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Abstract

Recently, Lutz and Stull used methods from algorithmic information theory to prove two
new Marstrand-type projection theorems, concerning subsets of Euclidean space which are
not assumed to be Borel, or even analytic. One of the theorems states that if K C R” is any
set with equal Hausdorff and packing dimensions, then

dimy 77,(K) = min{dimy K, 1}

for almost every e € §"~!. Here 7, stands for orthogonal projection to span (e).

The primary purpose of this paper is to present proofs for Lutz and Stull’s projection
theorems which do not refer to information theoretic concepts. Instead, they will rely on
combinatorial-geometric arguments, such as discretised versions of Kaufman’s “potential
theoretic” method, the pigeonhole principle, and a lemma of Katz and Tao. A secondary pur-
pose is to generalise Lutz and Stull’s theorems: the versions in this paper apply to orthogonal
projections to m-planes in R”, for all 0 <m < n.

2020 Mathematics Subject Classification: 28A80 (Primary); 28A78 (Secondary)

1. Introduction

This paper contains combinatorial-geometric proofs of two recent projection theorems
of Lutz and Stull, namely [10, theorems 2 and 3]. The original arguments were based on
algorithmic information theory, and the intriguing point-to-set principle, established previ-
ously by Lutz and Lutz [9]: this principle — or rather a formula — expresses the Hausdorff
and packing dimensions of an arbitrary set K C R" as the supremum over the (relativized)
pointwise dimensions of elements x € K. The information theoretic approach is very novel,
so it is perhaps natural to ask: can more “conventional” (from the fractal geometers’ point of
view!) arguments yield the same results? The purpose of this note is to show that they can,
at least in the case of the two projection theorems in [10].

We move to the details, and start with some notation: for 0 < m < n, the notation G (n, m)
refers to the Grassmannian manifold of m-dimensional subspaces of R", and y, ,, is a natural
Haar measure on G (n, m), see [12, section 3-9] for more details. Write y : R" — V for the
orthogonal projection to an m-plane V € G (n, m). Hausdorff and packing dimensions will
be denoted dimy and dimp, respectively (see Section 2 for precise definitions).
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For context, recall the Marstrand-Mattila projection theorem:

THEOREM 1-1 (Marstrand-Mattila). Let O <m < n, and let K C R" be an analytic set.
Then

dimy 7y (K) = min{dimy K, m} Jor yomae. VeG(n,m).

The case (n, m) = (2, 1) is due to Marstrand [11], and the general case is due to Mattila
[13]. The analyticity assumption cannot be dropped, at least if the reader believes in
the continuum hypothesis: using the continuum hypothesis, Davies [1, theorem 1*] con-
structed a 1-dimensional set K C R? with zero-dimensional projections to all lines. It
would be interesting to know if counterexamples can be constructed without the continuum
hypothesis.

In [10], Lutz and Stull showed that the analyticity condition can be dropped, however, in
somewhat weaker variants of Theorem 1-1:

THEOREM 1-2. Let 0 <m < n, and let K C R" be a set with dimy K = dimp K. Then
dimy 7y (K) = min{dimyg K, m} Jor yama.e. Ve G(n,m).
THEOREM 1-3. Let 0 <m < n, and let K C R". Then
dimp 7y (K) > min{dimy K, m} for Yum a.e. V€ G(n, m).

To be precise, only the cases m =1 of Theorems 1-2 and 1-3 were established in [10],
and I do not know if the case m > 1 would present additional difficulties for the information
theoretic approach in [10]. In this paper, we reprove Theorems 1-2 and 1-3 with combina-
torial arguments, which are essentially the same for all 0 < m < n. These arguments consist
of “§-discretised” versions of the potential theoretic method, due Kaufman [8], and mul-
tiple applications of the pigeonhole principle. Some tools are also taken from Katz and
Tao’s paper [7]. However, details will be repeated to the extent that this paper is essentially
self-contained.

Finally, let us mention that Theorem 1-3 cannot be improved to

dimp 7y (K) = min{dimp K, m} for y,.. a.e. V € G(n, m),

even if K CR" is compact. Examples of compact sets K C R?> with dimp 7, (K) <
dimp K <1 for all L € G(2,1) were constructed by Jéarvenpdd [6]. The optimal lower
bounds — for analytic sets — were established by Falconer and Howroyd [2]. For a more recent
approach, see [4]. As far as is known, the possibility of such lower bounds for arbitrary sets
has not been investigated.

1-1. Notation

An open ball in R" with centre x € R"” and radius » > 0 will be denoted B(x, r). For
A, B >0, the notation A <, ,, B means that there exists a constant C > 1, depending only
on the parameters p, ..., px, such that A < CB. The two-sided inequality A <, B <, A is
abbreviatedto A ~, B,and A 2, , Bissynonymousto B <, , A.Thenotation “log”
means logarithm of base 2.
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1-2. Proof outlines

Theorem 1-3 is arguably less surprising than Theorem 1-2. It is already known that
the analyticity of K is not required for the y, , almost sure lower bound dimg7y (K) >
min{dimy K, m}, where dimg stands for upper box dimension. For a short proof in R? using
combinatorial arguments, see [14, theorem 4-3]. One would, then, like to reduce the proof
of Theorem 1-3 to this known case via the formula

dimp 7y (K) = inf { sup dimy F; : 7y (K) € |_J F}.

1

The only issue is that the most obvious reduction uses a Frostman measure supported on
K, as in [14, lemma 4-5], and this approach is not available for analytic sets. In the end,
however, it turns out Frostman measures can be dispensed with by additional combinatorial
arguments.

Let us then discuss Theorem 1-2. Assume for simplicity that 0 <s <m and H*(K) > 0,
where s :=dimy K =dimp K. Ignoring some technicalities, the equality of Hausdorff and
packing dimension implies that for all small § > 0O, the set K can be covered by a family of
~ §~* balls of radius § whose centres K form a §-discretised s-dimensional set (Definition
2-2). By an argument essentially due to Marstrand, the set K; has the following property:
there is a “tiny” exceptional set Gs . C G(n, m) such that N (wy(Ky ), §) ~ 5~ for all
Ve G, m) \ Gspaa and for all subsets Ky ; C K5 with |[Ky |~ §~*. For a more precise
statement, see Lemma 2-2.

We can now sketch the proof of Theorem 1-2. Assume that the conclusion fails: there
exists a set G C G(n, m) with y,,,(G) > 0 such that dimy 7y (K) < dimyg K forall V € G.
By a pigeonholing argument, this implies that there exists a scale § > 0 and “non-tiny” subset
Gs C G such that the following holds for all V € G,: there is a set Ky C K with H{ (Ky) >
0 such that N (ry (Ky), 8§) < 87*. Since Ky C K is contained in the §-neighbourhood of K3,
and H (Ky) >0, the set Ky s :={p € K, :dist(p, Ky) <8} satisfies |[Ky 5| ~ 57, and so
the projection theorem stated above applies: since Gs was “non-tiny”, there exists a plane
V € Gs \ Gs.pad, hence N(y (Ky), §) ~ N(mwy(Ky5), §) ~ 6. This contradicts the choice
of Ky and completes the proof of Theorem 1-2.

2. Discretising fractals

Recall that the Hausdor{f dimension of a set K C R”" is the number dimy K = inf{s > 0:
H! (K) =0}. Here H;_(K) is the s-dimensional Hausdorff content

H:_ (K) = inf {Z diam(U;)* : K | Ui} .

We next recall packing dimension; for more information, see [12, section 5-9] or
[3, section 3-4].

Definition 2-1 (Packing and upper box dimensions). The packing dimension of a set
K C R" is the number

dimp K :inf{supmg F; : F; is bounded and K C U F,} .
i ieN
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Here dimg is the upper box dimension, defined for bounded sets F C R” by

- : log N(F, §)
dimg F :=limsup ————
§—0 — IOg 1)

where N (F, §) stands for the least number of §-balls required to cover F.

It may be worth pointing out that packing dimension can be defined in two alternative
ways (via upper box dimension, as above, or via packing measures), but the two notions
coincide for arbitrary sets in R”, see [12, theorem 5-11]. Note also that the variant of
Theorem 1-3 for dimg (in place of dimp) is remarkably simple; this can be inferred by
combining [14, proposition 4-10] and [5, proposition A-1].

The next definitions are, as far as we known due to Katz and Tao [7]:

Definition 2-2 ((C, 8, s)-sets). Let §, s >0 and C > 1. A finite set P C R" is called a
(C, 6, s)-set if

|PﬂB(x,r)|<C(§>X, xeR", §<r<l1.
Here | - | refers to cardinality. We will informally talk of “(§, s)-sets” if the constant C is not
important. A good, if imprecise, heuristic is that a (8, s)-set looks like a §-net inside a set of
Hausdorff dimension s. There are various ways of making this more precise. For example,
[5, proposition A-1] shows that any set K C R® with H! (K)=:7 >0 contains a (8, s)-set
of cardinality 2 t - §7°. A “converse” way to relate Hausdorff dimension and (8, s)-sets is
Lemma 2-1 below, due to Katz and Tao [7], which states that an arbitrary subset of R” with
dimyg K < s can be strongly covered by §-neighbourhoods of (§, s)-sets.

Definition 2-3 (Strong covering). A sequence of sets Ey, E,, . .. strongly covers another
set F' if every point of F' is contained in infinitely many of the sets E;.

The next lemma, and its proof, are virtually the same as [7, lemma 7-5]. All the details
are included, because [7, lemma 7-5] is only stated for compact sets, and it also uses the
terminology of “hyper-dyadic rationals” which we avoid here.

LEMMA 2-1. Let0 <s <n, andlet K C R" be a set with dimy K < s. Then there exists a
constant C > 1, depending only on n, s, and dimy K such that the following holds. For every
k € 27N there exists a (Ck*,27%, s)-set P, such that the sequence {P,(C,2 ") }ren strongly
covers K. Here C, > 1 only depend on n.

Here, and in the rest of the paper, A(§) refers to the §-neighbourhood of A C R”".

Proof of Lemma 2-1. Fix € > 0 such that dimg K < s — €. Then, for every i € {1, 2, ...},
find a collection Q; of disjoint dyadic cubes of side-length at most 2~/ which cover K and
satisfy

> ULl @1
0€Q;
Above £(Q) refers to the side-length of Q. Fori > j, write further Q, ; :={Q € Q, : £(Q) =

277}, and let X, ; be the union of the cubes in Q; ;. Now, picking the centres of the cubes
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in Q; ;, we could obtain a 27/-separated set P;; of cardinality |P; ;| < 2/°, whose 27/-
neighbourhood is essentially X; ;. Then, a natural first attempt at P;, j € N, would be the
union P; :=J{P;; : 1 <i < j}, with |P;| < j - 2/%, whose C,27/-neighbourhood contains

U{Xi,kiléiék}::Xj.

Note that the sets X ; strongly cover K. The problem is, however, that P; is not necessarily
a (Cj?, 277, s)-set, so a further refinement is needed.

For 1 <i < j fixed, choose another collection Q; ; of disjoint dyadic cubes of side-length
at least 27/ which

(i) covers X, ;, and
(i) minimises the sum ) {¢(Q)’: Q € Q; ;1 among all (disjoint) dyadic covers of X ;.

It is easy to see that a minimiser exists, since cubes of side-length exceeding 27<//* need not
be considered. Indeed, if Q;’ ; contained a cube of such side-length, then also the sum in (ii)

would exceed 2~/ . However, the collection Q, j is a cover for X; ;, and satisfies

. ) .
DO <2 YOt < 27,
0eQ;; 0eQ;;

using that £(Q) <27/ for all Q € Q, ;. So, we know that Q;,j is a collection of dyadic
cubes of side-lengths between 27/ and 2%/*. Moreover, if Qy C R” is an arbitrary dyadic
cube, then

3 {60y : 0 € Q) and Q C Qo) < Q). 2:2)

since otherwise the sum in (ii) could be further reduced.
Next, for k € N, let

Q;,j,k ={0¢€ Q:, Q)= 271{}’
so that Q; ; C |, Q; ;- We record that
Q;,j,kZQ’ k¢{|_€]/sjv’]} (23)

Let P; j, be the collection of the centres of the cubes in Q;‘j!k. It follows from (2-2) that
P jrisa(C, 27k s)-set for some C = C(n) > 1. Fork € {1, 2, ...} fixed, we define

We claim that K is strongly covered by the sequence {P;(C2 *)}icn, and that P is a

(Ck?,27%, 5)-set with C ~, (s /€)?. To see the first property, fix x € K. Then, forevery i € N,

x is contained in X; ;i) C |J Q; ;) for some j (i) > i. Consequently,
X € U Q;,j(i),k(i,j) C Pi,j(i),k(i.,j)(Cn2_k(i’j))

for some k(i, j) > €j(i)/s > €i/s, using also (2-3). This implies that x € Py, j,(C,27X0D),
and since k(i, j) — 0o as j — oo, we conclude the strong covering property.
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To verify the (8, s)-set property, note that if j > [ks/€] then k < [€j/s], hence P, ;=@
by (2-3). It follows that we may re-write

Tks/€] Tks/e]

sz U U Pi,j,k'

i=1 j=i

Since each P; ; ; was individually a (C, 27*, s)-set, it follows that Py is a (C (ks /€)*, 27%, s)-
set, as claimed.

The next lemma concerns the orthogonal projections of (§, s)-sets. It is a §-discretised
version of the following result of Marstrand [11]: if K CR" is a compact set with 0 <
H*(K) < oo, then there exists a set G,y C G(n, m) of zero y,, measure such that the
following holds. Whenever V € G(n, m) \ Gua, and K’ C K satisfies H*(K') > 0, then
dimy 7y (K') = min{m, s}. In particular, the “exceptional” set Gy,q is independent of K.

LEMMA 2-2. Let 0 <m <n, 0< s <n, and € > 0. Then the following holds for all 0 <
8 < 8o, where 8y depends only on € and n. Let P C B(0, 1) CRR" be a (67¢, 8, 5)-set. Then,
there exists a set Gu,g C G(n, m) with ¥, »(Goaa) < 8¢, and the following property. If V €
G, m) \ Gy, and if P’ C P with |P'| > §*%¢, then

N(T(v(P/), 8) 2 5—min{s,m}+65. (24)

Proof. Let P CR" be a (§7¢, 8, s)-set, as in the hypothesis. One may easily check that

1 57272 ifm<s<n,
DB D 25)
ot Ll M3 if 0 < s <m.
xX#y

Indeed, just divide the inner summation into dyadic annuli and use the (§~¢, §, s)-set con-
dition, and finally also observe that |P|=|P N B(0, 1)| <6 *. For V € G(n, m) fixed,
define next the quantity

Ev(P):={(x,y) € P x P:|my(x) —my(y)| <8},
and note immediately that

Ev(P)=I{(x,y) € P x P:x#yand |my(x) — v (y)| <8} + [P|=: &, (P) + | P|.

(2:6)
We recall from [12, lemma 3-11] the following geometric estimate:
8m
Yam({V € G(n,m) : |y (x) — 7wy ()| <8P S —y X #y. 27
Combining (2-5), (2-6) and (2-7), and noting that | P| < § ¢, we find that
sm §m22€  ifm < s <n,
[ emrdnavs ¥ Pl | s
G(n,m) lx — ¥l §s73€, if0<s <m.

x,yeP

xXF#y

Now, write Gp,q C G (n, m) for the set of planes V € G (n, m) such that (2-4) fails for some
set P’ C P with |P’| > §~**¢. We claim that

Goaa C{V €G(n, m): Ey(P) >, - §mintsmi=2s—4ey
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where ¢, > 0 is a constant depending only on 7. Indeed, divide V € Gy, into dyadic cubes
Q with diam(Q) € [8/2, §], and let D be the family of these cubes meeting 7y (P’). Then
|D| <, 6~ mints:mi+6¢ by hypothesis. Moreover,

Ev(P)Z ) IH(x, ) € P x P'imy(x), wv(y) € O}

QeD
2
/ — 1 ’ - min{s,m}—2s—4e
=5 P mrvl(Q)I2>ﬁ (Z |P ﬂnV‘(Q)I) 2, Smintemi=2ehe
QeD QeD

using Cauchy—Schwarz on the second line. Finally, by Chebyshev’s inequality and (2-8),
Yn.m (Gbad) < Yn.m ({V € G(l’l, m) : gV(P) 2 Cp* 8min{s,m}—2s—4e}) g 86

for all § > 0 small enough, depending on € > 0, and the implicit constants in (2-8), which
depend on n. This completes the proof.

The final lemma clarifies the connection between a set K C R" with N(K, §) <§7*, and
(8, s)-sets: the part of K which is not contained in the §-neighourhood of a single (3, s)-set
has small s-dimensional Hausdorff content. This “bad” part can easily be all of K, however:
the lemma is only useful if we have an a priori lower bound on H?_(K).

LEMMA 2-3. Let 0<s<n,6 >0, C > 1, and let K C R" be a bounded set with
N(K,§) <Cs™°. (2-9)
Then, for any L > 1, there exists a disjoint decomposition K = Kgooa U Kuaa Such that

() Hi(Kpaa) SL7', and
(i1) Kgooa is contained in the §-neighbourhood of a (CL, 8, s)-set.

The implicit constant in (1) only depends on n.

Proof. Assume with no loss of generality that § € 272, Let D; be the collection of dyadic
cubes Q C R” of side-length £(Q) = §, and let D be the collection of dyadic cubes O C R”
of side-length £(Q) > §. Finally, let

Ds(K) :={0Qs € Ds: Qs N K # D},
so |Ds(K)| < C87° by (2:9). A cube Q € D is called heavy if

“Qy
{Qs € Ds(K): Qs C O} =2 TCL <T .

Here t = t(n) > 0 is a small constant to be specified later. Note that arbitrarily large cubes
cannot be heavy by the upper bound on |Ds(K)|. Let Ky,g C K be the set of points in K
which are contained in at least one heavy cube. Then Ky,q4 is covered by the maximal heavy
cubes in D, denoted M. The cubes in M are disjoint, and moreover
8° 1

S (Kpag) < L(0)* < € Ds(K) : < —.
Hio(Kuua) S ), 00 < ) 10 €Ds(K): 05 C Q)<

QeM QeM

This verifies condition (1). Define Kyooq := K \ Kpqq- By definition, no point in Kgoeq 1S
contained in a heavy cube. In other words, if Q € D5 is arbitrary, then either QO N Kgooa =
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@, hence N (Kgo0a N Q, 8) =0, or alternatively Q is not a heavy cube. In this case

E N
N(Kyoos N Q. 8) S N(K N Q.8) S, 1(Qs € Dy(K): 05 € Q)| < TCL (%) ,

These estimates imply that if P C Kyooq 1S @ maximal §-separated subset, then [P N
B(x,r)| <, tCL(r/8)* forall x e R" and r > 8. Thus Pisa (CL,$, s)-setif t =t(n) >0
is small enough, and of course Kyy0q C P ().

3. Proofs of the main theorems

Here is the version of the pigeonhole principle that will be frequently employed:

LEMMA 3-1. Let {ay,as, ...} be a sequence of non-negative numbers, and write
Y aj=: A. Then there exists an index j € N such that a; 2 A/j*.

This principle will be typically employed so that we have a set K in an (outer) measure
space (X, p) with u(K) > 0, and a cover Uy, U,, ... for K. Then, by the sub-additivity of
w, and Lemma 3-1, we may infer that (U;) 2 w(K)/j* for some j € N.

3-1. Proof of Theorem 1-2

Write ¢ :=dimyg K = dimp K. Recall that the aim is to prove
dimy 7ty (K) = min{¢, m} for y,.n ae. Ve G(n, m).

To reach a contradiction, assume with no loss of generality that ¢ > 0, and there exists
0 < u < min{¢, m}, and a y,,,, positive-measure subset G C G (n, m) such that

dimyg 7y (K) < u, Ved. (3-1)

Pick also 0 < s <t so close to ¢ that still min{s, m} > u. Then H:_ (K) > 0. Fix € > 0. By
definition of dimp K = and the countable sub-additivity of Hausdorff content, there exists
a bounded subset K. C K which satisfies both H!_ (K.) > 0 and dimg K, <1+ €/2. We
replace K by K. without changing notation. Then, the following holds for all § > 0 small
enough, depending on € and K = K,:

N(K,8) <8 “=[6""°]-8". 3-2)

To fix the parameters, we will eventually need to pick s < ¢ so close to ¢, and € > 0 so small,
that

min{s, m} — 6(t +2¢ —s) > u. (3-3)

By (3-1), for every V € G and &, > 0, there exists a collection of dyadic cubes Qy on V of
side-lengths < &, with the properties

wvK)c |J @ and ) @<l (3-4)
QeQy 0eQy

We will eventually need to choose &, > 0 small in a way which depends on e, s, ¢, u, and
n. Also, 8, will need to be smaller than the threshold for (3-2). The cubes in Qy are
dyadic, so they can be further partitioned into collections Qy (j) of (disjoint) cubes of

https://doi.org/10.1017/50305004120000328 Published online by Cambridge University Press


https://doi.org/10.1017/S0305004120000328

On two theorems of Lutz and Stull 511
side-length 27/ < §,. Write K{} ={xekK:ny(x)e J Qv ()} for the the part of K whose
my-projection is covered by the intervals in Q7. In particular,

Ny (Ki), 277y <20t (3-5)

by (3-4). Since 7y (K) C|J Qy for V € G, and H (K) > 0, we may use Lemma 3-1 to
find a dyadic scale 27/(Y) < §, such that

HE(K)Y) 25 J(V)72 (3-6)

The choice of the index j (V) € N a priori depends on V € G, but we may practically elimi-
nate this dependence by another appeal to Lemma 3-1. Let G; :={V € G : j(V) = j}. Then,
the sets G, 277 < 8, cover the ¥, ,, positive-measure set G, so there exists a fixed index
J € Nsuch that y, ,(G;) 2 j 2. We then record that (3-5)-(3-6) hold for every V € S; with
Jj (V) =j. To simplify notation, write Ky := K(} forV e G;.

Next, we write § := 27/ < 8y, and apply Lemma 2-3 with constant C := §*'~¢, and level
L :=§7°. By (3-2), the main hypothesis (2-9) of Lemma 2-3 is satisfied. The conclusion is
that K = Kyo0a U Kpaa With the properties that

H (Kbaa) S 8€,

and K4 is contained in the §-neighbourhood of a single (6°~ —2€ .8, s)-set P C R”. Since
Ko0a C K is bounded, there is no loss of generality assuming that P C B(0, 1). We write
€ :=t+ 2¢ — s, and apply Lemma 2-2 to the set P and the parameter €': there exists a subset
Grad C G(n, m) with ¥ 1 (Gpaa) < 8¢ such that whenever V € G(n, m) \ Gpa and P’ C P
has cardinality | P’| > 8~**¢, we have

N(y(P'), §) > 8 mintomi+oe, (37
Fix V € G, and recall from (3-6) that
Hi(Kv) 2 j = (log $) .

Since Ky C K C Kgpoa U Kiaa, and H2 (Kpaa) S 8¢ K (log %)’2 (take the parameter 8y > &
so small that this works), we infer from the sub-additivity of H that

H(Ky N P(8) = Hi(Ky NKgooa) 2 logH 2, VeG.

It follows that there exists a set Py C P N Ky (8) of cardinality | Py| 2 §* (log %)’2. In par-
ticular, if § > O is small enough (which can be arranged by taking §, > § small enough to
begin with), we have | Py| > 6~°*¢". Now, (3-7) implies that

N(my(Ky), 8) 2 N(mwy(Py), §) > §~ mintsml+6e (3-8)

for all V € G(n, m) \ Gaa. But ¥, (Graa) < 8¢ < (log %)’2 < Yum(G ), so we infer that
(3-8) holds for some V € G;. Recalling the choice of €’ =1 + 2¢ — s, and in particular that
min{s, m} — 6€’ > u by (3-3), we find that (3-8) contradicts (3-5) for any V € G, (again: for
& > 0 small enough). This contradiction completes the proof of Theorem 1-2.

3.2. Proof of Theorem 1-3

Write s :=dimyg K € [0, n], and recall that the aim is to prove

dimp 77y (K) > min{s, m} for v, a.e. V € G(n, m). 39
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If s = 0, this is clear, so we may assume that s > 0. We may also assume, using the countable
stability of dimy, that K is bounded, and then that K C B(0, 1). Pick s’ < s, so

H:(K) > 0. (3-10)
Pick also s” > s, and write
€:=2(s"—s)>s" -5 (3-11)

Using Lemma 2-1, pick a sequence of (Cs, 8, s”)-sets {Ps}, for § € 2N such that K is
strongly covered the C,§-neighbourhoods Ps(C§). Here

Cs Snssr (10g $)°.

In particular, Cs < 6 for all 0 < § < &y, where §y > 0 only depends on n, s, s’, and s”. For
every 8 € 27 with § < 8y, and for € =2(s” —s’) as in (3-11), let Gﬁad C G(n, m) be the
exceptional set given by Lemma 2-2 (associated to Ps) with y,,,m(Ggad) < 6%, and such that

Ny (P'), §) > § mints'miv6e, VeGmn,m) \ Gy, (3:12)
whenever P’ C P; satisfies | P'| > §~*"*<. By the Borel-Cantelli lemma, the set

Graa :={V € G(n,m) : V € G}, for infinitely many § € 27"}
has Yy .m(Guaa) =0. Pick V € G(n, m) \ Gpaa. We claim that
dimp 7y (K) > min{s”, m} — 6e, (3-13)

which is evidently good enough to prove (3-9) (by letting s’, s” — s, and recalling that € =

2(s” —s)). If (3-13) fails, then, by definition of dimp, there exists a number ¢t < min{s”, m},
and bounded sets Fy i, Fy,, ... C V such that

7y (K) C U Fyi,
ieN
with the property that
MBF‘/J<I—6€, i eN.

In particular, by (3-10) and the sub-additivity of Hausdorff content, there exists a subset
Ky C K with /HZ;(KV) > (, and an index i € N, with the property that 7, (Ky) C Fy;. Asa

consequence,
log N Kv),8) — N
lim sup o2 (EIV( SV) ) =dimg 7y (Ky) < dimg 7wy (Fy ;) <t — Ge. (3-14)
§—0 — 10g

The sets Ps(C,§) strongly cover K, so they also strongly cover Ky. In other words, every
point in Ky is contained in infinitely many sets in Ps(C,6). It follows from the “easier”
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Borel-Cantelli lemma (which only requires the sub-additivity of the Hausdorff content
Hs,) that

D HL(P(Ch8) NKy) =00 (3-15)

§e2-N
5<(S()

for any 8, € 27. Eventually, we will need to pick 8 >0 small in a way depending on
s’',s”,t, n, and the choice of V. Now, we may infer from (3-15) that there exists § < §
such that

He (P5(Cy8) N Ky) 2 (log 1) (3-16)

It is worth mentioning that we cannot arrange for (3-16) to hold for all § > 0, but we can
have it for arbitrarily small § > 0, which is good enough for our purposes. There will be a
few conditions on how small we want to take § > O (hence §,). The first one is that § > 0
should be so small that V ¢ G?_;; by the initial choice e ¢ Gy, this is indeed true for all
8 > 0 small enough. A second condition is that § should be taken so small that

N(my(Ky), §) <80, (3-17)

This is also true by (3-14) for all § > O sufficiently small. After these preliminaries and
comments, we infer from (3-16) that there exists a set Py C Ps N Ky (C,§) of cardinality

|Py| 26 - (log H~2.

In particular, if § < §, is small enough, and recalling from (3-11) that s” — € < s’, we have
|Py|>8"%¢. Since V ¢ G‘gad, this means by (3-12) that

Ny (Kv), 8) Zn N(y(Py), 8) > 5 Mt mivee,
Recalling that r < min{s”, m}, the inequality above contradicts (3-17), if 6 >0 is small
enough, and the proof of (3-13) is complete. As we pointed out after (3-13), this also
concludes the proof of Theorem 1-3.
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