - L(17,Sym?(A) ® x) # 0,

for the Ramanujan A-function. Our methods are purely arithmetic and involve studying p-adic
distributions on %E;(poo), the Galois group of the maximal abelian extension of F' unramified
outside poo, that are attached to suitable eigenclasses in the cohomology of GLay,.

Let us now describe our methods and results in greater detail. We begin with a purely
cohomological situation, without any reference to automorphic forms or L-functions. Let Op
be the ring of integers of F' and 0 its different. Take a pure dominant integral weight p for
G = Resp,, /7 GLay, and let VE be the algebraic irreducible representation of G(E), for some
‘large enough’ p-adic field E. If O is the ring of integers of E, then we also consider an O-lattice
Vi stabilized by G(O). For any open compact subgroup K of GLg, over the finite adeles of F,
let V%, be the associated sheaf on the locally symmetric space SIG{ of G with level structure K
and let us consider the compactly supported cohomology Hg(SG, Vg) endowed with the usual
Hecke action. Assume that for p dividing p, K, is the parahoric subgroup corresponding to the
parabolic ) and consider an eigenclass ¢ € HZ(S[G(, Vg) having a non-zero eigenvalue «y for a
particular Hecke operator Uy,. Here and throughout the paper t = |Soo|(n? +n — 1) denotes the
top degree supporting cuspidal cohomology. The weight p determines a contiguous string of
integers Crit(u), which would correspond to the set of critical points for an L-function. For each
j € Crit(pu) we attach an FE-valued distribution ué) on €¢}(p>) and show that it is O-valued
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when ¢ is Q-ordinary, that is, it is a measure (see diagram (36) for a quick overview of the sheaf-
theoretic maps that are involved in the construction). Most importantly we prove in Theorem
2.3 a Manin-type relation, namely for all j,j' € Crit(u) we have

cyc (/J‘(j)) l'l’és ’

where ¢ : %ﬁ}(p ) — Z, is the p-adic cyclotomic character and cy. is the automorphism of
O[[€0f(p™)]] sending [z] to e([z])[z], allowing us to define a measure puz = scyc(p,¢) that is
independent of j.

Next we apply these considerations to the situation when ¢ is related to a cuspidal automor-
phic representation II of GLg, /F such that Il is cohomological with respect to the weight p
(see §4.1.3). Friedberg and Jacquet related the period integral of cusp forms in II over the Levi
subgroup H of @ to the standard L-function L(s,II), and for the unfolding of this integral to see
the Eulerian property the representation is assumed to have a Shalika model (see §4.1). Such a
cohomological interpretation was used in [GR14] to deduce algebraicity results for the critical
values of L(s,II ® x). The following result further investigates their p-adic integrality properties.
A more general p-adic interpolation statement is proven in Theorem 4.7 under the assumption
that IT, admits a Q-regular refinement II, for p | p (see Definition 3.5), which is shown to be
always fulfilled when II, is Q-ordinary (see Lemma 4.4).

THEOREM B. Let II be a cuspidal automorphic representation of GLg, /F admitting a (1, n)-
Shalika model and such that Il is cohomological of weight 1. Assume that for all primes p above
a given prime number p, I, is spherical and Q-ordinary, and let « denote the corresponding
Up-eigenvalue. Given any isomorphism i, : C = @p, there exists a bounded p-adic distribution
pr on €UE(p™) such that for any j € Crit(u) and for any finite order character x of €/} (p™)
of conductor B, > 1 at all p | p one has

(., e )

—1 n(j+1)\Bp n . 1 . 1 Iy o
=7 N @) - [T ()™ - ) 'L<.7+2>Hf®Xf>Coo<J+2;Wl(i:fj) )
plp

where G(x ) is the Gauss sum, the zeta factor is non-zero by (76), and v € Q* is as in (77).

Let us hint on how we deduce Theorem A. Theorem B, the formulation of which implicitly
uses the earlier established Manin relations, gives congruence relations between successive critical
values, whereas (1) translates into 3 € Crit(u). As the complex L-function of the unitary cuspidal
automorphic representation II does not vanish for ®(s) > 1 we deduce that L(3,II® x) never
vanishes, which, in turn, implies the non-vanishing of L(%,H ® (x ©Np/g)) for all but finitely
many Dirichlet characters y (see the proof of Theorem 4.8).

Let us mention some relevant studies in the literature. First, Ash and Ginzburg [AG94]
started the study of p-adic L-functions for GLo, over a totally real field by considering the
analytic theory developed by Friedberg and Jacquet [FJ93]. However, to quote the authors
of [AG94], their results are definitive only for GL4 over Q and for cohomology with constant
coefficients. Furthermore, they constructed their distributions on local units while only suggesting
that one should really work, as we do in this paper, on CKE; (p>°). This article uses the more recent
techniques developed in independent papers by all three of the current authors; namely, [Dim13],
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[GR14], and [Janl5]. Finally, we mention Gehrmann’s thesis [Gehl18], which also constructs
p-adic L-functions in essentially a similar context, but his methods are entirely different from
ours.

To conclude the introduction, our emphasis is on the purely sheaf-theoretic nature of the
construction of the distributions attached to eigenclasses in cohomology, which leads to a purely
algebraic proof of Manin relations in a very general context. When specialized to a cohomology
class related to a representation II of GLo,, we obtain p-adic interpolation of the critical values
of the standard L-function L(s,II), and Manin relations give non-vanishing of twists L(s, I ® x)
at the center of symmetry. A non-vanishing theorem in the realms of analytic number theory
admitting a decidedly algebraic proof is philosophically piquant.

1. Automorphic cohomology

Recall that F' is a totally real number field with ring of integers O and set of infinite places
Yoo. For a set of places ¥, we denote by A®) the topological ring of adeles of Q outside ¥. Let
Ar = A®q F (respectively, Ap y) be the group of adeles (respectively, finite adeles) of F.

We consider G' = Resp,, /7(GL2,) as a reductive group scheme over Z, quasi-split over Q
and let Z = Resp,,/z(GL1) be the center of GG. The standard Borel subgroup B C G is defined
as the restriction of scalars of the standard Borel subgroup of all upper triangular matrices in
GL2, /Op. We have B = T'N, where N is the unipotent radical of B and T is the standard torus
of all diagonal matrices. Let H = Resp,/z(GLn x GLy), and ¢ : H < G be the map that sends
(h1,h2) to (}61 }?2 ) Let @ = HU be the standard parabolic subgroup of type (n,n) whose Levi
subgroup is H and unipotent radical is U. Finally, the Shalika subgroup S of G is defined as
S={(A2)(2¥) | h € GLy. X €M, }

For any commutative ring A, we let ga, ba, qa, ta, ha, na, and us denote the Lie algebras
of G, B, Q, T, H, N, and U over A, respectively. For a4 any amongst these, we let U(a4)
denote the enveloping algebra over A. In the particular case A =R, let goo = gr ®r C denote
the complexification and likewise for the other groups. The reader is referred to [Jan03] as a
general reference for integral Lie algebras and their enveloping algebras.

For any real reductive Lie group G, we let G° denote the connected component of the identity.
Let Goo = G(R), and similarly Z,, = Z(R).

1.1 Pure weights
We identify integral weights p of T" with tuples of weights 11 = (tto)oexos o = (Ho1s-- - Ho2n) €
72", A weight p is B-dominant if

Poi =+ = flgon, forall o€ M. (2)
Let X} (T) be the set of all such dominant integral weights. For p € X% (T') denote by V# the
unique algebraic irreducible rational representation of G of highest weight u. For any field £
over which y is defined, we denote by V} its E-valued points. Denote by p the highest weight

of the contragredient (V#)V of V# which we consider as a rational character of B.
We call p pure if there exists w € Z, called the purity weight of u, such that

Vi =V @ (Npjgodet)”,
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where Ng/q : Resg/g(GL1) — GL1 denotes the norm homomorphism. If x is pure, then
Hoi + Hoon—it1 =W, forall o € ¥y and for all 1 <i < n. (3)

In particular, 7" i,; = wn is independent of o. We let X3(T) C X% (T) denote the pure
dominant integral weights of T'. Given any p € X (T, define the set

Crit(p) ={j € Z | poyn 2 J 2 pon+1,7V0 € Xoo}. (4)

It is well known that only pure weights support cuspidal cohomology, and the motivation for
this definition comes from the fact proved in [GR14, Proposition 6.1] that if II is a cuspidal
automorphic representation of G(A) that is cohomological with respect to p (see §4.1.3), then
% + j with j € Z is critical for the standard L-function L(s,II ® x) for any finite order character
x if and only if j € Crit(u). Note that the central point (w + 1)/2 of L(s,II ® x) is critical (i.e.
w/2 € Crit(p)) if and only if w is even.

1.2 Integral lattices
Let E be a finite extension of Q, and let O be its ring of integers. Given p € X} (T'), we consider
VL as a representation of G(E).

Let vg € V£ be a non-zero lowest-weight vector. Then the unipotent radical N~ (E) of the
Borel subgroup B~ (FE) of lower triangular matrices fixes vy, whereas T'(E) acts on vy via the
character —p¥ = woy, (1) where woy, is the Weyl group element of longest length.

Observe that

Vb =U(no)vo, (5)
is an O-lattice V£ endowed with a natural action of G(0O).

We fix once and for all uniformizers wy, € F, and put t, = t(wp - 1, 1,) € GLg,(F}). Define
for any integral multi-exponent 3 = (y),|, the element

ty=11t%" € T(@). (6)
plp
and consider the semi-group
Ay ={ty | By € Zz0, Vo | p}. (7)

Then by our choice of dominance condition, we have for any ¢ € A;; :
Ad(H)Q(O) =tQ(O)t CQ(O) and Ad(tHU(0)=t"'U— (Ot CU(0).  (8)
Consider the standard maximal parahoric subgroup Jp =[], Jp C G(Zp), where
As J, D Q(Zy), the parahoric decomposition is given by
Jp = (JpNU (Zp))Q(Zp) = Q(Zp)(Jp N U™ (Zyp)). (10)
Using (8) and (10) one sees that

Ap = JpA;Jp = Q(ZP)A;(JP N Uﬁ(Zp)% (11)
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is a semi-group. Moreover, because U~ (Z,) C N~ (Z,) acts trivially on vg, the Jy-action on V5
extends uniquely to an action e of the semi-group A, by letting A;,r act trivially on the lowest
weight vector vg. Then for all ¢ € A} and v € V) one has

tev=pY(t)(t v). (12)
In fact, by (5), one can write v = m - vy for some m € U(np) and using (8) one finds

tev=te(meuvy) = Ad(t)(m)e (tevy) = Ad(t)(m) - vo = u (t)Ad(t)(m)(t - vo) = " (t)(t - v).

1.3 Local systems on locally symmetric spaces for GL2,

The standard maximal compact subgroup of G, is denoted by Cy, = Hoezoo Cy, where C, ~
O2p,(R). The determinant identifies the group of connected components C, /CS, with FJX/F3° =
{£1}*=. Let Koo = CooZso and for any open compact subgroup K of G(A ) consider the locally
symmetric space:

S = GQ\G(A) /KK, = GQ\((Goo/KS) % G(Af)/K). (13)

Note that K, = O3 73 = CS Zs because 2n is even. In general, S¢ is only a real orbifold. In
the sequel, we assume that K is sufficiently small in the sense that for all g € G(A),

GQNgKK2g ' =Z(QnNKKZ, (14)

which implies in particular that SIG< is a real manifold.
Given a left G(Q)-module V, one can define Vi as the sheaf of locally constant sections of
the local system:

GQ\(G(A) x V)/KKS, — S§,

where v(g,v)k = (ygk,v - v) for all v € G(Q), k € KKS,. Consider the canonical fibration = :
(G(R)/K%) x G(Ay)/K — S given by going modulo the left action of G(Q). Then, for any open
U C S, one has the sections Vi (U) over U to be the set of all locally constant s : 7= 1(U) — V
such that s(y-z) = v - s(z) for ally € G(Q),r € 7~ (U). We denote by Vf(,E the sheaf associated
to Vj;. The sheaf Vi 5, is non-trivial if and only if

wZ(Q)NKKS) = {1}. (15)

Condition (15) is always satisfied if p is pure, because det(F* N KKS ) C O N EZ°.
In order to attach a sheaf to Vg we need a slightly different construction. Given a left
K-module V satisfying (15) define Vi instead as the sheaf of locally constant sections of

GQNG(A) x V)/KKS, — Yk,

with left G(Q)-action and right KK -action given by v(g,v)k = (ygk,k~!-v). As K acts on
V¥ through its p-component K, C G(Z,) C G(O) we obtain a sheaf V!5 on S%.

When the actions of G(Q) and K on V extend compatibly into a left action of G(A), the two
resulting local systems are isomorphic by (g,v) — (g, g~ ! - v), justifying the abuse of notation.

1.4 Hecke operators

For any open compact subgroups K’ C K of G(Ay) the natural map pg i : SIG(, — SIG< induces
an isomorphism of sheaves p}. ;- Vi = Vi
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When the K-action on V extends to an action of a semi-group containing K and =, then one
can define a Hecke operator [KyK| as a composition of three maps:

[KYK] = Tr(pyia-10k,x) © 0 0 Py 50y - HASE, Vi) — HI(SE, Vi),

where pj is the pull-back, Tr(p,x~-1nk, k) is the finite flat trace and

“1K~,K
G G
[’7] : Hg(sKﬂ'y—lK'y’VKﬂ’y—lK'y) - H(c](S»yK»y—lmKaV'yK'y—lﬁK)7

is induced by the morphism of local systems given by (g,v) — (g7 1,7 - v) in the case of a right
K-action.

When K, C Jp, the above construction applies to Vg on which the semi-group A, acts
by the e-action (see (11)) yielding for each t € A¥ a Hecke operator [KtK] on H4(SE, V?O).
Note that although the natural inclusion Vé‘ C VL is Kjp-equivariant, it is not Ap-equivariant
(see (12)). As a consequence, the natural map HI(SE, Vi ) — HI(SE, VL ) is equivariant for
the e-action of [KtK]| on the source and the action of the optimally intégral Hecke operator
[KtK]° = pY(t)[KtK] on the target. To ensure compatibility with extension of scalars, we also
denote by [KtK]° the Hecke operator [KtK| acting (via the e-action) on HI(SE, VL ).

For any prime p | p of F, the following Hecke operators play an important role: ’

Up = [Kt,K] and Uy = p"(t,)U,. (16)

For g = <5p)p\p with ﬂp S Z>0 we let Upg = [KtpﬁK] and U;B = ,uv(tpg)Upﬁ.
As the image of HI(SE, V) in HI(SE, Vi) is a finitely generated O-module, we may assume
that £ is large enough so that all Ug-eigenvalues belong to O.

2. Distributions attached to cohomology classes for GLs,,

Let F, =F ®qQ, = Hp‘p F,. For a prime p |p of F' we denote by I, (respectively, J,) the
standard Iwahori (respectively, parahoric) subgroup of Ky = GLa,(OF,) consisting of elements
whose reduction modulo the p belongs to B(Or/p) (respectively, to Q(Or/p)).

We let K = K®) x [1,, Kp be an open compact subgroup of G(Ay) such that:

(K1) K (P) is the principal congruence subgroup of modulus m, an ideal of O which is relatively
prime to p, and KP)G(Z,) satisfies (14);

Th(O M, (O
(K2) (TOr Yrorn)) C Ky C Jy for all p | p.

An important role will be played by the matrix £ € GLg,(AF), where

fp = (én Z”) S GLQn(Oﬂp), for all p | p, and & =1g,, forallv pr' (17)

Here 1,, and 0,, are the n x n identity and zero matrices, respectively, and w,, is the longest
length element in the Weyl group of GL,,, whose (i, j)-entry is & ,—j41.
We have & [ (1" *1"). Once and for all we record the identities

0, wn
_ A B A-C (A-D+B-C)w,
gpl'( )'gp: (18)
¢ D wy, C wy(C' 4+ D)wy,
2443
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and
A B 1 A+ w,C w,Dw, — A+ Bw, —w,C
&p - T = . (19)
¢ D w, C wy, Dw,, — w,,C
2.1 Automorphic cycles
For any open-compact subgroup L C H(A¢) we consider the locally symmetric space:
SH — HQ)\H(A)/LLS,, where Lo, = Hoo N K. (20)

Note that for each 0 € ¥ one has Ly, ~ (SO’(;(R) SOS(R) JR*°. Asin (14), SH is a real manifold

when L is sufficiently small in the sense that for all h € H(A),
H(Q)NhLLS A = Z(Q)NLLS,. (21)

Recall the notation t, = t(wy - 1,,1,) where wy is an uniformizer at p | p. Recall also that

for 8 = (Bp)pp With By € Zxo we let pf = lep wg” and tg = Hp|p tg” € G(Qp).
For any ideal m of Op, we denote by I(m) the open-compact subgroup of Ay f of modulus
m, and we consider the strict idele class group:

Clr(m) = F*\AR/I(m)EL°.
We let Lg = L®) Hp|p Lg" be an open compact subgroup of H(Ay) such that:

(L1) LW = K® N H is the principal congruence subgroup of modulus m; and
(L2) Ly = H(Fy) N Ky O &ty Koty ™ &L for all p | p.

Note that conditions (K1) and (L1) imply (21), in particular that S’EB is a real manifold.

LEMMA 2.1. Lg" consists of elements (hi, ha) € GLy(OFpyp) X GL,(OF,) such that

u(h1, he) € Kpn (1" , ) K, (1" ) . and hihy' € 1+ @) My(Opy).

Wn,

Proof. By (18) for all (hi, he) € H(Fy) N Ky = GL,(OF,p) x GL,,(OF,) one has

10 g1 (hl )ftﬂp (M @ % (h1 — ha)w .
P hy) >F wphowy,

Hence, h; — ho € wg"Mn(OF,p), and as ((1)" M"(loF’p)) C K, we obtain (hi, wphowy) € Ky, O

Lemma 2.1 implies that the map (1 + wfp M, (OFy)) x Of,p — det(Lg") sending (z,y) to
(xy,y) is an isomorphism. By the strong approximation theorem for SL,(Ar) the map

det(hl)

(hl, hg) — (det(fLQ)’ det(h2)>,

identifies the set of connected components of S gﬁ with a product of two idele class groups:

m0(S1)) == € (pPm) x GUf(m). (22)
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It is easy to see that the fiber Sf@ [0] of [0] € ﬂo(gfﬂ ) is connected of dimension
t=|Zoo|(n?® +n —1). (23)

If we consider a cohomology class on Slcé in degree t, and pull it back to Sfﬂ [0], then we end
up with a top-degree class. The degree ¢ happens to be the top-most degree with non-vanishing
cuspidal cohomology of Sg. This magical numerology is at the heart of what ultimately permits
us to give a cohomological interpretation to an integral representing an L-value (see [GR14]) and
allows us to study its p-adic properties.

2.2 Evaluation maps
Fix p € X3 (T).
2.2.1 Automorphic symbols. By condition (L2), the map
151 ST, = S, [h] = [W(h)EL)], (24)

is well-defined. As g is proper by a well-known result of Borel and Prasad (see, for example,
[Ash80, Lemma 2.7]) one can consider the pull-back:

oy HI(SE V) — HI(SE 5V8). (25)
2.2.2 Twisting. By condition (L1), the map ¢ : Sfﬁ — 8%, [h] = [t(h)] is well-defined and
proper. As {tg € A, using the e-action from (12) one can consider the map
H(A) x Vi — H(A) x VE,  (h,v) — (h, (D) e v),
inducing a homomorphism of sheaves TE : LEVZ — L*Véf), hence a map in cohomology
75+ HY(STL, 15V6) — HA(ST, V). (26)
Similarly, using the natural action of G(E) on V} instead of the e-action one defines a map
5 : HU(ST,, Vi) — HUST, V), (27)

and 73 = ,uv(t;ﬂ)Tg, because by (12) one has (ftf,) v = uv(tg)(ftg) -v for all v e VL.

2.2.3 Critical maps. For ji,jo € Z let VU172) be the 1-dimensional H-representation
(h1,h2) — Npjg(det(hy )’ det(hg)??).

Let V(gj 132) he a free rank one O-module on which the previously defined natural H(Z,)-
action is extended to a H(Q))-action by letting p € Q, act trivially. Note that this action is
similar to the Ap-action on V5 defined in §1.2.

It follows from [GR14, Proposition 6.3] that j € Crit(u) (see (4)) if and only if

dim(Homp (V#, VUW=i))) = 1. (28)
Fix a non-zero x; € Homg (V#, V3w=3)) normalized so as to obtain an integral map:

Kj: V(g — V(gj’wfj).
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Denoting by V((gj W=3) the sheaf on S {Iﬁ attached to Vg w=g) by the construction described in § 1.3,
one obtains a homomorphism:

Kyt HASH vty — HUSH vg ). (29)
Putting (25), (26) and (29) together, for each j € Crit(u), we obtain a map:
ko TS oyt HI(SS, Vi) — HI(SE vE™ 7). (30)
2.2.4 Trivializations. Given any 6 € H(Ay) the map
trivs : H(Q)OLgHS, x V™ — H(Q)6LsHS x VG (1lhoo, v) — (16lhoo, 1 - v),

is well-defined because H(Q) N LgHS, C ker(Ng g o det) acts trivially on V(gj W) An easy check
shows that trivg induces a homomorphism of local systems

SE < VS = (V8™ lsp )
where [0] denotes the image of § in Wo(gfﬁ ), hence yields a homomorphism:
trivy - HU(SH [8], VY™ 7)) — H(SH [6),2) @ V§™ ).

We now render the trivializations independent of the choice of § € [d] € Wo(ggﬁ ). By
definition, for any ¢’ € H(Q)dlHx one has

trivy, = (id @l ") - trivy = N;pl 10, (det(l1)? det(lop)" ™) trivy . (31)

The p-adic cyclotomic character ¢ seen as idele class character F*\Ajx — Z, sends y to
Nr, 0, Wp)lyrlF [oes.. sen(ys), is trivial on F° and given by Ng /g, on (OF ® Zy)*. Hence,

triviy = e(det(8]05 ™)) trivy - HI(SH (6], v§™ ™) — HA(SE (8. 2) @ VE™ ), (32)

is independent of the particular choice of § € [d] € Tr[)(gfﬁ).

2.2.5 Connected components and fundamental classes. Recall that for each [] € Wo(ggﬁ),

S’fﬁ [0] is a t-dimensional connected orientable real manifold and that choosing an orientation
amounts to choosing a fundamental class, that is, a basis 65 of its Borel-Moore homology

HtBM(S’fB [0]) ~ Z. We choose such orientations in a consistent manner when 3 and [d] vary as
follows. First, we fix, once and for all, an ordered basis on the tangent space of the symmetric
space HS /L3, yielding fundamental classes 63 of the connected components of identity S]{{ﬁ[l],
when [ varies. Then for each [d] € Wo(gfﬁ ), we consider the isomorphism Sfﬂ[l] R S’fﬁ [0] and
define 05) = 0.0, which is clearly independent of the particular choice of ¢ € [4]. Capping with

fjs) and fixing a basis of V(gj w=9) (later in (40) we fix a particular basis in order to compare

evaluations at different j) yields an isomorphism:

HL(SE, 8. 2) @ Vg™ = vy = .
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Combining this with (30) and (32) gives homomorphisms:
Eé’(; = (—=NOg)) o trivi ok o750 1] H!(SE,Vh) — O,

(33)
5%[5] = e(det(6]65 7)) - sgg = (—=NBg)) o triviy orj o 75 0 L : HL(SE, V) — O.

2.2.6 Summing over the second component. Consider a finite order O-valued idele class char-
acter ng of F' that is trivial on I(m), in particular unramified at all places above p. The character
n=nno|-|z" later plays a role when we discuss Shalika models for automorphic representations
of G. The following map provides a section of (22):

d(z,y) = (diag(xy, 1,...,1),diag(y,1,...,1)) € H. (34)

When (z,y) € (A%)? runs over a set of representatives of ¢1(p°m) x €71 (m), ng [0(z,y)] runs

over the set of connected components of S’fﬁ . Define the level 3 evaluation:

I I = n J,W
&g'= €5 mlzl,  where E5f = > 2l YDES () (35)
[z]eet} (p?) lyleet ) (m) (]
where the last sum runs over all [z] € ¢¢}(p°m) mapping to [Z] under the natural projection.

The following diagram recapitulates the steps in the construction of Eé’".

ioT20oL*%
KjOTgoL

HL(SE, VE) HE(SE, VS ™)

Z (—ﬂ@m )OtriVE(é] (36)

[slemo(SH 5

(@)l ([s]) 2]
O[3 ()]

O[Et}(p*m) x G (m)] === Olm(S,)]

2.3 Distributions on %2} (p™) '
The object of this section is to relate when [ varies the evaluation maps Sé’” whose definition is
summarized in (36).

2.3.1 The distributive property. Fix a 3 = (Bp)p|p With By € Zso for all p | p.

THEOREM 2.2. Given a primep | p we let p?" = pPp and consider the canonical projection Pry g

‘ﬁ}:(pﬁ/) — Cﬁ;(pﬁ). For all [z] € Cﬁ;(pﬂ) we have Eg’” oUy =pry g oé’ﬁ, , that is,
. o i1
€5z © Up > &l

[w’}eprﬁl ([=])
Proof. Using (33), (34), and (35) one has to show that for all [z] € €¢L(pPm), [y] € L1 (m):

J,W o __ 7,W
€55y O Up = Z N WORCOR €5 5(at )"

[e)epry) ([2])
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where u, € I(pP) is such that ' € F*zu, FX°. We proceed as in the proof of [BDJ, Proposition
3.4]. Pulling back the definition of the Hecke operator Ug (see §1.4) by the automorphic symbols
(see §2.2.1) and the twisting operators (see §2.2.2) yields the following commutative diagram
(we use implicitly that pgo, x and prg 5 have the same degree as Lg/Lg ~ M, (O/p))

PKo(p).K [tp] Tr(Pro ), k)
HZ(SG,V?() Ht(S}%}(p)avu Ko(p )) Ht(SKO(p)aV[“(O(p)) HZ(SI%,V;{)
5 5 5 5
t(SH % COSH % ol [tp] " " Tr(prﬁ/,ﬁ) CIEH s
HC<SLB/ ? Lﬂ/VK) — HC(SLB/ ) Lﬁ/VKO(p)) H (SLB/7 VKO(p)) HC(SL@7 LﬁVK)
3 5 3 .
tGH  xp b LGH ph t(GH  xyh Tr(pryr 5) tOGH ol
Hc(SLﬁnL VK) — Hc(SLﬁn VK (p)) I Hc(SLB,aL VKO(p)) HC(SLﬂ,L VK)

where the upper [t,] is induced by the morphism (g,v) — (g - t, L t, @ v) of local systems, whereas
the lower [tp] is induced by the morphism (h,v) + (h,t, e v). Then

. w— T (pror g ) - we
HL(SH 15!, )], V&™) (ST [6(, 1)), V3™ )
tI‘lV(;( 7 ) l ter(S(x ) l
_ ( we ) ‘;‘p/Qp (uz/) ~ ( W )
HL(SE [6(a, )], Z) © V™ HL(SH (8, )], 2) © VS
is another commutative diagram by (31), hence the claim. O

2.3.2 Distributions for finite slope eigenvectors. Let ¢ € H’;(Sg,Vg) be an eigenvector for
U, with eigenvalue oy for all p | p. Then, for all 8= (By), it is an eigenvector for U° with
cigenvalue a2, = Hp|p( ) . We say that ¢ is of finite slope if aj # 0 and in which case we
define its slope as vp(a ) A eigenvector ¢ of slope 0 is called Q- ordlnary Being Q-ordinary is
equivalent to saying that the Up-eigenvalue ay satisfies |apl, = | (tp)],* for all p | p (see §4.2
for more details).

Given any Up-eigenvector ¢ of finite slope and any j € Crit(s) by Theorem 2.2 one has a
well-defined element

" = ((apa) T E5"(9))s, (37)

which is thought of as an E-valued distribution on €7 (p>).

We write H:(SE, V5)97ord for the maximal O-submodule of H:(SE, V4) on which the oper-
ators Uy are invertible for all p | p (it is a direct O-factor). Given any (not necessarily U, -eigen)
non-torsion element ¢ € HE(S[G(, Vg)Qford one defines

" = (€5 ((Ugs) ™ (9))s € OllEtH(p™)]] = lim Ot} (p")], (38)
8

which can be reinterpreted as a measure (i.e. a bounded distribution) on €7} (p*).
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2.4 Manin relations

Consider the p-adic cyclotomic character ¢ : Cﬁ;(poo) — Z, defined by composing the norm
Np/q: %ﬁ;(poo) — Cﬁa (p>°) with the p-adic cyclotomic character over Q. In this section, we
prove the following result.

THEOREM 2.3. Let u € X;(T) and suppose that j and j + 1 both belong to Crit(u).
For ¢ € HL(S$, Vi5)9r the following equality holds in O[[67}.(p*)]]:

. "
56%(“3;;77) = Hfb n

where ecy. denotes the automorphism of O[[6¥}.(p>)]] sending [z] to e([z])[z]. Hence,

py, = eie(py”) € Ol[E (™)), (39)
is independent of j € Crit(u).

The overdetermination of ug in the Q-ordinary case, when there are at least two critical
values, plays a pivotal role in the proof of main theorem. Before embarking on the proof of this
theorem, we begin with some technical preparation (see [Janl8, §3]).

2.4.1 Lie theoretic considerations. By the distributive property (see Theorem 2.2) we may
reduce to strict p®-power level with integral exponents 3 € Zg, ignoring the finer components
p | p for simplicity of notation. Recall that b =t®n and q = h @ u. With the notation t, =
t(ply,1,), we observe for any 3 > 0 the relations

thot,” Cnp,  thuet,? = pPue.
Recall the matrix £ = ((1]2 o ) A superscript ¢(—) denotes left conjugation action by &.

PROPOSITION 2.4. We have the relations:

(i) go =ho +bgy; and
(ii) ¢(noNbo) € [h,blo + np.

Proof. (i) As £ € G(0O), it suffices to verify it over E, where it amounts to show that dimg(hz N
$b5) = n. To this end, let l1,l5 be lower triangular matrices in M, (E) and u € M, (E). Then

Iy _1 I +wpu wyplawy, — I — wpu
é‘ : l : 6 = )
u g WU Wy low, — wyu
lies in hg if and only if v =0 and Iy = w,low,. Therefore, {1 and [ are diagonal matrices

determining each other uniquely.
(ii) Conjugation by ¢! reduces the claim to the problem of solving

<n1 > (P (M= ho)wy, N (ﬁl >
ng wphowy, ng)’
for given t(n1,n2) € h N np and unknowns ¢(hi, he) € [ho, ho] and ¢(f1,72) € n~. The choice

hi = ha = n1 +wynowy,, N1 = —WpN2Wy,, T2 = —WpNWhp,

is a solution with the desired properties. O
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COROLLARY 2.5. For any 3 > 0, the following relations hold inside U(go):

(i) U(go) =U(ho) - U(*by); and
(i) U no) C U([h, blo + pPho) - U(Eng + p? €bg).

Proof. (i) This is a consequence of Proposition 2.4(i) and the Poincaré-Birkhoff-Witt theorem.
(ii) The decomposition np = (hp Nnp) & up, gives tlﬁ,n@t;B = (ho Nnp) @ p’up. Conjugat-
ing by &, we obtain

§tgn@t;ﬂ§_1 = 5([)(9 N 11(9) @pﬁ 5u(').
Applying Proposition 2.4(ii) to the first summand and Proposition 2.4(i) to the second we obtain
Etinot, ¢ C ([h,blo +1°ho) + (Sng +p” Cby).

One concludes again by the Poincaré-Birkhoff-Witt theorem, because the sums within the
parentheses on the right-hand side are Lie O-algebras. O

2.4.2 Lattices and the projection formula. Recall from (5) the lowest weight vector vy € V]g
and the G(O)-lattice VY =U(go) - vo = U(np) - vo. Recall also the e-action of the semi-group
Ap on V5 asin (12).

Given j € Crit(u) recall from §2.2.3 the map «; : V§ — V(gj’wfj). By Corollary 2.5(i)

V& =U(ho) - &wo,
which implies that x;(&vp) is an O-basis of V(,()j w=J) yielding a surjective O-linear map
K52 VE — O, defined by rj(v) = k3 (v)r;(Evo). (40)

It is independent from the choice of r; because of (28), and £3(§vp) = 1. We now come to the
main technical result that is at the heart of our proof of the Manin relations.

PROPOSITION 2.6. For any 3 >0, v € (é’tg) e V5 C VY, and for all j,j" € Crit(u), we have
K5(v) = k5 (v)  (mod 7). (41)
Proof. By (12) for v € (ftg) o V) there exists m € U(np) with
v=_E- tg o (muvy) = oy, . {(tg o) = €y, Evg € Z/I(gtgno) - Evp.
By Corollary 2.5(ii) we can write
Etn, — zy, with z € U([h, hlo + p°h) and y € U(5n5 —I—pﬁgbg)).

Let zg,y0 € O be the degree zero terms of x and y, respectively, and let

1 =TT —X0 € ([ba f)](’) +pﬁh) U([b, b]@ +pﬁb)7
y1 =y —yo € (“ng +p"b5) - UEng + p*by),
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be the higher degree terms in their respective enveloping algebras. Then
K5(v) = Kj(zy - §vo) = x - k5(y - §vo)  (because k7 is H-equivariant)
= K5 (Yo - Evo) (mod ) (because ‘n, acts trivially on &vg)
= o - K5 (yo - {vo)  (mod p%)  (because [, h]o acts trivially on a line)
= ZoYo - ﬂ;(ﬁvo) = ZoYo,

which does not depend on j as claimed. O

2.4.3 Proof of Theorem 2.3. As O[[€l;(p™)]] :@B(O/pﬁ(’))[%fﬁ(pﬁ)] and because ¢
(mod p?) factors through €7}.(p?), it is enough to check that given 8 > 1 and [z] € /L (p”)
one has

()€ (6) = E5157(6)  (mod p°).

As, by (32), one has Erivis L ) = e(xiy™) trivy, ), it suffices to show that (see (36))
Eg’yg(qb) = (—=Nb5)) o trivyorj o 75 0 1j3(¢) = (—Nbj5)) o trivi ok o750 15(¢p)  (mod 7).
Now, by definition, the homomorphism of sheaves TE defined in §2.2.2 factors as
5V — (€8 o V) —

Hence, Proposition 2.6 translates to the statement that (for the choice of basis of V(g"w_j ) as in

(40)) (=N8j5)) o trivy ok o 75 0 u5(¢) (mod p”) is independent of j € Crit(u). O

3. Local considerations

We delineate some local calculations that are needed in the global considerations of the next
section. For only this section, F' denotes a finite extension of Q,, O its ring of integers, P the
maximal ideal, @ € P a uniformizer, ¢ = #(O/P), and § the valuation of the different. We
use local notation corresponding to the global notation introduced at the beginning of §1. For
example, G = GLoy,(F) D H = GL,(F) x GL,(F).

3.1 Parahoric invariants

Let K = GL2,(O) be the standard maximal compact subgroup of G. Define the parahoric
(respectively, Iwahori) subgroup J (respectively, I) of K consisting of matrices whose reduction
modulo P belongs to Q(O/P) (respectively, to B(O/P)). One has

1={(c J)ex

Let IT be an algebraic unramified and generic representation of G. Then there exists an
unramified character A = @27 \; : T — Q* * C* such that

a,d € GL,(0),c € M,(P),b e Mn(O)} (42)

I = Indg(| - "= D7), (43)
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where the right-hand side is the normalized parabolic induction, which differs from the usual
induction by (5]13/ ? where

op(ti,ta, ... ton) = [t1)*" a3 .- - |ton|t 72"

Recall Jacquet’s exact functor sending an admissible G-representation V' to the space of
its co-invariants of U defined as Vy =V/{({u-v—v|u € U,v € V}), which is an admissible
H-representation. The Weyl groups of G D H are given by &g, ~ Wg D Wy ~ (6, X &,,).
The group W acts on the right on characters of T'. There is a natural bijection:

We /Wy = {r c{1,2,....2n}|#7 =n}, p— {p(1),...,p(n)}. (44)

LEMMA 3.1. The semi-simplification of the Jacquet module Il is isomorphic to

D oy mafhy (- (e, (45)
TEWG/WH
where §q(t1,t2,...,ton) = [t1...ty - t;lrl e t2_nl\” The semi-simplification can be omitted if II is

regular in the sense that a; = \;(w) are pairwise distinct for 1 < i < 2n.
The characteristic polynomial of the Hecke operator Up = [JtJ] acting on 117 equals

I <X _ qnu—n)/?Hai).

TEWG/WH 1€T

Proof. The semi-simplification of the Jacquet module Il with respect to B is given by

@ 52/2| . ’(271—1)/2)\;7. (46)
pEWa

As Indg = Imdgv Indgm 77, Frobenius reciprocity implies that any irreducible sub-quotient of the
Jacquet module of IT with respect to @ is isomorphic to one of the summands in (45). The first
claim then follows by a simple dimension count based on (46) and the transitivity of the Jacquet
functors. By Bruhat decomposition,

G= ][] Boi= ][] BeJ K=]] BnE)pI= [J[ BnK)pJ A7)
pEWG pEWG /Wy pEWa pEWG /Wi

the dimension of 117 is #(W¢/Wpx). By the Iwasawa decomposition H = (BN H) - (H N J),

n—1)/2 yr\\ HNJ
(Indf g (857 - |Bn=1/2\m)) 0

is a line on which the central element ¢(1,,, @1,) acts by ¢"!=™/2[[,__ ;. Under the assumption
that II is regular, the image of IT7 by the Jacquet functor equals the direct sum of the above lines
when 7 runs over W /Wy, hence the second claim. The proof of the third claim is a standard
double coset computation based on (47) (see also [Hid98]). O

3.2 Twisted local Shalika integrals
We review the theory of global Shalika models and L-functions in §4.1. The computations in
this section are needed in §4.3 to evaluate the twisted local zeta integral.

Fix an additive character ¢ : F — C* of conductor w® and a multiplicative character 7 :
F* — C*.
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DEFINITION 3.2. We say that an admissible representation II of G has a local (n,1)-Shalika
model if there is a non-trivial (and, hence, injective) intertwining of G = GLa, (F')-modules

Sp i d§ (n @ ¢).

For any W € Indg(n ® 1) and for any quasi-character y : F* — C* the zeta integral

s = |

W( (h 0 ) ) ©(det(B))|det(h)[*/2 dh (48)
GLn (F) 0 In
is absolutely convergent for R(s) > 0. The following result is due to Friedberg and Jacquet.

ProPOSITION 3.3 [FJ93, Propositions 3.1 and 3.2]. Assume that IT has an (7, v)-Shalika model.
Then for each W € S:Z(H), there is a holomorphic function P(s; W, x) such that

((s; W, x) = L(s, 1T ® x) P(s; W, ).
One may analytically continue ((s; W, x) by re-defining it as L(s,I1 ® x)P(s; W, x) for all s € C.

Moreover, there exists a vector Wiy € SZ (IT) such that all unramified quasi-characters x : F* —
C* and every s € C one has

P(s; Wi, x) = (¢* Y x(w))".

If I is spherical, then Wy can be taken to be the spherical vector W € SZ(H) normalized by
the condition Wij(12,) = 1.

For ramified twists, we need the following refinement of Proposition 3.3.

PROPOSITION 3.4. Let W € SZ(H) be a parahoric invariant vector, that is,

w((h,)(“ ﬁ)wjanamwuwam, (49)

for all h € GL,(F), X € M, (F), g € G and k € J. Then for every finite order character  :
F* — C* of conductor 3 > 1, and for all s € C with R(s) > 0 one has

C(s; W (= €t2), x) = G(x)" - ¢Pr-mFBHonls=1/2) 7 (4-6)

Proof. For any h € GL,(F) and X € M,(O), the Shalika property (49) implies that

(" aee) =w((* e (t3)) vt w((* o)

hence, the zeta integral is supported over GL,, (F) N w™#~° M, (O). In addition, for h € GL,(F):
h 1 h h hw?
B — n B — .
(" )er) = (o) (")) e w (1)
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Using this and changing the variable h — hww™? with 8/ = 3 + 6 yields

C(ss W (—-€t2),x)

hoo—? _g s _g
-/ w( (L) et 1 ertn Y an. - (50)
GLn (F)NMy, (O) n
Denote by (ej;)i<i,j<n the standard basis of M, (0). As W is parahoric invariant, for any

i # j and ¢ € O, right translation by 1,, + ce;; € SL,(O) in (50) yields

((ss W (= &t2), x)
-/ th<<hw6 1n))w<tr<hw—ﬁ’>>< - 13 et ) [ deven ),

and observe that [, Y(chjiw=?) dec = 0 unless hj; € PP.
Similarly, right translation by 1,, + (¢ — 1)e;; with ¢ € O* shows that (50) equals

/

/ w( (h 1n) )¢<<tr<h> ~ hi)o ) (x] - rs—l/%(det(hw—ﬁ’))( P(chiwo ™ )X(C)dXC> dn,

OX
and fox w(chiiw_ﬁl)x(c) d*c =0 unless h; € O as 8 > 1 equals the conductor of .
Therefore, one can further restrict the domain of integration in (50) to the congruence
subgroup ker(GL,,(0) — GL,(O/P?)) - T,,(O), which, by the Iwahori decomposition, may be
identified to the product N, (P?) x T,,(0) x N, (P?), where T}, denotes the diagonal subgroup
of GL,, and N,, denotes the unipotent radical of the standard Borel subgroup B,. Hence,

(s W (—-€t2),x) = 7w (20) / P(tr(ko ™)) x(det(kew ™)) dk,
Ny, (PB)Ty(O)Ny (P8)

which can be simplified as
PO (/2 7 (= H / Wt )x(tiw) &t

_ qﬁn(l—n)+(ﬁ+5)n(8*1/2)W(t;5) “G)"

as desired. (]

3.3 Non-vanishing of a local twisted zeta integral

In order to ensure the non-vanishing of the local twisted Shalika integral in Proposition 3.4,
which is crucial for our applications, one has to exhibit a parahoric-spherical Shalika function
W on G such that W(tZ%) # 0. Assume that II is a spherical representation isomorphic to
Ind$(] - |@"=D/2)) as in (43) and let a; = \;(@), 1 < i < 2n. Consider an unramified character
n of F*.

DEFINITION 3.5. Let 7 € W /W thought of as an n-element subset of {1,...,2n} (see (44)).
We say that IT = (II, 7) is Q-regular if it satisfies the following two conditions:

(i) gni-m/2 [Tic, @i is a simple eigenvalue for Up = [JtJ] acting on I17;

(i) there exists p € G, such that for all i € 7, p(i) ¢ 7 and v,y = ¢*" 'n(w).
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Assume that II = (I, 7) is @-regular. Then condition (i) together with Lemma 3.1 implies

I (ei—ay) #0, (51)

1ET,JéT

whereas condition (ii) implies by [AG94, Proposition 1.3] that II admits a (7, ¢)-Shalika model.

Without loss of generality assume from now on that 7 = {n+1,...,2n} and that p € Sy,
is the order 2 element such that p(i) =n+1i for all 1 <i<n. In [AG94, (1.3)] the authors
construct an (n,1)-Shalika functional on II sending f € Indggj"ﬂ - |@n=172)) to

snw= [ [ (o %) (" 5)e)ramioeoyix a6

By [AG94, Lemma 1.5], this integral converges in a certain domain and, when multiplied
by (51), can be analytically continued to C?", thus makes sense whenever (51) is non-zero.
Let fo € Indg(| -|?»=1)/2)) be the unique parahoric-spherical function supported on Buwsg,.J

and characterized by fj (( In 1, )wgn) = q_5”2. The following analogue of [AG94, Lemma 1.4]
holds.

LEMMA 3.6. Let W = S(fo). Then W (tZ%) = 1. Moreover, Up - fo = ¢"=/2([]" ) fo-

i=n+1 %

Proof. By the Iwasawa decomposition GL,, = B, K,, and as ¢(K,, K,) C J we see that

wied) = s = [ a( (5, )i

n

[ on((" o) (4 o) )oecoyax
= fo( <1n w_51n> w2n> q6"2/Mnf0( (1n i?) >¢(tT(W6X)) dX =1.

One checks that (1n 1)?) € Bws,J if and only if X € M, (0O), in which case 9 (tr(°X)) = 1.
The parahoric decomposition of J = (JNU7)(JNQ) = (JNU7)(JNQ) implies

1, m
Ttz = || < 1n) b, (53)
meM, (O/P)
By (47) it suffices to compute (Up - fo)(p) for all p € Wg. By the previous decomposition,
wl, m
Ur f)= S (p ( 1) )
meMp(O)/My,(P)

Note that ,o( 1n {Z )tw belongs to the support Bwsy,J = Bwo,tmJ = Bwo,J ty of fy if and only
if ,0(1” {nn) € KN Bwy,J~ = (K N B)wg,J~ = wae,J ™ (see (47)), which implies p = ws, and
m € M,(P). Hence, (Up - fy)(p) = 0 for all p # ws,, while (Up - fo)(wsn) = fo(wan (1)) =

n

fO(( te wly )an) = qn(lin)/2(H?2n+1 ai)fO(WQn)- O
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4. L-functions for GL3,

4.1 Global Shalika models and periods

This subsection contains a brief review of the necessary ingredients from [GR14] and a discus-
sion involving p-adically integrally refined Betti-Shalika periods. Henceforth, II denotes a (not
necessarily unitary) cuspidal automorphic representation of G(A) = GLa,(Ar). Keeping multi-
plicity one for GLo, in mind, we let II also denote its representation space within the space of
cusp forms for G(A). Fix the non-trivial additive unitary character ¢ : Ap/F — A/Q — C*
where the first map is the trace, whereas the second is the usual additive character ¥y on A/Q
characterized by ker(1g|g,) = Z for every prime number ¢ and ¢ |r(x) = exp(2miz). We remark
that (z; %), where §, is the valuation at v of the different ? of F, is the largest ideal contained
in ker(¢p,). The discriminant of F' is Nz/g(0).

4.1.1 Global Shalika models. Let n: F*\Aj — C* be a Hecke character such that 7" equals
the central character wyr of II. We obtain an automorphic character:

new: SENSAR) - (o ) = alder (X))

For a cusp form ¢ € IT and g € G(A) consider the integral
wWite) = [ ols9)(n® ¥) 7\ (s) ds, (54)
Z(A)S(F)\S(AF)

where Haar measures are normalized as in [GR14, §2.8]. It is well-defined by the cuspidality of
the function ¢ (see [JS90, §8.1]) and, hence, yields a function Wl : G(A) — C such that

Wi(sg) = (n®)(s) - Wi(g),

for all g € G(A) and s € S(A). In particular, we obtain an intertwining of G(A)-modules
G(A
Sl — Inds((A))(n ©v), ¢ WL (55)
The following theorem, due to Jacquet and Shalika, gives a necessary and sufficient conditions
for the existence of a non-zero intertwining as in (55).

THEOREM 4.1 [JS90, Theorem 1]|. The following assertions are equivalent.

(i) There exists ¢ € II such that W # 0.

(ii) There exists an injection of G(A)-modules II — Indg((ﬁ)) (n®).
iii) The twisted partial exterior square L-function L(s,11,, A’ ®n; ') has a pole at s = 1,
U¢ZH My

where 311 is the set of places where Il is ramified.

This is proved in [JS90] for unitary representations and its extension to the non-unitary case
is easy. If II satisfies any one, and hence all, of the equivalent conditions of Theorem 4.1, then
we say that II has an (n,1)-Shalika model, and we call the isomorphic image SZ(H) of II under
(55) a global (n,)-Shalika model of TI. Then clearly II ® x has an (nx?,1)-Shalika model for
any Hecke character x, by keeping the same model and only twisting the action.

The following proposition (see [AS14]) gives another equivalent condition for IT to have a
global Shalika model.
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PROPOSITION 4.2. Let Il be a cuspidal automorphic representation of GLa,(Ar) with central
character wry. Then the following assertions are equivalent:

(i) II has a global (n,)-Shalika model for some character n satisfying n" = wry;
(ii) II is the transfer of a globally generic cuspidal automorphic representation m of

GSping, 1 (Ap).

In particular, if any of these equivalent conditions is satisfied, then Il is essentially self-dual,
that is, I = 11V ® n. The character n may be taken to be the central character of 7.

4.1.2 Period integrals and L-functions. The following proposition, due to Friedberg and
Jacquet, is crucial for much that follows. It relates the period integral over H of a cusp form ¢
of G to a certain zeta integral of the function W in the Shalika model corresponding to ¢ over
one copy of GL,,.

PROPOSITION 4.3 [FJ93, Proposition 2.3]. Assume that II has an (n,1)-Shalika model. For
pell,

\I’(S,so,x,n)z/ 90<<0 b
Z(A)H(Q)\H(A) 2

converges absolutely for all s € C. For R(s) > 0 it is equal to

o) o) (S o e d

s = [

h 0 -
Wﬁ( (0 1) )x(det(h))ydet(h)| 1/2 dh,
GLn(AFR)

thus providing an analytic continuation of ((s; W, x) to all of C.

Suppose the representation II of G(A) = GLg,(Ar) decomposes as II = ®!II,, where II,, is
an irreducible admissible representation of GLoy, (F}).

If IT has a global Shalika model, then SZ defines local Shalika models at every place (see
Definition 3.2). The corresponding local intertwining operators are denoted by SZ’; and their
images by SZ’; (I1,), whence SZ (I1) = ®;S:ZZ (I1,). We can now consider cusp forms ¢ such that
the function W, € S:Z (I) is factorizable as W, = ®,W,,, , where

W, €S2 (1) € Tndg 21" (n, © 1),

Then the following factorization holds for R(s) > 0:

C(SQchvX) :HCU(‘S;W%’Xv)a (56)

where the non-Archimedean local zeta integrals (,(s;Wo,,Xv) are related to L-functions in
Proposition 3.3.

Proposition 4.3 relates this Shalika zeta integral to a period integral over H, and the main
thrust of [AG94], refined and generalized in [GR14], is that the period integral over H admits a
cohomological interpretation, provided that II is of cohomological type.

4.1.3 Shalika models and cuspidal cohomology. In this section, we recall some well-known
facts from Clozel [Clo90, §3] (see also [GR14, §3.4]). Assume from now on that the cuspidal
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automorphic representation II is cohomological with respect to a dominant integral weight p €
X% (T) (see (3)), that is,

HY(goo, K3; T @ VYY) = HY(goo, K503 1o @ VE) @ I1 # 0

for some degree ¢q. A necessary condition for the non-vanishing of this cohomology group is that
the weight 1 is pure, that is, u € X§(T'). For each archimedean place o € ¥, II, can be described
explicitly as follows. For any integer £ > 1 consider the unitary discrete series representation
D(¢) of GLa(R) of lowest non-negative SOz-type £+ 1 and central character sgn’*!. Let P be
the parabolic subgroup of GLg, with Levi factor [[;"; GL2. Then

GLa, (R = . —w
1y = a2y ™ (@) D2l 11— )+ 1= w) o dee| ),
=1

in particular wrr, =|-|™™". The highest degree supporting cuspidal cohomology of G is t =
|Yoo|(n? +n — 1). For any character € of K.,/K2, the e-eigenspace of

H (900, Koo oo ® V') = Homps, (A" (8oo/s0), oo @ V&), (57)

is a line. If, in addition, IT admits an (7, ¢)-Shalika model, then 7 is forced to be algebraic of
the form n = no| - | 7" with 7o of finite order, w is the purity weight of 1 (see [GR13, Theorem
5.3]). Using the multiplicity one theorem for local Shalika models [Nie09] (see also [CS20]), one
deduces that, for any character € of Ko /KS,

A (goo, Koo S (Teo) @ VE)[el,

is a line, a basis S of which we fix in way compatible with twisting (see [GR14, Lemma 5.1.1]).
The relative Lie algebra cohomology of II as previously is a summand of the cuspidal cohomology,
which, in turn, injects into the cohomology with compact supports (see [GR13, §2])

H (g, K3 ITX @ V) — HE L (SF,VE) — HL(SE,VE). (58)

cusp
We define an isomorphism ©¢ of G(Af)-modules as the composition
ng;(nf) = S;”;, (ITf) @ H' (goos K3%; Sji (o) @ V) [e]
= H'(goo, K33 S(IT) @ VE)[e] = H' (goo, Ko T @ VE)[e], (59)

where the first map is Wy — W; ® E_, the second map is the natural one and the third map is
the map induced in cohomology by (SZ)_1 from (55). Taking K-invariants in (59) and composing
with (58) yields a Hecke equivariant embedding

e SIS HU(SE V)L, (60)

The reader should appreciate that the analytic condition on II of admitting a Shalika model
and the algebraic condition of contributing to the cuspidal cohomology of G are of an entirely
different nature. One may construct examples of representations satisfying only one of these
conditions and not the other (see [GR14, §3.5]).
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4.2 Ordinarity and regularity
For p dividing p, we let @, denote a uniformizer of F}, and let g, = \wp]p denote the cardinality
of its residue field. Let Y ]_[p|p Yy be the partition induced by i, : Q — Qp, where ¥, = {0 :
Fy — Qp}.

Recall from §1.1 that a weight p € X7 (7)) yields a rational character u : T' = Resp/g T2n —
GL1, therefore induces a character p, = ®pjppp of T(Qp) = 1, Ton(Fp), where

pp = Ton(Fp) — @; is given by (410 )sex, subject to the dominance condition (61)
61
Mol Z P2 2+ 2 [ho2n, for all o € Ep-

Recall the maximal (n,n)-parabolic subgroup @ C G. Given a cuspidal automorphic repre-
sentation II of G(A) that is cohomological with respect to the weight € X% (T), we say that
I, is Q-ordinary (respectively, B-ordinary) as in [Hid95, Hid98].

Assume from now on that II, is unramified for all p | p. As IT is cohomological, there exists
an unramified algebraic character A, : Thy, (Fy) — Q% C C* such that (see (43))

I, = Ind (200 ™)(] - [=/2),). (62)

Using 4, : C = (@p allows us to see the Hecke parameters ap; = Api(wp), 1 < i< 2n, as
elements of @; Then II, is B-ordinary relative to an ordering of its Hecke parameters ay; if
and only if

|y i (o) - q;_iap,2n+1,¢|p =1, foralll<i<2n. (63)

where | - |, denotes the p-adic norm. The B-dominance condition (2) then implies that

|O[P71‘p < ’aP72|P << |aP»2n’p7 (64)

hence there exists at most one ordering of the Hecke parameters for which 1I, is B-ordinary.
Moreover, this implies that a B-ordinary II, is necessarily regular, that is, the «y; are pairwise

distinct.
Similarly, I, is Q-ordinary relative to 7 € Wg /Wy if and only if
1)/2 _
[T lewils = a2y (e 10, 1)) - (65)
1ET

We make a key observation that Q-ordinarity implies Q-regularity (see Definition 3.5).

LEMMA 4.4. Assume that the cuspidal automorphic representation II of G(A) is cohomological
with respect to pu and admits an (n,)-Shalika model. For p dividing p, if Il is spherical and
Q-ordinary, then

w+2n—1

op(eap) < 55"

<wp(apy), forallier, i’ ¢r.
In particular, 11, is Q-ordinary only relative to 7. Moreover, 1:[p = (IIy, 7) is Q-regular, that is,

qn(l—n)/2 1—[

o ap; is a simple eigenvalue of U, acting on Hg'“ and \p; # Apy for alli € 7,7 ¢ 7.

1ET
Proof. Consider the Hecke operators Up,—1 = [Iptpn—11p] acting on H;‘jN, where tp,-1 =

diag(wplpn—1,1p11) € GL2,(Fy). As uﬁ(tp,n_l) - Upn—1 preserves p-integrality its eigenvalues on
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HI"N are p-integral, in particular for any ¢ € 7 we have

p,
n—1)(n—2)/2
TT lowirly < |y th ) - g D272 (66)
1#VET

Together with (65) this implies that |oyilp = |py (oo 1) Yo = |, nt+1(@p)qy ~1|,, that is,

vp(ap,i) < Z (n =14 pont1)- (67)

o€y

The existence of (7, 1y)-Shalika model for II,, gives by [AG94, Proposition 1.3] an i’ = p(i) so

that
Up(apyi) + vp(ap,ir) = [Ep[(2n — 1+ w). (68)
The latter equality together with (3) and (67) yields, for all ¢ € T,
vp(api) < Y (= 1+ pigpi1) < S h 2n o > (0 pom) < vp(app)-
o€y o€,
All claims then follow easily as clearly p(7) N7 = @ as required by Definition 3.5. O

4.3 p-adic interpolation of critical values

We suppose in the sequel that IT is a cuspidal automorphic representation of G(A) that is
cohomological with respect to a pure weight p € Xj(7T') and that IT admits an (7, 1)-Shalika
model. Assume further that for all p | p, II,, is spherical and that l:I,J = (IIy, 7) is Q-regular for
T ={n+1,...,2n} in the sense of Definition 3.5.

4.3.1 Choice of local Shalika vectors. For v { poo we recall the vector Wiy, € S:];j, (IL,) from
Proposition 3.3.

For p | p, II, is spherical and pr = (I, {n+1,...,2n}) is Q-regular, in particular, oy =
IL, +1<i<an Op,i 18 a simple eigenvalue for the Hecke operator Uy acting on HJ'“ By Lemma 3.6
there exists a unique Wy~ on the line SmD (IL,)7» [Up — ap) normalized so that Wy ( 6") = 1. Let

Wi, = @ppWit, @) @ppoc Wi, € Sy (1) (69)
In addition to conditions (K1) and (K2) on K (see §2), we henceforth assume that:
(K3) K fixes Wﬁf and 7 is trivial on I(m), hence can be seen as a character of €7}.(m).
For the local vectors at infinity, given any character e of K,/K3, we recall the basis Z¢_ of

the line H' (goo, K2 ; SZ‘Z (o) ® V) [e] from §4.1.3. As in [GR14, §4.1], we define the following.

DEFINITION 4.5. Fix a basis {e,} of V(é‘ and a basis {w;} of (goo/Eoo)V. For i = (i1,...,4), with
1<ip < <4y <dim (goo/Eoo), we let w; = wj; A+ Aw;, € /\t (goo/ﬁoo)v.
Using (57), 2, can be written as a K -invariant element

=D Wi ®Wi0® ea € N (o/b)” @ SJ% (Ioo) @ VE, (70)
Z7a
for a unique choice of W¢_, , SZZZ(HOO) called ‘cohomological vectors at infinity’.
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For i and « as previously, let ¢ , € II be the unique vector whose image under (55) equals

Wk =Wy, @WS;, €SI

For each character € of K /K3, the embedding ©% defined in (60) yields
(S} iy (g,v)—(g, 71'”)
Sy (Iy) =5 HL(SE, VE)ld = Hy(SE, VG )l =——""—= HL(SE, V} )le]-

The image ¢z, of Wy under the composition of these three maps belongs to HL (S, Vi) e for
some finite extension E of QQ,, and after possibly rescaling the maps ©°¢, that is, rescaling the
basis elements ES_, one can render the cohomology class O-integral:

¢% € HL(SE, V5)[e]. (71)

Recall that the Hecke operator U, defines an endomorphism of HY(SE,VE)[e]. As Wy, is an

U, s-eigenvector with eigenvalue a5 = Hp‘p a’g*’, it follows (after possibly additionally rescaling

by a power of p killing the torsion in H(S¢, Vi) that one can assume ¢r s an U;ﬂ—eigenvector

with eigenvalue oy = Y (ty )5

4.3.2 Interpolation formula at critical points. In this section, we relate the image of gi)%

defined in (71) by the evaluation map 8%’7[75] from (33), to the Friedberg—Jacquet integral from

Proposition 4.3.

PROPOSITION 4.6. For any character € of Koo /K2, and any [§] € €7} (pPm) x €L (m) we have
0 ) (i) = [ P (e,
Ls

where 90%1,3' =22 a0 P5a for suitable af , ; € C.

z)ah]

In this proposition, and henceforth, Zz denotes summing over all i = (i1,...,%) and ),
denotes summing over all 1 < o < dim(V*#), as in Definition 4.5. A more careful choice of the
bases {eq} and {w;} as in [Janl6, § 7] yields algebraic coefficients af , ; € Q.

Proof. We follow closely the proof of [BDJ, Proposition 4.1]. Consider the commutative diagram

(g,0)—(g,971v)

H(SE. Vi) H(SE.VE)

K;0Tp K;OTg OLE

(h,v)—(h,h~1-v)

HL(SH V) HY(SE, V)

~

(—ﬁ0[5])otrivg * (—00[5])otriv§

Nrp/0p (det(é{"pég,;j))
FE E

~

where 753 = uV (¢ A )75 is defined in (27), the horizontal maps are induced from the morphisms of
local systems written above them, the map 73 is induced from the morphisms of local systems
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(h,v) — (hétﬁ ,v), and trivj is induced from the morphisms of local systems:

o (J,w—3) (J,w—3) -1,
H(Q)0LgHZ, x VQ(ﬁ) — V@(ﬁ)ﬁfﬁ[é]’ (Y0Llhoo, V) — (Y0lhoo, vy~ - 0).
As 52”%] = a(det(é{éév_j))é'ég, with ey = |- [r s Np, /g, the previous diagram shows that the

proposition is equivalent to

|det (87 05 7) | ( —NBgs) o trivy ok, o Tp) (%) = /S . gp%,j(hgtg)\det(h{hgv*j)llvdh, (72)
Lg

the left-hand side being considered over C via i, L. @p = C. By Definition 4.5

O = (S Wiy, ©F5) = 3D w1 © 00 @ ea € (A (o) 0T VE)™S,

yielding a V{'-valued differential ¢-form on G2 /K3. Now, recall the basis x; of the one-
dimensional Hom g (V#, V@¥=9)) from (28) and consider the map

Kj o "t HY (goo, Koi Tloo ® V) — H (oo, LS; Tae @ VI 7)),
We obtain

(k50 T3)(65) = 3. 3w ® @ al(— - €10) @ Rjlea) € (A (hoo/loo)¥ ® T @ VIV )50,

First, let «7 : V(éj W=3) 2, C be the scalar extension of (40), and so Kj(eq) corresponds to a
complex number. Next, after the discussion in the paragraph following (23), we can fix a basis
for the top exterior A'(hso/lx)" corresponding to the Haar measure dhs; hence t*w; is a scalar
multiple of dhe. Putting both together, the restriction to ng [0] of k;j(75(¢7)) can be seen as
Véj =1 _valued top-degree differential form on H3 /LS given by

SN a5 - o a(Ghoottl) det(h] by o)) dho

for suitable af , ; € C. Writing h = vdlh., € H(Q)0LgHS, C H(A), and using trivy(yolhl,,v) =

bonj <
(v00hiy,, det(vy; 173 o Jv) one obtains (72) and the proposition from
[det (8 ;857 ) det(yy 27 0 ) det(h o hiy oJ) = [det(d] (857 ) | p det(hY o hye)
= |det(hIhY )| p. O

4.3.3 p-adic distributions attached to II. Recall that II is a cuspidal automorphic represen-
tation of G(A) admitting a global (¢, n)-Shalika model, which is cohomological with respect
to a pure dominant integral weight p. Recall also that II, is spherical for all p | p and that
M, = (Ip, {n+1,...,2n}) is Q-regular (see Definition 3.5), which by Lemma 4.4 is automati-
cally fulfilled if 11, is Q-ordinary. In all cases Hg" contains a unique line on which U, acts by «.
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Finally recall the Ug-eigenvectors ¢f constructed in (71). Then
= 2. % (73)
eFX /FX°—{£1}
is an Uyg-eigenvector with same eigenvalue. When l:Ip is -ordinary, consider the element
= 1) = eodo(ml!) € Ol (™)), (74)

constructed in (37) and (39), which defines a measure dunﬁ on €15 (p™).

4.3.4 Main theorem on p-adic interpolation. Fix any character € of Ko /K and any j €
Crit(p). Consider the following cohomological test vector:

ngloo] Zazaj 00,1,00° (75)

A crucial result of Sun [Sun19, Theorem 5.5] asserts the following non-vanishing:
Coo (4 + 33 WHi. ;) €C™. (76)

Note that because 11, ® sgn = Il,, we have suppressed xo from the notation.

In fact, using Kiinneth’s theorem, it is easy to see that (- (7 + %; Wﬁwj) is a product of
similar quantities parsed over the archimedean places. As we have multiplicity one for cuspidal
cohomology in top-degree (see (57)), we can only change the class Z¢_ by a non-zero scalar, which
correspondingly scales the Cohomological test vector and so also the zeta integral. The variation
of the complex period ((j + 2, Wi, ;) in j is studied in [Jan16]. The reader is also referred to
the discussion around [GR14, Theorem 6.6.2].

Recall the auxiliary ideal m from (L1) in §2.1 and, for brevity, let us define

y = #EUH(m) - # GL,(Op /m) - # PAL,(Op/m) - [ (4™ - # CLa(Op/p)) € Q*.  (77)
plp

THEOREM 4.7. Let II be a cuspidal automorphic representation of GLa, /F admitting a (1, n)-
Shalika model and such that Il is cohomological of weight p. Assume that for all p | p, II,
is spherical and admits a QQ-regular refinement pr Then for any j € Crit(u) and for any finite
order character x of €¢5(p™) of conductor B, > 1 at p | p:

i1;1</%+ X(w)dul’é(x)) =7- NF/Q( ) - H( gqu(JH))
2 F(poo)

plp
-G(xy) 'L<] + §>Hf ® Xf> Coo (J + 5 W(;’fj) )
Proof. Using (37) and (35) we find that f%;(pm) x(z) duz’é (z) equals

@7 Y EDEL G = a1 S o), )
(2] €L (pPm) [z]e6t ] (p”m)
[y €6t} (m)
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As ﬂo(gfﬁ) ~ ¢V (p°m) x €¥}(m) by (73) and Proposition 4.6 the integral equals

SIS / i (1) <detg ;)

e{£1}T00 —{£1}

det(hy) Y

dot(hy) ~(det(hy)) dh.

F

Note that the integrand is L3, Z(Af)-invariant and Lo /L3 Z acts on it by €£2o XooTlos, hence
the integral vanishes unless € = (¢/x7)o0. As Z(Af) N Lg is independent of 3, after some volume
computation, one further finds

_ - o1 12
Zpl(/ &l (x)x(x) du"ﬁ(ﬂ?)> =- ‘I’(J + i,w(a (. etf) 77) [T g ).
UL (p>)
plp
By Proposition 4.3 the Friedberg—Jacquet integral has an Euler product for £(s) > 0:
(s, 05 (= €t)oxom) = [T Golss Wino xw) - [T Golsi Wi, (= - €6°), x0) - Coo (53 WL Xoo)-
vipoo plp

As L(s,II® x) has trivial Euler factors at all places p | p (as II, is spherical while y, is
ramified), Proposition 3.3 implies that

o1 n s .1
}_[ Co (J + 5 anyxv> N%/Q(D(”))X(D 1 L(J + 5.0y @ Xf>~
vipoo

The factor at p | p is computed in Proposition 3.4, which together with Lemma 3.6 gives
0p)J j 1
4" G+ 5 Wi xe) = Gow)™ - "I (120) = NG (0)G 0r)" - "
As G(xy) = x(@7h) Hp|p G(xp) and 2 = 0,0(P) we obtain the desired formula. O

Proof. By Lemma 4.4, for each p | p, the Q-ordinary refinement pr of II, is @-regular, hence
Theorem 4.7 applies. The interpolation formula in Theorem B then follows immediately because
by Theorem 2.3 one has

/ ey ) ) = [ @i 0

4.4 Non-vanishing of twists

4.4.1 The main theorem. Having established the Manin relations in our context (see Theorem
2.3), we can now prove a non-vanishing result for twisted L-functions using a method that
goes back to Manin and Greenberg. Such a technique to prove non-vanishing of twists has also
been used recently by Januszewski [Jan18] for Rankin—Selberg L-functions and Eischen [Eis| for
L-functions of unitary groups. However, our results, Theorem 4.8 and Corollary 4.10, are not
only independent of these other recent works but are also beyond the scope of results in both
[Jan18] and [Eis] as well as previous results obtained by analytic number theoretic methods
[Roh89, BR94, Luo05, CFHO05].

THEOREM 4.8. Let u be a pure dominant integral weight such that

Hon > font1, forallo € 3. (78)
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Let 11 be a cuspidal automorphic representation that is cohomological with respect to the weight
w and admitting an (n,1)-Shalika model. Assume that for all primes p above a prime number p,
I, is unramified and Q-ordinary. Then for all j € Crit(u) and for all but finitely many Dirichlet
characters x of F' of p-power conductor, we have

1
L<2 +]7H®(XONF/Q)> # 0.

We begin with a few comments. As I1° =TI ® |- /2 is a unitary cuspidal automorphic
representation, we see that (1 4+ w)/2 is the center of symmetry for the L-function of II:

1 1
L<+2W,H®X> —L<2,H°®x>.

By regularity one knows that Crit(x) is non-empty and condition (78) is equivalent to assuming
that Crit(u) has at least two elements. If IT is unitary, then w = 0 and 3 € Crit(Il ® x) = Crit(p),
whence Theorem A is a particular case of Theorem 4.8.

If Leopoldt’s conjecture holds for F' at p, then one readily obtains a statement for all but
finitely many p-power conductor Hecke characters, as opposed to Dirichlet characters.

We show non-vanishing of critical values of twisted L-functions by showing non-vanishing
statement about distributions on the cyclotomic Z,-extension of F'. Recall the p-adic cyclotomic
character

€: C%E(Poo) = Ly = pop x (14 2pZp)

the first component of which is given by the Teichmiiller character w, whereas the fixed field
of the kernel of the second component sw™! is the cyclotomic Zy-extension of Q. Then by a
well-known result due to Serre there is an isomorphism O[[1 4 2pZ,]] ~ O[[T]] sending 1 + 2p
to 1 +T'. Composing with the norm map Np/q : U (p™) — Cﬁa(p"o) allows us to lift Dirichlet
characters to Hecke characters over F', thus to push-forward of a measure on (ﬁ; (p>°), such as
pig, to @ measure on C%E(poo). Further composing with w™ : pgp, — O* for 0 < m < p — 1 allows
us to define a measure on 1 + 2pZ,, that is, an element W™ (up) € O[[T7]].

Proof. We first show that w™ () # 0 for all m € Z. By the interpolation property in Theorem
4.7, the measure w™ (uf) interpolates the algebraic parts of L(% + 7, I ® w™Jy) for j € Crit(u)
and y runs over all Dirichlet characters of (non-trivial) p-power order and conductor. Our hypoth-
esis (78) implies that we find j € Crit(u) satisfying j > w/2, hence 3 + j lies outside the interior
of the critical strip w/2 < R(s) <w/2+1 for L(s,II) and, thus, L(3 + j,II®@w™ Jx) # 0.
Therefore, w™ (p) # 0 as claimed.

By the Weierstrass preparation theorem, a non-zero element of O[[T]] admits only finitely
many zeros in Zp. Again by Theorem 4.7 this means that, given any j € Crit(u) and m, there
are at most finitely many Dirichlet characters x of p-power order and conductor such that
L(% + 4,1 ®w™7x) = 0. As any p-power conductor Dirichlet character is of that form for some
0 <m < p—1, the theorem follows. O
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4.4.2 Variations.

COROLLARY 4.9 Nearly ordinary case. Under the hypotheses of Theorem 4.8, let v be a finite
order character of ‘5@5 (p*°). Then for all but finitely many Dirichlet characters x of finite order
and with p-power conductor, we have

1
L(W—;,H®Vx> #0.
Proof. Use the twisted norm map [z] — v(2)[Np/g ] to push-forward pp to a measure on
C% (p*>°). Then proceed mutatis mutandis as in the proof of Theorem 4.8. O

This result is slightly stronger because the representation Il ® v, even though of cohomolog-
ical type and admitting a Shalika model, is no longer ordinary at p, nor spherical.

The following corollary of Theorem 4.8 follows from the fact that we have non-vanishing for
all but finitely many Dirichlet characters x of finite order and with p-power conductor.

COROLLARY 4.10 Simultaneous non-vanishing. For 1 < k < r fix ng € Z~¢ and let p, be a pure
dominant integral weight for GLay,, over F'. Suppose that each p, satisfies the regularity condition
in (78) and that its purity weight wy, is even. Let Il be a cuspidal automorphic representation
of GLay, (Ap) of cohomological weight p, admitting a Shalika model. For a prime number p,
suppose that each 11 is unramified and Q-ordinary at p. Then, for all but finitely many Dirichlet
characters x of p-power conductor, we have

wyp +1 wo + 1 w, + 1
L( > ,H1®X>L< > ,H2®x>-~L<’"Q,HT®x)¢0.

Let us note that this is a simultaneous non-vanishing result at the central point. We leave it to
the reader to formulate the stronger version of simultaneous non-vanishing combining Corollaries
4.9 and 4.10.

As a very concrete example illustrating an application of simultaneous non-vanishing to alge-
braicity results, let us consider the unitary cuspidal automorphic representation m(A) of GLa(A)
associated to the Ramanujan A-function. A particular case of Corollary 4.10 gives infinitely
many Dirichlet characters y such that

L(17,Sym*(A) @ x) L(6, A ® x) = L(5, Sym®((A)) ® x) L(5,7(A) @ x) # 0.
For such a character we obtain from [Ragl0, Corollary 5.2] the following identity of L-values:
L(5.Sym*(n(A)) x Sym*(n(A)))
(3, Sym®(m(A)) @ x) L (5, 7(A) @ x)

Using the rationality result in [Ragl0, Theorem 1.1] for the L-value in the numerator of the right-
hand side, and the [Ragl0, Theorem 1.3] for the L-values in the denominator of the right-hand
side, we obtain a new rationality result for

L(%,Sym%ﬂ'(A)) ® X) =7

L(%,Sym®(7(A)) ® x) = L(28,Sym®(A) ® x).

Similarly, using the results of [Ragl6], and simultaneous non-vanishing for the central values of
the first and third symmetric power L-functions of a Hilbert cusp form, one may now generalize
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this to get new rationality results for the symmetric fifth power L-functions of a Hilbert cusp
form.
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