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ABSTRACT

Crofton formulas on simply connected Riemannian space forms allow the volumes, or
more generally the Lipschitz—Killing curvature integrals of a submanifold with cor-
ners, to be computed by integrating the Euler characteristic of its intersection with all
geodesic submanifolds. We develop a framework of Crofton formulas with distributions
replacing measures, which has in its core Alesker’s Radon transform on valuations. We
then apply this framework, and our recent Hadwiger-type classification, to compute
explicit Crofton formulas for all isometry-invariant valuations on all pseudospheres,
pseudo-Euclidean and pseudohyperbolic spaces. We find that, in essence, a single mea-
sure which depends analytically on the metric, gives rise to all those Crofton formulas
through its distributional boundary values at parts of the boundary corresponding to
the different indefinite signatures. In particular, the Crofton formulas we obtain are
formally independent of signature.

1. Introduction

1.1 Crofton formulas
The classical Crofton formula computes the length of a rectifiable curve « in R? as

Length(y) = = / #(yNL)dL, (1)

2 JGn, (R2)
where Gri(R?) is the space of lines in R? with a rigid motion invariant measure (which is
normalized in a suitable way).

A higher-dimensional version states that for M C R™ a compact submanifold with boundary,
we have
pi(M) = cn i / x(MNE)dE,

Gry_k(R™)
where Gr,,_;(R") is the Grassmann manifold of affine (n — k)-planes equipped with a rigid
motion invariant measure, x is the Euler characteristic, and (M) is the kth intrinsic volume of
M, which can be defined via Weyl’s tube formula [Wey39]. The same formula also holds with the
submanifold M replaced by a compact convex body K, in which case the kth intrinsic volume
can be defined via Steiner’s tube formula [Ste82]. We refer to [KR97, Sch14] for more information
about intrinsic volumes of convex bodies.
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More generally, we can take an arbitrary translation-invariant measure m on Gr,_;(R™) and
consider the integral

w(K) = / X(KNE)dnm(E).
Gr,_(R")

By the additivity of the Euler characteristic, we have
(K UL)+ p(KNL) = p(K) + p(L)

whenever K, L, K U L are compact convex bodies, hence p is a valuation. Clearly p belongs to the
space Val of translation-invariant valuations which are continuous with respect to the Hausdorff
metric. In addition, u is k-homogeneous and even, that is, invariant under — Id. We thus get a
map

Cr : M(Gr,,_1(R™))"" — Val,

where M denotes the space of translation-invariant measures.

Alesker [Ale01] has shown that the image of this map is dense with respect to the natural
Banach space topology on Valli'. Therefore, Crofton formulas are a central tool in the study of
valuations and in integral geometry.

When restricted to smooth measures and valuations (see § 2 for the notion of smoothness of
valuations), the map Cr is, in fact, a surjection

Cr : M>(Gr,—(R™))"" — Val;>™,

the kernel of which coincides with the kernel of the cosine transform [AB04].

Among the many applications in integral geometry of such formulas, we mention the con-
struction of a basis of the space of unitarily invariant valuations on C" by Alesker [Ale03], the
interpretation of Alesker’s product of smooth and even valuations in terms of Crofton measures
[Ber07], the Holmes-Thompson intrinsic volumes of projective metrics [APF07]. Applications
outside integral geometry include isoperimetric inequalities in Riemannian geometry [Cro84],
symplectic geometry [Oh90], systolic geometry [Tre85|, algebraic geometry [AK18], and more.
Crofton formulas are employed also outside of pure mathematics, in domains such as microscopy
and stereology, see [KJ17].

Crofton formulas do not only exist on flat spaces, but also on manifolds. In this case, we
need a family of sufficiently nice subsets, endowed with a measure. Then the Crofton integral is
given by the integral of the Euler characteristic of the intersection with respect to the measure.
Under certain conditions which are given in [Ful6], it yields a smooth valuation on the manifold
in the sense of Alesker [Ale06b].

On spheres and hyperbolic spaces, a natural class of subsets are the totally geodesic subman-
ifolds of a fixed dimension, endowed with the invariant measure. On the two-dimensional unit
sphere, we have a formula similar to (1), with affine lines replaced by equators. This formula is
the main ingredient in the proof of the Fary—Milnor theorem that the total curvature of a knot
in R3 is bigger than 4r if the knot is non-trivial.

In higher dimensions, the formula becomes slightly more complicated. On the n-dimensional
unit sphere, we have

o~ b (k)2 A
/Geodn_k(sn)X(MmE)dE_; ( j >Mk+2](M). (2)

TWE+25-1

Here Geod,_;(S™) denotes the totally geodesic submanifolds of dimension (n — k), p;(M) is
the jth intrinsic volume of M (which can be defined as the restriction of the jth intrinsic
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volume on R™™! under the isometric embedding S™ < R"*1), and w,, denotes the volume of the
n-dimensional unit ball. A similar formula holds on hyperbolic space. See [FW19, Ful4] for more
on the integral geometry of real space forms.

Moving on to Lorentzian signature, few results are available. The main challenge to over-
come is the non-compactness of the isotropy group, which in general renders the Crofton integral
divergent. Some special Crofton-type formulas in Lorentzian spaces of constant curvature, appli-
cable under certain rather restrictive geometric conditions, appeared in [Bir84, LCB03, ST05,
YMW16].

1.2 Results

We are going to prove Crofton formulas on flat spaces, spheres, and hyperbolic spaces of arbitrary
signatures. Let us recall the definition of these manifolds, referring to [O’Ne83, Wol61] for more
information.

DEFINITION 1.1.

(i) The pseudo-Euclidean space of signature (p,q) is RPY = RPTY with the quadratic form
+
Q=31 dof — 3707, daf.
(ii) The pseudosphere of signature (p,q) and radius r > 0 is

SPd = [y € RPY: Q(v) = r?},

equipped with the induced pseudo-Riemannian metric. Its sectional curvature equals o =
1/r2. The pseudosphere S?’l C R**tbL1 s called the de Sitter space.
(iii) The pseudohyperbolic space of signature (p,q) and radius r > 0 is

HP? = {y € RPITL . Q(v) = —r?).

Its sectional curvature equals o = —(1/72). The pseudohyperbolic space H v 1 is called the
anti-de Sitter space.

We colloquially call these spaces generalized pseudospheres. The isometry groups of general-
ized pseudospheres are given by

Isom(RP?) = O(p, q) = O(p, q) x RPY,
Isom(SP9) = O(p + 1, 4),
Isom(HP?) = O(p,q +1).

In each case the action is transitive, and the isotropy group is conjugate to O(p, q). These spaces
are isotropic in the sense that the isotropy group acts transitively on the level sets of the metric
in the tangent bundle.

DEFINITION 1.2. A complete connected pseudo-Riemannian manifold of constant sectional
curvature is called a space form.

Up to taking connected components and universal coverings, any space form is a generalized
pseudosphere (cf. [O’Ne83, Chapter 8, Corollary 24]).

On a generalized pseudosphere M, we formulate Crofton formulas using the space
Geod,,_(M) of totally geodesic subspaces. However, there is no isometry-invariant Radon mea-
sure on this space. Therefore, we use an isometry-invariant generalized measure (also called
distribution). This causes some technical problems, as the function that we want to integrate is
not smooth. Nevertheless, in many cases the integral can still be evaluated. The result is not a
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valuation anymore, but a generalized valuation in the sense of Alesker [Ale07]. The Crofton map
is then a map

Cr: M™*(Geod,,—(M)) — V">(M).

In the Riemannian case, any isometry invariant valuation admits an invariant Crofton measure.
The corresponding statement in other signatures is also true, but much harder to prove. The
second named author proved in [Fail7] the statement first for certain signatures by an explicit,
but difficult, computation and then used the behavior of Crofton formulas under restrictions and
projections to handle the general case.

Furthermore, with the exception of Riemannian and Lorentzian signatures, the space of
isometry-invariant generalized measures is of greater dimension than the space of isometry-
invariant valuations. Thus, we are forced to choose a distribution, and must take care to avoid
the kernel of the Crofton map.

Using results by Muro [Mur99] on analytic families of homogeneous generalized functions on
the space of symmetric matrices, one can construct such an invariant generalized measure on
Geod,,_;(M). We construct a particular generalized measure my, with the distinguishing property
that it behaves well under restrictions of Crofton measures (see §3.3), and is independent (in a
precise sense) of signature and dimension.

There is some freedom in the normalization of a Crofton measure. We choose the nor-
malization in such a way that the first coefficient in the Crofton formulas will always
be 1.

Our Crofton formula will evaluate

CI‘{CW = CI‘M(ﬁ‘Lk),

where o # 0 is the curvature of M and my := ka,l\/ajkmk. The flat case o = 0 appears
through a careful limiting procedure.

The right-hand side of the Crofton formula is expressed in terms of the recently introduced
intrinsic volumes on pseudo-Riemannian manifolds [BFS22], which are complex-valued gener-
alized valuations on M. They satisfy a Hadwiger-type classification [BFS21], which allows us
to use the template method to compute the coefficients in this formula. However, the resulting
computations lead to distributional integrals on the space of symmetric matrices, that can be
evaluated directly essentially only for the Lorentzian signature. To conclude the general case,
we use techniques of meromorphic continuation and distributional boundary values of analytic
functions.

Due to the functorial properties of the constructed Crofton distribution mirroring those of the
intrinsic volumes, namely their adherence to the Weyl principle, the resulting Crofton formulas
are signature independent. Remarkably, they are also holomorphic, i.e. they involve the intrinsic
volumes only and not their complex conjugates.

MAIN THEOREM. Let M be a generalized pseudosphere of sectional curvature o. Then

_ —k/2\ .
Cryf = Z Wkl( ,/ )U],UkJer'
>0 Wk+425—-1 J

The Crofton formulas should be understood formally, namely as the correspondence between
distributions on the Grassmannian and the intrinsic volumes through an abstractly defined
Crofton map. However, they can also be interpreted as explicit Crofton-type formulas applicable
to sufficiently nice subsets of the generalized pseudospheres.
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By a strictly convex subset of a non-flat generalized pseudosphere M™ we mean its intersec-
tion with a strictly convex cone in R™*!, with M C R™*! embedded as in Definition 1.1. For
the Riemannian round sphere and hyperbolic space, this coincides with the standard definition
of strict convexity.

COROLLARY 1.3. Let AC M be a smooth and strictly convex domain in M. Then the
generalized measure my, can be applied to the function E +— x(ANE), E € Geod,,_(M), and

7 N~ Whet (R/2 o ,
/Geodn_k(M)X<AmE)dmk(E)_Z < , > fit25(A)-

>0 Wk+25—1 J

Note that the spherical Crofton formula (2) is a special case of our theorem. We also note that

we prove a slightly more general statement in Corollary 5.14 using the notion of LC-regularity
from [BFS22].

1.3 Plan of the paper

After covering the preliminaries, we turn in § 3 to study general Crofton formulas with a distri-
butional Crofton measure, utilizing the Alesker-Radon transform on valuations. In particular,
we study under which conditions such formulas can be applied directly to a given subset.

In §4 we consider LC-regular domains and hypersurfaces of space forms, and deduce that
they would be in a good position for the evaluation of intrinsic volumes through Crofton integrals,
once the corresponding distributions are constructed. The latter construction is carried out in § 5.
Moreover, these distributions are embedded in a meromorphic family of measures on a complex
domain as a distributional boundary value, and some delicate, though central to our analysis,
convergence questions are investigated and settled. Finally, in § 6, the Hadwiger-type description
of intrinsic volumes combined with the template method are applied to yield the explicit Crofton
formulas in all cases.

2. Preliminaries

2.1 Notation

By

7rn/2

“r T /24 1)

we denote the volume of the n-dimensional unit ball. The space of smooth complex valued
k-forms on a manifold is denoted by Q¥(M). The space of smooth complex valued measures on
M is M (M). The space of generalized measures, also called distributions, is denoted by

M7 (M) = (G (M),

where here and in the following the subscript ¢ denotes compactly supported objects. Similarly,
for m = dim M, we denote the space of k-dimensional currents on M by

QR = (R (M),

The elements of this space can also be thought of as generalized (m — k)-forms.

For an oriented k-dimensional submanifold X C M, we let [X] be the k-current which is
integration over X.

By Py := P, (T* M) we denote the cosphere bundle of M, which consists of all pairs (p, [£]),
peM,§eTyM\O0, where [¢] = [£'] if there is some A > 0 with £ = A¢’. When no confusion can
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arise, we use the same notation for subsets of Py; and their lifts to 7% M. The natural involution
on Py, is the fiberwise antipodal map s(p, [£]) := (p, [—¢&]).

The wave front set of a generalized form w € Q_ (M) is a closed subset of Pys, denoted by
WF(w), and we refer the reader to [H6r03] or [Duill] for details.

For a generalized pseudo-sphere M, we denote by Geody(M) the space of totally geodesic
k-dimensional submanifolds of M.

2.2 Smooth valuations
Let M be a smooth manifold of dimension m, which we assume oriented for simplicity.

Let P(M) be the set of compact differentiable polyhedra on M. To A € P(M) we associate
two subsets of Pys. The conormal cycle, denoted nc(A), is the union of all conormal cones to A.
It is an oriented closed Lipschitz submanifold of dimension (m — 1), and naturally stratified by
locally closed smooth submanifolds corresponding to the strata of A.

The conormal bundle, denoted N* A, is the union of the conormal bundles to all smooth strata
of A. It holds that nc(A4) C N*A. By definition, two stratified spaces intersect transversally if all
pairs of smooth strata are transversal.

A smooth valuation is a functional p : P(M) — R of the form

M(A):/ ¢+/ w, ¢E€Q(M),we Q" (Py).
A nc(A)
We write 1 = [[¢,w]] in this case.
The space of smooth valuations is denoted by V*°(M). It admits a natural filtration
V(M) =Wg°(M) D WP (M) D - DW(M) = M™(M).

It is compatible with the Alesker product of valuations.

2.3 Generalized valuations
The space of generalized valuations is

VTR(M) = (VR (M))*

By Alesker—Poincaré duality we have a natural embedding V°(M) — V~=>°(M).
There is a natural filtration

V=R (M) = Wy (M) D Wr(M) D -+ > WX (M) = M~(M).

In particular, we may consider a generalized measure as a generalized valuation.
A compact differentiable polyhedron A defines a generalized valuation x4 by

(XA, 1) = p(A), peVI(M).

A generalized valuation 1 can be represented by two generalized forms ¢ € C~>°(M), T €
Q™ _(Ppr) such that

(¥, [, w]]) = (¢, &) + (T, w).
We refer to ¢ and 7 as the defining currents. For instance, the defining currents of x4, A € P(M),
are ( = 14,7 = [nc(A)]. The wave front set of ¢ is defined as the pair A C Pps, I' C Pp,, of the

wave front sets of ¢ and 7. The space of all generalized valuations with wave front sets contained
in A,T" is denoted by V, T°(M).
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Consider 1) € V™>°(M). We say that A € P(M) is WF-transversal to v, denoted A v, if
the conditions of [AB12, Theorem 8.3] hold for

(A1, T1) == WF(xa),
(A2, T'g) := WF ().

These conditions imply that Alesker’s product of smooth valuations can be extended to a
jointly sequentially continuous product

lﬁ;ﬁ%l(ﬂ4) X lﬁ;;%g(ﬂl)'_*]/foo(ﬂl),

and in particular the pairing (A) := (¥, xa) = [, ¥ - xa is well-defined.
Let us write a sufficient set of conditions in a particular case.

PROPOSITION 2.1. Assume WF(y)) C (N*D, N*L) for some submanifolds with corners D C M,
L C Py, and take A € P(M). Assume further:

(i) A D;

(i) nc(A) h 71D, where 7 : Py; — M is the natural projection;
(iii) 7~1A M L;
(iv) nc(A) th s(L), where s : Py; — Py is the antipodal map.
Then A 1.

Proof. These conditions imply the conditions in [AB12, Theorem 8.3]. O

2.4 Intrinsic volumes on pseudo-Riemannian manifolds

In [BFS22] we constructed a sequence of complex-valued generalized valuations MSJ Yo ,u%
naturally associated to a pseudo-Riemannian manifold M of dimension m and extending the
Lipschitz—Killing curvatures therein. They are invariant under isometries and called the intrinsic
volumes of M. The intrinsic volume gy equals the Euler characteristic, whereas pi, is the volume
measure of M, multiplied by i? where ¢ is the negative index of the signature. For other values
of k, py is typically neither real nor purely imaginary.

The wave front set of uy is contained in (), N*(LC},)), where LC}, C Py is the dual light
cone of the metric, i.e. the set of all pairs (p, [¢]) € Pas such that g|,(§,£) = 0. Here we use the
metric to identify T'M and T* M.

A subset A € P(M) is LC-transversal if nc(A) h LC};.

LEMMA 2.2. Assume D=0, L=LC;; CPy, and A€ P(M). Then the conditions of
Proposition 2.1 are equivalent to the LC-transversality of A. In particular, the intrinsic volume
i may be evaluated at LC-transversal A.

Proof. The first two conditions are empty. The third condition is satisfied for arbitrary A, because
the tangent space to m~ 1A contains all vertical directions, whereas the tangent space of LC%,
contains all horizontal directions. The fourth condition is precisely LC-transversality. g

We also need the notion of LC-regularity, which was introduced in [BFS22].

DEFINITION 2.3. Let X be a smooth manifold equipped with a smooth field g of quadratic forms
over TX. We say that (X, g) is LC-regular if 0 is a regular value of g € C*°(T'X \ 0).

It was shown in [BFS22, Proposition 4.9] that the extrinsic notion of LC-transversality and
the intrinsic notion of LC-regularity coincide: a submanifold of a pseudo-Riemannian manifold,
equipped with the field of quadratic forms induced from the metric, is LC-regular if and only if
it is LC-transversal.
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The most important property of the intrinsic volumes is that they satisfy a Weyl principle:
for any isometric immersion M 4 M of pseudo-Riemannian manifolds we have

M{c\/l‘M = :U']k\/[7
in particular, the restriction on the left-hand side is well-defined. Conversely, we have shown in

[BFS21] that any family of valuations associated to pseudo-Riemannian manifolds that satisfies
the Weyl principle must be a linear combination of intrinsic volumes.

3. Distributional Crofton formulas

Let M™ be a manifold. A Crofton formula for a smooth valuation ¢ € V*>°(M) has the form
P(A) = [¢x(X(s) N A)du(s), where S is a smooth manifold parametrizing a smooth family of
submanifolds of M, and p a smooth measure on S. Similarly, a distributional Crofton formula
has ¢ € V™°°(M), and p is a distribution.

In this section we study some general properties of such formulas, when M C V' \ {0} is a
submanifold without boundary in a d-dimensional linear space V', and S = Grg_(V), k < d,
X(s)=sNM,seS.

We utilize the Radon transform on valuations, introduced in [Alel0]. Loosely speaking, the
Crofton map is but the Radon transform of a measure with respect to the Euler characteristic.
However, there are technical difficulties in applying this formalism directly to distributions, and
a large part of this section is concerned with resolving those difficulties. The main results to
this end are Propositions 3.7 and 3.12. In the last part, we describe the Crofton wave front of
sufficiently nice sets in Proposition 3.17, which controls the applicability of an explicit Crofton
integral to the given set.

3.1 The general setting

For a submanifold with corners X C M, define Zx C X X Grg—r(V) by Zx ={(z,E):
x € XNE}. Then Zx is a manifold with corners, more precisely it is the total space of the
fiber bundle over X with fiber Grg_;_1(V/Rx) at x € X. Write

X 2 7y 2 Grap(V)

for the natural projections.

Denote by Wx C Grg—x(V') the set of subspaces intersecting X transversally in V.

We need a simple fact from linear algebra, which we state in a rather general form that is
useful for us in several places.

LEMMA 3.1. Let V be a vector space, Ly € Gr;(V), Ey € Gri(V) with Ly C Ey. Denote by
i: Lo — Ey the inclusion, and 7 : V /Ly — V/Ey the projection.

(i) Let E(t) € Grg(V) be a smooth path with E(0) = Ey and A: Ly — V/Ly a linear map.
Then there is a smooth path L(t) € Gri(E(t)) with L(0) = Ly and L'(0) = A if and only if
the following diagram commutes.

A
Ly —— V/Lg

Eo —_— V/Eo
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(ii) Let L(t) € Gr;(V) be a smooth path with L(0) = Lg. Let B : Ey — V/Ey be a linear map.
Then there is a smooth path E(t) € Gry(V) with L(t) C E(t), E(0) = Eg and E'(0) = B if
and only if the following diagram commutes.

L'(0)
Lo E— V/LO

[, I

B
EO E— V/E()

Remark 3.2. The ‘only if’ statement obviously remains true if instead of L(t) C E(t), we have
L(L(t), E(t)) = o(t) with respect to any Euclidean structure.

Proof. Consider the partial flag manifold Z = {L C E} C Gry(V') x Grg(V). The group GL(V)
acts transitively on Z, and any smooth path F(t) = (L(t) C E(t)) € Z can be lifted to a smooth
curve ¢g(t) € GL(V) with ¢(0) =1Id and F(t) = ¢g(t)F(0). Thus, E’(0) : Ey — V/Ey and L'(0) :
Ly — V/Lg are both projections of ¢’(0) : V' — V, and the diagram commutes.

In the other direction, write 7y : V — V/W for the natural projection. It follows by
the above that the set of velocity vectors L'(0) for all curves L(t) C E(t) is the affine
space {mr, oT|r, € Hom(Ly,V/Lo) : T € gl(V),7g, o T|g, = E'(0)}, which is of dimension
(g) - (é) - (k;l) = I(k —1). This is also the dimension of the affine space of all A such that
the diagram commutes, which finishes the proof of the first part. The second part follows from

the first one by taking orthogonal complements. O
We need the following technical statement appearing in [Alel0, Proposition 5.1.3].
LEMMA 3.3. The natural projection w: N*Zp \ 0 — T*M \ 0 is a submersion.

Proof. Let (pg,&) be a smooth path in T*M \ 0. We lift it to a smooth path (py, Ey, &, m) €
T*(M x Grg—r(V)) such that p; € By, and (&,m) € Ny, g, Zm. Now for v e T,M, BeTg
Grg—r(V) = Hom(E,V/E), we have by Lemma 3.1 (applied with [ =1, Ly = Rp) that (v, B) €
Tp.gZy if and only if v + E = B(p).

Hence,

Ny pZy ={(&n) € TyM x T Grg_(V) : {§,v) + (n, B) = 0 whenever v + E = B(p)}.

Fix a Euclidean structure on V, inducing Euclidean structures on the spaces Hom(E;, V/Ey).
Let us choose some E; such that p; € E;, and T),, M N E; C Ker (&), which evidently can be done.
Consider the linear subspace

Wt = {B c TEt Grd,k(V) : B(pt) S (TptM + Et)/Et},

and recall the natural isomorphism ¢ : (T, M + Et)/Ey — T, M/(T,,M N E;). We now may
define n, € W by (n, B) = — (&, q:(B(pt))) for each B € Wy, as T,,M N E; C ker &;. Extend 7,

by zero to W;it. Tt follows that (&, n;) € N, g,Zm, completing the proof. ([l

It follows by [Alel0, Corollary 4.1.7] that the Radon transforms with respect to
the Euler characteristic, Ry = (Tar)«7y 2 Vo (M) — V=°(Gry_(V)) and REY, = (mpr)utiy
V*®(Grg_x(V)) — V*°(M), are well-defined and continuous.

DEFINITION 3.4. For any ¢ € V;°(M), let ¢ € C~(Gryq_1(V)) be the defining current of R ;¢
(on the base manifold). Equivalently, using [Ale07, Proposition 7.3.6] we have

~

¢ = [Ru¢l € Wy = (Gra—x(V))/ Wy (Gra—x(V)) = C7(Gra—(V))-
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Remark 3.5. It is false, in general, that $ is a smooth function when ¢ is a smooth valuation,
see Remark 3.10.

DEFINITION 3.6. The Crofton map Cryy : M (Grg—(V)) — W (M) is the restriction of R,
to M>(Grg—r(V)). More explicitly,

Cru(0) = [ Rx(B)dulE), X & P(M)
Grg—#(V)
We show in Proposition 3.12 that Xx(E) = x(X N E).

3.2 Distributional Crofton measures

To allow distributional Crofton measures, it seems essential to require that all intersections
EN M are transversal, for E' € Gry_(V'). This is easily seen to be equivalent, for any k > 0,
to having Rx @ T, M =V for all x € M. In particular, dimV =dim M + 1 = m + 1. We deduce
that M is a hypersurface that is locally diffeomorphic to an open subset of P (V') through the
radial projection. In other words, M is locally a strictly star-shaped hypersurface around the
origin.

PRroroOSITION 3.7.

(i) For all 0 < k <m and ¢ € V°*(M), it holds that E +— ) (E N M) is a smooth function on

Grypg1-k(V). R
(ii) The image in C~°°(Grp4+1-x(V)) of this function equals 1.

Proof. (i) Let us first show E — ¢ (E N M) is smooth. By choosing an open cover of M by star-
shaped charts, and using the partition of unity property of smooth valuations [Ale07], we may
assume M projects diffeomorphically to an open subset of P, (V'), which we henceforth identify
with M.

By Boman’s theorem [Bom67], it suffices to prove that ¢)(E; N M) is a smooth function of ¢ €
(—e, €) for all smooth curves Eq : (—¢,€) — Gryp1-x(V). It suffices, in fact, to show smoothness
in some open interval around 0 for any such given curve.

Let us lift F; to a smooth curve g, € GL(V') with go = Id and E; = ¢ Ey. Then (E; N M) =
g;w(Ey N M) for sufficiently small ¢ such that g,(Supp(¢)) C M, establishing the first part.

(i) Let us check (e N M) = ¥ in C~°(Grype1-x(V)). Take p € M>®(Grppp1-1(V)), and write

= Spdu(E) = | \(5) d(E) € V¥ (G (V).
Grm+1_k (V) Grm+1—k(v)

CLAIM. We claim that 7,, E th 7% 1)

To see this, write Z = Zy; and identify W := Z x; Py; with its image in Pz under
dmys. Explicitly, W| gy = P+(Ker(d(x7E)7rM)L), so W is the union of the conormal bundles
to all fibers of mys. It follows from [Alel0, Proposition 3.3.3] that WF(m},4) C (0, N*W). By
Proposition 2.1, it suffices to check that two intersections in Pz are transversal: 7T71(T]\_/[1E) th W
and N*(r'E) h W.
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Denote z = (z, F), let (2,() be an intersection point. The first intersection is easy to ana-
lyze: TZ7C7T*1(TA_41E) contains all vertical directions of Pz, whereas T, (W contains all horizontal
directions.

To analyze the second intersection, we lift all manifolds from Py to T#Z, and retain all
notation for the corresponding objects. As in the previous case, the image of T, W under
the natural projection 7 : T, ([T*Z — T,Z is all of T, Z, and so it suffices to show T, (17 Z) C
T, W + T, N*(1,,' E).

As N} (myfz) C W, it suffices to show that

T.c(TZ) C To o Ni(myfa) + To o N/ B),
which is the same as
T:Z C Ni(nyfx) + Ni (1 E) = N} (Tonyf o N Toryf E).
The proof of the claim is completed by noting that the intersection 7. zw]&lx N TZTA_/[lE is trivial.
Consider the set
X = {(E, €]) : E € Gry1_n(V), [€] € WF(XTJE)} C Grms1_n(V) x Pp,.

We claim that it is compact. If X C (J;c; U; is an open cover, then for each E € Gry,1-x(V) we
find a finite subcover Xg C Uie In U; of the compact set

Xp = X N ({E} x Pp,) = {E} x WF(x,_1).

The map g — Xyg is GL(V)-equivariant, hence there exists some open neighborhood Vg C
Grit1-x(V) of E such that Xp C UiEIE U; for all E' C Vg. Now Gry,11-x(V) is compact,
hence finitely many Vg, cover Gryt1-k(V). Then X C U ; Uic E U; is a finite subcover, proving
the claim. The image of X in Pp, is then a compact set disjoint from WEF(7},9).

Thus, we can find a closed cone I' C T*Pz \ 0 such that for all E € Gry,+1-x(V), Xrip €

V(E)OI?)(Z ), and 73,1 acts as a sequentially continuous functional on the latter space. Thus, we
can write

(0, )y = (Thp, Tis x(e} du(E))
Grm+17k(v)

= TP, X1 du(E).
/G T X))

It remains to check that
(T30 Xy} = (B N M), (3)

For a compact submanifold with boundary A C M that is transversal to £ N M, we have by
[AB12, Theorem 5],

(THXA Xt ) = X(maf AN (E)) = X(AN E) = xa(E N M),

It follows by linearity that any smooth valuation of the form ¢ = [ AXadv(A), where A is a
family of submanifolds A as previously and v a smooth measure, satisfies (3). This family Crg
of valuations spans a dense subset in V°°(M). Indeed, we may approximate x4 in V~°°(M) by
a sequence in Crg for any A transversal to £ N M. Were Crg not dense, by Alesker—Poincaré
duality one could find a non-zero smooth valuation ¢ annihilating Crg and, thus, also van-
ishing on all submanifolds with boundary that are transversal to £ N M. By the genericity of
transversality and continuity, ¢ would vanish on all submanifolds with boundary. However, this
is impossible by [BB07]. It follows that equality in (3) holds for all ). O

1945

https://doi.org/10.1112/S0010437X22007722 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007722

A. BERNIG, D. FAIFMAN AND G. SOLANES

COROLLARY 3.8. The map Grp 1 (V) =V °(M), E+ xpam Is smooth, and for u €
M>®(Grp41-(V)) it holds that Cr(u) = fGrnz+l—k(V) XEnM dp(E).

PROPOSITION 3.9. The map Cr : M*®(Grpq1-1(V)) — Wi (M) extends to a continuous map
Cr: M=(Grpy1-x(V)) = W, (M), by setting, for all 1) € V°(M),

(Cr(p), ) = /G o VB d(E).

Proof. The right-hand side is well-defined for a generalized measure pu, because the function
E — ¢(ENM) is smooth by Proposition 3.7. Take u € M*(Gryp1-1(V)), ¥ € V(M). To
verify this new definition extends the smooth one, we ought to check that

()Tt ) = /G o PENM) (),

which is the content of Corollary 3.8. Continuity is equally evident. O

Remark 3.10. It is tempting to define Cr(u) as a Radon transform, Cr(u) = RY,p, as defined
in [Alel0]. Unfortunately the conditions of [Alel0, Corollary 4.1.7], which guarantee that the
transform is well-defined on generalized valuations, do not hold for general k, as can be seen by
a simple dimension count.

3.3 Functorial properties of Crofton measures
The following is a partial summary of the results of [Fail7, Appendix B] (adapted from the affine
to the linear Grassmannian), whereto we refer the reader for further details.

Let j : U™ < V¢ be an inclusion of a linear subspace. There is then a well-defined operation
of restriction

J5 M (G (V) — M (Gry_(q—p)(U)),

which is the push-forward under the (almost everywhere defined) map Jyy : E +— j~Y(E) = ENU.
Let Sy C Gri(V) be the collection of subspaces intersecting U non-generically, and fix a
closed cone I' C T* Gry (V) \ 0 such that TN N*Sy =0. Given k > d —r, let M *(Grg(V))
denote the set of generalized measures (distributions) p whose wave front sets lie in I', equipped
with the Hormander topology.
The map j* extends as a sequentially continuous map

J° s Mp=(Gre(V)) = M™% (Gry— gy (U)).
Similarly, if 7 : V' — W is a quotient map, there is a natural push-forward operation
7ot MGy (V) — M (Gry (W),

which is the push-forward under the (almost everywhere defined) map Ily : E — 7w(E). It
extends to distributions whose wave front sets are disjoint from the conormal cycle of the
collection of subspaces intersecting Ker 7 non-generically.

The following proposition captures the intuitively obvious fact that the pullback of distribu-
tions/valuations under embeddings commutes with the Crofton map. We prove a weak version
which suffices for our purposes.

Recall that M is a locally star-shaped hypersurface around the origin.

PROPOSITION 3.11. Take a submanifold M™ C V?, a subspace j : U < V such that Z := M N
J(U) is a submanifold, and a distribution pu € My>°(Grg—x(V')). Assume Crps(p) is transversal
to Z in the sense of [Alel0, Definition 3.5.2]. Then Crps(p)|z = Crz (5 p).
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Proof. Choose an approximate identity p; € M*>(GL(V)) as i — oo, and set p; = pu*p; €
M>®(Grg_(V)). For all A € P(Z) we have

Cray (i) (A) = / (AN E) dpi(E) = / (AN E)d((Ji)opi)(E),
Grg—x(V) Gr,._x(U)

and, therefore, Crpys(pi)|z = Crz(j*pi). The restriction of valuations to a submanifold is con-
tinuous in the Hérmander topology on the space of valuations with wave front set contained in
WEF(Crpr(p)), see [Alel0, Claim 3.5.4]. Thus, the left-hand side weakly converges to Crs(u)|z.
The right-hand side weakly converges to Crz(u). O

3.4 Applying generalized Crofton formulas to subsets
Let M™ C V = R™T! be a strictly star-shaped hypersurface around the origin. Given A € P(M)
and a Crofton distribution p € M™°(Grp,41-1(V)), we would like to evaluate Cr(u) on A using
an explicit Crofton integral, whenever A M Cr(u).

The following proposition provides some a priori regularity for X 4.

PROPOSITION 3.12. For A € P(M), it holds that y(ANe) € LY (Gryy1_1(V)), is finite and
locally constant on W, :={E : E th A}. Furthermore, X4 = x(ANe).

Proof. Let us first check that y(ANe) € LY (Gryy1-1(V)). Fix a Euclidean structure on V and
identify M with the unit sphere. By [BFS14, Lemma A.2], for a fixed Ey € Gry,+1-(V) we have
[g — x(ANgEy)] € LY(SO(V)). Let dg,dE be the Haar measures on SO(V) and Gry,y1_(V),
respectively, and p : SO(V) — Gry,q1-1(V) given by g — gEp. Then p.(x(ANgEp)dg) = x(AN
E)dE, and so x(AN E) is integrable. It is evidently finite and locally constant on W4

It remains to check that X4 = x(ANe). Take an approximate identity p; € M*(SO(V)),
which for convenience we assume invariant under inversion.

Consider the convolution ¢; := x4 * p; € V™°(M). As SO(V) is transitive on M and Py, it
follows that the defining currents of ¢; are smooth, and therefore ¢; € V>°(M).

By [BFS14, Theorem A.1], ¢; := fso(v) X(gANe)dp;(g) is a well-defined smooth valuation.

Let us show that quSj = ¢;. Take ¢ € V°(M) and compute
(05,9) = / Y(gAN M) dp;(9) = / ¥ (gA) dp;(9)
SO(V) SO(V)
by [BFS14], whereas
(03:8) = Ceantnps) = rm)() = [ w(gA) doy(o)
SO(V)
Equality now follows by Alesker—Poincaré duality. We thus have the following equalities of
functions on Gry,41-x(V):

bi(o N M) = §;(e 1\ M) = /SO(V) x(gAN ) dpj(g) = x(ANe) % py,

where the right-hand side is the convolution of x(A N e) € LY(Gry,11-(V)) with p;. It follows
that ¢;(ENM) — x(ANE) in LY(Grypq1-r(V)).
Fix p € M*(Gry41-1(V)). By Proposition 3.7 and GL(V')-equivariance,

(XA, 1) = lim (X4 * pj, p) = lim (xa * pj, )
_]*)OO _]HOO

~ Jim 6B N M) du(E) = [ (AN E) du(E),
=0 Gripy1-£(V) Gripy1-£(V)
and so X4 = x(ANe). O
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DEFINITION 3.13. The k-Crofton wave front of A€ P(M) is CrWF*(A):= WF(X4) C
T* Grm+1_k(V).

As X4 is real-valued, Cr WF*(A) must be symmetric under the fiberwise antipodal map.

PROPOSITION 3.14. Assume Cr WF*(A) N WF () = (. Then
Crlp)(4) = [ V(AN E) du(E). (4)
Gripy1-£(V)

Proof. We identify M with P, (V). Then V=°(M) — C~°(Crpi1 1(V)), ¢ — ¢ is GL(V)-
equivariant. Consider the sequence of smooth valuations 1, given by 1; = fGL(V) g xa - dp;i(g),
where p; is a compactly supported approximate identity on GL(V'). Clearly ©; — x4 in the

Hormander topology of VV_V%O(XA)(M ). By GL(V)-equivariance we have that

bj = / "X - dpj(g) — Xa
GL(V)

in C’\?VOFO(?A)(GrmH_k(V)).

It holds by Propositions 3.9 and 3.7 that

(Cr(y), ;) = / (B M) du(E) = (. 0y).

Grm+1—k(v)

As j — oo, the left-hand side converges to (Cr(u),xa) = Cr(p)(A), as A th Cr(p). The right-
hand side converges to (u,Xxa) (because WF(u) N WF(X4) =0), which is the same as
Jar vy X(AN E) du(E) by Proposition 3.12. O

Determining Cr WF’“(A) precisely appears to be difficult in general. Let us focus on a subset
A € P(M) which is either a compact domain with smooth boundary, or a compact hypersurface
without boundary.

For the following, we write H = H(A) for 0A if A is of full dimension, and for A when it is
a hypersurface. Write E=EnNM , and note that F intersects H transversally in V if and only
if I intersects H transversally in M. We use the notation

By :={(z,E) € Zy : T,E C T, H},
By = 1(Bg) C Grmy1—k(V).
It is not hard to see that B g 1s an embedded submanifold of Zg of dimension
dim By = dim H + (m — k)(dim H — (m — k))
=k(m+1—k)—1=dimGrp1_x(V) - 1. (5)

If (z,F) € EH, we say that € H is a tangent point for £. Observe also that W, = By
Write 7 for the restriction TH|]§H : By — Gryp1-k(V). We sometimes write B}'}H_k, ete.,
to specify the dimension.

DEFINITION 3.15. We say that E € Gry,11_,(V) is a regular tangent to A if 7y is immersive on
~—1
T (E).

Note that if £ ¢ By, then it is automatically regular.

1948

https://doi.org/10.1112/S0010437X22007722 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007722

CROFTON FORMULAS IN PSEUDO-RIEMANNIAN SPACE FORMS

For a subset A C V' we denote by P(A) its image in the projective space P(V'). The regularity
of the tangent is equivalent to the non-vanishing of the Gauss curvature of the corresponding
section, as follows.

LEMMA 3.16. Fix (p, E) € By. Choose any line N C T,M\T,H, andset F = E @& N. Then 7y :
By — Grpy1-x(V) is an immersion at (p, E) if and only if P(H N F) C P(F) has non-degenerate
second fundamental form at p.

In particular, all tangents to A are regular if and only if P(H) C P(V) is a strictly convex
hypersurface.

Proof. Let us sketch the argument, see [Teu90, Lemma 1(ii)] for details. Clearly d7y is injective
on the subspace of directions where p moves transversally to E. Namely, fixing any subspace
E C T,H such that E® E = T,H & Rp, dfy is injective on {(v,A) € T,H X Tk Grpy1-£(V) :
veE}N TBpy. That injectivity is retained as the remaining directions are added, corresponds
to the non-degeneracy of the Gauss map of the section H N F'. g

We now describe the Crofton wave front near regular tangents. For an immersed manifold
i:X %Y and y € i(X), we denote

Nyi(X)= | doi(TX)t cTyy, N*i(X)= |J Nyi(X).

z€i~ly y€i(X)
PROPOSITION 3.17. Assume Eo € Bji**™" is a regular tangent. Then Cr WF%O(A) C Ng, Bu.

That Cr VVF’,?_;O (A) is contained in the sum of the conormal spaces of the embedded parts
of By follows from the fact that ¥ 4 is locally constant on the complement of By. However, to
show that it is actually contained in the union of those conormal spaces, in the following proof
we need a more precise description of X 4.

Proof. In the following, by a ball (centered at a point) we mean a compact contractible neigh-
borhood (of the point) with smooth boundary. As By is a submanifold of Z 11, by assumption
Bp C Grypp41-1(V) is an immersed submanifold in a neighborhood around FEj, which is a
hypersurface by (5).

The preimage %I:,l(Eg) must be finite, or otherwise we could find a sequence of distinct
points (g;, Eo) € By, which then has a limit point (g0, Eo), and T would fail to be injective
in a neighborhood of (qo, Fy), contradicting the assumed immersivity of 7y there. We use the
notation 7' (Eo) = {(¢j, Fo),1 < j < N}.

We can now find a ball W C Gry,11-x(V) centered at Ep, such that By N W is the finite
union of embedded hypersurfaces I}, each diffeomorphic to a Euclidean ball, with Ey € F} and
OF; C OW for all j. Note that we have no control on how these hypersurfaces intersect each other.
Denote by C]j-[ the connected components of W'\ Fj. The indices are matched by requiring that
a neighborhood of (¢;, Ey) € By is mapped to F}j by 7g.

Fix small balls K; C M around g; such that

Fi g (K) N7 (W) — Fj

is an embedding, 0K; M H and 0K; th Eoin M. As Zg := {gj:1<j< N} is the subset of all

points in H where Ey fails to intersect H transversally, it holds that Eg th (H \ Z), and so
EoN (H \ Zy) is a locally closed submanifold in H. We assume the K; small enough so that they
are pairwise disjoint, and in particular 0K; N Zy = (). We may, moreover, assume that H N Kj is
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diffeomorphic to a Euclidean ball. By the transversality theorem, we may perturb K if necessary
to have (EgNH) M (0K;NH) in H.

Denote by %Kj a smaller ball centered at g;. Taking W sufficiently small, we may assume
that

Em(H\U;K]), VE € W. (6)
J

This follows by the stability of transversal intersections, because E is a smooth perturbation of
Ep, which intersects H transversally in an open neighborhood of H \ |J; int(%K ;). Similarly, we
have

EhOK;jin M, YVE€W,1<j<N (7)

and
(ENH)h(0K; NH) in H, VYEeW,1<j<N. (8)
For € € {+}", denote C, = ﬁjle;-j. Recall that X 4 is locally constant on W4 = Bf;, and so

is constant on any connected component of a non-empty set C¢. Let us show there are integers
ej = ej(Ep) such that for any ¢, ¢’ € {£}" and any E € C,, E' € Co one has

Na(E) =Ra(BE)= > ej— > e (9)

j:ej<e;- Ji€h<ej

For E € W, denote ¥;(E) := ENOK j N H. As it is the transversal intersection of ENH and
OK;NH in H, it is a closed manifold of dimension (m — k — 2), and x(3;(£)) is independent
of EeW.

Let us distinguish the two cases under consideration. Assume first A = H is a hyper-
surface. As K; N K; = (), we have

N

Ly =Y (Ik, — Lok,) + lge,
j=1

with K := Ujvzl K. Hence, for E € W \ By we have
N N o
X(ENA)=> x(ENK;NA) = > x(Z(E)) + x(ENEK°N A).
j=1 =1

The last summand is constant on W by properties (6) and (8). Consequently, for E € C¢, E' € Cy
we have

Ra(E) = Ra(B) =) (x(E'NANK;) - x(ENANK;)).

N
j=1

The function x(e N AN Kj) is locally constant on W \ F}j, and it remains to define
ej = X(oﬂAﬂKj)|Cj+—X(oﬂAﬂKj)|Cj_. (10)

The case of full-dimensional A is only slightly more involved. If (m — k) is odd, we have
XA = %@, reducing to the previous case. Thus, assume (m — k) is even.
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Write, as before, whenever £ € W \ By,
N
X(ENA) =) X(ENK;nA)=> x(ENJK;NA)+ x(ENEKN A).
j=1 j=1

Note that for E' € W\ By, all intersections are manifolds with corners. We have

X(ENOK; N A) = L (ENOK; n0A) = 1x(Z;(E))

thus it is constant in W.
Set
S;:=ENJK;, S:=ENJA.
Here S; is a transversal intersection in M for all € W and, hence, a smooth hyper-

surface, whereas S is given by a transversal intersection in M and, hence, smooth for F €
W'\ Bp. Moreover, S is a smooth hypersurface outside of %K jforall EeW.

We claim that the intersection S; NS = ¥;(F) is transversal in E for all E € W. If the
intersection is not transversal at z, then T, (E N0K;) = T,(£ N OA). However, by assumption
EN0A and 0K, N OA intersect transversally in 0A, in particular

T, (E N OA) + T, (0K; N OA) = T,HA.

In conjunction with the previous equality, we get T,,0A C T, 0K, which is false.

Let X, Y C P be smooth domains in a manifold P, and assume 0X M dY and X is compact.
Let Z C X NY be the closure of a connected component of X NY. Then x(Z) is constant as
X,Y are perturbed while maintaining transversality.

Taking P=FE, X = EN A with X = S (which is a manifold for £ € W\ By), and Y =
ENK; with 0Y =S; we obtain that x(£ N AN Kj) is locally constant in W\ By. Taking
X = ENAwith 0X =S (which is a manifold outside {J; sKjforall E€ W), Y = ENK° with
Y =J; Sj, it follows that x(EN A N K¢) is constant in W. Thus, we may define e; as in the
previous case by (10).

It follows from (9) that for E € W, X4(F) is a linear combination of the indicator functions
of the connected components of the complements of the hypersurfaces F; in W. Therefore,
WF g, (Xa) C U; N*Fj, concluding the proof. O

4. The Crofton wave front of LC-regular hypersurfaces

Let (W, Q) be a vector space equipped with a quadratic form. We denote by A} (W) C Gry(W)
the collection of subspaces £ C W where Q|g has nullity v. We need to describe those sets in
several cases.

PROPOSITION 4.1. Assume (V, Q) has dimension d.

(i) If Q is non-degenerate, then A} (V') C Gry (V) is a submanifold of dimension
1
dim AY(V) = k(d — k) — (”; > (11)

Writing Eo := E N E9, we have
TpAL(V)={A € Hom(E,V/E) : Q(Au,u) = 0,Vu € Ep}. (12)

(ii) If Q has nullity 1 and E € A}(V) is such that Ker Q N E = {0}, then A}(V) is a manifold
near E whose dimension is given by (11).
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Proof. (i) See [BF17, Proposition 4.2].
(ii) Write Lo := Ker(Q). Consider W := V @ R, and extend () as a non-degenerate quadratic

form @ on W. Let us verify that the submanifolds A} (W) and Grg (V') intersect transversally in
Gri(W) at E.

As Ly ¢ E, also EQ ¢ LOQ — V. Thus, we can find a line L ¢ E?\ V. Now any linear map
A: E — W/E decomposes as a sum A = A; + Ay with Ay € Hom(E,V/E) = T Gri(V), Az €
Hom(E, (E + L)/E) C Hom(E,W/E) = Tg Gry(W). As Q(Agu,v) = 0 for all u, v € Ey, we have
Ay € TEAL(W) by (12).

This proves the claim. As A} (V) = A} (W) N Gry(V), it is a manifold near E. The formula
for the dimension then follows from the previous case. O

COROLLARY 4.2. Let B be a smooth manifold, and W a real vector bundle of rank d over
B. Let Q € I'(B,Sym?(W*)) be a smooth field of quadratic forms, of nullity at most 1 for
all z. Let Gry(W) be the corresponding bundle of k-subspaces over B, and consider A} (W) =
{(z,E) € Grpy(W) : E € Af(W,,Q)}. If (p, E) € A} (W) and Ker(Q,) N E = {0}, then A} (W)
is a manifold near (p, E), of dimension

1
dim AY(W) = dim B + k(d — k) — (”; )

Proof. Using a local trivialization, this reduces to Proposition 4.1. O

LEMMA 4.3. Let W be a d-dimensional vector space equipped with a quadratic form @ of
nullity 1 with kernel Ly. Assume Ly C Eg € AJ(W), and define the set C' C Tg, Gry(W) of all
velocity vectors E'(0) of smooth curves E(t) € A} (W) with E(0) = Ey. Then C' is a cone over a
closed manifold, and has dimension at most k(d — k) — (”;1).

Proof. If Q is either positive or negative semi-definite, then A} (W) is empty if v > 2, whereas
AL(W) ={E € Grg(W) : Ly C E} is a manifold of dimension (k — 1)(d — k), whence the state-
ment is trivial. We henceforth assume that is not the case, that is @) has both positive and
negative directions.

Fix Wy € W such that W = Ly @ W;. Denote

AL(W, Wo) = {E € AY(W) : Ker(Q) C Wo}.

Consider the map I : Gry(W) \ Gri(Wp) — Gri_1(Wp) given by I(E) = EN W.
We claim that the restriction

[i=1: AW\ AL(W, W) — A= (Wo)

is well-defined. That is, the nullity of I(E) is (v — 1) when E ¢ AY(W,Wp). Indeed, for such

E of nullity v, the nullity of I(F) is clearly at least (v —1). As Ker(Q|g) ¢ Wy, one can find

wg € Ker(Q|g) \ Wy so that E = I(E) & Span(wg). If I(E) contains a v-dimensional subspace

U that is Q-orthogonal to I(E), then U is also Q-orthogonal to E as Q(wg, I(E)) = 0. Hence,

U @ Span(wg) C Ker(Q|g), and consequently the nullity of E is at least (v + 1), a contradiction.
We will describe the fiber I~}(F) of F € AY~"1(Wp). Denote

AY(W, Lo) = {E € AY(W) : Lo C B},

and 7 : W — Wy is the projection along Lg. Clearly E € I~'(F) N AY(W, Lo) if and only if
E=LyaF.
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As Q|w, is non-degenerate, F := FQNF C W, is the kernel of Q@ on F®Q N W,. Thus, the
quotient space

Vi = FONWy/Fx
inherits a non-degenerate quadratic form, also denoted Q. Let mx : FQ N Wy — Vi be the
projection, and observe that Q(wxz) = Q(z), so that
i (AL (FO N Wo) \ P(Fk)) = A (V).

Denote by 7 : Lo ® Vg — Vg the projection to the second summand, and observe that Ly & Vg
is naturally equipped with a quadratic form @ with nullity 1 and kernel Ly.

The manifold Al(Vr) embeds naturally into Al(Lo @ V) as the image of all lines of the form
0@ L, L €A(Vp). Put

Uo(F) = Al(Lo ® Vi) \ AL (Vi)

which is a neighborhood of Ly.

Define a smooth map

Pp: ]P(Lo ) VF) \P(VF) — Grk(W)

as follows. For N € P(Lo & Vp) \ P(VF), choose any 0 #w € N C Lo & Vr. Let w € Ly EB (FOnN
Wo) be a lift of w, and set N := Span(w), ®p(N) := N + F. If &' is another lift, then @' — 0 €

Fg C F and, hence, ®r(N) is well-defined. In particular, ®p(Lg) = Lo + F. O
CLAM. We claim that ®p(Ug(F)) =1 Y(F), and the restriction ®p :Uy(F) — I~ (F) is
bijective.

Proof. For the first statement, we consider two cases. If N = Ly, then Lo @ F € A}(W), and
I(Ly® F)=F.1f N# Ly,N ¢ P(Vp) and E=N + F, then one easily verifies that Q|x =0
implies Q|5 = 0 and, consequently, Ker(Q|g) = Ker(Q|r) ® N, so that again E € A}(W), and
clearly I(E) = F.

For injectivity, first note that ®p(N) = Lo @ F <= N = L. All other points N € Uy(F)
he inside a unique projective line P(Lo @ L) with L € A}(Vr), and N # L, Ly. Put E = ®p(N) €

“L(F) \ AY(W, Lo). S

Note that if L,L' € AI(FQNW;) are two lines such that mo(E) =L+ F = L'+ F, the
projections L, 7TKL/ € A}(Vp) must coincide: choosing ' € L' we can find © € L such that
v—v+fforsomef€F However, 7,7 € FQ, andsov—v € FeNF = Fg.

As m(E) = mo(N) 4 F, it follows that Lp := mgmo(N) € Al 1(Vp) is uniquely defined by E,
and it holds that N € P(Ly @ Lg). It remains to observe that ®p is obviously injective when
restricted to P(Ly & Lg).

We verify that ®5 is onto in the non-trivial case E € I-'(F)\ Al(W, Ly). Choose wg €
Ker(Q|g) \ Wy, and decompose wg = w;y + wg, w; € Wy, wg € Lg. In particular, Q(wq,w;) =
Qwg,wg) —2Q(wg,wy) + Q(wy, wy) =0. As Ly ¢ E, we have wy # 0 and w; = wg —wp €
EQ C FQ. As wyg = wg —w; ¢ E whereas F = ENW, C E, it follows that w; € mo(E) \ F and
SO we can write

mo(E)=F + L, L =Span(w) € A}F?nW).

Put L = nxL € Al(Vr). Now take N € P(Lg EB L) to be the projection of the line Span(wg) €
P(Lo ® L @ Fk). Note also that P(Ly & L) C A}(Lo ® V). Clearly, ®r(N) = E, concluding the
proof of the claim.

Denote by Wp : I~1(F) — Uy(F) the inverse map of ®x. We may fix an auxiliary Euclidean
structure on W, and choose wg € Ker(Q|g) as the unit vector forming the least angle with L.
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Now the map E — Ker(Q|g), A}(W) — Gr,(W) is smooth, in the sense that it restricts to
a smooth map on every smooth curve in A} (W) C Gr, (). This is because Ker(Q|g) is the
eigenspace of 0, which has fixed dimension along the smooth curve. It follows that F; € A} (W)
is a smooth curve in Gry, (W) through F @ Ly, if and only if ¥x(FE;) € Al(Lo @ VF) is a smooth
curve in P(Ly & V) through L.

Define the cone Cy C Tr,,[P(Lo & VF) of tangent vectors to all curves L; through L belonging
to A%(Lo ® Vi), as well as the cone Cp C T qr Gri(WW) that consists of all tangent vectors to
smooth curves through Lo @ F' inside A} (W).

We conclude that the differential Dy ®p : Tr,P(Lo & VF) — Tr,er Gri(W) restricts to a
bijective map Ap : Cy — Cp.

Considering all subspaces F' € AY~1(Wp) simultaneously, we have the following fibration.

() s AW\ AL(W, Wp)

lf
A~ 1(Wo)

The image of the section F' +— Lo @ F' coincides with A} (W, Lo).
Therefore, the cone C C Tg, Gry(W) has a linear factor that can be identified with
TEomWOAZj(WO)- Putting F' = Ey N Wy, the cone C/TFAZ:%(WO) is then identified with CF.
The dimension of Cy can be readily computed. It can be identified with the abstract cone with
base Ai +(VF), the manifold of oriented null lines in Vz. As the form @ on Vr is non-degenerate
and indefinite, we have dim A%A_(VF) =dimVy—2=d—-k— (v—1)— 2. Hence,

dimCp = dimAj | (V@) +1=d—k—.
We have dim A} "1 (W) = (k — 1)(d — k) — (}) by Proposition 4.1, and so

1

We now turn to LC-regular submanifolds. First, we need a simple fact on LC-regular metrics.

LeEMMA 4.4. Let (M, g) be LC-regular, and assume g is degenerate on TyM . Let v1(z), ..., vp(x)
be any local frame near p, with Gram matrix A(z) = (g(vi, v;)){"—; € Sym,,(R). Then the con-
dition dp(det A) # 0 is independent of the choice of the frame (vj). Moreover, if the nullity of
gp is v =1, then dy(det A) # 0, and the degenerate subset of the metric near p is a smooth

hypersurface.

Proof. Let @1 (), ..., 0m(x) be a different local frame with corresponding Gram matrix A(z).
Then the change of basis matrix U(x) € GL(m) satisfies A(z) = U(x)T A(z)U(z). By assumption,
det A(p) = det A(p) = 0. Thus, dy(det A) = det U(p)?d,(det A), which implies the first statement.

For the second statement, choose coordinates z1, ..., 2, on M near p, and take v; = 0/0x;.
We may assume that Ker(g,) = Ker A(p) = Span(v,,), and by assumption A(p) has non-
degenerate principal (m — 1)-minor. By LC-regularity, we can choose a curve p(t) € M with
p(0) = p and a smooth vector field v(t) along it with v(0) = vy, such that (d/dt)|i=og(v(t),v(t)) =
(d/dt)|t=0(A(p(t))em, em) # 0. It follows that

d d m—
S et Ap) = S| (AW em, em) - det( AT £ 0.
t=0 t=0
As the degenerate subset of g near p is {z : det A(x) = 0}, the last assertion follows. O
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The following is the main result of the section. We use the notation and terminology of §§ 3.1
and 3.4.

PROPOSITION 4.5. Let (V,Q) be a pseudo-Euclidean vector space of dimension (n+ 1), and
M = Q~*(r) with r € {£1} a pseudo-Riemannian space form. Let H C M be an LC-regular
hypersurface, and E € Gr,_;.11(V). Assume E € By is a regular tangent to H of nullity v.
Then each embedded part of By through E intersects Ay, (V') transversally at E.

Proof. Denote the signature of M by (par, qar). Write g = Q|q, E=FEnNM.AsHisa hyper-
surface, the nullity of g, is at most one for all x € H. Define /N\T”L IR TMIAZ +1-5(V), which is
a submanifold of Zy as 7ar 1 Zpyr — Grpg1-x(V) is a submersion. The relevant maps are given
by the following diagram.

I AL (V)
™| 7 — — By

TH lﬁ{

AZT/L—‘rl—k(V) ———— Gryp 1 4(V) «— By = TH(EH)

As By is a hypersurface, one should show for every embedded part F' of By through E that
TeAy, (V) & TpF. Assuming the contrary, there is p € H N E such that TpA} | (V) C
dTH(TnEEH). Observe that Ker(Q|g) C TpE.

Before proceeding with the more complicated general case, we consider the case v = 1.
As dim A, (V) =dim By = k(n+1— k) — 1 by Proposition 4.1, we have TgA, (V) =
dTH(Tp’EEH). Let vg € E NT,H be in the kernel ofg\TpE. For any smooth curve vy € T'H through
vg, we may find a smooth curve Ey C By through E such that v, € E;. Then A := (d/dt)|=oE; €
Hom(E, V/E) satisfies Q(Avo, vo) = 0, and by (12) we have A € TgA} ;. (V).

It follows that (d/dt)|t=09(ve) = 2Q(vo, Avg) = 0, contradicting the LC-regularity of H.

Let us now consider the general case. Fix an auxiliary Riemannian metric h on M, and let
pr be the least distance projection to H, defined and smooth in a neighborhood of p.

By our assumption 7y is an immersion at (p, F'). Using Proposition 4.1 we see that

1
dim(d7) " TEAYy 4(V) =dimAY, (V) =k(n—k+1) — (”‘; > (13)

CraM 1. Let X,Y be manifolds, let F: X —Y be a submersion at p € Z. Let Z C X and
W C Y be embedded submanifolds, and p € Z. Denote f := F|;. Then

(dpf) ' TyyW =T Z N T, (F'W).

As F~'W is a submanifold near p and Ty(F~'W) = (d,F) " 'Tp,) W, the statement is clear.
Applying the claim to X = Zy;, Y = Grpp1-1(V), Z = By, W = Ay (V) and F = 7y yields

(d(p,E)%H)_lTEA7V1+1fk(V) = T(p,E)BH N T(p,E)KZka(V)-
Case 1: Ker(g,) N E = {0}. Define
By = 75" N1 (V) = {(¢, F) € By : T,F € N,_(T,H)}.
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By Corollary 4.2 we see that EI”{ is a smooth manifold near (p, F), of dimension

7 1
dimT, p B =dimH + (n —k)(n—1—(n—k)) — <y;— )

:k(n—k+1)—1—<”;1>. (14)

Cram 2. We claim that (d, g7r) "' TpAY (V) C T, pBY.

We postpone the proof. Combined with (13) and (14) we get a contradiction.

Case 2: TyH has nullity one, and Ker(gy,) C E. In this case, let S C H be the degenerate subset

of g. It follows from Lemma 4.4 that S is a smooth hypersurface. Define E%(S) ={(¢q,F) € By :
ge S, FeA . (V)} Itis afiber bundle over S with fiber AY_, (RPM—1am—11),

CLAIM 3. For any (w,&) € dp gy TpAY_ 1 (V) with w € T),S there is a curve (q(t), F(t)) €
By (S) with (¢'(0), F'(0) = (w,€).

Again we postpone the proof of the claim. The set of all vectors (¢'(0), F'(0)) as in the claim
defines, by Lemma 4.3, a cone in 7T}, EB i of dimension

N:dimS+(n—k)((”_2)_(n_k_l))_(y;—1>

1
=n—-k)(k-1)— (l/—2|— > +n-2< dimdp7E7~'I}1TEAl;L_k+l(V).

It follows by the claim that we can find a curve (p(t), E(t)) € By through (p, E) with E’(0) €
TeA,_,.1(V) and p/(0) ¢ T),S.

Let vp,—1 € T,H span Ker(g,), and recall that v,_; € TpE, in particular, v,_1 €
Ker(Q|g). Choosing any smooth vector field v,,—1(t) € Tp(t)E(t), we find (d/dt)]=0Q(vn—-1(t)) =
2Q(vy,—1(0), va-1(0)) = 0.

Choose a frame (vj(t));”:_ll for H along p(t) with v,_1(0) = v,—1, such that Tp(t)E(t) =
Span(vk(t),...,v,—1(t)). Then

n—2 4
Z?]::l dt =0

4 det(Q(vi(t), v;(1)))7521 = det(Q(ui(t), v; (1)) Q(vn-1(t)) =0,

dt|—g

which means that d,(det g)(p/(0)) = 0 by Lemma 4.4. As Kerd,(det g) = T,S and p'(0) ¢ T,,5,
we get a contradiction. This completes the proof of the proposition, modulo the two claims we
now proceed to prove. ]

Proof of Claim 2. Consider a curve (p(t),E(t)) € An w1 With (p'(0), E/(0)) € Ty 5 Br. We
ought to find a curve (¢(t), F(t)) € BY, through (p, E) with (¢(0), F'(0)) = (¢(0), E'(0)).

Set ¢(t) = pu(p(t)), evidently ¢'(0) =p'(0). Fix a subspace Wy C T,H which is non-
degenerate and contains TpE’ . If T,,H is non-degenerate, we can just take Wy = T,,H. Otherwise,
dimker g, = 1 and we may take any hyperplane W, C T}, H which contains TpE and satisfies
Wo Nker g, = {0}. Now fix any linear map A : Wy — V/Wy which makes the following diagram
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commutative.
E'(0)
E V/E
O
Wo V/Wo
Ji C‘ft’ (Ty(ry HORq(t)) ﬁl
T,H®&Rp = V/(T,H & Rp)

In addition, we use Lemma 3.1 to find smooth paths W (t) D E(t), W(t) C TyyH @ Rq(t) with
W(0) = W(0) = Wy and W'(0) = W’(0) = A. For small t, W (t), W () are non-degenerate of fixed
signature (a, 3).

Consider the manifold Z = {(z,W) € M x Groy5(V),z € W,sign(Q|w) = (o, §)}. Clearly
Z is a homogeneous space for O(V, @), with the equivariant projection 7wz : O(V,Q) — Z nor-
malized by 7z(Id) = (p, Wy). We can fix a smooth section Xz : Z — O(V, Q) near (p, W) with
Xz(p,Wy) = 1Id such that 7z o Xz = Id. Now define the smooth path R, € O(V, Q) by

Ry = X7(q(t), W(t)) o Xz (p(t), W(t))".

Then Rup(t) = q(t), and (d/dt)|;—o R = 0 because (d/dt)|i—oW (t) = (d/dt)|¢= OW(t) N
Setting F(t) = R:E(t), we have (¢'(0), F'(0)) = (p'(0), E'(0)), and (¢(t), F(t)) € BY,. This
proves the claim. O

Proof of Claim 3. Consider a curve (p(t), E(t)) € An i1 (V) through (p, E), with p'(0) = w €
TS and (p/'(0), E'(0)) = (w, &) € Ty pBy. Let ps : M — S be the least distance projection with
respect to h, well-defined and smooth in some neighborhood of p. Set ¢(t) = ps(p(t)), clearly
¢'(0) = p'(0). Denote Ly = Ker(g,) C T,H N E, and extend to a smooth path of lines L; C E(t) N
E(t)? € AV (TytyM). Consider the manifold of pairs

Z={(x,L):x € M,L € A[(T,M)}.

Clearly Z is a homogeneous space for O(V, @), with the equivariant projection 7z : O(V, Q) —
normalized by 7z(Id) = (p, Lo). We can fix a smooth section Xz : Z — O(V, Q) near (p, Lo) W1th
Xz(p, Lo) = Id such that 7z o Xz = Id. Now define the smooth path R; € O(V, Q) by

Ry = X7(q(t), Ker(gyr)) © Xz (p(t), L) "

Then Ryp(t) = q(t), and (d/dt)|;=oR; = 0, provided that (d/dt)|=oL¢ = (d/dt)|=0 Ker(gye))-

Let us verify that L; can be chosen in this fashion. In the following, we fix some Riemannian
metric on various manifolds, and write |z — y|x for the corresponding distance between z,y € X.
We also write, for two subspaces E, F' C V, L(E, F) for the angle between them with respect to
some Euclidean metric. This should not create ambiguity, as we are concerned only with rough
small-scale asymptotics. N B

As (p/(0), E'(0)) € T, g Bp, we may find a curve (p(t), E(t)) € By through (p, E) with (p’(0),
E'(0)) = (#(0), E'(0)). Define H(t) := Ty H @ Rp(t). It follows that £(E(t), H(t)) = O(t?), and
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by Lemma 3.1 we have the following commutative diagram.
E'(0 )
E— V/E
H(0) SRALA V/H(0)

Taking the dual diagram and identifying V = V* using @), we obtain

f

Ly —— V/Lg

f’ J (15)
(B2 (0)

EQ ————— V/E9

where fo = (H?)'(0). As 7(0) = p/(0) = ¢/(0), it is clear that

d d

fo=—| (TypH&Rp(t)? = —

d
I o I (Tq(t)H D Rq(t))Q = — Ker 9q(t)-

t=0 dt t=0

By Lemma 3.1, we can find L; C E(t)% with (d/dt)|;—oL; = fo. Note that L; is not, in general,
a null line of Q. We now proceed to modify the definition of L; to force it to be a null line.
Observe that if ¢ € S, E € Gr,,11_x(V) and Ker(g,) C E, then E¥ C T,H @ Rq. We have

B(t) — q(t)|ar = O(),
Ty H — TyiyHlcr, vy = O(t%),
| Lt — Ker(gqn)) ey = O(t?).

It follows that L(E(t)Q,H(t)) = O(t2), and so we may apply Lemma 3.1 to obtain the
commutative square

(EQ)'(0)
EQ ——— V/E@

J H'(0) l
H(0) — V/H(0)
and by duality also

f
Lo —— V/Lg

i m (16)
1£ o, VéE

We use the notation K (t) = E(t) N E(t)%, Ky = K(0). Observe there is a natural inclusion
ak :V/Ky— V/E®V/E®. Tt follows from Lemma 3.1 applied to the inclusions K (t) C E(t),
K(t) c E(t)? that ax o K'(0): Ky — V/E®V/E®? coincides with E'(0) @ (EQ)(0) : Ko —
V/E @ V/E?.

1958

https://doi.org/10.1112/S0010437X22007722 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007722

CROFTON FORMULAS IN PSEUDO-RIEMANNIAN SPACE FORMS

Combining diagrams (15) and (16) then yields the commutative diagram

fo

Lo V/Lo
J axoK'(0) l
Ky V/IE® V/EQ
and so also
fo
L() —_— V/Lo
KO —_— V/Ko

By Lemma 3.1, we may redefine L; such that (d/dt)|;=oL: = fo and L, C K(t) = E(t) N
E(t)®. In particular, L; is a null line of Q.

Setting F(t) := RyE(t) we have q(t) € F(t), Tq(t)ﬁ(t) C Ty H because E(t) C LtQ, and
F'(0) = E’(0) because (d/dt)|;—oR; = 0. This proves the claim. O
Remark 4.6. It is easy to see that the conclusion of the proposition with k = n — 1 is equivalent
to the LC-regularity of H.

COROLLARY 4.7. Let V,M,H, E be as in Proposition 4.5 with H compact without boundary,
and A C M is either H itself or a domain with A = H. Then Cr WFg(A) N NgpAY _, (V) = 0.

Proof. This follows from Propositions 4.5 and 3.17. O

5. Construction of an invariant measure on the Grassmannian

For X € Sym,.(R) and A € C we set, as in [Mur99],

| det X[} := [det X[ if sign(X) = (7.~ )
0 otherwise.

It is well-known, essentially due to Cayley and Gérding [Gar48|, that |det X |qA extends as a
meromorphic in A\ family of generalized functions, which are, in fact, tempered distributions.
We use the set

Uc :={Re(> 3} U{Im¢ >0} CC,

and write y/z for the unique branch of the square root function on Uc such that /z > 0 for
1

zZ > 5.
2

5.1 A holomorphic family of Crofton measures
For the following, let Sym (R) C Sym,(R) be the cone of positive-definite matrices, and b, =
Sym,.(R) & iSym," (R) C Sym,.(C) the Siegel upper half space. The following is well-known.

LEMMA 5.1. For Z € b, det Z # 0. In particular, we can define for every A € C the holomorphic
function Z — (det Z)*, normalized by lim,_,y+ det(I, + iel,)» = 1. Moreover, all eigenvalues of
Z € b, lie in the upper half plane of C.

1959

https://doi.org/10.1112/S0010437X22007722 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007722

A. BERNIG, D. FAIFMAN AND G. SOLANES

Proof. Write Z =X +1iY, Y > 0. Let Qx(v) = (Xv,v), Qy = (Yv,v) be the corresponding
quadratic forms. Choose a basis u; such that the Gram matrix of ¥ is I, and of X is diag-
onal: D = diag(d;). As D +il, = UTZU with U invertible, and det(D + il,.) = [[(d; +1i) # 0,
it follows that det Z # 0. As b, is simply connected, the second statement follows.

For the last statement, we first note there can be no real eigenvalues. Indeed by the first
statement, det(X + 1Y — AI,.) = det((X — M) +1iY") # 0 for A € R. Next we argue as before and
select a diagonalizing basis, given by U € GL(r). We furthermore may assume that det U > 0, by
interchanging two basis elements. Choose a smooth path Uy € GL(r) with Uy = Id and Uy = U.
Then Ul ZU, € b, is a smooth path. For ¢ = 1, the endpoint is D + il,., which has all eigenvalues
in the upper half plane. If Z has eigenvalues in the lower half-plane, then by continuity for some
t there will be a real eigenvalue, a contradiction. O

Recall for the following that given a non-degenerate quadratic form @Q on V', a compatible
Euclidean form is any positive-definite form P such that V' admits a decomposition V =V, ¢ V_
which is both P- and @Q-orthogonal, and Q|y,. = £P|y,.

From here on, let V = RP @ R? = R"*! with the standard quadratic form @ of signature
(p,q) and the corresponding compatible Euclidean form Py. Define a family of complex-valued
quadratic forms Q¢ on V with ¢ € C, by

Q¢ = Q +2CH.
We then have
(2C+1)P0(x,y) xayEva

Qg(xay) = (QC—l)P()(.T,y) %,yERq,
0 z € RP y € RY.

Observe that ()¢ is real and positive-definite for ¢ > %, and Qo = Q. Furthermore, by Lemma 5.1,
det Q¢ # 0 for ¢ € Ug, as either Q¢ or iQ¢ lies in b,41. Note that a complex-valued non-
degenerate quadratic form @ on a real vector space F defines an element V012Q € Densc(E)?,
and given a branch of square root we also get a complex-valued density volg € Densc(E).

By a (P-)frame on an open subset U C Gry11-x(V) we understand a smooth section of
the Stiefel manifold of P-orthonormal (n+ 1 — k)-frames in V' defined over U. For a subspace
E € Grp11-%(V) and ¢ € Ug, choose a frame u;(E) on U and define XéD :U — Sym,, . ;_4(C) to
be the corresponding Gram matrix of Q¢, namely Xéj(E) = (Qc(ui(E), u; (E)))Zj:lfk

Note that if )~(< is the corresponding matrix for a different frame u;(E) on U, then

X¢(E) = B(E)' X (E)B(E) (17)

for some smooth map B: U — O(n+ 1 — k).

Observe that by (17), det(XéD ) is independent of the choice of P-orthonormal bases of E.
Moreover, either the real or imaginary part of Q¢|g is positive-definite, and consequently by
Lemma 5.1, det XCP(E) # 0.

The function det(XéD)’\ € C®(Grp11-%(V),C) is thus well-defined for all P and A € C, and
analytic in ¢ € Ug, once the normalization det(X{)* > 0 is fixed, as Ug is simply connected.
Define the smooth measure ﬁzk’P on the Grassmannian Gr,1_x(V) by

ding” = det(X[) """ V/2(B) dop(E),

where dop(F) is the O(P)-invariant probability measure on the Grassmannian.
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PROPOSITION 5.2. The complex-valued smooth measure
mi — (QC + 1)p(n+1—k)/2(2c N 1)q(n+1—k)/2ﬁli7po’ ¢ € Uc

depends analytically on ¢ and is normalized, i.e.

/ dmi =1.
Grpp1-£(V)

Proof. The first statement is clear. For the second, we first see how ﬁlk’P depends on P. Let Pp, P,
be two Euclidean structures on V. From the natural identification Tg Gr,11—x(V) = E* @ V/E
we obtain that

Dens(Tg Grp+1-4(V)) = Dens*(E)"*! @ Dens(V)" k.

Spelling this out gives

M _ (V()]Pl|E>—(n+1)<VO]PI>n+1—k:

dop,(E) volp,|,, volp,
As
vol?
det X (B) = — 22,
VOlPi|E
we find that

1 n+l—k

"’C?Pl _ Vo Py ~C1P2

mk = m— mk .
VOlp2

For ¢ > %, Q¢ is a Euclidean structure. Then

vol ntl-k
L g () agn
VOlpO
1—k 1-k) [
N LU . v L )/mi,Po _ /mi

By uniqueness of the analytic continuation, this formula also holds for general ( € Ug. O

5.2 Homogeneous distributions on the space of symmetric matrices
LEMMA 5.3. The meromorphic family of generalized functions

FA(X) 1= D7 ™ det XJL, € ¢ (Sym, (R))
h=0
is analytic in A € C and satisfies

A(=X) =™ (X). (18)

Proof. We recall some results from [Mur99]. Consider a linear combination

aA(X) == ap|det X|}
h=0

with constant coefficients aj, € C and set @ := (ag, ..., a,) € C"L. Then gy € C~>°(Sym,.(R)) is
meromorphic with possible poles in the set {—m, —(2m +1)/2 : m > 1}.
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The order of the pole at s in this set can be obtained as follows. Set ¢ = —1 if s is an even
integer and € = 1 otherwise. Define inductively linear maps d(™ = (d(()m), e ,dffﬂ_m) :CrH —

Cr+1=™ by setting

d0 (@) := ap,
JV(a) =
5 (@) == ap + eapq,
42 V@) = a2, =12,
dP @) = dP ™ a7, 1=12,.

Then g, has a pole of order p at s = —(2m + 1)/2 if and only if d?(a@) # 0,d**™2(a) = 0.
Similarly, gy has a pole of order p at s = —m if and only if d*~1(a) # 0, d*’*1(&@) = 0. Here we
use the convention that d™ = 0 if m > r 4+ 1 and that a pole of order 0 is a point of analyticity.

In our situation, the coefficients aj, = ap(A) = el™A depend on \ and we cannot apply Muro’s
result directly. However, writing

m — S j ,,1 .
Q= 5V $~00(s)] det X,

(A
Z J: h=0

A =3 (V)| det XJ2, =
h=0 7=0

we see that it is enough to prove that the order of the pole of ) ag)(s)\ det X|» , at A=s
is at most j for all j.
By induction, we find that for all [ =0,1,...

d%l(c—i(A)) — 6i7rh)\(1 + 627ri)\)l’

dilJrl(C—i()\)) _ 6i7rh)\(1 + €€i7r)\)(1 . 627ri)\)l’
and, hence,
J2i+2 <ﬂ(j) (_2m + 1>> _ dij STIA(1 4 2TNFT
2 AN | \—_(2m+1)/2
. A dJ . . oy
d2]+1 ((—l»(])(_m)) -7 emh)\(l + 6617r)\)(1 _ e27r1)\)j =0,
AN |\__
which finishes the proof. ]

PROPOSITION 5.4. Let C' C Sym; (R) be a closed convex cone. Then

li det(X +iY)* = fL(X
. et(X +1iY)" = fA(X)

in the strong topology on tempered distributions on Sym,.(R).

Proof. For Re A > 0 the statement is easy, so in the following we assume Re A < 0.
First we claim that the limit exists. We show that there are constants o = a(A) > 0 and
b = b(\, C") such that

|det(X +iY) < V|Y]|®, VX € Sym,(R),VY € C’'\ {0}. (19)
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First take Y = I,.. Letting (1;)7_; C R be the eigenvalues of X, we obtain
‘ det(X + iIT)/\| _ H |Uj + i‘Re)\efIm)\-Arg(ujJri)
< ewr\lm)\| H 2 4 1 Re /2
< eﬂ"l"h’l’l)\|'
Now for general Y, we have
~1 -1
|det(X +iY)*| = |det Y[R det(VY  XVY  +il)}| < ™| det VIR,
and letting c:=sup{||Y|"/|detY|:Y € C'}, we conclude that (19) holds with b =

¢ RedemrlmAl “and o = —rRe A > 0.
It now follows from [V1a66, §26.3] that the limit
det(X +i0)* := lim det(X +i¥Y)* e S

Y—-0,YeC’

exists in the strong topology on the space of tempered distributions of order [r|Re A|] + (Térl) + 3.
It remains to verify that det(X 4 i0)* = f\(X) for Re A < 0. We use the notation

H.={X +iel, : X € Sym,.(R)} C Sym,(C).

Let (X)) be a Schwartz function on Sym, (R), which is the Fourier transform of a compactly
supported smooth function, in particular it has an analytic extension to Sym, (C). Writing dZ =
Niz1 Nj=; dzij, the integral / . Y(Z)det(Z)* dZ is convergent, because ¢ is rapidly decaying at
infinity and det(Z)* of polynomial growth. It is clearly analytic in A € C. Furthermore, its value
is independent of € as the integrand is a closed form, rapidly decaying at infinity. For A > 0, we

have
(Nj + ie))‘ _ |Uj + i€|)\ei)\Arg(/,Lj+1e |'u |>\ iX(m/2)(1— s1gn(p,]))
Hence,
det(X +iel,) = H(Mj +ie) — H || e H <O = £ (X)),
j=1
and so
w< ) det(2)* dZ — Y(X)fA(X) dX

Sym,.(R)
for A > 0. By analytic extension we conclude that for all A € C and € > 0,

$(2) det(2) dZ = / POX)F(X) dX
H, Sym,.(R)
that is,

/ (X +iel,) det(X +iel,) dX = B(X) fr(X) dX.
Sym,.(R) Sym,.(R)

As € — 0, we have ¢)(X + iel,) — ¢(X) in S, whereas det(X +iel,)» — det(X +i0)* in S’
It follows by continuity that

/ P(X)det(X +i0)*dX = V(X)) (X)dX

Sym,.(R) Sym,.(R)

Finally, noting that the set of Schwartz functions such as ¥ is dense, we conclude that

det(X +1i0)* = fy for all A € C, as claimed. O
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Henceforth, we use fy and det(X + i0)* interchangeably.

The following statement shows that the convergence along Y € R I, holds in a finer topology,
namely the normal Hérmander topology. We refer to [BDH16] for its definition (where it is called
normal topology). The main point for us is that the operation of pull-back of generalized sections
is continuous in this topology, provided some condition on wave fronts is satisfied.

We do not know whether an analogue of the following proposition holds for an arbitrary
distributional boundary value; the proof below is tailored to our particular case, and in essence
leverages strong convergence by induction on dimension.

PROPOSITION 5.5. Denote N*I'" = |J;,_, N*I'}, C T* Sym,.(R), where I}, consists of all matrices
of nullity v. It then holds for all A € C that det(X + iel,)* — fA(X) in Cy%% (Sym,(R)) in the
normal Hérmander topology.

Proof. First note that g* fy = det(g)?*fy for all g € GL(r). Thus, we have the differential equa-
tions (A —2Atr(A))f\ =0, where A is the vector field defined by the infinitesimal action of
A € gl(r). It follows from [Hor03, Theorem 8.3.1] that WF(fy) C N*I".

We proceed by induction on 7, the case r = 1 being trivial. As det(X + iel,)* — det(X +
i0)* in the strong topology by Proposition 5.4 and NG = Ty Sym, (R), it remains to consider
convergence in Sym,(R) \ {0}. Consider a matrix Y € Sym,(R) of nullity v < r. Let Ey be its
kernel, and Fy = Ey. There is then a unique map F : U — Gr,(R") in a neighborhood U of Y
such that E(Y) = Ey, and E(X) is an invariant subspace of X. Here and in the following, U is
assumed sufficiently small for various purposes.

We claim E = E(X) is smooth. Indeed, consider Z = {(X, F) : X(F) = F} C Sym,(R) x
Gry—,(R"). Clearly Z is the graph of a unique function /' = F(X) near (Y, Fy). Let us check that
Z is a manifold near (Y, Fp). Define a : U x Gr,—,(R") — Gr,_,(R") x Gr,_,(R") by a(X, F) =
(F,X(F)). Then Z = a~'(A), where A is the diagonal. Let us verify that « is a submersion at
(Y7 FO)

For M € Sym,.(R) and H € Tf, Gr,—,(R") = Hom(Fp, R"/Fp), one computes dy, p,a(M, H) =
(H,Y o H+ M|p,—gr/p,) = (H, M|py—rr/F,), because by construction Y : R"/Fy — R"/Fy is
the zero map. Noting that any linear map Fy — R”/Fj is induced by a symmetric matrix mapping
M :R" — R", it follows that « is submersive and Z is a manifold. Further,

TY,FOZ = {(Ma H) M e Symr(R)aH = M|F0—>RT/F0}'

In particular, if (0, H) € Ty,p,Z, then we must have H = 0. It follows that F/(X) is smooth in
U, and therefore so is E(X) = F(X)*.

Choose arbitrary orthonormal frames e;(X) for E(X) and f;(X) for F(X)= E(X)*
depending smoothly on X. Define

A:U — Sym,(R), B:U — Sym,_,(R)

r—u(
by
AX) = ((Xei(X), ei(X))),  B(X) = ((Xfi(X), f;(X))).
Then A is a submersion in U. Indeed one has
dy A(M)ij = (Mei(Y),e;(Y)) + (Yei(Y), dyej(M)) + (Ye;(Y), dyei(M)),

and the last two summands vanish as e;(Y),e;(Y) € Ey. It follows that dy A :Sym,(R) —
Sym,, (R) is surjective, and so A is submersive near Y.
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It holds that
det(X + iel,)* = A*det(X; + iel,)* det(B(X) +iel,_,)", X; € Sym,(R).

As B(X) is non-degenerate, the second factor is a smooth function in (X, ¢) € U x R.
For the first factor, we have by the induction assumption that det(X; + iel,)* — det(X; +
i0)* in the normal topology on Cy 2%, (Sym,,(R)). It then holds that

WF(A* det(X; 4 i0)*) € A*(N*TV) = N*(A™'T) = N*(I" N U),

and by [BDH16], A* det(X; + iel,) — A*det(X; + i0)* in the normal Hérmander topology on
Cyorr(Sym,.(R)). We conclude that

det(X + iel,)* — det(X + i0)*

in the normal Hérmander topology on Cy%}. (Sym,.(R)). O
Remark 5.6. Using the Hilbert—Schmidt inner product to identify 7 Sym, (R) = Sym,.(R), the

statement of the proposition in fact holds with all conormal cones intersected with Sym;" (R),

which follows from [H6r03, Theorem 8.1.6].

5.3 Construction of an O(p, q)-invariant Crofton distribution
In [Fail7, Proposition 4.9], an O(p, ¢)-invariant distribution was constructed on Gry11_ (V). To
avoid singularities, it made use of several auxiliary Euclidean structures that gave rise to several
locally defined distributions that were then patched together. For the present paper, we need an
alternative construction making use of a single Euclidean structure. To handle the singularities,
we must carefully monitor the wave front set.

Write P = Py for the Euclidean structure on V. Let dE = dop denote the O(P)-invariant
probability measure on Gry,1_x(V). Decompose V = VI;F @ Vp such that Q\Vg = :l:P]VFj)E.

We use the notation x =n+1—k. An orthonormal basis uq,...,u, spanning F €
Grx(V) is called adapted if, using the notation s = dim EN Vg, ¢t = dim E NV, , the vectors
Ug—s—t41,- -+ Ug—t form a basis of EOV;, whereas g _¢41,...,u, form a basis of ENVy.

A frame u;(E'), i =1,...,k given near F and adapted at F is well-adapted in a neighbor-
hood W if, whenever E' € W is such that E/ N E is spanned by the subset (u;(E));-; for some
1 < j <k, then w;(E") = w;(E) for all i # j.

It is easy to see that a well-adapted frame can always be chosen to extend a given adapted
orthonormal basis u;(F) of E to a small neighborhood: define the frame w;(E’) by orthogonally
projecting u;(F) to E’, and then applying the Gram—Schmidt process.

For X € Sym, (R) and p € R, denote

E,(X)={veR": Xv=ypv}, mult(p,X)=dmE,(X).
Define for a > 0
By, = {X : mult(y, X) = a} C Sym,(R).
We make use of the Hilbert—Schmidt Euclidean structure (X,Y) =tr(XY) to identify
Tx Sym, (R) = T% Sym, (R) = Sym, (R).
LEMMA 5.7. The subset Bj, C Sym,(R) is a locally closed submanifold. It holds that
NiB% = {E € Sym,(R) : XZ = pE} = {E € Sym,(R) : EX = uE} = Span{vv” : v € E,(X)},
. 1
and codimBj, = (“Th.
Proof. The subset B locally coincides with an orbit of the action of GL(k) on Sym,(R)
by (g,X) — g' Xg, and Bj, = ul + Bj. Now By fibers over Grq(R") with fiber Sym R).

n—a(
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Consequently,

. a k—a+1
dlmBM—CL(H—CL)—l—( 5 >

and one computes that codimBj; = (aJQFl).

Let us describe the set NYBj. As TxBf§= {ATX + XA: Acgl,(R)}, we have
E € NyBS <= tr(EATX +ZXA) =0 for all A or, equivalently, N%Bg = {Z € Sym,(R) :
=X = 0}. It follows that
N3 B = Ni_ B3 = {2 2X = =},

and the second form follows by transposition. Finally, = = uv” 4+ vu? is easily checked to
satisfy ZX = p= when u,v € E,(X). By a simple dimension count we conclude that N B, =
Span{uv? + vu® : u,v € E,(X)}, which coincides with Span{vv? : v € E,(X)} as uwvl +vul =
(u+v)(u+ )T —uul —voT. O

LEMMA 5.8. For any Y € Sym,(R) with Y € Bj, and for every € > 0, there is a neighborhood
Wy of Y such that for all X € Wy, if X € Bgl, then T XBS/ contains a subspace that is e-close

to Ty Bj.
Proof. Recall that by Lemma 5.7, TxBj = {Z € Sym,(R) : XZ = 0}*. The statement now
follows from the following general fact. 0

CrLAM. Let My € Mat,,«,(R) be a matrix. Then for any € > 0, there is a neighborhood W, of
My such that for any M € W,, Ker(M)* contains a subspace that is e-close to Ker(Mg)*.

Proof. Assume that rankMy = r, and the first r rows u1(Mo)7, ..., u,.(Mg)? are linearly inde-
pendent. Therefore, Ker(My)* = Span(ui(My),...,u,(My)). By choosing W, small enough,
we may ensure that Span(uj(M),...,u.(M)) is r-dimensional, and e-close to Ker(My)*. As
Span(uy(M),. .., u.(M)) C Ker(M)*, this concludes the proof. O

LEMMA 5.9. Let M, be a smooth curve in Sym, (R) such that the spectrum of M, lies in [—1, 1]
for all 7. If e € {—1,1} and mult(e, My) = s, then d/dr|oM; € Ty, BE.

Proof. Write My = d/dr|oM,. By Lemma 5.7, we ought to show that for all unit vectors v €
E(My), (Mg, vv™) = 0. Now for any such v, (Mgv,v) = e. We know by assumption |(M,v,v)| < 1
for all 7, and so

: . d
<MU?UUT> = <MOU’U> = E <M~,—U,U> =0. O
0

PROPOSITION 5.10. Let Xy be locally defined by a well-adapted frame at E € Gr,_;+1(V).
Then there is a neighborhood Wg of E where the distribution

mA(E') = X Sy j2(E') - dE'

is well-defined. Furthermore, the corresponding distributions agree on non-empty intersections
Wg, N W, for all Ey, Es, giving rise to a globally defined distribution m? € M~°°(Gry,11-£(V)).
Moreover, m} is O(Q)-invariant.

Fix E, and a well-adapted to E frame u;(E’) defined in a neighborhood Wp,. Set Y = X (E),
s=dimENVA =mult(1,Y), t =dim ENVy = mult(—1,Y), r = mult(0,Y).

CLAIM. It holds that Image(drpXo) + Ty By = Ty Sym,(R).
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Proof. Let us prove the claim. We may assume that Y lies in the singular support of fy, that is
r>1. Thus, Y € Bf N BN B',.

The intersection Bi’t_l := B{ N B! is transversal. To this end, simply observe that by
Lemma 5.7, Ny Bi NNy B!, = {2:EY =2 = —E} = {0}, so Bf mh B",, and Bf:t_l is a sub-

manifold. It holds that
+1 s+1 t+1
dimByt = ("7 7) - - .
TP ( 2 2 2
Similarly, the intersection BjN Bi’t_l is transversal. Indeed, N{‘/Bit_l ={E1+E2:51Y =
El, EQY = —EQ} and

1 t+1
codimTyBi’li1 = codimTy B{ + codimTy B' | = (S; > + < ; >

If=E=5+5¢ N{iB‘f:t_l N Ny By, then Z1 —Z3 = 51Y + EY =EY =0, so that E; = 5y,
which can only happen if =1 = =9 = 0 because Z1Y = =1, Z2Y = —=9, therefore = = 0. Thus,
By M Bf:t_l as claimed.

Set By := E1(Y)® E_1(Y), and define

Wy ={X € B{' | : E\(X) = E,(Y), Vu # £1}.

As X € Wy is uniquely determined by its eigenspace Ex (1), Wy is evidently a manifold that can
be identified with Grs(Ey) = Grg(R**?), in particular dim Wy = st. By definition, Wy C Bj.
Now because —P < @ < P, the spectrum of X((F) lies in [—1,1]. By Lemma 5.9 we have
Image(dpXo) C TyBi’t_l.
For 1 < j < k, choose a smooth curve 7;(7) through E given by

v;(7) = Span(ui (E),u2(E), ..., cosTuj(E) +sin7E, ..., ug(E)),

where ¢ € EF is arbitrary. Observe that Tg Gr.(V) = Span{7;(0) : 1 < j < x}. As the frame
is well-adapted to E, u;(v;(7)) = w;i(E) for i # j, and so u;(v;(7)) = cos Tu;j(E) 4+ sin7€. One

computes
0 .. 0 Q(&,uq) 0 e 0
0 0 QEw) 0 - 0
0 0 Q(&,ujt1) 0 0
S S S

Note that EN(EP)? =(ENVA)® (ENVy). Hence, Q(&u1), Q& ua), ..., Q& up—s—t) €
(ET)* are linearly independent functionals, whereas the bottom right (s 4 t) x (s +t) minor
of dgXo(7;(0)) vanishes.

Therefore, for 1 < j <k —s —1t, we may choose §; € EP such that Q(&,u;)) =0 for 1<
i < j — 1, whereas Q(&;,u;) is arbitrary for j <i <k —s—t. Forn —s —t+1 < j < K, we may
choose §; € EF to get arbitrary x — s — t first entries in the jth row and column. Thus, the entries
of a matrix in Image(drpXy) can be made arbitrary outside of the bottom right (s +t) x (s + 1)
minor. Consequently, codim(Image(dpXo)) = (*75M).
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We claim that Image(dgXo) N Ty Wy = {0}. This is because Ty Wy consists of all matrices
that vanish outside of the bottom right (s 4+ t) X (s + t)-minor M, which has zeros in its top left
s X s minor and bottom right ¢ x ¢ minor.

One easily verifies that (3451) + (tgl) + st = (SJFEH), so that

dim Image(dpXo) + dim Ty Wy > dim Ty By" ;.

Hence,

Image(dpXo) ® Ty Wy = Ty By ;.

As TyWy C Ty By and Ty B + TyBi’t_1 =Ty Sym, (R), we conclude that Image(drpXyp) +
Ty By = Ty Sym, (R) as claimed.

Fix € > 0. For E’ in a sufficiently small neighborhood Wg of E, Image dg Xy must contain
a subspace that is e-close to Image(dgpXy). We may moreover by Lemma 5.8 assume Wg is
such that for all B’ € Wg, Y’ = Xo(F') has nullity 7/ < r, and Ty Bjj contains a subspace that
is e-close to Ty Bjj. Thus, for sufficiently small ¢ we find a neighborhood Wg such that for all
E' € Wg with Y = X, (E') of nullity »/,

Image(dp Xo) + TXO(E/)BZ;/ = Sym, (R).
Define
Lpyr = Ker(dXg : Ty Sym, (R) — T Gre(V)).

Thus, Ni-Bj N Lgyr = {0} for B € Wp.

By Proposition 5.5, WFy (f)) C N*,BS,. We conclude that WF(f\) N Lgr y» = 0.

By [Duill, Proposition 1.3.3] X defines a sequentially continuous linear operator on
CNopx (Sym, (R)), where fy lies. Moreover, X fy must itself be an analytic family: for a smooth
compactly supported test measure ¢ on Wg we have (X fx,¥) = (fi, (Xo0)«?), and by [GS77,
Chapter VI, Proposition 3.9] we have WF((Xo)«%) C Ugew, LEr xo(£)- Now analyticity of a
vector-valued function coincides with weak analyticity in quasi-complete locally convex vector
spaces, and CyS7w(Sym, (R)) is quasi-complete [DB14, Proposition 29]. Furthermore (Xo).¢
defines a continuous linear functional on C'\27. (Sym,(R)) by [DB14, Lemma 3], confirming that
the family of generalized functions X f\ € C~°°(WEg) is analytic.

Now observe that the continuous functions X f defined separately for Wg, and Wg, coincide
on non-empty intersections Wg, N Wg, for Re A > 0 by (17). If follows by uniqueness of the
analytic extension that this holds for all A € C. In particular, 7%2 is a globally well-defined
distribution.

For invariance, we note that for g € O(Q), g*X{ fa = 1g(E)* X fr for A > 0, and conse-
quently by uniqueness of analytic extension for all A € C. Here ¢,(E) = Jac(g: E — gE) ™2,
which for g € O(Q) satisfies 1y4(E) = det Xo(gE)/det Xo(E), see [BF17, Proposition 4.7] for
details. Using the identification

Dens(Tg Gryi1-x(V)) = Dens(E* ® V/E) = Dens*(E)®" 1) @ Dens(V)2"+H1F,

it follows that XjfidE is an O(Q)-invariant distribution on Gr,y1-£(V) when
A=—(n+1)/2. 0

Henceforth whenever Xy appears, a local well-adapted frame should be chosen arbitrarily
unless an explicit choice is provided.
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5.4 Some properties of the invariant distributions
We use the following rescaling of the invariant distribution constructed previously, which brings
the total integral to 1 as we show later.

DEFINITION 5.11. Set
my, = 0O € M (G (V) O,

LEMMA 5.12. Let j: RP? — R%P be given by j(z,y) = (y,x) where x € RP,y € RY. Let us also
denote by j the induced map Grp4q—i(RP?) — Grpiq—r(R?P). Then

Jrmy = my.
Proof. We have my, = i("“_k)pXSf (n+1)/2dop, on R¥P. As X0 j = — X (where Xy is defined
using j-corresponding frames), (18) implies that j*Xgf_(n11y2 =1 —(nt1=k)(n+1) X*f (n+1)/2-
It follows that
j*mk _ 1(n+1 k)p (n+1fk)(n+1)X6<f7(n+1)/2 dUPo
=i (HROXEE L dop,

which is the conjugate of my in RP4, O

PROPOSITION 5.13. Define
N*A = N*AL (V).

v>1

(i) The wave front set of my, is contained in N*A.
(ii) We have mi¢ — my in M (Grpg1-k(V)) as € — 07 in the normal Hérmander topology.

Proof. Write A\ = —(n + 1)/2. For ¢ € Uc we have
(2C+1) ((n+1-k)/2)p ( ¢ — ) ((n+1— k)/2) k:( ) :det(XéDo))‘dE
We compute, using a well-adapted frame,
det(X [0 (E)* = det(Xo(E) + 2iel,y1-1)" = X det(X + 2iel,1-1)

By Proposition 5.5, we have det(X 4+ 2iel,,1_1)" — fx(X) in the normal Hérmander topology on
Croti-x (Symy, 1 (R)). By the proof of Proposition 5.10, we may use the continuity of the pull-
back X in the normal Hérmander topology [BDH16]. Noting that X ' (I k) c AY |, (V)
so that Xy N*I'*T1=% ¢ N*A, we find that

X det(X + 2iel, 1) dE — m)
in the normal Hormander topology as stated. O

COROLLARY 5.14. Let M C V™! be a pseudosphere or a pseudohyperbolic space, and A C M
either a smooth domain with LC-regular boundary, or a smooth LC-regular hypersurface without
boundary. Assume all QQ-degenerate tangents to A of codimension k are regular. Then

Cr(m)(4) = [ V(AN E) dmy (E). (20)
Grn+1 k(v)
Proof. First note that Cr(my) € V™°°(M) is isometry invariant and by [BFS21, Theorem C] is

given by a linear combination of the intrinsic volumes. Thus, A is WF-transversal to Cr(my).
The assertion now follows from Corollary 4.7, and Propositions 5.13(i) and 3.14. O
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COROLLARY 5.15. Let M™ C V™! be a pseudosphere or a pseudohyperbolic space, and A C M
either a smooth domain or a hypersurface without boundary. Denote H = H(A).

(i) Assume that for each x € H, H is either pseudo-Riemannian at x or tangentially regular at
x. Then (20) holds for k = 1.
(ii) IfP(H) C P(V) is strictly convex, then (20) holds for all k.

Proof. In both cases, it follows from [BFS22, Lemma 4.7] that H is LC-regular, and we can
apply Corollary 5.14. O

Ezxample. The complex-valued distribution m,, € M~>°(P(V)) is invariant under the group of
projective transformations preserving the quadric [Q] = {Q = 0}. Its singular support is [@Q], and
WEF(m,) C N*[Q]. In particular, m,(A) is well-defined for any domain A C P(V') that is smooth
near [Q] and transversal to it. When (@ is definite, the quadric [Q] has no real points and m,, is
the Haar measure on the round projective space.

5.5 The flat case

Next we construct a translation- and O(p, ¢)-invariant distribution on the affine Grassmannian
Gryq-k(RPT).

PROPOSITION 5.16. Let P be a Q-compatible Euclidean structure in W = RPTL4 = W, @ W_.
Let x € Wy N SP4, T =T,5P1 and define

s: Grprg—i(T) — Grprgr1-k(W), s(v+F)=F®R(z +v),F € Grpyq1(T),

which is a diffeomorphism onto its open image. Given t > 0, consider the homothety v — tv on
T and the induced map hy on Grpyq—i(T).

(i) Let dE be an O(P)-invariant measure on Grpyqy1-k(V'), thus given by a smooth density.
Then
— 14

dF = E% tzohts dE

is an O(P|r)-invariant measure on Grp4q—r(T).
(i) Let Xo: Grpyqy1-&(W) — Sym,, 1 (R) be as in Proposition 5.10, and let X{ be the
corresponding map on Grpyq—(T"). Then

1 d* B . ) B
% dik (haye)«(s D (X5 f-ptqr1)2(E)dE) = (X{) foprgr)2(F) dF,
: t=0

and this generalized measure is O(Q|r)-invariant. Here (s~1), denotes the push-forward by
s~1 of the restriction to the open set Image(s).

Proof. (i) For g € O(P|r) = Stabg(p)(z) C O(P), because gosohy=sohiog and g*dE =

dE, we have ¢g*hys*dE = his*g* dE = h{s*dE, which yields O(P|r)-invariance. As for trans-

lation invariance, let py: U x R¥ — Grpq_x(T) be a local trivialization of the bundle

71 Grprq—k(T) — Grpyq—i(T), and put n = pj;s* dE. Then hy o py(F,w) = py(F,tw) and, thus,
pirhis™ (dE) (Fuw) = tkn(F,tw) = tkn(F,O) + O,

As the induced action of a translation of 7' on U x R¥ has the form (F,w) — (F,w + ¢(F)), the
translation invariance of dF follows.

(ii) Let fi,..., fp+q—k be a P-orthonormal basis of F' € Grpiq—r(T), and let w € T be P-
orthogonal to F. A P-orthonormal basis of s(tw + F) is (1 + t2P(w))~Y?(z + tw), f1, -, fosq—k-
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Hence, the Gram matrices X, and Xy of @ restricted to F' and s(tw + F'), respectively, satisfy
det Xo = (1 + 2P(w)) ' Q(z + tw) det X{,.
Therefore, for A > 0, F € Grpyq—(T) and w € FI' 0T we have
A(Xos(tw+ F))) = (1+ 2Pw)) ™ Q(x + tw) A (Xp(F))

whenever Q(x + tw) > 0, where f) is defined by Lemma 5.3 on Sym,, . ;_;(R) or Sym,,,_,(R)
depending on the argument.
By analytic continuation we get

s* X fa(tw + F) = (1 + £ P(w)) *Q(z + tw) (X))* fa(tw + F)
for all A. Hence,
lim hi s X3 fr = (X)" .
In the proof of part (i) we have seen (hy;)«(s™'). dE = O(t*). Hence, by continuity
d* -1 *
Tk t:o(hl/t)*(s ) (X0 - (prqr1)/2(E) dE)
¥
g
= k!<X(/))*f—(p+q+l)/2 dF.
Translation invariance is clear. Further, if g € O(Q|r) C O(Q), then gosoh; =soh;o0g. As
X§ f—(ptq+1)/2(F) dE is O(Q)-invariant, this yields O(Q|r)-invariance. O

= Wm hys™ X (pqt1) /2 (hje)s(s™ 1) dE

Translation-invariance and O(P|r)-invariance characterize dF uniquely up to normaliza-
tion. The normalization can be deduced from Theorem 6.5 in the case g = 0. As for the
translation-invariant and O(Q|r)-invariant generalized measure obtained on T = RP4, we take
the normalization of Definition 5.11 as follows.

DEFINITION 5.17. On Grpyq—x(RP?) we fix the following translation-invariant and O(p, q)-
invariant generalized measure

my = e(iﬂm(p+q+1_k)q(X(l))*f—(p+q+1)/2(F) dF.
The Crofton map in the flat case is
Cr s M™(Capgi(V)) = V2(V),

given by (Cr(u),v) = f@pﬂ_k(v) Y(E) du(E) for all 1 € V°(V).
The results of the present section and §§3 and 4 can be easily adapted to the flat pseudo-
Euclidean setting. Let us state explicitly Corollary 5.15 in the flat case.

COROLLARY 5.18. Let A C RP? be either a smooth domain or a hypersurface without boundary.
Denote by H = H(A) the corresponding closed hypersurface.

(i) Assume that for each x € H, H is either pseudo-Riemannian near x or has non-zero
Gauss curvature at x. Then

Crlm)(4) = | Y(A N E) diig (E). 21)

Grp+q7k(v)
holds for k = 1.
(ii) If H is strictly convex, then (21) holds for all k.
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6. Crofton formulas for generalized pseudospheres

For the de Sitter space embedded in Lorentz space, one can compute the Crofton formulas
through a direct computation of the restriction of the measures to subspaces, combined with
the Hadwiger theorem and the template method. However, for general signatures, an explicit
computation appears to be hard. Instead, we carry out an analytic extension argument, which
recovers the Crofton formulas for all signatures in a unified fashion.

For ¢ > £, we denote by S¢ = le(l) C RPT4 = R™*! the unit sphere in the Euclidean space
(RFL Q¢). For ( = 0 we have SP—1a = Qal(l) with the induced pseudo-Riemannian metric Q.
We also denote by S™ the unit sphere in R™*! with respect to some fixed Euclidean structure
(which is independent of ().

In the following we make use of the operation of restriction of Crofton distributions, as
described in §3.1.

PROPOSITION 6.1. For the standard inclusion e: RP? < RPTL4HT we have e*my, = my,.

Proof. Note first that the restriction e*my, is well-defined by [Fail7, Remark 2.13]. For ¢ > 1,

Q¢ is positive-definite, and so e*mi = mi by the uniqueness of probability measure on the

Grassmannian invariant under the positive-definite orthogonal group, as
e* : M®(Grpygriprk(RPFPTT)) — M (Grpyg i (RP))

is essentially the push-forward operation under intersection with RP-?. By analytic extension in
¢, we get e*m}f = m}f. The statement then follows from Proposition 5.13(ii). O

PROPOSITION 6.2. Given A € P(SP~14), let A € P(S™) be its radial projection. Assume A is
either an LC-regular hypersurface, or a smooth domain with LC-regular boundary. Assume
further that either all Qu-degenerate tangents of codimension k are regular, or x(ANE) is
constant for almost every plane E of codimension k. Then

Jim Crgn (mj)(A) = Crgp-1.a(my)(A).
Proof. We have by Proposition 3.14
Crsn (mjf)(A) = (mjf, x(ANe)).
By Corollary 5.14, it holds that
Crgo 10 (me) (A) = (mi, (AN o).

By Proposition 5.13(ii), m}f tends to my as € — 07 in the normal Hérmander topology on
M\ (Grpg1-£(V)). Combining Corollary 4.7 and Proposition 5.13(i), we see that evaluating

at xY(ANe) = x(ANe)is continuous in this topology, and the statement follows. U

We consider for a moment the case ¢ = 1. We use two types of templates in the de Sitter
sphere SP~11. The first is the Riemannian (p — 1)-unit sphere

RPH0 = gr=tinfg 1 =0}
Fix 6 € (0,7/4). Our second template is
RPUL = Rl () = {4 € SP7LL: :BIZ,H <tan®@(z? + -+ x?))}

The points of ARP~ ! lie at (time-like) distance of p = arctanh(tan ) from RP~10.
For each ¢ > % and s = 0,1, we denote by Tf_l’s the radial projection of RP~1% on Se.

Thus, Tg’_l’o is a totally geodesic (p — 1)-sphere in S¢, and the points of aTg"l’l lie at distance
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e = arctan(y/€ tan 6) from Tf_l’o where £ = (2¢ — 1)/(2¢ + 1). We then have

dp _1+tan*6 7_\[ 1+ tan® 6
dd 1—tan?6’ 1+ Etan?0

We denote by ui € V>°(S¢) the Riemannian intrinsic volumes in S¢, and by px € V=°(SP~14) ©
C the (complex-valued) intrinsic volumes on SP~1:!. Note that ,ui(Tcp 10y — pp(RPL9) for all
¢> 1.

PRrROPOSITION 6.3. For s =0, 1, the function { — ui(Tf_l’s) extends to a holomorphic function
fr.5(C) on Ug such that lim¢_g fi.5(¢) = pup(RP~1*).

Proof. For s =0, the statement is trivial as ui(Tfﬁl’O) does not depend on (. Let us consider
s = 1. The radial projections 7; : S — S¢ and 7 : S — SP~L1 have Jacobians

p—1 1 2 (p—1)/2+1 2 —1
Jacm = <COSE> d€:§1/2<+tan€> 7 5:§(g):C77

cos dé 1+ &tan?6 2¢+1
] cosh p Pl dp 1+ tan2 @ P~H/3+1
ac Ty = — = — .
0 cosf de 1 —tan?6

As £(¢) = (2¢ —1)/(2¢ +1) is continuous on C\ {—1}, it maps Uc to a simply connected
region in C \ {0}. Moreover, {(¢) € Rif and only if { € R, and £{(¢) > 0 for ¢ > %, so that £(¢), 1+
£(¢)tan% 0 # 0 for ¢ € Uc. It follows that the right-hand side of the first equation extends to a
holomorphic function in Ug whose limit as { — 0 equals the right-hand side of the second equation
multiplied by i. The statement follows for k = p because ,ug = vol,, and p, = ivol, on Sp—hl,

Now consider k =p — 1. As

pp—1 (RP~11) = Svol, 1 (RPN, py o (TE7HY) = S vol, 4 (9TE™HY,

and
d dp d _ 1+ tan?6 _
Il 1(RP~ 1,1 _ 7 1( RP 1,1 — 1L p—1,1
75 7° (R (9)) a0 dp vol(R (9)) T tanZg VO 1(OR )
d de d 1+ tan?6 _
T vol(T7~ b)) = 10 de vol(T¢F™ b)) = \[m vol,—1(9T¢ b,

this case follows from the previous one.
For (k — p — 1) positive and odd, because N*RP~11 is contained in the time-like orbit of the
cosphere bundle of SP~1! we have

R = B 0. G JIURH) i vl (R, (22)

11 —1,1 1,1
T Zcp,ky B (T2 + dy g vol (T2, (23)

for certain constants ¢y k., dp k, where gb,; is the smooth form given in Lemma 5.1 of [BFS22]

when M = SP~11 and ¢C is the form ¢k in the same lemma when M = S¢. Fork —p—12>0
and even, (22) and (23) hold with the volume term removed.

1973

https://doi.org/10.1112/S0010437X22007722 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007722

A. BERNIG, D. FAIFMAN AND G. SOLANES

As S¢ and SP~L4 have constant curvature 1, we have G, = P1o and gbir = qS,iO. By the
structure equations (see [BFS22, equations (32) and (33)]) we have

d(b’;O =6 A (_k‘¢1;1,o - (p —-1- k)¢l;+170)1

dgso =00 A (kgj_1o— (0 — 1= k)d7,1 ),

where 6 is the contact 1-form defined by the pseudo-Riemannian metric.
Now take M = SP~b1 and assume w e QIMM-L(P,) and dwu=0yAw'. Let v:
ORP~11(9) — Py, be the outer normal map, and extend it smoothly to M. We then have

L0 10)) = - ([N B (0)])
- % (v'w, [DRP1L(0)])
d

=% (v*0p AW [RPH(0)])

- d
- <y*90 AV, % - [[aRp‘l’l(G)]]>
_ <y*90, §9> (!, [ORTIAO)])

dp m(pr-1,
=9 o, ).
Hence, (d/d0)[[0, ¢,;0]}(Rp_1’1(0)) equals
1+ tan?6
1 —tan?0

and similarly (d/d0)[[0, ¢{, o||(TZ ' (6)) is

(—k[[(), ¢;71,0]](Rp_1’1(9)) —(p—1-Fk)[[0, ¢;+1,0]](Rp_1’1(9)))7

\[ 1+ tanZ0

T £tz 110051 ITEH10) = (0= 1= B0, 65,4 T2 0))).

It follows by induction on k = p,...,0 that [[0, qﬁi O]](Tffl’l(ﬁ)) is holomorphic in ¢ € Uc and
lim [0, Sroll(TE11(0)) = 71 7H[[0, ¢y I (R H1(6)). (24)

By (22) and (23) this completes the proof. O

In order to normalize the leading coefficient in the Crofton formulas, we rescale the measures
my, 1y, as follows.

DEFINITION 6.4. Let M C RPY be the pseudosphere of curvature o > 0, or the pseudohyperbolic
space of curvature o < 0. We define

k
CrM = nwp_ Vol Crp(my).
In the flat pseudo-Euclidean space M = RPY we take

CrM = mwp_q Cras(1ig,).
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THEOREM 6.5 (Crofton formula). Let M be a pseudosphere, a pseudohyperbolic space, or a
pseudo-Euclidean space. Then, independently of the signature of M,

n—=k)/2
R (—k‘/Q

; )Ujﬂk+2jv (25)

Wkt i
=0 k+25—1
where o is the sectional curvature of M and n its dimension.

Proof. Take first the pseudosphere M = SP~14 of curvature o = 1. We can assume ¢ > 0 as the
formula is known in S™ (cf., e.g., [FW19]). We know that

L(n—F)/2]
Cr% = Z (@jp.qh+2j + bjpaPk+2;)
§=0

for certain coefficients a;y 4, bjpq € C. Indeed, by [BFS21, Theorem C] we may express Cri
as a linear combination of the intrinsic volumes and their complex conjugates. As both u, and
CrM are the restrictions of elements in Val °>" and thus belong to the (—1)"-eigenspace of the
Euler—Verdier involution, only the displayed terms appear.

Let e: SP~Ldesgr=ltha  apd . Sp-1+ble,gp=1+la  he standard inclusions. By
Proposition 6.1, we have

[(p—1+q—k)/2] X .
p—1,9 * p—1+lq
Z @jp.ghtk+2j + bjpqlkta; = Crf =e€ (Crf )
§=0
L(p—1+q—Fk)/2]

= Z @) p+l,qhk+2j T Ojiptl,gfh+25,
j=0

|(p+1—k)/2] z z
o Sp—1+L1 Sp—1+l.q
> Gtk bjprafiiz; = O} = & (Cry )

=0
L(p+l—k)/2]
= Z @) p+lghk+25 T Ojpti,qPkt25-
7=0
By the linear independence of {y;}; | J{;}: [BFS22, Corollary 7.4], and taking [ > ¢ — 1, this

yields

Ajp,q = Ajp+il,q = Aj,p+1,15
bjpa = Vjp+ig = bjpti

forall j <(p—1+4+q—k)/2.

It suffices then to determine a; := a; p 1,b; := bj; 1, 1.e. to prove the statement in the de Sitter
sphere M = SP~11. To this end, we evaluate both sides on the templates RP~1* C M with
s =0, 1. In order to compute Créw (RP~1%) we use the spherical Crofton formula:

Wh— —k/2
Crg, (ka—lmi) = Z 1( : > i+2j = ch:ui-ﬂj’ (26)

w i
>0 k+2j—1 J >0

for ¢ > % Given p >k and s=0,1, let SP be the unit sphere of an arbitrary Euclidean
structure in RP! = RPH! and let 7P~ 1% be the radial projection on SP of RP~1*. By Definition 6.4,
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Proposition 6.2, and applying analytic continuation to (26) via Proposition 6.3, we have

Cr]k\/[(Rp—l,s) = TWk—1 her CrSp (m};)(Tp—l,S)

e—0

= lim E ijkJer’s(ie)
e—0Tt 4
j=0

= cjtrroi(RPH9).
Jj=>0
Now, for s =0, 1, taking p = k 4+ 2] — s + 1, we obtain

D oty (R0 = 37 apiep (RF275) b g (RF299)
320 320

= (aj + (=1)%b)) g (RFFH7),
>0

because fit2;(RFT275%) € i°R by (22).

For [ =0 we have pgi2j(R¥"*%)=0 for all j >1 and, hence, cy=ap+ (—1)*h for
s =0,1 and, thus, ag = cg,bp = 0. Suppose that a; = ¢;,b; = 0 for all j < jg. Taking | = jo we
deduce ¢j, = aj, + (—1)°bj, for s =0, 1. By induction, we deduce a; = ¢; and b; =0 for all j,
which completes the proof for o = 1.

For o > 0 the theorem follows by the homogeneity of the yy, (cf. [BFS22, Proposition 1.2(iii)]).

Let us now turn to o = —1, i.e. to H?9~! C RP4. Note that the anti-isometry j: R%P — RP:
of Lemma 5.12 maps S9~1P to HP9~! Therefore, by Lemma 5.12 and the homogeneity of
the i,

Crka’qil(j(A)) = ka_lik/ X(ENj(A))dmg(E)
Grn+1—k

= kalik/ X(E N A)d]*mk(E)
Grpy1-k

= ifCr 7 (A)
=if Z CV:“’]H-QV(A)

=i e i g0, ((A)).

This proves the statement for 0 = —1. The case o < 0 follows as before from the homogeneity
of the pg.

Finally, we consider the case o = 0. Let us identify M = RP~1¢ with the tangent space
T,SP~14 at some z € SP~H9. Let AF: V=o0(SP~14)0WPa) — Val~>(T,,,SP~19)O(P~14) be given by
(cf. [AleO6a, Proposition 3.1.5])

1 d*

Aip) = 5% hid'e
kldtk|,_, "

where ¢: U C T,,SP~19 — SP~14 is defined on a neighborhood of x by

$(w) = Qx +w) " (z + w)
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and h(w) = tw. By Proposition 5.16 we have
AfCr = o
On the other hand, denoting by ¢ the metric on SP~%4, because j € W, >°, behaves naturally
with respect to isometries and is k-homogeneous, we have
o 2
P = lim (6 0 ) pf, = lim py?"0
As (¢ o hy)*g/t? converges, C°°-uniformly on compact sets, to the flat metric gg, we conclude by
[BFS22, Proposition 1.2(ii)] that
FHg, = 1y
Applying A} to both sides of (25) the case o = 0 follows. 0
Recall from [BFS22] that the intrinsic volumes py, were defined in terms of certain generalized

curvature measures C9 p? C’l - On a manifold of constant curvature o, these fulfill CZ = GPC’};’O.
Using this and [BFS22, Eq. (61)] the Crofton formula (25) becomes

J
where glob : C™%°(M) — V™°°(M) is the globalization map (cf. [BFS22, §2]). The constants dj, ;

are independent of the signature and the curvature and can, thus, be deduced from the case of
Euclidean spheres. Therefore, by [FW19 § 3.2] we obtain

Crpl = if Z( ) glob( Ck+2] 0ot 10k+2] 0)- (27)
J

k‘wk
Remark 6.6. It is interesting to note that (27) yields
X = 5 Crg! = iglob(CRg +iC5 o).

which can be seen as a generalization of the fact that the angular excess of a spherical triangle
is proportional to its area.
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