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Abstract

We consider the continued fraction expansion of real numbers under the action of a nonuniform lattice
in PSL(2,R) and prove metric relations between the convergents and a natural geometric notion of good
approximations.
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1. Introduction

Let H := {z € C : Im(z) > 0} be the upper half plane and, for p/q € Q, let H,;, C H be
the circle of diameter 1/¢° tangent at p/q. Set H,, = {z € H : Im(z) > 1} and consider
the family {H,, : p/q € Q U {oo}} of Ford circles, which are the orbit of H,, under the
projective action of the modular group SL(2,7Z), that is, the group of 2 X 2 matrices
with coefficients a, b, ¢, d in Z (the notation refers to (1.3) below). Any two circles are
either disjoint or tangent. Figure 1 shows that for any irrational « there exist infinitely
many p/q € Q with a € II(H,,,), that is, & — p/q| < (1/2)g™2, where II(x + iy) := x.

This defines the sequence of geometric good approximations of a as the sequence
of pn/g, in Q with @ € Il(H), ;). The same sequence arises from the continued
fraction expansion « = ag + [a;,as,...] of a. Indeed, the convergents defined by
DPnlqn = ao + lai, ..., a,] have the property that

e — p/ql < (1/2)q72 = p/q = pn/qg, forsomen > 1. (L.1)
The first n + 1 partial quotients a, ..., a,.+| approximate « with error given by
1

<@ la—pulgal < for any n € N. (1.2)

2+ dayy an+1

Rosen continued fractions were introduced in [9], in relation to diophantine
approximation for Hecke groups, giving an extension of (1.2) which was later
improved in [7]. Equation (1.1) was extended to Rosen continued fractions in [5]
and the sharp constant replacing 1/2 was obtained in [10]. In this note we consider
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FIGURE 1. Balls G(Hy), k € Z, tangent to H,,;; = G(H,), where p/q = G - co.

diophantine approximation for a general nonuniform lattice Fuchsian group, in relation
to the so-called Bowen—Series expansion of real numbers [3]. Our main theorem
(Theorem 3.1) provides an extension of (1.1) and (1.2) to this setting. This result is
used in [6] to approximate the dimension of sets of badly approximable points by the
dimension of dynamically defined regular Cantor sets. The study of the higher part of
the Markov and Lagrange spectra is also a natural application, in the spirit of [1, 2, 11].
Theorem 3.1 applies to many diophantine approximation problems, since it translates
diophantine properties into ergodic properties of the Bowen—Series expansion.
Let SL(2, C) be the group of matrices

a b
G:(C d) (13)

with a, b, c,d € C and ad — bc = 1. Any such G acts on points z € C U {co} by

az+b
cz+d’

Lz= (1.4)

Denote the coefficients of G in (1.3) by a = a(G), b = b(G), ¢ = ¢(G) and d = d(G).
The subgroup SL(2,R) of G with coefficients a, b, c,d in R acts by isometries on H
via (1.4) and inherits a topology from the identification with the set of (a, b, ¢, d) € R*
with ad — bc = 1. A Fuchsian group is a discrete subgroup I' < SL(2,R). Referring
to [4], we say that I is a lattice if it has a Dirichlet region Q C H with finite hyperbolic
area. If Q is not compact, then the lattice I' is called nonuniform. In this case the
intersection Q N JH is a finite nonempty set, whose elements are called the vertices
at infinity of Q. A point z € R U {oo} is a parabolic fixed point for I" if there exists a
parabolic element P € I' with P(z) = z. Let Pr be the set of parabolic fixed points of IT'.
The set Pr is the orbit under I" of the vertices at infinity of Q and is dense in R. Two
points z; and z, in Pr are equivalent if z; = G(z;) for some G € I'. Any nonuniform
lattice I' has a finite number p > 1 of equivalence classes [z1],...,[z,] of parabolic
fixed points, called the cusps of I.
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Let I' be a nonuniform lattice with p > 1 cusps. Fix a list S = (Ay,...,A,) of
elements Ay € SL(2, R) such that the points

x=Ag-00 fork=1,...,p (1.5)
form a complete set {zy,...,z,} C Pr of inequivalent parabolic fixed points. A natural
choice for zj,...,z, is a maximal set of nonequivalent vertices at infinity of a

fundamental domain. Any element of #r has the form G - z; for some G € I' and
k=1,..., p. We have horoballs

B =A({zeH :Im(z) > 1}) withk=1,...,p,

each By being tangent to R U {co} at z;. We allow A, = Id, that is, z; = co and By = He.
Thus, G(By) is a ball tangent to the real line at G - z; for any G € I with G - z; # .
These balls generalise Ford circles and we measure how their diameter shrinks to zero
as G varies in I" with the denominator

1/vD GBy) ifG- -z #
D(G~Zk)i={/ lam((k ifG Z—OO

For any T > 0 and any G € SL(2,R) with ¢(G) # 0, using the notation in (1.3),

1

Diam(G({z € H: Im(z) > T})) = T(:Z—(G)

(1.6)

Hence,
D(G - z;) = |c(GAy)|  forany G - z; € Pr. (L.7)

In [8], Patterson proved that there exists a constant M = M(I', S) > 0 such that for any
Q > 0 big enough and any « € R there exist G € ' and k € {1, ..., p} with

M
a-—G- -z —— and 0<D(G-z)<O.
| il DG -0 (G-z) <0
For I' =SL(2,Z), S = {Id} and M =1, this is the classical Dirichlet theorem. In
general, for any @ € R we obtain infinitely many G - z; € Pr with

o= G-zl < (1.8)

M
DG - z)

The Bowen—Series expansion [3] provides a coding a = [Wi, W»,...] of a real
number @, where the symbols W, for r > 1 are cuspidal words which belong to a
countable alphabet ‘W (definitions are in Sections 2 and 3). Cuspidal words W € W,
introduced in [1, 2], label a subset of elements {Gy : W € W} of ', which generalise
the role played in the theory of classical continued fractions by the matrices

Iax) g PO Gim ok, azes1 € N™ for any k € N.
0 1 axy. 1

The coding is a continuous bijection ¥ — R, where £ c W is a subshift with
aperiodic transition matrix (see [6]). For r > 1, the first r symbols in the expansion
of a=[W;,W,,...] define ¢, = ¢(Wy,...,W,) e Pr (see (3.5)). This extends the

https://doi.org/10.1017/5S0004972720001483 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972720001483

48 L. Marchese [4]

classical notion of convergents p, /g, of @. The main result of this note is Theorem 3.1
in Section 3. We give the following preliminary statement (see also Remark 3.2).

THEOREM 1.1. Fix a = [Wy, Wa,...] which is not an element of Pr. The convergents
L= (Wh, ..., W,) approximate a with error given by an analogue of (1.2). Moreover,
there exists a constant € > 0 such that any G - zx € Pr satisfying (1.8) with M = ¢
belongs to the sequence ({;)>1-

2. The Bowen—Series expansion

We follow [6, Section 3], which is based on [1, Section 2.4] and [2, Section 2]. The
original construction is the Markov map in [3], which is orbit equivalent to the action
of a given finitely generated Fuchsian group of the first kind. In our setting the Markov
map corresponds to an acceleration of the map in (2.7) below. This section describes
the coding by cuspidal words. The same description appears in [6], where it is followed
by the study of the combinatorial and metric properties of the subshift related to the
coding. Consider the unit disc D := {z € C : |z] < 1} and the map

=i
p:H->D, ¢ =——. (2.1)
7+

The conjugate of SL(2, R) under ¢ is the group SU(1, 1) of F € GL(2, C), where

F= (’Z é) with o — |8 = 1. (2.2)

Denote by @ = a(F) and 5 = S(F) the coefficients of F as in (2.2).

2.1. Isometric circles. Consider F € SU(1, 1) and @ = a(F), 8 = B(F) as in (2.2).
Assume that 8 # 0 and let wr := —@/ be the pole of F. The isometric circle Ir of F
is the euclidean circle centred at wy with radius p(F) := |8}, that is,

={¢eC:f—wpl=18)
We have F(Ir) = Ir-1, where p(F) = p(F~") and |wp-1| = |wr| (see [4, Theorem 3.3.2]).
Moreover, Ir ND is a geodesic of D for any F € SU(1, 1), by Theorem 3.3.3 in [4].
Denote by Uy the disc in C with 0Uf = I, that is, the interior of /.

2.2. Labelled ideal polygon. Let I' c SU(1, 1) be a nonuniform lattice. From [12],
there exists a free subgroup I'y < I" with finite index [I'y : I'] < +co (see also [6, Section
2.2]). In particular, referring to (2.2), B(F) # 0 for any F € I'y, so that the isometric
circle Ir and the disc Up are defined. The origin 0 € D is not a fixed point of any
F €Ty and Theorem 3.3.5 in [4] implies that the set

Qy:=D\ U Uy (2.3)

Fely

is a Dirichlet region for I'y. From [4], € is an hyperbolic polygon with an even number
2d of sides, denoted by the letter s, and with 2d vertices, denoted by the letter &
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FIGURE 2. Ideal polygon labelled by A = {a, b, ¢, d,d, b, C, d}.

(see also [6, Section 2.4]). All vertices of y belong to 9D because Iy is free. Any side
s 1s a complete geodesic in D and for any such s there exists a unique F € I" such that
F(s) is another side of Qy with F(s) # s. The sides s and F(s) are thus paired as shown
in Figure 2. The set of pairings generates I'y [4, Theorem 3.5.4]. For a convenient
labelling, consider two finite alphabets Ay and Ay, both with d elements, and a map

L AU Ay = Ay U Ay with 2 = Id and «(Ay) = Ay,

that is, an involution of Ay U 51\0 which exchanges Ay with ﬁl\o. Set A := Ay U ﬁl\o
and, for any a € A, denote a := i(a).

Label the sides of Q) by the letters in (A, so that for any a € A the sides s, and s;
are those which are paired by the action of I'y. For any pair of sides s, and s; as above,
let F, be the unique element of I'y such that

Fu(s3) = Sa. (2.4)

For any a € A, we have F; = F,;' and the latter form a set of generators for I'.
In the following, we denote by Qp := Qg C D the labelled ideal polygon defined
above and Qy := ¢~ !(Qp) c H its pre-image under the map in (2.1).

2.3. The boundary map. Parametrise arcs J C 0D by ¢ — e~ with ¢ € (x,y). Set
infJ := ¢™™ and supJ := e™. We say that J is right open if infJ € J and supJ ¢ J.
Let Iy < T be a finite-index free subgroup and Qp, be an ideal polygon for Iy labelled
by A, as in Section 2.2.

For a € A, let F, be the map in (2.4). Let I, be the isometric circle of F,, and Uy,
its interior, as in Section 2.1. Recall that sz = Ir, N D and s, = I, N D. Let [a]p be the
right open arc of dD cut by the side s,, that is,

lalp := U, N 8D.

https://doi.org/10.1017/5S0004972720001483 Published online by Cambridge University Press


https://doi.org/10.1017/S0004972720001483

50 L. Marchese [6]

Set &L := inf[a]p and &R := sup[alp. Figure 2 gives examples of this notation. In order
to take account of the cyclic order in D of the arcs [a]p, fix ap € A and define a map
0 : A — Z/2dZ by setting o(ayp) := 0 and

o(b) = o(a) + 1 mod 2d  for a,b € A with &X = ¢ (2.5)
We have F,(Ir,) = I, for any a € A and F, sends the complement of [a]p to [a]p,
that is,
Fq(dD\ [alp) = [alp. (2.6)
The Bowen—Series map is the map BS : D — 9D defined by
BS(é) := F,'(¢) ifand only if £ € [a]p. (2.7)
The boundary expansion of a point & € dD is the sequence (ay)ren Of letters a; € A
with
BS &) € [ax]p  for any k € N. (2.8)
By (2.6), any such sequence satisfies the so-called no backtracking condition
ar. # a;  forany k € N. (2.9)
A finite word (ay, . . ., a,) satisfying Condition (2.9) corresponds to a factor of the map

BS : 0D — 0D, that is, a finite concatenation F,' o --- o F! arising from iterations
of BS. An admissible word, or simply a word, is any finite or infinite word in the
letters of A satisfying Condition (2.9). We use the notation

.....

Define the right open arc [ay, .. .,a,]p as the set of & € 9D such that BS*(&) € [a]p
for any k = 0, ...,n, that is,

[a(), e an]D = Fao,...,a,,,l [an]D = Fao ..... an(aD \ [&;]D) (210)
Two such arcs satisty [ay, . .., a,]p C [bo, ..., bylp if and only if m > n and a; = by, for
any k =0,...,n. It is easy to see that [ay, ..., a,]p shrinks to a point as n — co (see
[6, Lemma 3.1] for a proof). A sequence (a;)rey satisfying Condition (2.9) corresponds
to a point & = [ag, a1, . . .]Jp in D, where we use the notation
[ag,ay,...]p = ﬂ[ao o>yl
neN

Conversely, if (a;)ren is the boundary expansion of ¢ € dD, then & = [ag, ay, . . .]p. The
Bowen—Series map BS is the shift on the space of admissible infinite words.

2.4. Cuspidal words. Consider the map o : A — Z/2dZ in (2.5). The definitions in
Section 2.3 easily yield the following lemma (see [6, Lemma 3.2] for a proof).

LEMMA 2.1. Let (ay,...,a,) be a word satisfying Condition (2.9) with n > 1 and
ap = ay. The map Fy, . ., , is a parabolic element of Ty fixing ffo if and only if

olars) =o(ay) — 1 foranyk=0,...,n— 1. (2.11)
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The map F, is a parabolic element of T fixing && . if and only if

olars) =o(a) + 1 foranyk=0,...,n— 1. (2.12)

05++e5ln—1

Let W = (ay, ..., a,) be an admissible word. We say that W is a cuspidal word if it
is the initial factor of an admissible word (ay, .. ., a,) with m > n such that F,,_, is
a parabolic element of I'( fixing a vertex of Q.

e If n > 1 and (2.11) is satisfied, we say that W is a right cuspidal word. In this case
we define its type by e(W) := R and we set &y 1=

e If n > 1 and (2.12) is satisfied, we say that W is a left cuspidal word. In this case we
define its type by (W) := L and we set &y 1= fao.

o If n =0, that is, W = (ap) has just one letter, the type &(W) is not defined. By

convention, &y 1= &x .
If W = (ao, .. ., a,) is cuspidal with n > 1, Lemma 2.1 implies that fjlfw) =F, - aﬁf?
forany k = 0,...,n — 1 and it follows that
&w = 0dlaolp N Olag, ailp N ---NOlao, ..., a,lp, (2.13)

that is, the n+ 1 arcs above share &y as common end point (see also [2, Section
2.4] and [1, Section 4.3]). A sequence (a,),en is called cuspidal if any initial factor
(ag, . ..,a,) with n € N is a cuspidal word, and eventually cuspidal if there exists k € N
such that (a,+x)sen 1s a cuspidal sequence.

2.5. The cuspidal acceleration. If W = (b,...,b,) and W’ = (ao,...,a,) are
words with ag # b,,, define the word W « W’ := (by, ..., bn, agp, ..., a,). Let (a,).ey be
a sequence satisfying Condition (2.9) and not eventually cuspidal.

Initial step. Set n(0) := 0. Let n(1) € N be the maximal integer n(1) > 1 such that
(ao, . . ., any-1) is cuspidal; then set Wy = (ao, . . ., Gu1)-1)-

Recursive step. Fix r > 1 and assume that the instants n(0) < --- < n(r) and the
cuspidal words Wy,...,W,_; are defined. Define n(r+ 1) > n(r)+ 1 as the
maximal integer such that [a, ), . . ., dn-+1)-1] 1S cuspidal; then set

Wy = (@nirys - - -5 Qnire1)-1)-

The sequence of words (W,),ay is called the cuspidal decomposition of (a,)yen. Of
course, (ap,aj,ay...) =Wy Wy =---. For any & = [ag,ay,...]Jp, if (W,),en is the
cuspidal decomposition of (a,),en, We write

é: = [ao,al,...]D = [W(), W],...]D. (214)

REMARK 2.2.If W, | := (a,,(,_l), Ce ,an(,)_l) and W, = (Cln(r), . ,an(r+1)_1) are
two consecutive cuspidal words in the cuspidal decomposition of a sequence
(an)nen satisfying Condition (2.9), then the word (a1, @uerys - - - > Gner+1)-1) €an be
cuspidal.
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3. The main theorem

The tools in Section 2 induce a boundary expansion on R. Let I'y < I" be the free
subgroup and Qp C D the ideal polygon in Section 2.2. Then Pr, = I'o(Qp N JD) by
Theorem 4.2.5 in [4]. Since 'y has finite index in I', the two groups have the same set
of parabolic fixed points, that is,

Pr =1To(Qp N ID). (3.1

3.1. Geometric length of cuspidal words. Fix the list S = (Ay,...,A,) asin (1.5).
Let Qy = ¢~ '(Qp) C H be the pre-image of Qp under the map in (2.1). Any vertex &
of Qp corresponds to a unique vertex £ = ¢~ (£) of Q. For any such vertex £, consider
BeTlandk e {l,..., p} with

{ = BA; - co. (3.2)

Any side s, of Qp corresponds to a unique side e, := ¢~!(s,) of Qi, where a € A.

If BAy - oo =B'A;- oo, then j = k. Moreover, B’ = BP, where P €I is parabolic
fixing A - oo (recall that in any Fuchsian group I' with cusps, if G € I' satisfies
G- =/ for some ¢ € Pr, then G is parabolic). Hence, the map z +— A,;IPAk(z) is
a horizontal translation in H. If s and s” are geodesics in D having & as common end
point, then their pre-images in H under ¢ o B o A; are parallel vertical half-lines whose
distance does not depend on the choice of B in (3.2). This gives a well-defined positive
real number

A(s, s, €) = [Re(A;' B ¢ 7' (5)) — Re(A; ' B~ o7 (s))l.

Fix a cuspidal word W = (ay, ..., a,) and the vertex &y of Qp associated to W in
Section 2.4. For n > 1, (2.13) implies that the geodesics 4, Fyy(Sa,), - - - Faq.....a, 1 (Sa,)
all have &y as common end point (see Figure 3). Define the geometric length |[W| > 0
of W as

o A(Sao7 Fao,...,a,,,l (Sa,,), gW) lf n Z la
IWl:= {0 ifn=0. 3-3)

.....

,,,,,,,,,,

[a0, - .. anlz == ¢ ' ([dos - - -, @n]n) = Gay..q)(OH\ [an]w).

Set [ag, ai,...]Ju := ¢ '(lag, a1, .. .]p), that is, encode @ € R by the same cutting
sequence as ¢(a) € D. If (a,),en has cuspidal decomposition (W,.),en, (2.14) becomes

a = [W(), Wl,---]H = [Clo,al,...]H. (34)

For r € N, let W, be the rth cuspidal word. Set w, := ¢~ !(éw ). The convergents of @
are

gr = GWO ,,,,, W, * gwr, reN. (35)

For k=1,...,p, let yx > 0 be such that the primitive parabolic element Pj €
ATA! fixing co acts by Pi(z) = 2+ gty Set p := maxfuy, ..., up}.
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e3 () (] €(

e AIZIB_IQH

IW| = [Re(e3) — Re(eo)|

FIGURE 3. Geometric length |W| of a right cuspidal word W = (a(),al,az,ag) The arrows inside Qp
represent the action of F, F,, Fy,. The arcs so := 4y, 51 1= Fuy(S4,)s 82 := Faga,(Say)s 83 1= Fagay.a,(Say)
share the common vertex &y, which is sent to co under the map AATIB"¢’]. Thus, the arcs sq, 51, 52,53 in
D are sent to parallel vertical arcs e; := ¢~ (s;) in H.

THEOREM 3.1 (Main theorem). For any r € N with |W,| > 0,

1 1
—— < D(G G < 3.6
Wi+ 2 (G - Ew) *l = Gy, - Lw, | < Wi (3.6)
Moreover, there exists €y > 0, depending only on Qp and S, such that for any G € T’
andk =1,..., pwith D(G - z;) # 0, the condition

DG -z) la-G-zl < &
implies that there exists some r € N such that

w,, - {w,, where|W,| > 0. 3.7)

.....

REMARK 3.2. Equation (3.6) holds for any choice of S as in (1.5), and this follows
because geometric length and denominators satisfy a form of equivariance under the
choice of S. Equation (3.7) shows that, for any choice of the subgroup I'y, all good
enough approximations of a given a belong to the sequence of its convergents.

3.2. Reduced form of parabolic fixed points. Fix G-z, € Pr. Recall (3.1) and
write elements of 'y in the generators {G, : a € A}. There exist a unique admissible
word by, ..., b, and a vertex ¢ of Qp which is not an end point of €= such that

The representation above is called the reduced form of the parabolic fixed point G - zi.
In the next lemmas (Lemmas 3.3 and 3.4), let (b, ..., b,,) be a nontrivial admissible
word and let {; be a vertex of Qy which is not an end pomt of e;-, so that Gy, 5, - Lo
is a parabolic fixed point written in its reduced form and dlfferent from 0,
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LEMMA 3.3. There exists a constant k; > 0, depending only on Qy, such that
-1
1Zo — Gb b oo| > ki,

that is, the vertex {y and the pole of Gy,
below.

b, Stay at distance uniformly bounded from

sssss m

.....

the interior of [by, ..., b,lu, the pole of Gy, ., belongs to the closure of [E,;]H. The

.....

lemma follows because {p is a vertex of Qy different from the end points of e;-. m]

LEMMA 3.4. There exists a constant k, > 0, depending only on Qg and S, such that
the following statements hold.

(1) If ¢ is a vertex of Qy different from {, then

.....

statement is trivially true. If D(G - ;) # 0, let o = BoAy - o0 and {; = BjA; - 00 as
in (3.2). Referring to (1.3), let ¢,d be the entries of G. Let ag,co and a;,c; be the
entries of BoAy and B A;, respectively. We prove an upper bound for

D(Gy,....p, - 1) _
D(Gy,....p, " £0)

We cannot have ¢y = ¢; = 0 because {p # ¢ and in particular ¢y, {; cannot both be
equal to co. Moreover, G - {y, G - {; are both different from co; thus, the condition ¢ = 0
implies that ¢y, c; # 0. Hence, (1) follows for ¢ = 0 because the ratio above equals
|c1/col, which varies in a finite set of values and is therefore bounded from above.
If ¢, co,c1 # 0, then

cay + dcy

cay + dcy

cai +dei| _|er] |(ar/er) = (=d/c) {1 = (G- o)

(ao/co) — (—=d/c) Zo—(G1-o0)|

In this case (1) follows because |c;/cg| is bounded from above, and Lemma 3.3 gives a
lower bound for the denominator of the second factor (the numerator is not bounded,
but as it increases the ratio converges to 1). If ¢,cy # 0 and ¢; = 0, then Lemma 3.3
gives

C1

cay + dcy co Co

1
(ao/co) — (=d/c)

cay +dey| |a _|a 1 '<
o= (Gl -o0)| ™

ai
cag + dcg Co co co - Ky
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and (1) follows on observing that a;/cq varies in a finite set of values. Finally, if we
have ¢,c; # 0 and ¢y = 0, then

cay +dcy _ - +|G7]'Oo|c_1

2 (-djo2
ao ao

a
cay + dcg ap ap

In this case {y = oo, which is not an end point of [E;]. Thus, [E;] is contained in the
compact interval of R delimited by the two parallel vertical segments of Qy. Hence,
|G™! - oo is uniformly bounded because the pole G~! - co belongs to the closure of [E;]
(see proof of Lemma 3.3). Part (1) follows in this case too and the proof is complete.
Part (2) follows similarly, replacing ¢; by {. := Gy, ., - {>» and observing that, since
Gy,,,, varies in the finite set {G, : a € A}, then also the entries of X € SL(2,R) with
Gy, - {» = X - co vary in a finite set. Moreover, {y # {, and so G - {y # G - {.. O

3.3. Proof of Theorem 3.1. By a standard separation property of parabolic fixed
points (see [6, Section A]), there exists a constant Sy > 0, depending only on I" and S,
such that for any G - z; and F - z; in Pr with G - z; # F - z;,

So

Ggi—Fogl>—0
G-a=F-50 2 5 2

(3.8)
Let @ = [ag, ay, .. .Ju = [Wo, Wy,...Ju be the expansion of @ € R as in (3.4).

3.3.1. Proof of (3.6). Fix reN with |W,|>0. Take ke {l,...,p} and BeT as
in (3.2), that is, {w, = BAy - oo. As in Figure 4, let T > 0 be such that the horoball

,,,,, w,.,BAr({z € H : Im(z) > T})

is tangent at Gy,
and (1.7) give

.......... w._, - {w.|. Equations (1.6)

Diam(Br) 1
2 2T

tangent to {z € H : Im(z) > T'}. Equation (3.6) follows because (3.3) gives
[W,| <2T < |W,| + 2u.
3.3.2. Proof of (3.7). Referring to Section 3.2, let {, be the vertex of Qg and

(bo, - .., by) be the admissible word such that the reduced form of the parabolic fixed
point G - z 1S

where {j is not an end point of e;~ whenever (by, ..., b;) is not the empty word.
Assume that D(G - z;)?|e — G - zx| < €, where the constant &) > 0 will be determined
later.
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FIGURE 4. The rth cuspidal word W, = (ag, a1, a,) of « is the first cuspidal word of G- a, where G =
Gw,....w,_,- The vertex {w, of Qg is common to the arcs ey = ¢,,, €1 := Gy e, and ep := Ggyyq €4, The arcs
e; = Ge; share the vertex G{yw,. The point {w, is sent to co and the arcs e, ¢, ¢; are sent to the parallel
vertical arcs ef, e{, 7. We have |W,| = |[Re(e}) — Re(ej))l.

Step (0). Assume that (bo, . . ., b,,) is the empty word, so that {p = G - zx # co. Consider
the extra assumption |Wy| > 0 and ¢y = {w, on pairs (a, (), where yw, = go‘l(‘fwo) and
&w, 1s the vertex of Qp associated to Wy as in Section 2.4. Define ¢ > 0 by

€ = inf D({p)* - | = Lo,
(a,0)

where the infimum is taken over all pairs (@, {y) not satisfying the extra assumption.
With such ¢, the statement follows whenever (bo, . . ., b,;) is the empty word.

Step (1). Now assume that (by, . . ., b,,) is not the empty word. Then G - z; is an interior
point of [by,...,b,Ju. Let {1,{, be the end points of [b,,], which are vertices of
Qy different from . By (2.10), the end points of [bo, ..., b,lx are {! := Gy, - &

for i=1,2. Let N > —1 be maximal with a, = b, for any n=0,...,N, where the
last condition is empty for N = —1, and where N < m. Observe that the condition
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N <m — 1 implies that « ¢ [by, . .., b,]u and therefore

So . 1 Soka
- min 2 3
D(Gy,,...p, - G0) =12 D(Gpy,..p, " &) D(Gp,..5,, * £0)

where the third inequality follows from Lemma 3.4(1) and the second from (3.8).
Therefore N = m, provided that €y < k2S0.

We have proved that [ay, . .., a,, ]y = [bo, - - . by Ju. Moreover, G - z; does not belong
to the interior of [ay, ..., dm, Gne1]E, Since the latter is a subinterval of [by, ..., b, ]n
delimited by the image under Gy, . 5, of two consecutive vertices of Q. The same
argument as in the first part of Step (1), which is left to the reader, shows that G - z; is
an end point of [ay, . . ., Ay, A+l ]H-

la — G-zl > r,nlirzl &/ — G-zl = r,nlig IG5, = &i = Gy * S0
=1, =1,

,,,,, ., - {o is an end point of [ao,...,ans2]u.
Otherwise, G -z; does not belong to the closure of [ag,...,d,2]u. Since a €
[a09 ceey am+2]H9
la = G -zl 2 |Gp,,...0mans: = 3 = Gog....b * 0l
S Sok:
0 S 0k2

,,,,, bumame - ¢3 18 the end point of [ay, . . ., a2l Which is closest to G - zx and
where {3 is a vertex of Qg which is not an end point of e;— . Here, we use (3.8) and
Lemma 3.4(2). The inequality is absurd because of the condition € < «»Sy.

Step (3). Let r be minimal such that (ay, . .., a,,) is an initial factor of Wy s - - -« W,_;.
If (ao, ..., ams2) is also an initial factor of Wy - -+ W,_;, then Gy, w._, - éw,, isa
common end point of the intervals [ay, . . ., anlu, [ao, - -, a1y and [ag, - . ., G2 ]m,
according to (2.13). Without loss of generality,

Gw,....w, , - &w,., = inflao, ..., aulg = inflag, . .., aps1 g = inflao, . . ., aps2la.

The common end point is not G - zz, which belongs to the interior of [ay, ..., dy]y.
Thus, Step (1) implies that G - z; = suplao, . . ., dy+1]u, Which gives a contradiction
because G - z; is an end point of [ay, ..., a2l by Step (2). Hence, Wy s - -+« W,_;
is equal either to (aq, . .., a;) or to (ag, . . . , Apyi1). Moreover, (a1, dm+2) 1S a cuspidal
word because [ay, . . ., a1 ]g and [ag, . . . , @2 ]u share the end point G - ;.

If Wos---%W,_; = (ag,...,an), the word (a,,+1,a,.>) is an initial factor of W,,
that is, |W,| > 0 and ¢y = {w,.

If Wos-- % W,_| =(ao,...,an+1), the word W’ := (a,,41) * W, is also cuspidal
(this is allowed by Remark 2.2). If |W,| = 0, that is, W, = (a,,+2), then G - z; does not
belong to the closure of [ay, .. ., a,+3]m and we reach a contradiction by

Sokz
D(Gy,,..p, - £0)*
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where {3 is a vertex of Qu and Gy, p,.a,.1.am - ¢3 15 the end point of [ao, . .., au+3]a

.....

which is closest to G - z;. In the last inequality we reason as in Step (2), replacing «»
by a smaller constant and extending Part (2) of Lemma 3.4 one more step, in order
to compare D(Gy,.. p, - ¢o) and D(Gp, . p -{3). Since W’ is cuspidal with

SOmsm+1,Am+2

[W’| > 0, we have {p = {w. But we also have {y = G,,,,, - {w,, which implies that

GbO aaaaa by " go = GaO ----- am " Gam+1 : §Wr = GWO ----- Wit ® gWr'
In both cases (3.7) follows. The proof of Theorem 3.1 is complete.
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