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In this paper we study the problem

A
—Au — U= uP in £2,
|z| (1)

w>0 in 2,

where 2 =RN or 2=B;, N >3,p>1and A < i(N — 2)2. Using a suitable map
we transform problem (1) into another one without the singularity 1/|z|2. Then we
obtain some bifurcation results from the radial solutions corresponding to some
explicit values of A.

Keywords: semilinear elliptic equations; positive solutions; bifurcation theory;
Hardy inequality; Sobolev inequality

2010 Mathematics subject classification: Primary 35J15; 35J61; 35B32; 35B33;
35B09; 35B06

1. Introduction, statement of the main results and sketch of the proofs

In this paper we consider the following problem:

A
—Au— —su=u" in {2,
|| (1.1)
u>=>0 in (2,
where 2 CRY, N >3, p>1and A < i(N — 2)%2. We shall focus on the case
where either 2 = RN or 2 = B; with p suitably chosen. By solutions we mean
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weak solutions, so we shall require that v € DV2(RY), where
DM2(RM) = {u € L (R") such that (s.t.) |[Vu| € L*(RN)}

in the first case, or u € HE(B;) in the case of the ball. These problems have
been much studied using both variational and moving-plane methods or the finite-
dimensional reduction of Lyapunov and Schmidst.

In this paper we follow a different approach that will allow us to obtain, among
other results, a higher number of solutions. The main ingredient of our proofs is
given by the following map:

Ly,: C(0,+00) = C(0,+00),

defined as
v(r) = Lyp(u(r)) = rau(rb) forr>0, p>1, (1.2)
with
_ (N =2)(1—wy)
(p—1)(N=2)(vy—1)+4 (1.3)
and
"= ; : (1.4)
(=N =2)(ra—1) +4
where
4\
g vy (1.5)

Let (0,T) C R be an interval (T' = +o0 is allowed) and let
T
DY2((0,T),rN "t dr) = {u: (0,T) — R such that / Ju/|>rN " dr < —|—oo}.
0

The following proposition highlights the main properties of the operator L.

PROPOSITION 1.1. Let p > 1, let A < %(N —2)2 and let u be a function satisfying

N-—-1 A
! v — Su=uP in (0,7) (1.6)
r

r

with T € (0, +00]. Then, the function v(r) = L,(u(r)) satisfies

o Mr_ 10/ = A\ pP in (()7Tl/b)7 (1.7)
where
B -2 - ) AN 1)
M = T = 2 - 1) +4 -
and 2
5 4
A\p)=b _<(p_1)(N_2)(VA_1)+4). (1.9)
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Letting
N+2
T =+oc0 whenp= N7j2 (1.10)
or
N +2
T=1 when1<p<Ni—2, (1.11)
we then have
L,: DY*((0,T),rN "1 dr) — DV2((0,7), ™" dr) (1.12)
and
2 LT o A N-1
ILpullpro,1),rm -1 ar) = Y RG (5)" = u(s) |s7 7 ds. (1.13)

This proposition establishes a one-to-one relationship between the radial solutions
to (1.1) and the ordinary differential equation (ODE) (1.7). This allows us to find
some old and new results about radial solutions to (1.1).

On the other hand, we stress that the map £, will also be used to establish the
existence of non-radial solutions.

In this paper we analyse two different situations: either

N +2
p:r—; and 2 =RN (1.14)
or
N+2
1<p<N1L2 and 2= Bj. (1.15)

Let us start by considering p = (N + 2)/(IN — 2) so that (1.1) becomes

A
—Au— —su= CN)uN+D/(N=2) iy RN
|| (1.16)

uw>0, ueDYRY),
where NV > 3 and

4\
C(A)=N(N 2)(1 (N—2)2>
(we have added the constant C'(A) just to have a simpler expression of the explicit
radial solutions).

Our starting point is the paper [19] by Terracini. For the radial case, Terracini
shows that the unique radial solutions of (1.16) in D*?(RY) are given by the func-
tions

r(N=2)(va=1)/2§(N-2)/2

usA(r) = (R (1.17)

with vy as in (1.5). Moreover, she proved the following result.
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THEOREM (Terracini [19]). Let A € [0, (N — 2)2). Then problem (1.16) has a
unique (up to rescaling) solution in DV2(RN). Moreover, there exists \* < 0 such
that for A\ < \* problem (1.16) admits at least two positive solutions in DV2(RY)

that are distinct modulo rescaling. One s radial but the other is not.

Another existence result was obtained some years later by Jin et al. [10], who
proved the existence of singular solutions of the form wu(r,8) = r(>=N)/24(8), with
(r,0) polar coordinates in R™V. These solutions do not belong to D*?(RY). Finally,
we recall a result by Musso and Wei [13], who proved the existence of infinitely
many solutions for any A < 0. Note that the energy of these solutions, namely the
quantity

E(u) = 1/ <|Vu2 - )\u2> dz — N2 2N/ (N=2) 4,
2 RN \x|2 2N RN
is large.

The results in [19] are based on the moving-plane method (when A > 0) and on
the analysis of the radially symmetric case in the phase space.

Using the map L(n42)/(n—2) We give another proof of some results in [19] in
the radial case. In our opinion this approach is simpler. Actually, as shown in
proposition 1.1, since M = N in this case the map L£(n2)/(nv—2) reduces the study
of the radial solutions of (1.16) to the well-known problem

—AU = N(N -=2)U* 1 inRY,
(1.18)

U>0, UecD"3RY).

Solutions of (1.18) have been completely classified by Caffarelli et al. [3], who proved
that the solutions are given by

§(N=2)/2
(1+6272)(N-2)/2

with § > 0, and that they are extremal functions for the well-known Sobolev inequal-

ity
RN RN

for u € DV2(RY) and S the best Sobolev constant (see [18]).

In this way we derive that the functions wusx in (1.17) are the unique radial
solutions to (1.16) (see corollary 3.1) and some inequalities involving the Hardy
norm (see proposition 3.2) (these results were proved in [19, §4] using the phase
plane).

As we have pointed out, the role of map L(ny2)/(n—2) is not restricted to the
radial case. Indeed, it can be used to characterize all solutions of the linearized
problem at us x, namely

Us(r) = (1.19)

(N-2)/N
) (1.20)

A _
—Av — 72’0 = N(N + 2)V§’U1§/§N 2)U in RN;
|| J (1.21)
v € DM (RY).

Our next result classifies the solution to (1.21).
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LEMMA 1.2, Let A < (N —2)? and

/\j:<N_2)2(1—j(N_2+j)>, jeN. (1.22)

4 N -1

If X # \j, then the space of solutions of (1.21) (with § = 1) has dimension 1 and it

18 spanned by
|m|(N72)(uA71)/2(1 _ |:U|2”*)

T+laPa)?

Z\(x) (1.23)
where vy is as defined in (1.5).

Otherwise, if A = A; for some j = 1,..., then the space of solutions of (1.21)
(with 6 = 1) has dimension

(N+2j—2)(N+j—23)!

1
+ (N —2)!

and it is spanned by
|x|NVAj/27(N72)/2yvj7i($>
(L + o)V

where {Y; i}, i=1,...,(N+2j—2)(N+j—3)!/(N —2)j!, form a basis of Y;(RY),
the space of all homogeneous harmonic polynomials of degree j in RY.

, (1.24)

Zx;(x), Zji(x) =

A consequence of the above result is the computation of the Morse index of
Ux = uUg -

PROPOSITION 1.3. Let uy := ui x be the radial solution of (1.16). Then its Morse
index m(\) is equal to

(N +2j—2)(N+j—3)!
) = . 1.25
m(A) > (N —2)1j! (1.25)
0<j<2;N+§,/NL%,
j integer

In particular, the Morse index of uy changes as X crosses the values A; and m(X\) —
+00 as A = —oo.

Next aim is to obtain multiplicity results of non-radial solutions as A < 0 bifur-
cating from the radial solution wuy := w1y in (1.17).

For any h € N we let O(h) be the orthogonal group in R*. Our main result for
problem (1.16) is as follows (see (3.16) for the definition of the space X).

THEOREM 1.4. Let fir j € N and let \; as in (1.22). Then we have the following.

(i) If j is odd, there exists at least one continuum of non-radial weak solutions
to (1.16), invariant with respect to O(N —1), bifurcating from the pair (\;, ux,;)
in (—00,0) x X.

(ii) If j is even, there exist at least [N/2] continua of non-radial weak solutions
to (1.16) bifurcating from the pair (\j, uy;) in (—o00,0) x X. The first branch
is O(N — 1) invariant; the second is O(N — 2) x O(2) invariant, and so on.
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Moreover, all these solutions vy satisfy

sup (1+ [z])"|oa(z)] < C,
r€RN

where v € R satisfies $(N —2) <y < N —2.
REMARK 1.5. The solutions of theorem 1.4 are different from the non-radial solu-
tions found in [19]. Indeed, the non-radial solution @ in [19] satisfies
Jan (VA = (N |2]?)a%) d
(Jan [aPN/N=2) dz)(N=2)/N

A\ (N-1)/N

< kNS < (1—

for some integer k and A large enough.
On the other hand, since

fRN<|VuAj2—<A/x|2>uij>dx_(1 0, )<N—1>/NS

o Jin, PN/ON=2 dgy(N=2)/N — \ "7 (N —2)?

(1.27)

our continuum of solutions does not contain @, at least in a region ‘close’ to the
radial branch wu).

This also applies to the solutions found in [13], since their energy is greater than
nS for some large integer n.

REMARK 1.6. A consequence of the preceding remark is that, for A close to A; and
Jj large, problem (1.16) has at least three solutions. One is the radial function wuy
in (1.17) and the others are non-radial functions. Moreover, if j is a sufficiently large
even number, we have at least [N/2] 4 2 solutions. This shows that the bifurcation
diagram of the solutions to (1.16) is very complicated for A < 0 and, of course,
quite difficult to describe.

We now consider the case 1 < p < (N +2)/(N — 2) and the problem

A
—Au — WU:’U,p in B17
x
v >0 in By, (1.28)

u € H}(By),

where Bj is the unit ball in RY. A complete description of (1.28) for A > 0 was given
by Chaves and Garcia-Azorero [4], who proved that problem (1.28) admits a unique,
radial solution. We are not aware of any result for A < 0. However, since the problem
is subcritical, the existence of a radial solution is a straightforward consequence of
the mountain-pass theorem. Analogously to the previous case, proposition 1.1 shows
that the map £, provides an equivalence between the radial solutions to (1.28) and
the solutions of M1

"
A

v = A\, p)vP in (0,1),

v>0 in (0,1), (1.29)
v'(0) = (1) =0,

with M and A(\, p) as in (1.8), (1.9) (see §4 for a discussion about the boundary

conditions). It is known that this problem has a unique solution, which we call v).
Then we get the following result.
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THEOREM 1.7. Let A < $(N —2)? and 1 < p < (N + 2)/(N — 2). Then prob-

lem (1.28) admits only one radial solution, uy(r). Moreover,
rN=2A=2)/2y\ (7)) - C asr — 07, (1.30)
where C > 0.

This result extends the uniqueness result of [4] to the case A < 0 and shows that
radial solutions to (1.28) satisfy ux(0) = 0 for A < 0 differently from the case A > 0,
where uy ¢ L*°(B;). Then the monotonicity properties of the Gidas—Ni-Nirenberg
theorem cannot hold when A < 0.

Once we have this branch of the radial solution uy for any A < 0 we can look for
non-radial solutions that arise by bifurcation. The strategy to obtain multiplicity
results for A < 0 is the same as in the case p = (N +2)/(N —2). First, we prove non-
degeneracy of u) in the space of radial functions. Then we characterize the values
of X\ for which the linearized operator at the radial solution uy is non-invertible and
we compute the change in the Morse index of the radial solutions at these points.
These values of A are related to a weighted eigenvalue for problem (1.29). To this
end we let vy € H'((0,1),7"~1dr) be the unique solution to (1.29) and set

1 N2 _ pA(N P12y M-1 4
AN) = inf Jo (' pl( D)oy W Toaas
weH((0,1),rM—1dr),w(1)=0 fO w2rM=3 dr

The infimum A(\) is well defined by the Hardy inequality, but it is not clear if it
is achieved. Indeed, the embedding of H*((0,1),r™~1dr) — L2((0,1),7M~=3dr) is
not compact. However, the crucial information that the infimum (1.31) is strictly
negative implies that it is attained. This is proved in propositions A.4 and A.8 (see
the appendix) in a more general case and relies on a careful study of some weighted
problem given in [9, §2].

Now we can state the following result.

THEOREM 1.8. For any j € N, j > 1 there exist a value \; that satisfies

4 2
<<p— DE-N+ N 2r Dy )iz = A as)
and an interval I; C (—o0,0) such that \; € I; and such that a non-radial bifurca-
tion occurs at (A, uy) for A € I;.

Moreover, if j is even, there exist at least [N/2] continua of non-radial solutions
to (1.28) bifurcating from (A, uy) for X € I;. The first branch is O(N —1) invariant;
the second is O(N — 2) x O(2) invariant, and so on.

The bifurcation result in theorem 1.8 is more delicate than the one obtained in
theorem 1.4. This is due to the fact that we cannot solve (1.32) explicitly, as in
theorem 1.4. Also, in this case it seems very difficult to deduce whether the set
of solutions A of (1.32) is given by isolated points (for example, it is not clear if
the function —A is analytic). These difficulties will be overcome by showing that
is possible to select small intervals containing solutions to (1.32) where there is a
change of the Morse index (see propositions 4.9 and 4.10). This implies a change in
the degree of the solution, which is the crucial tool to get the bifurcation result.
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The paper is organized as follows: in §2 we show the main properties of the map
L,. In §3 we consider the case p = (N 4 2)/(N — 2), and in §4 we consider the
subcritical case 1 < p < (N +2)/(N —2). In the appendix we prove some technical
results.

2. Main properties of the map L,
In this section we give the proof of proposition 1.1.

Proof of proposition 1.1. Let u(r) be a solution of (1.6). Then a straightforward
computation shows that v(r) = £,(u(r)) is a solution to (1.7) with M and A(X,p)
satisfying (1.8) and (1.9), respectively.
Now let us show (1.13). We just consider the case p = (N + 2)/(N — 2) and
T = 400 (the subcritical case 1 < p < (N + 2)/(IN — 2) is similar and easier).
Note that in this case we have

= W=20=wm) 1
2v), Ux
and
o(r) = 7n(1\7*2)(1*l’k)/2”*u(rl/”*) for r > 0. (2.1)

First of all, we observe that, since u € D%2((0, +o00), V"1 dr),
+oo
/ u(s) N/ IN=2DgN=1q5 <« 400,
0

and so there exist sequences d,, — 0 and M,, — 400 such that

w(8,)0N"2/2 50 and  w(M,)MN=2/2 0.

n

By using (2.1), we derive that

,,.N/l/)\fN , 1
/l/,\ 2
S )
(N =220 —w)?v?(r) (N —2)(1 —w) v(r)v'(r)
_ 20 ) _ < + (0 ()2,
vs r Uy r
Choosing ¢, = 7> and R,, = M}> and integrating, we get
1 fhn
= (ul(,rl/l/)\))QrN/l/)\—l dr
V)\ En
N —2 2 1— 2 Ry
_ ( ) (2 V/\) Uz(’l“)’I“N_3 dr
dvy e
N-2)(1- fin fin
_W=2)(=m) Z( v) / o(r)v (r)yrN =2 dr + / @' (r)2rN "L dr.
A En En
(2.2)
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Then, again using (2.1), we have
R'Vl
/ v(r)' (r)rN "2 dr
€

R, R
N —2 "
- / v (r)rN 3 dr
g

rN=202(r)

2

En n

2 2 2

(N=2)/2\2 (N=2)/2\2 R,
M) My, n)On N -2 —
_ (u(My) R

Hence, by the choice of €, and R,, we deduce that
N -2

/ T W N2 ar = N =2 / T RN B ar.

0 2 Jo
So, (2.2) becomes

307

(recalling the definition of vy)

(2.4)

1 [t
(u'(s))%sN "1 ds
I/)\ 0
_9)\2 _ +oo . +oo
= (N 231”(21 vA) (1+wy) / 1}2(7’)7’]\’7‘3 dr + / (v'(r))erfl dr
A 0 0
A —+o0 —+o0
== u?(s)sV 3 ds + / (W' (r))?rN "t dr,
Vx Jo 0

which gives the claim.

3. The critical case p = (N 4+ 2) /(N — 2)

3.1. Basic properties and the main inequality

O

In this section we consider problem (1.16). First let us observe that if we put

p=(N+2)/(N—2)in (1.2)-(1.5) we get

(VN -2)1-n)
ZV)\
and )
b= —.
U

Moreover, if u € D2((0, +00),rV =1 dr) satisfies
, N-—-1, A

r 72

v — Zu=C\u? ! in (0,400)

(3.1)

(3.2)

(3.3)

in the weak sense, where C'(\) = N(N —2)v3 and v, as in (1.5), then proposition 1.1

shows that v € DV2((0, +00), 7N~ dr) weakly solves
, N-1

r

We start with a very simple result.
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PROPOSITION 3.1. All the radial solutions in DY2(RY) of (1.16) are given by the
functions us x(r) in (1.17).

Proof. This follows directly by (3.3) and (3.4). Since all solutions to (3.4) are given
by
6(N_2)/2
vs(r) = (1+ 02r2)(N=2)/2°

by the definition of £, we deduce that

r(N=2)(va—1)/2v) §(N—-2)/2
(1 + 527121/)\)(N—2)/2 ?
(3.5)
which gives the claim. O

u(s))\(T) — T_aU5<T1/b) — T(N—Q)(w\—l)/2u>\,u5(ru>\) —

Now we prove an interesting inequality. In the case A > 0, this is basically con-
tained in [19]. For A < 0, we could not find any references in the literature, although
this can be shown using (for example) the concentration—compactness principle of
Lions (see [11,12]). Nevertheless, we think that the interest of the next proposi-
tion lies in its proof, which reduces the Hardy inequality to the classical Sobolev
imbedding.

PROPOSITION 3.2. Let A < %(N—?)Q, Then, for any radial function u € D2 (RN),

/ <|Vu2 — )\2u2> dz
RN ||

4\ (N-1)/N N/ (N-2) (N—2)/N
> - - .
o)

where S is the best Sobolev constant. Moreover, the above inequality is achieved only
for u(r) = us ().
If A\ >0, then (3.6) holds for any u € DV2(RN).

Proof. Let v be as in (2.1). Then by (1.13) we get

/ <|Vu|2 - )\Quz) dz
RN |z

(N—2)/N
:w/ Vol de > uks(/ o2V (V-2) dx)
RN RN

+o0 (N—2)/N
= V,\S(wN/ v(r)|2N/ (N =2)pN=1 dr)
0

+oo
:Vi(Nl)/NS(WN/ "LL(S)‘ZN/(N_Q)SN_ldS
0

A\ (N—-1)/N AN/ (N-2) (N—-2)/N
(o) s(Loeeee) e

><N—2>/N
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which gives the claim. Note that the previous inequality becomes an identity if and

only if
/ |Vv(|x|)|2dx—5</ |v]2N/(N=2) 4y
RN RN

Tt is well known (see, for example, [18]) that this implies
5(N-2)/2
v(z) = (1+ 62r2)(N-2)/2

><N2>/N

for some positive J. Recalling (see proposition 3.1) that

’LL(T) _ 7,7(N72)(171/A)/21}(T1/,\)7

we obtain the uniqueness of the minimizer.

Let us show that if A > 0, then (3.6) holds for any u € DV2(RY). This follows
by the classical spherical rearrangement theory. Indeed, denoting by u* = u*(|z|)
the classical Schwarz rearrangement, we have

/\Vu*\deé/ |Vul? d,
RN RN

/ ‘u*|2N/(N—2) dz :/ ‘u|2N/(N—2) dl‘,
RN RN

/ |“2dac</ P g,

gy |z)? ry [z
Hence, if A > 0, we get

Jo (1902 = OlaP) P dz - fo (IVul? ~ (a?/u%)) da
(Jow [0 PN/N=2) dg)(N=2/N = ([ [uf2N/(N=2) dg)(N-2)/N"

which implies the claim. O

3.2. The linearized operator

In this section we linearize problem (1.16) at the radial solution uy := uy ) given
in (1.17), and we look for the degeneracy points. This is equivalent to finding non-
trivial solutions for the linearized problem (1.21).

Proof of lemma 1.2. Using (1.17), we rewrite (1.21) as follows:

o |zPr—h

—Av — iv = N(N +2)vy

FE 5V in RY, v e DVERY). (3.8)
T

(14 [a[>~)

We solve (3.8) using the decomposition along the spherical harmonic functions and
we write

o(r,0) = 3" 4;(r)Y;(0), where r = o], = |i| e sVt
X
Jj=0

and
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Here Y;(6) denotes the jth spherical harmonics, i.e. it satisfies
7ASN*1Y]' = :qujv

where Agn-1 is the Laplace-Beltrami operator on SV ! with the standard metric
and p; is the jth eigenvalue of —Agn-1. It is known that

wj=j(N—=2+j), j=0,1,2,..., (3.9)

whose multiplicity is
(N +2j = 2)(N +j - 3)
(N —2)!5! ’

(3.10)

and that
Ker(Agv-1 + pj) = Y;(RY)[gn1,

where Y, (RY) is the space of all homogeneous harmonic polynomials of degree j in
RMN. The function v is a weak solution of (3.8) if and only if 1;(r) is a weak solution

of
N -1 i — A r2(n—1) .
— i (r) — . Wi(r) + J,r2 Y;(r) = N(NJF?)Vim% in (0, 00),
Y(0)=0ifj=0 and ;(0)=0if j >1,
¥; € DY2((0,+00), rN-ldr).
(3.11)
Letting, .
Dy (r) = rN=D0=w2)/20 (/02
as in (1.2), 121]‘ weakly solves
. N-1. o IR
— i (r) — flﬁ}(f) + V)z\;z Yi(r) = N(N + Q)W%‘ in (0, 00),
1% € DY2((0, +o00), 7N "L dr).
(3.12)

Problem (3.12) is well known: it comes from the linearization of the solution Uy
in (1.19) to problem (1.18). This equation has a non-trivial solution (since u;/v3 >
0) if and only if one of the following holds:

(i) p;/vi =0,
(i) pj/v3=N-1.

Case (i) corresponds to the radial degeneracy, i.e. j = 0. Equation (3.12) has the

solution )

- 1—r

’(/JO(T) = (1 + 7‘2)N/2’

and, returning to (3.11), we get

T(N_2)(V>‘_1)/2(1 _ ,I"QI/)\)
(1 + r2o)N/2 ’

which is a solution to (3.11) for any A < (NN — 2)2. This proves (1.23).

Yo(r) =
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When p;/v3 = N — 1, (3.12) has the solution
bi(r) =

r
(1+r2)N/2°
Returning to (3.11), we find it has the solution

P((N=2)/2)(va—1)+va

$i(r) = (1+r2va)N/2
when (ii) is satisfied. Then (ii) implies that (3.11) has the solution ;(r) if and only
i A=A
(N —2)? 2
A = 1-
! 4 N-1
as in (1.22). This proves (1.24) and completes the proof of lemma 1.2. O

A first consequence of lemma 1.2 is the computation of the Morse index of the
solution uy given in proposition 1.3.

Proof of proposition 1.3. As shown in the appendix (corollary A.7), the Morse index
of the radial solution u) is given by the number of negative values A; counted with
multiplicity such that the problem

—Aw — Lw - N(N + 2)y2£w = Aw in RY
|z|? ML Ja]?)? || ’ (3.13)
w € DV (RY),

admits a weak solution w;. We denote by w; the solution of (3.13) related to a
negative value A;. We argue as before, setting

wm&)=1¥4wxn®EWNw

and ; j(r) = r(N=20=2)/2vxqp, o (r1/¥2). Then 1b; ;(r) weakly satisfies

. N—-1, 1 .
—wi;(r) — Tw;](r) - N(N+2)mwi,j
Ai — iy .
Y 5] w; j(r) in (0,00), (3.14)
2r

w;; € DV2((0,+00),rV "1 dr).

Since the problem

—1f/(r) = Sl 1) = NV +2) s

v .
n=_3n in (0, 00),
n e DI’Q((O, +00), PNt dr),

admits only one negative eigenvalue, which is 1 — N, we can derive that (3.14) has
a non-trivial solution corresponding to a A; < 0 if and only if

Ai —
vi

1-N=
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So the indices j that contribute to the Morse index of the solution w) are those
that satisfy A; = v3(1 — N) + p; < 0 and this implies (recalling the value of p;

given in (3.9))
2-N 1 16(N —1)A
Jj< +\/N2—().

2 2 (N —2)2

Finally, as the dimension of the eigenspace of the Laplace—Beltrami operator on
SN~ related to y; is given in (3.10), equation (1.25) follows. O

REMARK 3.3. Reasoning as in the proof of the previous corollary, it is easy to
see that any eigenfunction of (3.13) corresponding to an eigenvalue A < 0 can be

written
YA

_ (N=2)(ra—1)/2
w(r,§) = rN=20a-1/ WYJ‘(G),

where Y;(6) is a spherical harmonic related to the eigenvalue ;.

3.3. The bifurcation result

In this section we shall start to prove theorem 1.4 using the bifurcation theory.
To this end let us give some definitions. Let v > 0 be such that %(N —-2)<y <
N — 2. For every g € L>=°(RY) we define the weighted norm

glly = sup (1+ |z[)]g(2)] (3.15)

z€RN

and the space L?/"(RN) := {g € L®(RY) such that 3C > 0 and ||g||, < C}. Set
_ 1,2/mN [e%S) N
X =D"*(R")NLFRY). (3.16)
X is a Banach space with the norm

lgllx = max{[lgll1.2, lgll+}, (3.17)

where ||g||1,2 denotes the usual norm in D>2(RY), i.e.

1/2
lotha = ( [, waPaz)
RN

To apply the standard bifurcation theory we have to define a compact operator
T from (—00,0) x X into X and to compute its Leray—Schauder degree in 0 in a
suitable neighbourhood of the radial solution (X, uy), at least for the values A # A;.
This seems difficult since the linearized operator (see (1.21)) is not invertible due to
the radial degeneracy of uy for every A proved in lemma 1.2. To this end we define

Ky = {v € DI’Q(RN) such that / U?\*_Q'UZ)\ dr = 0} (3.18)
RN

with Zy as defined in (1.23). Since u? 2 € LN/2(RN) and v, Zy € L* (RY), K,
is a linear closed subspace of DV2(RY). We let Py be orthogonal the projection of
Dl’Z(RN) on K)V
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Now we define the operator T'(A,v): (—00,0) x X — K, N X as

T(\v) = PA<( —A - @21)1(0@)(“)2*-1)) (3.19)

and look for zeros of the operator I—T'(\,v). A function v € X is a zero of I—-T'(A,v)

if v € Ky N X and v is a weak solution of

A 2" 1 N+2 oy N

— WU — C(}\)'U = LC()\)mUA Z(x) in R s (320)

where L = L(v) € R (L is the Lagrange multiplier). The final step will be to show

that L = 0 so that v is indeed a weak solution of (1.16). This will be done in § 3.4.
Before proving our bifurcation result we need some technical results.

—Av

LEMMA 3.4. The operator T(\,v) is well defined from (—o0,0) x X into KxNX.
Proof. 1t is enough prove that the operator

T\ v) = ( —A— |;|21>_ (CN) ()21 (3.21)

is well defined from (—o0,0) x X in X.
Since (vF)> =1 € L2N/(NH2)(RN), there exists a unique g € DV2(R™) such that

g =T () v) (see lemma A.2 in the appendix), i.e. g is a weak solution to

~Ag — CN@WHF L inRY.

Fe
Then, the comparison theorem for functions in D'2(R%Y) yields
lg(z)| < Clw(x)| almost everywhere (a.e.) in RV,

where w is the unique weak solution to

A 1 N
—Aw — Ww = At ) D) in R™. (3.22)

We shall prove that
(I4+r)w(r) <C. (3.23)

To do this let @(r) = r*w(r), where k = 3(N — 2)(1 — v5) and v, is as defined
in (1.5). The function @ weakly satisfies

N —1-2k rk
_// —! __ 1
T r T (A rpa/my T (0, +00).
Integrating, we get
N—1-2k " sk
—r w(r):C’—I—/TO (15 s D/ (V-2 ds

for any ro > 0. Consequently, —’(r) < Crl=N+2k L Opl=N+2k4tN=k=7(N+2)/(N=2)
(we assume that N —1—k — (N +2)/(N —2) # —1; the case N — k —y(N +
2)/(N — 2) = 0 follows in a very similar way).
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Since w € DY2(RY), from Ni’s radial lemma (see [14]) we know that w(r) <
Cr2=N)/2 for any r, so that w(r) < CrF=(N=2/2 = Cr=(N=2»A/2 Then w(r) — 0
as r — +oo. Integrating @’ (r) from r to +oo yields

Uj('l") < CT27N+2k + 07‘2+k7’Y(N+2)/(N72).

1

Since, by assumption, 3

that

(N—-2)<vy<N—-2and k <0 for any A < 0, this implies

(14 7)Tw(r) < Crrt2= Ntk 4 opr 27 (NH2)/IN=2) O (3.24)

for r large enough.
To complete the proof of (3.23) we need to prove that |w(x)| is bounded in a
neighbourhood of the origin. To this end we set

w(r) = 7~1V12'€2w(71~>

The function w is the Kelvin transform of w, and so it satisfies

g N—-1-2k_, 1 rk
—" = - w = rN—2k+2 (1 + 1/r)fy(N+2)/(N—2)

in RV \ {0}.
Reasoning as before and integrating from ry to r, we get
T
—rNTIE2R () S C 4+ C/ sk ds
ro

and, assuming —3 — k > —1 (observe that the case —3 — k < —1 is easier and the
case —3 — k = —1 follows the reasoning in the first case),

_@/(r) < C,rl—N-‘er) +C7’1_N+2k_2_k
for r large enough. Then, using that w(r) — 0 as r — 400,
w(r) < Cr2= N2k L op= Ntk

for r large enough. This implies that

1 1
'lI)(T') = 7’JV_2_2’€'ZI)<T‘) < CTQHC + C

for r small enough. Finally, using that w(r) = r~*w(r), we obtain

rF 42 itk < -2,
w(r) < Cr?(l—logr) if k= -2, (3.25)
rk if —2<k<0,

for r small enough. Estimates (3.24) and (3.25) imply that

sup (1 + |z])”|w(z)] < C
T€RN

so that w and hence g belong to LE;O(]RN ), concluding the proof. O
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PROPOSITION 3.5.
(i) The operator T(A,v): (—00,0) x X — KxNX defined in (3.19) is continuous

with respect to A and it is compact from X into Ky NX for any X € (—o0,0)
fized.

(ii) The linearized operator I — T, (X, ux)I is invertible for any X # X\;, where \;
are as defined in (1.22).

Proof.

(i) The operator T'(A, v) is clearly continuous with respect to A. As in the proof of
lemma 3.4, we shall prove that the operator T', defined in (3.21), is compact from
X into X for every A fixed. This implies in turn that 7 is compact for every \ fixed.
To this end let v, be a sequence in X such that |jv,|x < C and let g, = T(\, vy).
Then g, € X and, by lemma 3.4, is a weak solution to

A .
—Agn — wE = CA)(v)* 1 (3.26)

Since v, is bounded in X, we have |v,(z)] < C(1+ |2|)”7 and v, is uniformly
bounded in D%2(R™). Then, up to a subsequence, v, — ¥ weakly in D2(R") and
a.e. in RY. Multiplying (3.26) by g, and integrating, we get

A .
/ |Vgn|2dx—/ ToE ngdx:cm/ (v,)* g, dz. (3.27)
RN RN

$| RN

Then the Hardy and Sobolev inequalities imply that
v 2 der < C 2% —1
o IVgn|” dz < Cllvg ~ llan/(v+2) lgn 1.2,

where c) is as in lemma A.1 and || - ||, denotes the usual norm in L4(RY). Then

lgnll12 < C,

so that, up to a subsequence, g, — g weakly in DV2(RY) and a.e. in R". Passing
to the limit in (3.26), we get that g is a weak solution of

A =+

—AG — Wg =CcN@EHF Y inRY.

Moreover, reasoning exactly as in the proof of lemma 3.4 we also get |g,(x)| <
C(1 + |z|)~7 for any n. This estimate allow us to pass to the limit in (3.27), to
obtain that

/ |Vgn|2dx—/ %gidx:C()\)/ (UI)Q*_lgndx
RN Ry 7] RN
. A
—>C(/\)/ (o1)? *1gdx:/ |Vg|2da:—/ g% dx.
RN RN ry |T]?

By lemma A.1 this implies that g, — ¢ strongly in D*2(R¥). To finish the proof
we need to show that ||g, — gl < € if n is large enough. To this end, observe that
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gn — g weakly solves

~A(n =)~ Cplon ~9) = CON@DF T = @) R,

and since v, and v are uniformly bounded in LZ° (RM) as in lemma 3.4 we obtain
|gn —g| < Cw, where w is defined in (3.22). Then, by (3.24) there exists Ry > 0 such
that (1+]z()7|gn(z) — g(z)| < 3& in RN \ Bg, uniformly in n. Using (3.25) instead,
we get that there exists ro such that (1 + [z|)7|gn(z) — §(z)| < ¢ in By, uniformly
in n. Finally, since, v, — v in L>(Bg, \ By,), we get that (1 + |z[)?[g, — g| < e
for n large enough in Bp, \ B,, and the proof of (i) is complete.

(ii) Let us consider the linearized operator of I — T in (A, uy). We have that

A\t N+2 4,
w—Tv()\,u,\)wzw—PKA<(—A—|x2]) (C(/\)]Hu)\ w))

so that w — T, (A, ux)w = 0 if and only if w € K N X satisfies

A N+42 5oy N+2 5,
—Aw — . w—C’()\)N_Qu)\ w—LC(A)iN_Qu)\

Zx
weakly in DV2(RY) for some L = L(w) € R. Multiplying by Z, and recalling the
equation satisfied by Zy, we get

N +2 .
0= LC()\)ﬁ /RN w2 ~273% dx,

and this implies L = 0. Then w € K is a weak solution of

A N+2 45,
Using lemma 1.2 we then get that if A # A, (3.28) has only one solution Z) that
is not in K. This means that in K (3.28) has only the solution w = 0 and the
operator I — T, (A, uy)I is indeed invertible, concluding the proof. O

w=0 inRY. (3.28)

To prove the bifurcation result (theorem 1.4) we need to exploit some of the
symmetries of problem (1.16). So, we define the subspace H of X as

H:={veXst v(xy,...,zn) =v(g(z1,...,xNy_1),zn) for any g € O(N — 1)}.
Now let us consider the subgroups G, of O(N) defined by
Grn=0(h) x O(N —h) for 1< h<[N/2],

where [a] stands for the integer part of a. We consider also the subspaces H" of X
of functions invariant by the action of Gj,.

The results of Smoller and Wasserman [15,16] imply that, for any j, the eigen-
space of the Laplace-Beltrami operator related to p; (see §3.2) contains only one
eigenfunction that is O(NN — 1)-invariant (or that is invariant by the action of Gy).
Then, corollary 1.3 implies that

mq.[()\] — 6) — m’;.[()\j +5) =1
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if € is small enough, where my; denotes the Morse index of uy in the space H
(or HM).

The change in the Morse index of u) is a good clue that we have the bifurcation,
but since uy is radially degenerate we have to use the projection Py, changing
problem (1.16) to problem (3.20).

What we can do at this step is to prove a bifurcation result for problem (3.20).
To prove this we need that the Morse index of uy as a solution of problem (3.20)
is the same as m(\), and this is proved in the following proposition.

PROPOSITION 3.6. The number of eigenvalues of T,,(\,uy) counted with multiplicity
in (1,400) coincides with the Morse index m(\) of uy.

Proof. A is an eigenvalue for the linear operator T, (A, uy)[ if and only if
Al = T,(Mup)I =0

has a non-trivial solution in X N K. This means that we have to find aw € X N K,
w # 0, which verifies

A 1 N+2 ooy L N+2 g o . _n
for some L = L(w) € R and 1/4 € (0,1).

Observe that, since A # 1, the function wy = LZy/(A — 1) is always a solution
of (3.29) (which does not belong to K) and all the other solutions of (3.29) are
given by w = wy + W, where w € X N K, satisfies
A 1 N+2

+2 5 —25

—Aw

— AW in RY. (3.30)
Now, if 1/4 is not an eigenvalue of (3.30), then @w = 0 and (3.29) has only the
solution wi. But w; is not in K, so w =0 and L =0 in (3.29).

Otherwise, if 1/4 is an eigenvalue of (3.30) and @ is a corresponding eigenfunc-
tion, we can use w as a test function in (3.29) and Z) as a test function in (3.30),
obtaining that

/1&4%wM=Q
]RN

so w € K. Since w; ¢ K, this implies L = 0 in (3.29), so (3.29) coincides
with (3.30).

So far, we have shown that the number of eigenvalues of T, (), uy) counted with
multiplicity in (1, +00) is equal to the number of eigenvalues of (3.30) counted with
multiplicity in (0, 1), and this is the Morse index of uy. O

From proposition 3.6 we know that the number of eigenvalues of T, (\, u)) counted
with multiplicity in (1, +00) decreases by 1 going from A\; —e to \; +¢ with € small
enough in the space # (or H#"), and this is sufficient to have the bifurcation.

We shall not give the details of the global bifurcation result for problem (3.20);
we only sketch the proof of the local bifurcation result in order to have an idea how
to use the results of propositions 3.5 and 3.6. Then the global bifurcation result will
follow the reasoning in [7, theorem 3.3] (see also [1]).
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PROPOSITION 3.7. The points (\j,uy;) are non-radial bifurcation points for the
curve (A, uy) of radial solutions of (3.20).

Proof. Assume by contradiction that (\;,uy;) is not a bifurcation point for (3.20)
for some j. Then there exists g > 0 such that for all ¢ € (0, () and for all ¢ € (0, &)

I—T(\v) #0

for any A € (\; —&,\; +¢) C (—00,0) and for any v € H (or in H") such that
lv —url|x < cand v # uy.

Let I' := {(A\v) € (\j —e,Aj+e) x Hi|lv—un|lx < ¢} and I = {v €
H s.t. (A\,v) € I'}. The homotopy invariance of the Leray—Schauder degree then
implies

deg(I —T(\,-), Ix,0) is constant on (A; — e, A; +¢€). (3.31)
Since the linearized operator is invertible for A = A\; — ¢ and A = \; 4+ ¢, we can
compute the Leray—Schauder degree, which is given by

deg(I —=T(X\j £¢,-),I'\;+¢,0) = (—1)FsEe)

where 3()\) is the number of eigenvalues of T, (A, uy) counted with multiplicity in
(1,+400) (see [1, theorem 3.20]). Then proposition 3.6 implies that

deg(I =T(\j —¢€,),I'\;—¢,0) = —deg(I = T(\j +¢,-), I, 4¢,0),

contradicting (3.31). Then (A, uy,) is a bifurcation point for (3.20), and the bifur-
cating solutions are non-radial since u) is radially non-degenerate in K. O

Finally, we can state the global bifurcation result for (3.20).

PROPOSITION 3.8. Let fir j € N and let \; be as defined in (1.22). Then we have
the following.

(i) If j is odd, there exists at least one continuum of non-radial solutions to
(3.20), invariant with respect to O(N —1), bifurcating from the pair (A\;,uy,).

(if) Ifj is even, there exist at least [N/2] continua of non-radial solutions to (3.20)
bifurcating from the pair (\j,uy;). The first branch is O(N — 1) invariant;
the second is O(N — 2) x O(2) invariant, and so on.

Proof. The proof is standard and follows from proposition 3.7 using, for example, [1,
theorem 4.8]. O

The final step of the proof of theorem 1.4 is to show that the solutions we have
found in proposition 3.8 are indeed solutions of (1.16). This will be done in the next
subsection.

3.4. The Lagrange multiplier is zero

In the previous subsection we proved the existence of solutions u. , and param-
eters A ,,, Lo verifying

) N+2 .
-1 LEC(AM)7+U2 7., inRY, (3.32)

Ae,r
_Aua,n - ﬂUa,n - C(As,n)u N _ g len

|x2 en
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where Z. , = Z.,, With Ac, e, and L. such that Ao, = Ap, Uen = uy, and
Lo =0.

In the following we denote by C' a generic constant (independent of n and ¢) that
can change from line to line. First we prove a bound on L..

LEMMA 3.9. Let L. be the Lagrange multiplier in (3.32). Then, for € small enough,
|L| < C

Proof. Using Z. ,, as a test function in (3.32) we get

N +2 .
LEC(AEH)N+2/ uy 2722, dx

)\ETL *_
:/N vus,n~vzs,ndx—/N - |2u€nZ5ndm C(Ag,n)/N u? 1 Ze y da.
R R R

(3.33)
Using lemma A.1 and the Holder and Sobolev inequalities, we get
N+2 2 —2.,2
L Z:n
EC()\E n)N 2 / n 8,n||1,27
so the claim follows. O

PROPOSITION 3.10. Let ue,, be the solution of (3.32). Then L. =0 in (3.32) for e
small enough.

Proof. Applying the Pohozaev identity (A 4) with
N +2

flz,u) = ?x(; Aem)u® "1 4 LEC(Ae,n)muT’QZe,m
we get
/RN Ve, |* de — NN 3 fon T\;; gndx C(Aen) /RN u?n dz
- %Lacua,n) / i Zendrt N2 5 / N T;(; Uz A
_%L C(Ae )/]RN ugjn_lx-VZE’ndxzo.

(3.34)
Using ue , as a test function in (3.32), we then get
LE/ (u g;lZ + u?j,:lx -VZ,,)dz =0,
RN
and this implies L. = 0 if we show that the integral is non-zero. Recall that ., —

U, > Ze,n — 2y, as e — 0. Moreover, by the definition of Z, ,, and since A,, < 0, we
get Z., = O((1+ |z|)2~N) and IVZ..,|=0((1+ |z[)1=N). Finally, since Uem € X,
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we have uc, € X and then u.,, = O((1 + |#])7) with (N —2) <y < N — 2. So,
by the dominated convergence theorem, we derive that

/R . (W2 Ze +ul e V2 ,) de — . ui "' VZy, dx #£0,

so L. = 0 if € small enough, concluding the proof. O
Now we can prove theorem 1.4.

Proof of theorem 1.4. This follows from propositions 3.8 and 3.10. O

4. The subcritical case 1 < p < (N + 2)/(N — 2)

Let us start this section by recalling some facts. The following theorem collects
some results from the literature (see [6,17]).

THEOREM 4.1. Let 1 < p < (L + 2)/(L —2) and let vy, be the unique positive

solution of
" L— 17}/

=" in (0,1
" P in (0,1),

v>0 in(0,1), (4.1)
v'(0) = v(1) =0,

where L is a real number greater than 1. Then vy, is non-degenerate and its Morse
index is 1.

REMARK 4.2. Theorem 4.1 allows us to establish the existence of the branch of
radial solutions uy as stated in theorem 1.7. Moreover, using the transformation
Ly, we are able to find the behaviour of the radial solution uy at zero (see (1.30)).

REMARK 4.3. Problem (1.28) as A > 0 was studied by Chaves and Garcia-Azorero
[4], who proved the existence of a unique radial solution u, and its behaviour
near the origin, which is exactly the same as in (1.30). Their proof relies on the
moving-plane method (which ensures that every positive solution is radial) and on
the phase-plane analysis of the radial solutions. Both steps strongly rely on the
hypothesis that A > 0 and cannot be extended to A < 0. Using the map L, we
easily obtain a new proof of the results of [4] and we extend them to the case A < 0.

REMARK 4.4. The non-degeneracy result in theorem 4.1 and the implicit function
theorem imply that the function A — vy is C'.

Proof of theorem 1.7. Let u(r) be a radial solution to (1.28). Let v(r) = L£,(u(r)),
as defined in (1.2). From proposition 1.1 we know that the transformed function
v(r) satisfies

Ly M= 11/ = A\, p)v? in (0,1),
,
v>0 in (0,1), (4.2)
v(l) =0,

with M as in (1.8) and A(\,p) as in (1.9).
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Moreover, a straightforward computation shows that if 1 < p < (N +2)/(N —2),
then 1 < p < (M + 2)/(M — 2). Then, (1.13) implies

/ M= L[ e (u’<s>2 - Aw%)) ds<C. (43)
0 0 5

Ux

We want to use (4.3) to prove that the function v also satisfies v/(0) = 0. This will
imply the existence and uniqueness result using theorem 4.1 with L = M.

To this end we let
ST p——
M2\ )

The function v solves the equation

—(rM=Y (1) = AN, p)r™M=2P=35P (1) in (1, 4-00), 9(1) =0, (4.4)
and satisfies oo
/1 rM=Y(@ (r))2dr < C
Reasoning exactly as in the radial lemma of Ni [14], we then get that
o(r) < Cr?=M/2, (4.5)

so 0(r) — 0 as 7 — 400 since M > 2. Let r¢ be a maximum point for o in (1, 4+00).
Integrating (4.4) in (rq,r), we get

—rM=1 () = A(x\,p)/ sM=2p=35P(5) ds.

70

Using estimate (4.5), we have

‘/ (M—-2)p—3~ p ‘/ (M—-2)p/2— 3d8. (46)
This implies that
Cri—M when p < 1
M-2’
4
17’ (r)] < Cri=Mlogr when p = T3 (4.7)
4
Cr—1-M+(M=2)p/2 o > )
r when p > ———

When p < 4/(M — 2) (4.7) produces the optimal decay for ¢'(r). Otherwise, if
p = 4/(M — 2), we need to repeat the procedure, again estimating the integral
n (4.6) using (4.7). In any case, after a finite number of steps we get that

[7(r)] < OrlM, (48)
and this implies that
o(r) < Or* =M, (4.9)
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Returning to the function v, we get that
v(r) < C in [0,1].

Furthermore, using the definition of ¢ and estimates (4.8) and (4.9) we have

1_,(1 1
lim rM =1/ (r) = lim — =0’ <) +(2- M)f;() =0,
r—0 r—0 7 r r

since M > 2. Integrating (4.2), we then obtain that

M=y = 7nsM_lvp s)ds :
(") A(A,m/o () ds, (4.10)

so v'(r) < 0 in (0,1) and lim,_,ov(r) exists and it is finite, showing that v is
continuous at the origin. Ublng (4.10) again, we have

/ M=1y, —A(A, p) lim d vP(r) = 0.

lim v'(r) = —A(A, p) lim lim v

r—0 r—0 ’r'M 1

This shows that the transformed function v(r) has to be a solution of (4.1), since
the constant A(\,p) can be merged into the equation. Theorem 4.1 then implies
the existence and uniqueness of the radial solution. The final estimate follows by
inverting the transformation £, and using the continuity of v(r) at 0. O

COROLLARY 4.5. The radial solution to (1.28), uy, satisfies ux(0) =0 if A < 0.

Proof. Tt is sufficient to note that v, > 1 as A < 0. Then the claim follows by (1.30).
O

In the rest of this section we shall denote by uy the unique radial solution to (1.28)
and set
H={uce H'((0, 1),7“M_1 dr) such that u(1) = 0}.

Set va(r) as in (1.2) and let A(X) be as defined in (1.31). Although the embedding
of H < L2((0,1),7M=3dr) is not compact, A()) is achieved. This is a consequence
of proposition A.8 (see the appendix), whose proof is basically the same as [8,
proposition A.1]. Then we have the following result.

COROLLARY 4.6. The first eigenvalue A(X) defined in (1.81) is achieved.

Proof. Since
p+1 M 14
AN < (1 _p)M
fo virM=3dr

the claim follows by proposition A.8. O

As in the previous section we study the linearized operator at the solution wuy
and we recall that u) is non-degenerate if the linear problem

A .
—Aw — ||2w pub “lw in By,

w e Hy(By),

(4.11)

admits only the trivial solution.

https://doi.org/10.1017/50308210516000135 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000135

On the Hardy—-Sobolev equation 323

THEOREM 4.7. Let k € N, k > 1 and A < %(N — 2)2. The linearized equation at
the radial solution uy, i.e. (4.11), admits a solution if and only if A satisfies

16k(N — 2 + k)
[(p—1)(2—= N+ /(N —2)2 —4)) +4]2

for some k = 1. Moreover, the space of solutions of (4.11), corresponding to a value
of A that satisfies (4.12) related to some k, has dimension

—A(N) = (4.12)

(N +2k — 2)(N + k — 3)!
(N — 2)lk!

and is spanned by

1
Zrin(@) = prgpa(lal ) Yi(@),

where 11 is the positive eigenfunction associated with A(X) and {Yy;}, i =1,...,
(N + 2k — 2)(N + k — 3)!/(N — 2)!k!, form a basis of Y,(RY), the space of all
homogeneous harmonic polynomials of degree k in RY.

Finally, for every k > 1 there exists at least one value of \ that satisfies (4.12),
and if X is not a solution to (4.12), then the solution uy is non-degenerate.

Proof. The beginning of the proof is basically the same as lemma 1.2. Let v be a
solution to (4.11). Then, decomposing v along spherical harmonics, we obtain the
following ODE:
N-—-1
r

1
(1) =0, / N (r)? dr < oo,

0

)~ XL ) + ) = g ) (0,1),

where i, = k(N — 2 + k). Setting ¢ (r) = r%¢y(r?) again, we have that ¢, solves

M-1
T

() -

7 b2/,6k n -1 n :
G0+ R = T ) (0,1),
1&1@(1):07 ’ijeH

Note that, since vy is non-degenerate by theorem 4.1, the above problem cannot
have solutions for k = 0. So we assume that k& > 1.

By theorem 4.1 we get that (4.13) has a non-trivial solution belonging to the
space H if and only if —b?u, = A()), which is the unique negative eigenvalue.
Moreover, by lemma A.9 we get that ¢, € L>(0,1). Recalling (1.4), we get that
(4.11) admits a solution if and only if

(4.13)

16k(N — 2+ k)
[(p—1)(2— N+ /(N —2)2 —4)) +4]2
for some k > 1. Since the solution uy is not explicitly known, we have to show

that (4.14) has at least one solution. Let us consider the two limit cases A = 0 and
A = —oo. By remark 4.4 we may derive that A(\) is a continuous function of A.

—A(N) = (4.14)
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CASE 1 (A =0). First let us study the limit of the solution vy to (1.29) as A goes to
zero. By the uniqueness result of theorem 4.1 we know that vy can be characterized
as

1
inf / (W' (r)*rM~tdr, ve H.
0

fol v(r)ptlpM—1dpr=1

It is easy to see that this infimum is attained when v = vy, and then

1
/ (VA (r)2rM~tdr < C
0

for some positive constant C' independent of A. So vy — vy, where, by remark 4.4,
v satisfies

—v" = ——v" =" in (0,1),

v>0 in(0,1),
v'(0) =v(1) =0,

since A(0,p) = 1. Then, for any k > 1, we get

16k(N — 2+ k
lim <A()\) + Gk + k) )
A0 [(P=DE2 - N+ (N —=2)?—4)\) +4]
o2 o, p=1 2 N-14
:mPkW\lmovV " rk(N—24 k)
veH [ v2rN=3dr
0
>0
because . )
2 1,2y, .N—1
N NP
veH fo v2rN=3 dr
by comparing the eigenfunction that gives A(0) with v} and using the maximum
principle.

CASE 2 (A = —00). For any k > 1, testing A(A\) with vy, we get

16k(N — 2 + k)

[(p—1)(2—= N+ /(N —2)2 —4)) +4]2

< (I=p)A\p)

A(N) +

1 p+1 M—1
Jo i dr

T +o(l) (4.15)
0

for A large enough. Formula (4.2) implies

1 1
/ [oh [2rM =L dr = A(N, p) / vf\“rM_l dr
0 0

and, using the Hardy inequality for the radial function (see [5]),

1 2 1
M -2
/ V2rM=3 g < ( ) / o/ 2P
0 2 0
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we get that (4.15) becomes

AN+ 16k(N — 2 + k)
[(p—1)(2 = N + /(N —2)2 —4)) + 4]2
1-— 1—p
S tr—2y2e W= G oo T <0

for A large enough. Using both cases we can derive that, for any k& > 1, there exists
at least one value of A that solves (4.14). O

COROLLARY 4.8. The Morse index m(\) of uy is equal to

_ (N +2) = 2)(N + - 3)
m(A) = 2 (N — 2)1;! '
0<j< G+, /(N-2)2—44),
j integer

In particular, m(\) — 400 as A — —oo.

Proof. Reasoning exactly as in the proof of proposition 1.3, we consider the weighted
eigenvalue problem and we call the corresponding eigenvalues I;. Then, the lin-
earized equation has a negative eigenvalue with weight I; if and only if

AN) = V(I — )

for some j € N. So the indices j that contribute to the Morse index of the solution
uy are those that satisfy

A(X
Fi = ;2) +/.L7 <0 (416)

for some j € N. Recalling the value of j1;, this implies that

 2-N 1 AN
s _9)2 _
< +2\/(N 2) 4b2 .

The claim follows by recalling the dimension of the eigenspace of the Laplace—
Beltrami operator related to p;. The last assertion follows since A(A\) — —oo for
A — —o0. O

Theorem 4.7 and corollary 4.8 imply that if A* satisfies (4.12) and the function
A(X) + b% . changes sign at the endpoints of a suitable interval containing \*, then
the Morse index of the radial solution uy changes. This change in the Morse index
is responsible for the bifurcation. From the continuity of A(A) we know that there
should exist at least one value )\, that satisfies (4.12) for every k& > 1, but since
we do not know whether the function A(\) is analytic we cannot say that these
values A\ are isolated. To overcame this problem, in the following proposition we
construct an interval I, = [ag, (k] that contains at least one of the points \; that
satisfies (4.12) and at which the function A()\) + b%uy changes sign, and such that
the Morse index of the radial solution uy at the values aj and [ differs from
(N + 2k — 2)(N + k — 3)!/(N — 2)!k!, which is the dimension of the eigenspace of
the Laplace-Beltrami operator related to the eigenvalue py.

https://doi.org/10.1017/50308210516000135 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000135

326 E. N. Dancer, F. Gladiali and M. Grossi
PROPOSITION 4.9. There ezist a sequence A\ verifying

16k(N + k — 2)

A = [(p—1)(2—= N+ /(N —2)2 —4Xg) +4)2 (4.17)
and a sequence of intervals I, = (o, Br] C (—00,0) with A\, € Iy, such that
- 16k(N + k — 2)
R Iy T e/ o gy R N
B 16k(N + k — 2)
R I R g et P TR
and
16h(N — 2 + h)
N PR TR s ey YR Y 20
for any h < k, while
Aag) > — L6j(N —2+J) (4.21)

[(p—1)(2— N+ /(N —2)% - 4ay) + 4]
for any j > k.

Proof. In order to simplify the notation we consider first the case k = 1. For A < 0,

set
L) = AN)[(p—1)(2 = N + /(N —2)2 — 4)) + 4]?
and define \; as
A1 =suplyy,
A<0

where
I» = {\ < 0 such that L(\) = —16(N — 1)}.

By cases 1 and 2 in the proof of theorem 4.7, we get that I; y # (), and since L is
a continuous function there exists A\; such that

L(A) = —-16(N — 1),
and any other point \* # \; that satisfies
L(X\*)=—-16(N —-1)

must verify
A< A1

Analogously, for k > 2 we define

)\k = sup Ik’)” (422)
A<0

where

Iin = {A < 0 such that L(\) = —16k(N — 2+ k)}.
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As in the previous case, using the proof of theorem 4.7, there exists \; such that
L(Ag) = —16k(N — 2 + k),

and Ay satisfies (4.22).
Let us show that
Ak+1 < A for any k > 1.

Since the function 16k(N — 2 + k) is strictly increasing in k, we cannot have that
Ak+1 = Ak. So, by contradiction let us suppose that

Akt1 > A
for some k > 1. Then,
LAgt1)=-16(k+1)(N —-1+4+k) < —16k(N —2+ k) (4.23)

and by case 1 of the proof of theorem 4.7 we have

lim L(\) = lim A\)[(p —1)(2 = N + /(N —2)2 — 4)) +4]?

A—=0 A—=0

= (16 + o(1)) ;ir%/l(/\) > —16(N —1) > —16k(N — 2+ k).
—

By the intermediate value theorem for continuous functions we get that there exists

Ak = Ap+1 such that }
L(Ag) = —16k(N — 2 + k),

and this contradicts the definition of Ag.
So we have shown that

O0>A >X> > A >---.
Now we prove the claim: again, by case 1 of theorem 4.7, since

lim L(\) > —16(N — 1),
A—0

we get that there exists A\; < 1 < 0 such that
L(p1) > —16(N —1),
and this implies
16(N —1)
[(p = 1)2 =N+ /(N =2)7 = 4(5)) + 42

A(Br) > —

This proves (4.18).
On the other hand, since L(A2) = —32N < —16(N — 1) = L()A1) by (4.23), there
exists A2 < ap < Ap such that L(ay) < —16(N — 1), which implies
16(N — 1)
(b= D@~ N+ /N - 27 dan) + 4

A(Oél) < =

This proves (4.19).
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Finally, since supy 5o Ak = A2 < ay, we have L(a;) > —32N > —165(N — 2 + j)
for any j > 1, so (4.21) follows.

Now we explain how to pass from k = 1 to k = 2. We take 02 = a1 € (A2, \1).
Then, by (4.19) and (4.21),

L(B2) = L(on) > —32N
and
L(B2) = L(on) < —16(N — 2),

so (4.18) and (4.20) follow for k = 2.

By (4.23), L(A3) = —48(N+1) < —32N = L()\3). Then there exists A3 < aa < Ay
such that —48(N+1) < L(ae) < —32N, so L(a2) < —32N and this proves (4.19) for
k = 2. Finally, by the choice of a, we have L(ag) > —48(N +1) > —165(N —2+j)
for any j > 2, so (4.21) is proved for k = 2. The general case can be carried out
with the same proof. O

As in § 3.3, one can define the operator
T(\v): (—00,0) x Hy(By) N L>®(By) — HY(By) N L= (By)

as

T(\v) = ( ~A— QI)A((W)?’)

and look for zeros of I — T(\,v). Letting X = H}(B;) N L>°(B;) and reasoning
as in the proof of lemma 3.4, we have that the operator T is well defined from
(—00,0) x X into X. T is continuous with respect to A and it is compact from X
into X for any A € (—o0,0) fixed.

Moreover, the linearized operator I — T, (A, uy)I is invertible for any value of A
that does not satisfy (4.12).

To prove the bifurcation we have to consider (as in the previous section) the
subspace H of X of functions that are O(NN — 1)-invariant and the subspaces H" of
X of functions that are invariant by the action of Gj,.

Using these spaces, we deduce the following result by using theorem 4.7 and
proposition 4.9.

PROPOSITION 4.10. For every k € N the curve of the radial solution (A uy) €
(—00,0) X X contains a non-radial bifurcation point in the interval Iy, X H, where
Iy, is as defined in proposition 4.9.

Moreover, if k is even, for every h = 1,...,[N/2] there exists a continuum of
non-radial solutions bifurcating from (\,uy) in the interval Ij, x H".

Proof. The proof is by contradiction. We consider only the case of the space H.
The other case follows very similarly.

Assume by contradiction that the curve (A, uy) does not contain any bifurcation
point in the interval I x H. Then there exists an g9 > 0 such that for ¢ € (0,¢)
and every ¢ € (0,g9) we have

v—T(\v)#0 VA€, Yve X such that 0 < |lv —uy||x <ec. (4.24)
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Let us consider the sets C := {(A\,v) € I; x X: |lv —ux||x < ¢} and Cy := {v €
X such that (A\,v) € C}. From (4.24) it follows that there exist no solutions of
v —T(\v) =0 on 9, «xxC different from wuy. By the homotopy invariance of the
degree, we get

deg(I —T(\,-),Cx,0) is constant on Ij. (4.25)

Moreover, from (4.12) and (4.18)—(4.21) the linearized operator T, (A, uy) is invert-
ible for A = a3, and A\ = ;. Then

deg(I — T(Br, ), Cp,.,0) = (—1)™n ()
and
deg(‘[ - T(aka ')acak,()) = (71)"”"‘(0%),

where my () denotes the Morse index of the radial solution u) in the space H. By
the choice of the space H, we know that the eigenspace of the Laplace—Beltrami
operator associated to pi is one dimensional. Then, repeating the proof of corol-
lary 4.8 in the space H yields

0 1+sup{j € Ns.t. A(\) +b%u; <0} if X\ does not satisfy (4.12),
m =
" sup{j € N s.t. A(A\) + b%p; <0} if \ satisfies (4.12).

Then, from (4.18)—(4.21), my(6r) =1+ (k — 1) = k and my(ax) = 1 + k, so that
deg(I - T(ﬂk’ ')? Cﬁkvo) = - deg(I - T(Oék, ')acaka0)7

contradicting (4.25). Then, in the interval I}, x X there exists a bifurcation point for
the curve (A, uy), and the bifurcating solutions are non-radial since w) is radially
non-degenerate. O

We are now in a position to prove theorem 1.8.
Proof of theorem 1.8. This follows from theorem 4.7 and propositions 4.9 and 4.10.
O

Appendix A.

In this appendix we show some properties of the Hardy operator. Let us start with
some classical results.

LEMMA A.1. Let A € (—o0, (N —2)2). Then

\ 1/2
2 2
(/RN|VU| dx—/RNWv dm) (A1)

is @ norm on DV2(RN), which is equivalent to the standard one.

Proof. This follows by the Hardy inequality, distinguishing the two different cases
A>0and A <0. O
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LEMMA A.2. Let f(z) € L2N/WN+2D(RN) and let A € (—o0, 2(N — 2)2). Then the
equation

A
has a unique weak solution in DV2(RY).

Proof. 1t follows by the Hardy inequality and the coercivity of the functional

1 2 1 A,
J(w) == Vo|*dx — = — v dr — dz.
(v) 2/RN|U| T 2/sz|$\20 T Rvax
O
Next we state the Pohozaev identity for a weak solution of
—Au = f(z,u) in RV, (A3)

LEMMA A.3. Let u € DV2(RN) be a weak solution of (A 3) and let

Fla,u) = /Ou Fo ) dt.

Assume furthermore that u € LS. (RN \ {0}) and F(x,u),z - Fy(z,u) € L*(RY),

loc

where F is the gradient of F with respect to x. Then u satisfies

2N 2
2
de — —— F de — —— - Fy(z,u)de =0. A4
/RN|Vu| T3 - (z,u)dz N—Q/szx (z,u)dx (A4)
Proof. We can proceed exactly as in the proof of [2, proposition 1]. There are only
two differences: the first is the presence of the term x - Fy,(x, u); the second is that
the solution u € L° (RN \ {0}) and so we have to integrate (A 3) in Bg\ B,. These

loc
terms can be handled exactly as in the proof in [2]. O

Here we prove some results that deal with the infimum (1.31) and some other
related results in the spirit of [9, §2].

PROPOSITION A.4. Let 2 C RN be a bounded domain with 0 € 2. Moreover,

assume that ) )
b= inf [ IV de — [, a(x)n? dz

<0 (A5)
nEHL(2), Jo0?/]x]?) dx
nZ0

with a(x) € L*(£2). Then vy is achieved in a function . The function ¥ is
strictly positive in 2\ {0} and satisfies

1

—d A
o TP & (A46)

/Q Vi1 - Vo —a(x)p19dr = 1,

for any ¢ € H}(2). The eigenvalue vy is simple.
Proof. Consider a minimizing sequence 1, € H}(§2) for vy, i.e.

f() |V77n|2 dz — f_() a(ﬂf)fli dx
Jom2/|2[?) da

=11 +0(1). (A7)
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/nidx:l.
9]

Then, since 1 < 0, by (A7) we get

/|V77n|2da:—/a(x)77,21dx<0
0 0

and then, since a is bounded and (A 8) holds, we deduce from (A 9) that

Let us normalize 7,, such that

/ |V, |? d < C/ n?dr < C.
fo) fo)
Hence, 1, — 1 weakly in H}(§2) and then it holds that
/ |Vn|? dz < liminf/ |V |? d,
0 n——+00 0
/ a(x)n? dz —>/ a(x)n?* dx.
I7) fo)

So, we get

331

(A9)

(A 10)

(A11)

(A12)

/|V77|2d:1c—/ a(x)ndegliminf/ \Vnn|2dx—/a(x)nidx+o(1), (A13)
Q Q n=+o0 Jo Q

which, since v; < 0 and

1= 2 77721
= n, dr < C —de,
n o |7

Jo [V|* da — Jo a(x)n® da
limsup,, , 400 [ (12/2[?) dz =
Then elementary properties of liminf and lim sup imply

Vn|?dz — 2d
lim sup fQ [V :52 fg a(z)y” dz <.
n—+00 fg(ﬁn/|$| )dx

Moreover, by Hardy’s inequality,

2 92

nindmgM |v n|2dx<C

B} 1 n )
o || )

implies

V.

and so, by semicontinuity,
2 2
/ n—2 dz < liminf 77—”2 dz.
o |zl n—+oo J |z|

Hence, again using that v; < 0, we get from (A 14) that

/|V77|2d:rf/ a(x)n®dz < 0.
[0} 2

https://doi.org/10.1017/50308210516000135 Published online by Cambridge University Press

(A14)

(A15)

(A 16)

(A17)

(A18)


https://doi.org/10.1017/S0308210516000135

332 E. N. Dancer, F. Gladiali and M. Grossi
On the other hand, from (A 17) we get

1 1
lim sup A19
S TG e e ity [y 1P ds © T/ de )
and then
Vnl|*dx — 2d Vnl*dx — 2d
Jo V> dz — [, a(z)n® dz < liminf Jo |Vnl? da f(g z)n” dz (A 20)
Jo(n?/|z]?) dz =00 Jon2/]x]?)
Finally, by (A 14) we get
29 2
[o IVl de — [, a(x)n? dz <, (A21)

Jom?/12]?) da

which proves the first part of the proposition. The rest follows exactly as in proof
of [9, proposition 2.1]. O

The same result also holds if we minimize the quadratic form (A 5) with some
orthogonality conditions. To this end we say that ¢ and 7 are orthogonal if they

satisfy
¥n
dx = 0.
/ o

PROPOSITION A.5. Assume §2, v1, 1 and a(x) are as in proposition A.4. Then, if

vy inf fQ|V77| dz — [, a(z)n 2dz

neH(2), Jo(m?/|x]?) dz
nlyn

Indeed, we have the following.

<0, (A22)

vy is achieved. Moreover, the function 1o € HE(£2) that attains vy satisfies

/Q Vips - Vo — a(z)thag da = vs %"f dz

for any ¢ € H(£2).
Similarly, fori=3,...,k, if

v, = inf fQ |V77| dz — fQ n du

neHL(9), Jo?/1z[?)
nLspan{v,ha,..., i1}

<0, (A23)

then v; is achieved and the functions v; € Hg(£2) that attain v; satisfy

/ Vi - Vo —a(x);pdax = y; Mﬁs dx (A24)
Q o lz|

for any ¢ € H(02).

Proof. This is the same as the previous lemma. For any i let us consider a minimiz-
ing sequence 7; ., € H}(£2) for v;. This sequence converges to a function 7;. This
function achieves the infimum »; and weakly solves (A 24). O
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Now, we use the above result to compute the Morse index of the radial solution
uy to (1.1). We state the result in the case when 2 = Bj.

LEMMA A.6. Let uy be a solution to (1.28) whose Morse index is M > 0. Then
there exist exactly M functions 1; € H}(B1) and M numbers v; < 0 such that the
problem

A _ i .
N Wi — il wi:';ﬁ«m in Bi\ {0}, ;€ HY(By),  (A25)

2P
admits a weak solution. The functions ¥; can be taken in such a way that they verify

i

|z[?

de =0 fori##j. (A 26)
By
The proof follows exactly as in the proof of [9, lemma 2.6] and we do not reproduce

it here.

The results of propositions A.4 and A.5 and lemma A.6 also hold true if we let
2 = RY and substitute H}(£2) by DY2(RY). Then we can state the following.

COROLLARY A.7. The Morse index of the radial solution uy of (1.16) is given by
the number of negative values A; counted with multiplicity such that the problem

|21/>\

A;
2 = Zly RN, we DVARY),

A
—Aw— ——w—N(N+22—" =
w w (N + )VA(1+|x|2VA)2w ||2
(A27)

|[?

admits a weak solution.

Proof. Let uy be the radial solution of (1.16). Then we can use the analogue of
lemma A.6 in RY to prove the claim. O

Finally, the result of proposition A.4 can also be used to prove that the first
eigenvalue with weight (1.31) is attained. Indeed, we have the following.

PROPOSITION A.8. Assume that

fl rM=1y |2 dr — fol rM=La(r)n?dr

A = inf 0 T <0 (A28)
neHl((O’l)’TA{_ldr)’ fo TM_3T]2 dr
77(1):0777?_é0

with a € L>=(0,1). Then Ay is achieved.
Proof. The claim follows as in the proof of proposition A.4. O

LEMMA A.9. Assume v is a solution to

M-1
—" - Tw/ + /32% =hy in (0,1),

(A29)

1
(1) =0, /0 rM=L ()2 dr < oo,

with h € L>°(0,1) and 8 # 0. Then ¢ € L*>(0,1) and ¢(0) = 0.
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Proof. Let

_ —9)2 1 432
9:2 M+ /(M —2)2+4+4p3 >0
2
Since

1
/ rM=L ()2 dr < +oo,
0

by (A 29) we get that

1
/ VM3 dr < 4o0. (A 30)
0

Then there exists a sequence r, — 0 such that r%M=2¢(r,) = o(1) as n — +oo
for any 3 > 0. Such a sequence exists because otherwise we get 1 (r) > C/rf+M=2
in a suitable neighbourhood of 0 and this contradicts (A 30) (note that we have
used that 6 > (2 — M)).

Observe that the function v(r) = r? satisfies

M—-1 2
v+ BU= 0 in (0, +00), v(0) = 0. (A31)

1"
A

From (A 31) and (A 29), integrating on (r,, R), we obtain

R
/ s"TM T R(s)(s) ds = =RV (R) 4+ rh M ()

n

+ORTTM2(R) — ori M 2y (r,). (A32)

We claim that
rOHM=Ly/(r,) = 0(1) asn — oco. (A 33)

n

Integrating (A 29), we get

1 1
() = 08 18, [ S h(s) o) ds = 2l [ 8 Sl ds = o()
since

1 1 w2(3) 1/2 1 1/2
7”701/ sM 3 (s) ds < 7”70;(/ STSM_l dS) (/ sM=3 ds) = o(1),
Tn Tn Tn

and this proves (A 33). Hence, (A 32) becomes

R
/ M (s)(s) ds = — ROV (R) + ORP M 2(R). (A34)
0

Then we deduce that

wt(;) = /t1 R20+1M71 (/OR s" MR (s)p(s) ds) dR. (A 35)
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Now, since h € L>°(0,1) we get

R R
’/ s9TM=1h(s)e(s) ds SC/ SITMFD/2)(5)s(M=3)/2 g
0 0

R 1/2 R 1/2
<C (/ g20+MAL ds> </ P2 (s)sM =3 ds)
0 0

< CRV(M+2)/2, (A 36)
Finally, (A 35) becomes
o(t?) if < —+M+3,
Y(t) = ¢ O(t=M/2+3) if0>—2M+3, (A 37)

O(t=M/?*+3|logt|) if 0= —1M +3.

Then, if M < 6, (A37) implies that 1(0) = 0, which gives the claim. If M > 6,
instead we have —1 M +3 < 0 < f and so ¢(t) = O(t~M/2%3). Plugging this estimate
into (A 36), we get

R
‘/ $OTM=1h(s)ih(s) ds| < CRIFMF6)/2, (A 38)
0
and (A 35) becomes
o(t%) if 0 < —3M+5,
P(t) = § O(t=M/2+5) if0#—3M+5, (A39)

O(t=M/2+5|logt]) if0=—L1M +5,

which gives the claim for M < 10. Iterating the procedure for a finite number of
steps, we get that 1 (t) = O(t?) as t — 0, s0 ¢(0) = 0. This completes the proof. [
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