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ON LARGE-DEVIATION PROBABILITIES FOR THE EMPIRICAL
DISTRIBUTION OF BRANCHING RANDOM WALKS WITH HEAVY TAILS
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Abstract

Given a branching random walk (Z,),>0 on R, let Z,(A) be the number of particles
located in interval A at generation n. It is well known that under some mild con-
ditions, Z,(y/nA)/Z,(R) converges almost surely to v(A) as n — 0o, where v is the
standard Gaussian measure. We investigate its large-deviation probabilities under the
condition that the step size or offspring law has a heavy tail, i.e. a decay rate of
P(Z,(/nA)/Z,(R) > p) as n — oo, where p € (v(A), 1). Our results complete those in
Chen and He (2019) and Louidor and Perkins (2015).
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1. Introduction and main results

1.1. Introduction

We consider a branching random walk (BRW) model, which is governed by a probability
distribution {py}x>0 on the natural numbers (called the offspring distribution) and a real-valued
random variable X (called the step size or displacement). This model is defined as follows.
At time 0, there is one particle located at the origin. The particle dies and produces offspring
according to the offspring distribution {px};>0. Afterwards, the offspring particles move inde-
pendently according to the law of X. This forms a process Z;. For any point process Z,,, n > 2,
we define it by the iteration Z, = ez, Z’l‘, where Z’f has the same distribution as Z;( - —Sy),

and {Z)lC :x € Z,—1} (conditioned on Z,_1) are independent. Here and later, for a point process
(also for a point measure) &, x € £ means x is an atom of &, and S, is the position of x (i.e.
§= eré’ 8s,)-

We are interested here in the large-deviation probabilities of the corresponding empirical
distribution, which is defined as

_ Zy(A)

According to [7, Theorem 6]: if E[X]=0, ]E[Xz]zl, E[Z1(R)log Z1(R)] < oo, and
E[Z;(R)] > 1, then, for any Borel-measurable set A C R, Zn(\/ﬁA)—> v(A) P-a.s. (almost

for a measurable set A C R.
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surely) on non-extinction, where v is the standard Gaussian measure. So, it is natural to study
the decay rate of P(Z,(,/nA) > p) as n — oo, where p € (v(A), 1).

In fact, this question was considered in [32] under the assumption that pp =p; =0 and
P(X =1)=P(X = —1). Later, [13] further investigated the problem for unbounded displace-
ments; see also [33]. However, they always assumed that the offspring law and step size have
an exponential moment (or that the step size has a stretched exponential moment). So, we shall
deal here with the case that the offspring law or step size has a heavy tail (i.e. E[e?Z®] = 400
or E[e?X] =400 for any 6 > 0). We will see that the strategy for studying this problem and
the answers obtained will be very different from theirs.

We also mention here that the BRW model has been extensively studied in recent decades
due to its connection to many fields, such as Gaussian multiplicative chaos, random walks in
random environments, random polymers, random algorithms, discrete Gaussian free field, etc;
see [1, 9, 27, 30, 31] and references therein, and refer to [38] for a more detailed overview.
The large-deviation probabilities (LDP) for BRW and branching Brownian motion (BBM) on
the real line have attracted the attention of many researchers. For example, [14, 22, 26] con-
sidered the LDP and the moderate deviation of BRW’s maximum (for BBM’s maximum, see
[11, 17-19]); [36] studied the lower deviation of BBM’s local mass. See also [1] for the upper
deviation of BBM’s level sets. Some other related works include [6, 10, 37].

The a.s. behaviour of Zn(ﬁA) has been considered by many researchers, e.g. [2, 7, 25, 28].
Moreover, that the a.s. convergence rate of Zn(ﬁA) —v(A) tends to zero has also been
well studied recently: [12] considered the branching Wiener process; [23] generalized Chen’s
results to the BRW, but a kind of Cramér’s condition is needed for the step size; [24] studied
the case when the step size of the BRW is lattice. These results show that /n(Z,(y/nA) — v(A))
converges almost surely to a non-degenerate limit.

1.2. Main results

Before giving our results, we first introduce some notation. Let A be the algebra
generated by {(— o0, x],x€R}. For a non-empty set A€ A and p e (v(A), 1), define
Iy(p) =inf {|x| : v (A —x) >p}, Ja(p) =inf{r: SUP,cR V ((A —x) /11— r) >p, rel0,1) }
Let |Z,|:=2Z,(R), m:=E[|Z|], and b:= min{k>0:p; >0} <B:= sup{k>0:py >0} <
+o00. Recall that {pi}r>0 is the offspring law, and X is the step size. In the remainder of this
work we always need the following assumptions.

Assumption 1.
(i) po=0,p1 <1.
(ii) X is symmetric and IE[XZ] =1.
(iii) A is a no-empty set in A.

Remark 1. In Assumption 1(i), pp = 0 is made for convenience. If not, we can condition on
non-extinction to obtain analogous results. Assumption 1(ii) is not essential either, but simpli-
fies the proof. Assumption 1(iii) is crucial to our main results, and if A ¢ A, then the situation
would be very different (see [32, Proposition 1.3]).

Now we are ready to state our main results. The first theorem concerns the case that the
offspring law has a Pareto tail. Let A(a):= sup,cg{at — log E[e’]} be the rate function in
Cramér’s theorem; see [15, Section 2.2].
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Theorem 1. Take p € (v(A), 1) such that 14(-) is continuous at p and I4(p) < co. Suppose
P(|Zi| > x) = O(D)x~# as x — 400 for some constant B > 1. Assume E [ee)x] < 00 for some
0 > 0.

(i) IfFO<B—1<—108PL ypop

logm’

inf () < lim inf —— log P(Z,(viiA) =
~ jnf @1() <lim inf —— log (Zu(v/nA) = p)

1
<limsup — log P(Z,(~/nA) > p) < — sup @ (h),
n—00 \/_ h>0

where ®1(h):=h(B — 1) logm + A(AL)h, @) (h):=(h(B — 1) logm) A (A(AE)p),
and we make the convention that — log p1 =400 if p1 =0

(ii) IfB— 1> —1€PL tpe

logm’
) . 1 -
— Inf ®2(k) <lim inf Tn log P(Z,(v/nA) = p)

< lim sup \/_L log P(Z,(/nA) > p) < — sup ®(h),

n—o00 h>0

where ®>(h) := — hlogp; + A(IA(”))h oY 5(h) == (— hlogpi) A ( (IA(P))h)

Remark 2. If p; >0, —logp;/logm is the so-called Schroder constant, which determines
the asymptotic behaviour of the harmonic moments of |Z,| (see Lemma 2). Furthermore, we
will see that the asymptotic behaviour of P(Z,(,/nA) > p) mainly depends on the harmonic
moments.

Remark 3. If g8 €(0, 1), [3] showed that Zn(ﬁ( — 00, y]) converges in distribution to a
Bernoulli random variable.

The next theorem considers the case that the offspring law has a Weibull tail. As we can see
in the following, the decay scales are the same as when that offspring law has an exponential
moment. However, the Bottcher constant appears in the rate function.

Theorem 2. Take p € (V(A), 1) such that I4(-) is continuous at p and I4(p) < co. Suppose
P(|Z1] > x) ~ lle*b‘ﬁ as x — oo for some constants B € (0, 1) and 11,1 € (0, 400). Assume
p1=0.

(i) Ifess supX =L € (0, +00), then

lim Tlog [—log P(Z,(v/nA) = p)] = Iaw)__ rb log m, (1)

n—00 L B+p—pp
where p is the so-called Bottcher constant such that b = m”.
(ii) IfP(X >x) = @(1)6_)‘)‘u as x — oo for some constants o € (0, 00) and A > 0, then

(IOg n)(ot 1HvOo
Iim ———

n— 00 ne/2

28plogm @~ DVO
Bp log ) e

log P(Z,(v/nA) > p) = =M 4 (p)* (m
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Remark 4. For the Schroder case (i.e. p; > 0), we can check that, combining the proof of [13,
Theorem 1.1] and Lemma 5, we can generalize [13, Theorem 1.1] to the case that |Z;| has a
Weibull tail.

As we can see in the above, when the step size has an exponential moment, the decay rate
is very sensitive to the tail of the offspring law. However, in the next theorem we will see that
when the step size has a Pareto tail, the offspring law seems to have little effect on the decay
rate.

Theorem 3. Take p € (V(A), 1) such that I4(-) is continuous at p and I4(p) < co. Suppose
E[|leﬂ] < o0 for some >1 and b<B. Assume P(X > x)~kx~% as x — oo for some
constants k > 0 and o > 2. Then

lim
n— o0 ]()g n

_ o
log P(Z,(v/nA) = p) = —

Remark 5. If b =B, the above result is still true provided A is unbounded and p €
(v(A), v(A) + b7 (1 = v(A)).

The above theorems all assume that I4(p) < 0o, and we have seen that in this case the law
of step size plays an important role in the decay rate. However, in the following we will see
that if /4 (p) = oo, the decay rate mainly depends on the offspring law.

Theorem 4. Suppose I4(p) = 0o and J4(+) is continuous at p for p € (v(A), 1).
(i) IfP(|Z1]| > x)= O)x P asx— 400 for some constant B > 1, then
—Ja(p)(B — D logm, 0<pf—1< 2L

logm’

1 _
Jim = log P(Z,(v/nA) = p) = |
! Ja(p)logp1, g—1>_loen

logm *

(ii) Assume P(|Z;| >x)~lle_b‘ﬂ as x— oo for some constants B €(0,1) and 11, 1€
(0, 400).

(@) Ifp1 >0, then lim 1 logP(Z,(y/nA) = p) = Ja(p)logp.
n—oo

(b) If p1 =0, then

lim 1 log [— log P(Z,(v/nA) = p)| = JA@)L log m.

n—00 n B+p—pBp

Remark 6. In fact, Theorems 3 and 4 can also be generalized to the case that the step size
X is in the domain of attraction of an «-stable law with « € (0, 2]. The results and proofs
are similar; the main changes are to replace v with the a-stable law and replace /n with
inf{x : P(|X| > x) < n~'} (which is a regular variation sequence with index 1 /c).

Although, the proofs of the above four theorems differ from case to case, the basic strategy
behind each of them is the same. If I4(p) < co, we let x be the number realizing the infimum
in the definition of I4(p), otherwise we let x realize the supremum in the definition of J4(p).
The lower bound aims at achieving the event {Zn(ﬁA) > p)} in the most effortless way. For
Theorems 1, 2, and 4, our strategy is to let one particle reach around x./n at some intermediate
generation f,, and then force its children to dominate the population size at time ¢, + 1 (since
in these theorems the offspring law has a heavy tail, this can be done with relatively high
probability). Finally, optimizing for #, yields the desired lower bound. For Theorem 3 the step
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size has a heavy tail, so particles can reach a high position in a short time. Therefore, in order
to achieve {Z,(/nA) > p)}, we can let one particle reach around x,/z in the first generation
and other particles stay around the origin.

For the upper bound all the theorems use a similar idea, which is borrowed from [32]. Our
main tasks are to generalize their [32, Lemma 2.4] in the heavy-tail case and to study the
asymptotic behaviours of the harmonic moments and stretched exponential moments of |Z,,].

The rest of this paper is organised as follows. In Section 2 we present some preliminary
results that are frequently used in our proofs. We consider the offspring law with a Pareto tail
in Section 3, and a Weibull tail in Section 4. Section 5 is devoted to studying the case that the
step size has a Pareto tail. The last section considers the case that I4(p) = +00. We always use
C,C, Cy, Cy,...and cy, c3, ... to denote positive constants. As usual, we denote by C(e, M)
(or C¢. i) a positive constant depending only on € and M. And, by convention, f(x) = ®(1)g(x)
as x — 400 means there exist constants C > C’ > 0 such that C’ < |[f(x)/g(x)| < C forall x > 1,
and f(x) ~ g(x) means xlgrolo fx)/gx)=1.

2. Preliminaries

In the following, we mainly concentrate on the offspring law |Z; | (or step size X) having one
of the two typical heavy tails: Weibull or Pareto. For convenience, we write |Z;| ~ Pareto(8) if
P(|1Z;| > x) = ©(1)x~# as x - 400 for some constant 8 > 1, and |Z;| ~ Weibull(8) if P(|Z;| >
x) ~ lle’lxﬁ as x — oo for some constants B € (0, 1) and /1, [ € (0, +00). We denote by v, the
distribution of S, := Z?:l X;, where {X;};>1 are independent and identically distributed (i.i.d.)
copies of the step size X. We write W,, := |Z,|/m". From [16, Theorems 1 and 3] and [29,
Theorem 1], we have the following uniform bounds for W,.

Lemma 1.

(i) If |Z1| ~ Pareto(B) for some B > 1 then there exist constants 0 < c| < cy <00 such
that clx_ﬁ <P(W,>x)< czx_‘g for all x>1 and n>1. Hence, for a€[l, p),
sup,~; E[WX] < oo.

(ii) If |Z1| ~ Weibull(B) for some B € (0, 1) then, for every € € (0, 1), there exist constants
ce > ¢, > 0 depending only on € such that c’ee_l«”"”e)")ﬁ <P(W, >x) < cee_l((’”_f)")ﬂ
forall x> 0 and n > 1. Hence, for o € (0, B) and 6 > 0, SUp,> 1 E [egwﬁ] < Q.

(ii) IfE[|Z1|#] < oo for some B > 1 then
IE[ sup Wf] < 00. 3)
n>1

The following lemma gives the asymptotic behaviour of harmonic moments; see [35,
Theorem 1].

Lemma 2. IfE[|Z;|] < oo and r > 0 then lim,_, oc E [|Zn|_’] A, (r) = Co, where Cy € (0, +00)
is a constant depending only on {pi}x>0 and r, and

—n logpy .
Pl r>— ;
logm
Io
Ay = Ynpy "= — 2L,
logm
i < —08PL
logm
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The next lemma considers the asymptotic behaviour of stretched exponential moments, and
we will see that it is related to the LDP of Z,(,/nA) when |Z | has a Weibull tail. Recall that p
is the Bottcher constant such that b = m?”.

Lemma 3. Assume that E[|Z1|log |Z1]] < co. Forany B € (0, 1), 1€ (0, 0c0),

1
lim -logE [e_llz”lﬂ] =pi, if p1 >0;
n—00 n
. 1 —1z, 277 Bp . _
Jfim, los | ~tog B[40 [ = g voam, iy =0

Proof. We first consider the case p; =0. Let d be the greatest common divisor of
{j —k:j#k, pjpx > 0}. According the proof of [20, Theorem 6], for any fixed ¢ € (0, 1) there
exist constants ¢3 > ¢4 > 0 such that, for any " <k < Lm(l’s)"J, k=0b" (modd),andn>1,

exp [—63 (mi>_] < m"P(Zy] = K) < exp [—m (mi>_] . 4

Hence, for the upper bound, we have

—ImpPa—en

— B — B
E I:C Uzl :I < E I:C Uzl 1{|Zn|5m(178)n}:| +e

P
k 71? —&)n
<m™" Z exp (— IkP) exp |:_c4 (ﬁ) ﬂ:| Lo s,

Pt <k< Lm(lfs)nj
k =b"(mod d)

Note that there exists a positive constant 7 depending only on /, c4, p, and 8 such that, for n
large enough,
X
min {lxﬁ +ca (

br<x< Lm(lfe)nj

—% Bon
) > TmB+r=Fp ,

n1n

if1 — __p
As a consequence, if 1| —¢& > Brr—Fp then

Bpn 1—
E [e—l|Z,,\f‘] <" exp <—Tm5+/’—ﬂﬁ> +e—1mﬂ< ey
Bpn
<2m®exp | —(T A DmB+o=pr | ,

which yields

1
lim inf — log [— logE [e_llz"lﬁ]] > /3—'0 log m.
n—oo n

“B+p—Bp
For the lower bound, similarly, using the left-hand side of (4) we have, for n large enough,

P

k\ T

E [e*llz"‘ﬂ] >m" Z exp (— IkP) exp |:—C3 (—n) p:|
Y <k< Lm(l—a)nj m

k = b"(mod d)

n , P
>m~"exp | —T"mb+e=Fr |,
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where T’ > 0 depends on [, ¢3, p, B8, and d. Taking limits yields

lil?lsolip % log [— logE [e*llz”lﬂ]] < ﬂﬁ-ﬁ—p—ﬂp logm

For p; >0, by [21, Lemma 13] there exists a universal constant ¢ >0 such
that, for any k,n>1, P(Z,|=k) <cpik—{oeri/loem=1_ Thys ple~! < 114:[e—llznl‘g =
cp’f Zkzl f—(logp1/log ’")_le_”‘ﬁ, which implies the desired result. O

The following two lemmas are analogous results to [32, Lemma 2.4]. In the following, we

denote by M the collection of all local finite point measures on R. Recall that for & € M,
x € £ means x is an atom of &, and S, is the position of x (i.e. £ = eré 8s.). |&| represents
the total number of its atoms. Let Z,El be the branching random walk started from Zt = &; for
simplicity, we write Z;, := Zﬁs*'. Denote by ZEC) the corresponding empirical distribution of
Z5. Let W¥ = |ZX|/m".

Lemma 4. Assume E[|Z;|?] < oo or |Z| ~ Pareto(B) for some B> 1. Then, for every € €
(O, %) there exists a constant C1 > 0 depending on € and B such that, for any £ e M, n> 1,
and A C R,

P(ZE(A)ZéZVn (A—Sx)+e>5C1|§|‘ﬂ. (©6)
xeé

The same holds if > and +¢€ are replaced by <, —¢.

Proof. We first consider the case E[|Zl | ] < oo for some § > 1. By the branching property,
forany n> 1 and € € (0, %), we have

_ 1
P(ZEA)> — w (A — S,
(n()szv( )+e>

xe&
1 ZX(A n
_ P( |g|12xe§ n(A)/m . i oA — §0) + E)
&l er§ Zﬁ/m" |'§| xe&
sP(Z Wi < €11 — e/2)> +1P’(Z (WEA) — vy (A= $) > |s|e/3>
x€& xeé
sP(Z(l — W > §|s|> +P<Z (W) — v (A= 5) > |§|e/3)
x€& xeé
=:11 + Iy, @)

where € € (0, 1) is used in the first inequality.
We first consider /. By [34, Corollary 1.6], we know that if Y, x € &, are independent
random variables with zero mean, and A;” = ers E[Y;l{yxzo}] < oo forsome 1 <t <2, then,

for y' > 4A and z >y,

P( vz z) <Y B+ (/) ®)

xeé xeé
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So, if we choose t =1 + ﬂz—;‘, y= 352 and z=£|e/3, then 1 € (1,2 A B]. Let ¥, = Wi(A) —
V(A — Sy). Note that by (3), there exists a constant Cg > 0 such that

sup E[W!] < Cg < o0. ©)
n

Therefore, At+ < oo. Furthermore, by (9), there exists a constant C¢ g > 0 such that, for all
€] > Cegpand n>1,

t
¥ = <%‘§ﬁ|> > 418|Cp > 4|E[BIW,] > 4 E[Yy,20].
xeé

So, by (8), it follows that, for all |§| > C. g, n>1,and A CR,

2 t N\ 28
L= |5|P(W;;<A>— ba(d = S) > ﬁ) +( e Cp ) j£(1-028

128 4p)l—tet
cl&] e2Cp3 \¥
<|E|IP\ W, > —— _— B 10
< |é] ( n>12ﬂ)+((4ﬁ)1_tet €] (10)
By (3) and the Markov inequality, there exists a constant Cé, g> 0 such that, forall n > 1,
P( W, >ﬂ (2 ﬁ]E supWh | < 41€17# (11)
"7 128 ) = \ el L | = Ceplsl T

Plugging (11) into (10) yields, for all |§] > Ce g,n>1,and A C R,
2 o\ 28
/ 1-8 e~ Cg3 1-8
L <Cl el + (—(4ﬁ)1_,6,> Hid
For I, using (8) again and letting Y, =1 — W;,, we have, for all |§| > g andn>1,
22t N\ 28 2af N\ 28
3 3
n<igp(1-wis L) (S )T gammm o (S )T eps
128 4p)t-tet 4p)l-tet

Plugging the above two inequalities into (7) means that there exists a constant 7'(e, 8) > 0 such
that, for [£| > Ce g v 12,

]P(ZE(A) > é' Z Up (A — Sy) +e> <T(e P& F.

xeé

Hence, to obtain (6), we can take C := (ng \% g)ﬁ_l V T(e, B). For the case P(|Z;| > x) ~
O(1)x#, as a consequence of Lemma 1 we only need to replace (11) by

€lé| e\’ . s
P(Wn>@>562<ﬁ) €177,

Replacing A with A®, we obtain (6) with > and +e€ replaced by <, —e. U

Remark 7. We can check that if £ is a point process with a fixed number of atoms the result is
similar, with E[v,(A — S,)] replacing v,(A — Sy).
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Lemma 5. If |Z| ~ Weibull(8) for some B € (0, 1) then, for every € > 0 small enough, there
exist positive constants Cy and C3 depending on € and B such that, for any € € M, n> 1, and
any A CR,

(zf(A) > i Z V(A — Sy) +e> < Cre Gl (12)
xe&

The same holds if > and +¢€ are replaced by <, —¢.

Proof. From (7), for every € € (O, %) we have

<Z‘E )z ﬂ DA =S+ e)

xeé
(Z (1—Wy> < |5|) +P< D OWrA) > Y vnA—S)+ |$|€/3)
xeé xeé xeé
=L+ 5. (13)

For I;, note that sup]E[ =W, ] < 0o. Furthermore, by Lemma 1, E [((1 Wj‘l)_)z] <34+
x,n

sup, E [W,%] < 00. Hence, by [32, Lemma 2.3], there exists a constant ¢5 > 0 such that, for
all n, £, and € small enough,

—P<Z(1—Wi§)>§|é§|) <e o<l (14)

xe&

For I, by Lemma 1 there exists a constant c¢ > 0 such that, for all y>0 and n> 1,
P(W(A) > y) <P(W,, > y) <cgexp [ — I(m — 1)PyP]. Let X;, i > 1, be i.i.d. copies of W(A),
and '

(Igle/3+ Lo vaa=S0) . 1=i<lgl
ai(|§]) =
0, i> ]

Then, by slight modifications of the proof of the upper bound [5, Theorem 2.1], there exist
positive constants T, T” depending on € and B such that, for any |§| > T,n> 1, and any A C R,

/
Izzp(ZW;(A)>Zvn(A—Sx)+|g|e/3> < TEP, (15)
xe& xe&
Plugging (14) and (15) into (13) concludes the proof of this lemma with C» :=eT/Tﬁ and
Cz3:=T A(cs5€?). O

The following lemma concerns LDP of sums of i.i.d. Weibull-tail random variables.

Lemma 6. Suppose {X;}i>1 is a sequence of i.i.d. random variables having the same distri-
bution as X. Assume that P(X > x) = @(l)e_)"‘u as x — o0 with some o € (1, 00) and A > 0,
th = o(n1/3), and t, — oo. For any 0 < a < b < +00, we have

n—oo p% /2

lim In” logIP (ZX € (a+/n, bf))
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Proof. The upper bound can be found in [13, Lemma B.1]. For the lower bound, since
Ce ™ <P(X > x) < C'e ™" for some constants C' > C > 0, we have, for n large enough,

In
P <ZX,- € (av/n, bﬁ)) >P (X,- € <a;/% bﬁ) , forall 1 <i< tn)
i=1

n tn

(03 b o ty
(o[ (57) Jree [ (57) )
not/Z
> C™ exp I:—Aa“ a_1i| )
In

Then, the desired lower bound follows, provided #, = o(\/n). O

3. Proof of Theorem 1

In this section we assume that |Z;| ~ Pareto(8) for some S € (1, +00), and E[e?X] < oo for
some 6 > 0. We also assume that /4(p) < oo and I4(+) is continuous at p.

Proof. We start with the lower bound. Fix € > 0. By the continuity of I4(-) at p, there
exist some § > 0 and |x| < I4(p) + € such that, for any small 1 > 0, infye[x—y, x45) V(A —y) >
p + 6. Consequently, we can choose M > 1 large enough that ﬁ infyex—y,x1y) VA —

y=>p+ %. Let #, := |hy/n] with some h >0, and |v| be the generation of particle v. Set
Z] = Zuez‘wk’u is a descent of v 05.—Sys Hw) :={weZ, yywé¢ Zl} forue z,; E:={(&, k,r) €
M x NT x NT : £ has exactly one atom z such that S, € [(x — n)/n, (x + n)/nl; k> 2Mr};
E:= {Z,” has exactly one particle u such that S, € [(x —n)/n, (x+n)/n] and |Z}|>
2M Yy, Lu,veZ,, 1Z]] } Namely, Z} is the kth generation of the sub-BRW emanating from parti-
cle v, and H(u) represents a collection of particles at time #, + 1 who are not the children of u.
The proof of the lower bound is divided into two main steps.

For the first step, we will show that there exists a constant Cy >0 such that, for n
large enough P(Zn(ﬁA) >p) > CyP(E). Let {Z,i}nzo, i>1, be i.i.d. copies of {Z,},>0 and
wy_ f—1"= =\Z,_ -1 |m~==D and let x, be the displacement of particle v. By the Markov
property, we have

P(Zy(v/nA) = p)
> P | there exists u € Z;, such that

> 7y (WA —x,=S)+ X Zy, [(JnA—Sy)

veZ{ weH (u) d
>pan
Z | l—l|+ Z |ZW[_1|
veZ{ weH (1)
217,
veZ{
—Z 7 . N >M
weH (u)
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ko
Z Zﬁ,_;n_l(ﬁA —xy—87)
i=1

> / P! > p and
g ko -
_Zl 121l + Zl 12—, —11
= j=
k )
2 12,1
= > M| PZ, €d, |Z]| € dk, |H(2)| €dr)
Y1z, ]
J:1 n

ko
> Z;z_;n_l(\/ﬁA —x,—87)
i=1

2/ P P > p and
E .
A+M) Y 1Z,
i=1

ko

> Wi

2l >M | P(Z, €dt, |Zi| e dk, |H()| € dr)
S W,
/:

=: /an(é, k, nP(Z,, € d&, |Zi| € dk, |H(2)| € dr), (16)

where P(Z;, € d§) represents the distribution of the point process Z;, (for a serious definition
of a point process’s distribution, see [8, Section 2.1]). To finish the first step, it suffices to show
that

lim inf P,k r)>0. a7

n—0o0 (&,k,r)e€
Since Ae A (see Assumption 1), we can write A= Zle (a;, bj] for some natural
number [, where —oo < a; < b; <4o00. Let A(x, n) := Zle (aj —x+n, bj —x—n). Since
S, € [(x — n)/n, (x + n)+/n], we can choose 1 small enough such that

#V(A(x, n)>p+ g and /nA(x, n) C «/nA —S,. (18)

Thus, by the central limit theorem, there exists a constant C(M, h, x, n, §) > 0 such that, for
n>CM, h, x,n,$),

8
mvn—tn(\/ﬁf\(& m)>p+ 3 (19)
Recall that Z;iz—z,,—l’ W,il_tn_l, and X;, 1 <i <k, are respectively i.i.d. copies of Z,_; 1,

Wy—s,—1, and X. Since /nA(x, n) C /nA — S, by (16), we have

ko ko
; z, . ((VnA(x, n) —Xi) ; W1
Pue komy=P | = : zpand S ———>M
1 M*l Zi 2M J
( + ) l; | n—t,,—ll Zi Wn—ln—l
J=

=E [I{A,,,kzp}l{Bn,kzM}] :
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Fix k > 2M (since (¢, k, r) € £) and €’ € (0, ). A random variable N(¢’, k) > 0 exists such that,
forn> N(e’,k)and 1 <i <k, /nA(x, n+€') C /nA(x, n) — X; C /nA(x, n — €’). Thus,

k .
Yo mm Dzl (A n+€)

i=1

< An,k

k .
(+M-1) Zl m==h=D|Z,
1=

Z m==n=DZE L (JnAGx 0 — €)
<l 1

k
(+M=1) Y m—o=t=D|Zi
i=1

Since Z,(y/nA) — v(A) and W,, — W, the above implies that lim,_ o Apk = M ——V(A(x, n)),
P-a.s. On the other hand, it is easy to see that

1l

Lotz

Tim. B,,k_ZW’/Z W =B, Pas.,

where W' and W/ are i.i.d. copies of W:= lim, .o |Z,|/m". Hence, by the dominated
convergence theorem and (18), for any fixed k > 2M we have

lim E [1ia, =p LB, =my ] =P (Be = M) . (20)

n—odo

So, to achieve (17), it suffices to show that

Jim sup [E [,z i,z ] = F Be= M) =0 @1
and
inf P (B> M) > 0. (22)
k>2M

By the strong law of large numbers, we can easily obtain infz~3 P (By > M) > 0. For (20),
observe that

B[4, zp L1, uz0n] — P (B = M)
<PAnk <p)+PBnr =M, By <M)+P(Bnr <M, B > M). (23)
For the first term on the right-hand side of (23), let & = Zf: 1 8x; be a point process (recall

that the X;, i > 1, are i.i.d. copies of X). By Remark 7 and (19), there exists a constant C; > 0
depending on § and S such that, for n > C(M, h, x, n, §),

Z t_l(fA(x m — Xi)
]P)(An,k<p):]P) = % <p
(I+MH 317, |l
i=1

=P (Z_, \(/nA@ m) <p(1+M7"))
_ 5
<P (Zfl_,n_l(«/ﬁf\(x, M) < Vs, (V/nA(x, 1)) — g)
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_ 1)
—P(Z, WA ) <E | =3 v (A, ) — 5 -3

z€€

€]
<Cik' 7, (24)
where the third equality holds since

Vnety (WA, ) =P (X1 + X2+ + Xuy, € /1A, 1))
=E[vy—,—1(V/nA(x, n) — S)I.

For the second term on the right-hand side of (23), by the strong law of large numbers we have

P(Bpi>M, By <M)<PBr <M)—0  ask—> oo, (25)

For the third term on the right-hand side of (23), there exists a constant C(M, ) > 0 such that,
for any k > 2M and n > 1,

P(Bux <M, B = M)

<PBur<M)

Z -
=P —<M

L] ;

Z -

Lok Lok L 3

<P Z ,1<MZ H»Z 1 <15

Lo ]

<CM, Bk =P, (26)

where, for the last inequality, we used exactly the same arguments as for bounding
Ii and I in Lemma 4. Plugging (25), (26), and (27) into (23), we obtain that for
every € > 0 there exists a constant C(e, M, B, §) such that, for k> C(e, M, B, 8) and n >
CM, h, x,n,8), |E[Lia,,=p1is,=m] — P Bk = M)| < . Combining this with (20), there
exists some large constant C(e, M, B, h, x, n, 8§, p) such that, for n > C(e, M, B, h, x, n, §, p)
and k > 2M, |E [, >p 118, ,>m) ] — P (Bx = M) | < €. Thus, (21) holds. This, combined with

https://doi.org/10.1017/jpr.2021.66 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.66

484 S. ZHANG

(22) and (16), implies that there exist positive constants Cy; and C(M, B, h, x, n, 8, p) such
that, forn > C(M, B, h, x, 1, 8, p), P(Z,(y/nA) = p) = CyP(E), which completes the first step.

For the second step, we will give a lower bound of P(E). Define F;, :=0(Z;, 1 <i <t,). By
the first step, forn > C(M, B, h, x, n, 6, p),

P (Zu(x/nA) = p)
> CyP |there exists u € Z;, such that S,, € [(x — n)+/n, (x + n)+/n], |Z}| > 2M Z 1Z]|
V#EUYEZy,
ZCME[ Y Ussetomnyieenvanlizisa ¥ mn}
MGZ;,, v#u,veZy,
=CME[ 2 Lis,ctomnyicbnyinE [1{21'|>2M > 1z ‘ft} ] @7
ueZln v#Eu,veZy,

where the first equality follows from the fact that the random variable inside the expectation can
only be 0 or 1 (since there exists at most one individual satisfying |Z}| > 2M ), Luvez, 1Z]]
forue ;). Letk;,i> 0, bei.i.d. copies of |Z|, and independent of Z;,. Since |Z; | ~ Pareto(B),
there exists a constant C4 > 0 such that P(|Z;| > x) > C4x~# for all x > 1. Recall the well-
known fact that if U and V are independent random variables then, for any bounded measurable
function F(x,y), we have E[F(U, V) | o(V)] =E[F(U, v)]| v~ Using this fact, we have

V=

E| Lz x iz | Fo | =E L am s 1y ‘ f’”}
vEu L =
vEZy
=E{Lypoom Py ki}] ‘j:\Z,n\fl
=E[E [l{ko>zM2-£=1 o kj)]] ‘j:\z,,,\—l
P
>CE | [2M ) ki
i=1 =11, |1
[ izt \ 7P
=GE| M Y k| |o0z,D
i=1
> G PE(1Z, 11 7P | 7] (28)
Plugging (28) into (27) yields, for n > C(M, B, h, x, n, 8, p),
P (Zu(+/nA) = p)
= CuC@ME | E | 3 N e pymsmin Zn | | By
UEZy,
Z
=CuCs2M)PE [|Z| ’”llm} vy, ([ = mv/n, (x4 n)/nl) , (29)
th+
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where the last equality follows from the fact that the branching and motion are independent.
By Fatou’s lemma, for n large enough,

E [—'Z’"' } = m P~ BV [—W’" } > 09E[W!# [ Fm= =0 (30)
|Ztn+1 |/3 ( It

Plugging (30) into (29) yields the existence of a constant C'(e, M, B, h, x, , 8, p) such that,
forn> C'(e, M, B, h,x,n, 8, p),

P(Zy(+/nA) = p)

= Cy Cy @MY P0.9m™ PR [W!F | ==V, ([0 = )/, G+ /)

> CyuCs2M)~P0.9m~PE [Wl—ﬁ ] =B DI e [— <A <’%> + e)hﬁ},

where the last inequality follows by Cramér’s theorem. Hence, for every €, n small enough and
h > 0, the above yields

h

First, let € — 0, and then maximize the lower bound with 4, to finally obtain

1£rg;£f%10gp(2n(ﬁmzp)z - {h(ﬂ —1)logm+ (A < _'7) +e> h}

llmgngIOgIP’(Z W(VnA)Z p) > — inf {h(,s— 1)logm+ A < A(”)> }

which concludes the desired lower bound for the case of 8 — 1 < %. For B —1> %,
[13, Lemma 3.1] gives

h

We next consider the upper bound in Theorem 1. By the definition of /4(p), for every n €
(0, I4(p)) there exists § > 0 such that

sup vA—y)<p-§é. 31
YISla(p)—n

Set By := (= Ia(p) + M/, Ua(p) = my/nl, My = (& € M:5E < 3}, and 1, := L/ for

some & > 0. For every & € M and n large enough, we have

hmmf% log P(Z,(/nA) > p) > — inf {hlog 1 +A (IA(I’)> } ,

1
ISI Vs, (v/nA — S)+—
ze€
1
<— D Vg (VA - Zvn (VA — S)+—
€] IEI
z€é& z€é
ZE€BY Z€By
B¢ F)
< ) + sup vy, (VA —2)+ -
El i<na)—n 4
U9 N 368 N H)
ST Ty
:p7
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where the third inequality follows by the generalized central limit theorem (see [32, Lemma
2.2]) and (31). Hence, by Lemma 4 and the Markov inequality, for n large enough,

P (Zy(/7A) = p)
<P (z,n(B;;) > g) +P (Z,,l(B;) < g Zo(/ih) zp)

SE[EM}#—/M (zf <IA>>—Zvn WA= S) + = )P(Zzned@
1

A ~ 18l 2
2 Z: (B¢

5E[E |Z( ;’)}+CIE[|ZM|—@—“]. (32)
th

For the first term on the right-hand side of (32), define G;, :=0(|Z;], 1 <i <t,). Since the
branching and motion are independent we have, for n large enough,

E [EZ—’"(BS’)} ~F [E [22’"(BC | Qtnﬂ
8 |Z, 5 |z,
4
=5V (Ua(p) = m~/n)

< g exp [— (A (IA(p)T_") - e) hﬁ], (33)

where the second equality comes from the symmetry of the step size, and the last inequality
follows by Cramér’s theorem. For the second term on the right-hand side of (32), by Lemma 2,
for n large enough,

2Com— B~ g1 > 108PL.
~ logm
E [|Ztn|*‘ﬁ*‘)] < | (34)
20op"", 0<,3—1<_10(;g,51.

Plugging (33) and (34) into (32) yields thatif 8 — 1 > logm then

P (Zu(VnA) zp) = geXp [— <A <@> - e) h«/ﬁ] +2C0Ci(p, 8, hym=B=Dhn,

1

. log ;-
andif 0 < B — 1 < —2L then

logm

P (Zy(v/nA) = p) < %exp [— (A (W) - e) hﬁ] +2CoCi(p, 8, Mp!™".

So, the upper bound follows by optimizing % on (0, +00). O

4. Proof of Theorem 2

In this section we consider the case that the offspring law has a Weibull tail, i.e. P(|Z;| >
x)~lle’lxﬁ as x — oo for some constants 8 € (0, 1) and I, [ € (0, +00). We assume that
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I4(p) < 0o and I4(-) is continuous at p. Comparing with the case where the offspring law has
exponential moment, the results and proofs do not change in the Schroder case. However, in
the Bottcher case things become different: the Bottcher constant will appear in the rate func-
tion. So, in this section we further assume p; = 0. Moreover, unlike the Pareto case, the tail of
the step size matters for the decay scale of LDP. To show this, we will investigate two types of
step size: bounded step size and Weibull-tail step size.

4.1. Proof of (1)

In this subsection we assume that p; =0 and 0 < ess sup X = L < co. We are going to show

that
1 Ialp) PP
lim —10 —log P(Z, A) > —————logm.
Jim g [~ log P(Zy(Vnd) = p)] = == 2 log
Proof. We start W1th the lower bound. By the continuity of I4(-) at p, for every & > O there
exists § > 0 such that [I4(p + 28) — I4(p)| < €. Furthermore, it is easy to see that there exists

x € R such that v(A — x) =p + 268. So, by the continuity of v(A — ), there exists some 7 > 0
: _ ._ . | xl/n
such that mfze(x’ﬁ%) V(A —2) > p+ 8, where (b, a) :=(a, b),ifa < b. Lett, := { —I and

(L—n)

2
E:= {there exists u € Z; such that S, € <x n, x/n+ 71’2ﬁ>’ |Z{| > 2MZ|Z}’| }
v£Eu

veEZpy

Since |Z| ~ Weibull(8), there exist constants ¢; > 0 and / > 0 such that P(|Z;| > y) > C7e_1yﬁ
for all y > 0. By similar arguments for the lower bound in Theorem 1, there exist constants
Cy > 0 and T(#, x) > 0 such that, for n large enough,

P(Zy(v/nA) = p) = CyP(E)
2
= CMIP’<Stn € (x n, x/1+ me))cﬂE [|Ztﬂ|e_l(2M)ﬂ|Ztn+1|ﬂ]
> Cye TR [e—zaM)ﬂ \Z1 41 |ﬂ] , (35)

where the last inequality follows by Cramér’s theorem and the fact that |x/n| < IV(IzI_«/nﬁ)-I L.

Hence, by Lemma 3, we have

1 || PP
lim sup — log log P(Z,(+/nA) > p) log m.
n—00 [ ] L-np+p—pBp
Finally, by letting  — 0 and ¢ — 0, we obtain the desired lower bound.
Then, for the upper bound, for any ¢ € (0, I4(p)) set t, := [ (Ia(p) — €)/n/L]. By Lemma 5

and arguments from [32, (2.30)—(2.33)], there exists § > O such that, for n large enough,

P(Zn(ﬁA>zp>s/MP( . fA>>EZvn W (VIA = 5;) + >P<z,neds>

ze€

< CE[e G171,

Thus, by Lemma 3, we have

| 5 Ix(p) — ¢ B
lim inf — log [ — log P(Z,,(v/nA) > > log m.
im inf —~ g [~ log P(Zy(v/nA) 2 p)] = = eyl
Finally, the desired upper bound follows by letting ¢ — O. U
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4.2. Proof of (2)

In this subsection we consider the case where the step size X satisfies P(X > x) = @(l)e_’\)‘a
as x — oo for some « € (0, 00), A > 0. We are going to show that if « > 1, then

. (logn)*~!
hm—

n— oo

2Bp logm )”‘1
a(B+p—Bp) '

For « € (0, 1], using the same arguments as [13, Section 4.1.1] and Lemma 5, we can easily
obtain lim,,_, oo ,1(!17 log P(Z,(\/nA) > p) = —Als(p)*, so we feel free to omit its proof here.

log P(Z,(v/nA) > p) = —Ma(p)* (

Proof. For the lower bound, we start by fixing € > 0. There exist some 1, § > 0 and |x| <
I4(p) + € such that infye(y—y x4 VA —y) > p+ 6. Let E := {there exists u € Z;, such that S, €
(e = m/n, (x+n)/n), 121 > 2M > vtuvez, 1Z}|}, where t, := [tlogn]| for some 0 <1 <

a(B+p—Bp)

TTog mF)Bp Similar to (35), we have, for n large enough,

P(Z,(V/nA) = p) = CyP(E)

= CyP (Si, € ((x = m/n, (x+n/n)) c7E [|Zt" e~ 1CMY 21 |/3]

> _ L ) R CI AN
> c7Cy exp A+ e€)lx—n| (tlogn)"‘*l e

o no/? Bptlog (m+e)
>c7Cyexpy—(A+€)lx—n| W exp | —n Fro—Fr

n(x/2
> ¢7C —A+26)x — gt —————
> c7Cy exp | —(A + 2€)|x — 1| (tlogn)“_l}

where the second inequality follows from Lemma 3, the third inequality comes from Lemma 3,
and the last inequality follows from the fact that < ptp—pp) Hence, for any € > 0, some

2log (m+€)Bp *
n>0,|x| <Is(p)+e,andany 0 < £ < %, we have
oa—1 o
1iminf&10gp(z (/nA) > p) > (,\+e)| ”' .

n—oo

a(B+p—PBp)
2 logmpBp

For the upper bound, set ¢,:=|[tlogn| for 7> %, and By, :=[(—Ix(p)+
M1, (Ia(p) — n)+/n]. Using the arguments from (31) to (32), there exists some § > 0 such

that, for n large enough,
P (Zy(v/nA) = p)

27,,(B)
<E[8 iz }+/M1 ( n— t"(“/_A)>EZV” (VA —S;) + )P(Ztnedg)

Finally, by letting e — 0, t — gives the desired lower bound.

2
< SP(S, € B + CE[em O]
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where the last inequality follows from Lemma 5. As a consequence, by Lemmas 6 and 3, for n
large enough,

= o n‘)‘/2 PBptlog (m—e)
P (Zn(\/ﬁA) zp) <exp{—Asa(p) —n—¢€) W + Crexp | —n Fto—Fr

o na/2
<exp {—()» —2e)alp) — 1) W} ’

where the last inequality follows from 7 > %. So, for any €, n > 0 small enough and
(B+p—Bp)
t> W, we have
o—1 o
1 —
lim sup & log P(Zu(v/nA) > p) > —(% — 2e )M,
n—oQ tu

which implies the upper bound by letting €, n — 0 and t — %' O

5. Proof of Theorem 3

In this section we assume E[|Z|#] < oo for some B > 1, and I4(-) is continuous at p for
some p € (V(A), 1 — v(A)). Here, we consider the step size to have a Pareto tail, i.e. P(X > x) ~
Kkx~ % asx —> oo for some constants x > 0 and o > 2. We are going to show that if b < B then
lim,, s o 10 —log P(Z, (/nA) >p)= —%. Furthermore, if » = B and A is an unbounded set, the
above still olds provided that 0 < p — v(A) < (1 — v(A))/b.

Proof. We start with the lower bound. By the continuity of I4(-) at p, for every € > 0 there
exist 1, 6 > 0 such that, for some |x| < Io(p) + €, infye[x—y, x4y V(A —y) = p + 5. Without loss
of generality, we write A= Z]ff:l (aj, bj]. Set A(x, n):= Z;‘zl (aj — (x =), bj — (x+ 1)),
Ale) = Z _ (a] +e€,bj— 6). Obviously, we can choose €,n small enough such that
v(A(x, ) >p+ 5, V(A(€)) > v(A) — % Set &:= {é eEM:E= Z?:l 8y, ym» Where Xxj €

(x—n,x+n), x;€(—€,€), i=2,...,b}. By the Markov property, P(Z,(\/nA)>p)>
[z ( - 1(\/_A)>p)IP’(Zl e d&). For every £ €&, it is easy to see that A —x; DA(x, ),
A—x;DA(e),i=2 , b. Hence,

PN =)= [ P (7 i) = p) iz € de)

zf P( L (WIAG M)+ Y0, 7 (JnAGe) p> P(Z; € d§)
S Zi:l' n—ll
1 b i
i=11"n—1

where Zi_1(~), 1 <i<b,arei.i.d. copies of Z,_1(-). Since Zn(ﬁA) —v()and |Z,|m™" > W
almost surely, we have, as n — oo,
| L(RAG ) + 200 ZE_ ((/rAGe))
P 1z,

Z _o V(A(€)W; + v(A(x, n) Wy
Zl IWl

P-a.s., 37
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where W;, 1 <i<b, are i.i.d. copies of W. If b < B, then W; has a continuous density on
(0, +00) (see [4, Chapter II, Lemma 2]). In this case, by the dominated convergence theorem
and (37),

n—o0

. (Z),_1<ﬁA<x, M+ Y0, 7 (JnAce)
lim P >

- p| =:C(e, n,x)> 0. (38)
Y1z )

Since P(X > x) ~ kx™%, there exists a constant C(«, x, €, n) =: C7 > 0 such that, for n large
enough,

P(Z; € ) > Cppn~*/2. (39)

Plugging (38) and (39) into (36) yields, for n large enough, P(Zn(ﬁA) >p)>
0.9C(e, n, x)C7pbn_°‘/ 2 which implies the desired lower bound if b < B.

If »=B and A is unbounded, without loss of generality we assume A = (a, +00). Set
& = {g eM: &= Z?:l 8 s where x| € [f4/n, +00), xi €(—€,€),i=2, ..., b}, where ¢
is some positive constant. Using similar arguments to above, we obtain

7 (Jaa—t,+oo) + Y0, 7 (VnA(e)
Z?:] Ziz—l

P(Zy(v/nA) > p) = P < ZP) P(Z, € &.

For any p € (v(A), v(A) + #), there exists 8’ > 0 such that

b-DHvA)-8)+1-4
p< .

3 (40)

If we choose € small enough and  large enough, then v(A(€)) > v(A) — &, v((a — t, +00)) >
1 — &'. This, together with (37) and (40), shows that, almost surely,

Z)_(Jn(a—1,+00) + Y0, Zi_ (\/nA(e)) L G- DvA@) +y@=r+00)
Y1z b ’

which implies the desired lower bound.

For the upper bound, set f,:=|clogn] for some c¢>0. By copying the argu-
ments from (31) to (32), there exist constants §, n >0 such that, for n large enough,
P (Zy(v/nA) > p) < 3P (S;, = Ua(p) — m/n) + C1E[|Z,,1~#~D], where the last inequality
follows from Lemma 4. For the first term of the right-hand side of the latter inequal-
ity, by (8), there exists a constant Cg >0 depending on ¢, «, o, and n such that,
for n large enough, %IP (S, = Ua(p) — M)/n) <Cgn~ 2 logn. For the second term, by
Lemma 2, for n large enough, E[|Z, |~#~D] <2C (m~"B=D + p''). Hence, for n large
enough, P (Zn(ﬁA) zp) <Cgn 2 logn+2Cy (m_’"(ﬁ_l) —i—p’l”). Since t, = [clogn], if we
then, for large n, P (Zn(ﬁA) zp) <2Csn~? log n. Thus,

choose ¢ >

o \Vi o
2(8—1)logm —2logp
we have

lim sup log P(Z,(v/nA) > p) < — e
n—oo 108H 2 O

https://doi.org/10.1017/jpr.2021.66 Published online by Cambridge University Press


https://doi.org/10.1017/jpr.2021.66

LDP for empirical distribution of BRWs 491

6. Proof of Theorem 4

In this subsection we assume that /4(p) = 0o, J4(p) is continuous at p, and E[Xz] < 00. We
are going to prove that if |Z;| ~ Pareto(8) with some 8 > 1, then

—1
1 —Ja(p)(B —1)logm, 0<ﬁ_1<#;
7 ogm
lim — log P(Z,(v/nA) > p) = g
o —logp)
Ja(p)logp1, p—1z— ,
ogm

and if |Z;|~ Weibull(8) with some B e€(0,1), then lim,_ % log P(Zn(ﬁA) >p)=
Ja(p) log p1 for p1 > 0, and
1 - _ PP _
lim - log [— log P(Z,,(+/nA) Zp)] =Ja(p)————logm for p1 =0.
n—o0o n B+p—Bp
Proof. Considering the lower bound, we first examine |Z;| with a Pareto tail. If 8 — 1 >
% then from [13, Lemma 3.4] we have lim inf,,_, oo % log P(Z,(/nA) > p) > Ja(p) log p1.

Now we shall consider the case of 0 < — 1 < %. Since J4(p) is continuous at p, for

any € > 0, there exists § > 0 such that, for r:=Js(p + 26) € (0, 1), we have |r — J4(p)| < €.
Moreover, by the definition of J4(p), there exists x € R such that

<A—x>> +38
v =4.
1—r =PT3

A—y
vl N — | zp+o. 41)

So, for any small > 0,

YE[x—1n,x+1]

Set t,, := |rn], and for large M set E := {there exists u € Z;, such that S, € [(x — n)/n, (x +
m/nl, 1Z}| >2M Zv#u’vezm 1Z|}. Similar to (18), from (41) and S, € [(x — n)/n, (x+
n)+/n], we can choose 7 small enough such that

1 A(x, n) 8
1+M—1v<m)>p+1’ VnA(x, 1) C /nA —S,, (42)
where A(x, 1) := Zﬁ:l (ai —x+n, b —x—n).By [32, Lemma 2.2], it follows that

Tim v, (VRAGE, ) =V (A(x’ " ) .

JT—7

This, combined with (42), shows that there exists a constant C(M, r, x, n, §) > 0 such that,
forn>CWM, r,x,n,8) >0, H#vn_[n(\/ﬁA(x, n)>p-+ %, which plays the same role in
this proof as (19) in Theorem 1. Using similar arguments to the proof of the lower bound in
Theorem 1, there exists a constant Cys > 0 such that, for n large enough,

P(Zy(v/nA) = p) = CyP (E)
> Cy0.9Com™ " P~ Dy, ([(x — m)v/n, (x4 n)/nl)
> 0.9%CyCoCom™ "B~ (43)
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where the last inequality holds since lim,— oo vy, ([(x — 1)+/n, (x + n)+/n]) =C(r, x, ) =: Co>0.
Taking limits in (43) yields liminf,_, % log P(Z,(\/nA) > p) > —(Ja(p) + €)(B — 1) log m.
Then, the desired lower bound follows by letting € — 0.

We now consider the upper bound. For € € (0, J4(p)), set t, := [(Ja(p) — €)n]. By the
definition of J4(p) there exists § > 0 such that, for €’ € [e, 2¢],

A—y -
—_ | <p-—4. 44)
;zﬂgv(\/l—JA([))-i-G/) P

Thus, for any & € M,

1 L8 Jn Sy 38
el & SR y;; NN
3838

where the first inequality follows from the generalized central limit theorem, and the second
inequality follows from (44) and the fact that g(u, v) = v(uA + v) is a continuous function on
R2. Thus, for n large enough,

P(Zn(ﬁA)zp)SfM ( o, (V/nA) = Ezvn w(V/nA —Sy) + )P(Zzn € d§).
yeé

Hence, by Lemma 4, there exists C; >0 such that, for large n, P(Zn(ﬁA) >p) <
C1E [|Ztn |_(’3_1)]. As a consequence, the upper bound follows by Lemma 2.

If |Z1| has a Weibull tail, similar arguments to those above, together with Lemmas 3 and 5,
get the desired results. (|
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