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We refine the simulation technique introduced in Di Cosmo and Kesner (1997) to show
strong normalisation of A-calculi with explicit substitutions via termination of cut
elimination in proof nets (Girard 1987). We first propose a notion of equivalence relation for
proof nets that extends the one in Di Cosmo and Guerrini (1999), and show that cut
elimination modulo this equivalence relation is terminating. We then show strong
normalisation of the typed version of the A, -calculus with de Bruijn indices (a calculus with
full composition defined in David and Guillaume (1999)) using a translation from typed A,
to proof nets. Finally, we propose a version of typed 4,5 with named variables, which helps
to give a better understanding of the complex mechanism of the explicit weakening notation
introduced in the A,s-calculus with de Bruijn indices (David and Guillaume 1999).

1. Introduction

This paper uses linear logic’s proof nets, equipped with an extended notion of reduction,
to provide several new results in the field of explicit substitutions. It is also an important
step forward in clarifying the connection between explicit substitutions and proof nets,
two well-established formalisms that have been used to gain a better understanding of
the A-calculus over the past decade. On the one hand, explicit substitutions provide an
intermediate formalism that, by decomposing the  rule into more atomic steps, allows a
better understanding of the execution models. On the other hand, linear logic decomposes
the intuitionistic logical connectives, like the arrow, into more atomic, resource-aware
connectives, like the linear arrow and the explicit erasure and duplication operators
given by the exponentials: this decomposition is reflected in proof nets, which are the
computational side of linear logic, and provides a more refined computational model than
the one given by the A-calculus, which is the computational side of intuitionistic logic.

f Using various translations of the A-calculus into proof nets, new abstract machines have been proposed that
exploit the Geometry of Interaction and Dynamic Algebras (Girard 1989; Abramsky and Jagadeesan 1992;
Danos 1990), leading to work on optimal reduction (Gonthier et al. 1992; Lamping 1990).
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Abadi et al (1991) introduced the pioneer calculus with explicit substitutions, 4,, as
a bridge between the classical A-calculus and concrete implementations of functional
programming languages. An important property of calculi with explicit substitutions
is nowadays known as PSN, which stands for ‘Preservation of Strong Normalisation’: a
calculus with explicit substitutions has PSN when all A-terms that are strongly normalising
using the traditional f-reduction rule are also strongly normalising with respect to the
more refined reduction system defined using explicit substitutions. But 4, does not preserve
p-strong normalisation, as shown by Mellies, who exhibited a well-typed term that, due
to the substitution composition rules in 4,, is not /,-strongly normalising (Mellies 1995).

Since then, a quest was started to find an ‘optimal’ calculus having all of a wide range
of desired properties: it should preserve strong normalisation, but also be confluent (in a
very large sense that implies the ability to compose substitutions), and its typed version
should be strongly normalising.

Meanwhile, in the linear logic community, many studies have focused on the connection
between A-calculus (without explicit substitutions) and proof nets, trying to find the proper
variant or extension of proof nets that could be used to cleanly simulate f-reduction, as
in Danos and Regnier (1995).

Finally, in Di Cosmo and Kesner (1997), the first two authors of this paper showed
for the first time that explicit substitutions could be tightly related to linear logic’s proof
nets by providing a translation into a variant of proof nets from Ax (Rose 1992; Bloo and
Rose 1995), which is a simple calculus with explicit substitutions and named variables,
but no composition.

This connection was promising because proof nets seem to have many of the properties
required of a ‘good’ calculus of explicit substitutions, and especially the strong normal-
isation in the presence of a reduction rule that is reminiscent of th2e composition rule at
the heart of Mellies’ counterexample. But Di Cosmo and Kesner (1997) only dealt with
a calculus without composition, and the translation was complex and obscure enough to
make the task of extending it to the case of a calculus with composition quite a daunting
one.

In this paper, we can finally present a notion of reduction for Girard’s proof nets that
is flexible enough to allow a natural and simple translation from David and Guillaume’s
Aws, Which is a complex calculus of explicit substitution with de Bruijn indices and full
composition (David and Guillaume 1999; 2001). This translation allows us to prove that
typed Ay 18 strongly normalising, which is a new result confirming a conjecture in David
and Guillaume (1999; 2001). Also, the fact that all information about variable order is lost
in the translation suggests a version of typed 4,,s with named variables that is immediately
proved to be strongly normalising. This is due to the fact that only the type information
is used in the translation of both calculi. Also, we believe that the typed named version of
Aws gives a better understanding of the mechanisms of labels existing in the calculus. In
particular, names allow us to understand the fine manipulation of explicit weakenings in
Aws Without entering into the complicated details of renaming used in a de Bruijn setting.

The paper is organised as follows: we first recall the basic definitions of linear logic
and proof nets, and introduce our refined reduction system for proof nets (Section 2),
then prove that it is strongly normalising (Section 3). In Section 4 we recall the definition
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of the A, calculus with its type system, present the translation into proof nets, and show
strong normalisation of typed ;. Finally, we introduce a version of typed A,,; with named
variables (Section 5), which enjoys the same good properties, and we conclude with some
remarks and directions for future work (Section 7).

2. Linear logic, proof nets and extended reduction

We recall here some classical notions from linear logic, namely the linear sequent calculus
and proof nets, and some basic results concerning confluence and normalisation.

MELL: Multiplicative Exponential Linear Logic

Let .o/ be a set of atomic formulae equipped with an involutive’ function L : .o/ — .o,
called linear negation.

The set of formulae of the multiplicative exponential fragment of linear logic (called
MELL) is defined by the following grammar, where a € o7 :

F = a|F ® F (tensor) | F @ F (par) | \F (of course) | 2% (why not)
We extend the notion of linear negation to formulae as follows:

(?2A)+ = (A1) (A ® Byt=4t9 Bt
(14)- =241 (A% By =4+ ® Bt

The name MELL comes from the connectors ® and ’@, which are called ‘multiplic-
atives’, while ! and ? are called ‘exponentials’. While we refer the interested reader to
Girard (1987) for more details on linear logic, we give here a one-sided presentation of
the sequent calculus for MELL:

Axiom FT,A4 FALA c FT,4 icti
FA AL FT.A ut T 74 T. 74 Dereliction
FT,%4,74 ) FT,4,B FI,4 + B, I Ti
FroAd Contraction FT. 498 Par TT A®BI T.A®B.T imes
FT . HAM
T, 74 Veakening Fi4,or Box

MELL proof nets

To all sequent derivations in MELL it is possible to associate an object called a ‘proof
net’, which allows us to abstract from many inessential details in a derivation, such as the
order of application of independent logical rules: for example, there are many inessentially
different ways to obtain - 41"9A4,,...,A,—1"8A4, from - Ay,... A,, while there is only one
proof net representing all these derivations.

A function f is involutive iff f(f(p)) = p.
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(Axiom) (Cut)

s w—

r 24 74
74 (Dereliction) 74 (Contraction)
I I I I
r A B r A B I’
A» B A®B
(Par) (Times)

Sl —

(Weakening) (Box)

Fig. 1. MELL proof nets.

Proof nets are defined inductively by rules that follow closely the rules of the one-sided
sequent calculus; they are given in Figure 2. The set of proof nets is denoted PN. To
simplify the drawing of a proof net, we use the following notation: a conclusion with a
capital greek letter I', A, ... really stands for a set of conclusions, each one with its own wire.

Each box has exactly one conclusion preceded by a !, which is called the ‘principal’
port (or formula), while the other conclusions are called ‘auxiliary’ ports (or formulae).
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In what follows, we will sometimes write an axiom link as

A AL,

Reduction of proof nets

Proof nets are the ‘computational object’ behind linear logic, because there is a notion of
reduction on them (also called ‘cut elimination’) that corresponds to the cut-elimination
procedure on sequent derivations. The traditional reduction system for MELL is defined
as follows:

— Reduction acting on a cut Ax — cut, removing an axiom:

Ax | |
| |
A At A A
| Ax-cut |
| Cut |
— Reduction acting on a cut ¥ — ®:
o | | o | |
| | | | | | | |
A B At Bt A B At B*
AwB AteB e | b
t
L Cut "

Cut

— Reduction acting on a cut w — b, erasing a box:

@ AL T 3y
|

Cut ‘

— Reduction acting on a cut d — b, opening a box:

= ]

[
A
@ At T At T
|
74 14+ 7T [
[ [ |
Cut : Cut

— Reduction acting on a cut ¢ — b, duplicating a box:

|
|
O =1
24 4 ob !
[ At mr At m
/ N 7 I
4 T 74 724 14+ m 14+ m
24 4t T bf /
| ut
Cut
Cut | T
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— Reduction acting on a cut b — b, absorbing a box into another:

b-b B M4

Cut
Extended reduction modulo an equivalence relation

Unfortunately, the original notion of reduction on PN is not well adapted to simulating
either the f rule of A-calculus, or the rules dealing with propagation of substitution in
explicit substitution calculi. This is because too many inessential details on the order
of application of the rules are still present, and to make abstraction from them, one
is naturally led to define an equivalence relation on PN, as is done in Di Cosmo and
Guerrini (1999), where the following two equivalences are introduced:

24, 74, 74, 743
JoSNU o4
74 745 74, 24
74 74

Equivalence 4 turns contraction into an associative operator, and corresponds to
forgetting the order in which the contraction rule is used to build, for example, the
derivation:

F24, 24,24 .
l_?A, 24 ontraction

A Contraction

Equivalence B abstracts away the relative order of application of the rules of box-
formation and contraction on the premises of a box, as in the following example:

F?4, %74, B c ) F?4,74,B B
F74. B 5 ontraction F74, 74, 1B 0Xx .
94,18 0x 4. 1B Contraction

Finally, as well as the equivalence relation defined in Di Cosmo and Guerrini (1999),
we will also need an extra reduction rule allowing us to remove unneeded weakening links
when simulating explicit substitutions:

©

74 74

WC

74 74
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This rule allows us to simplify the proof on the left below into the proof on the right

T
F?24 .

m Weakemr.lg .

A Contraction T

Notation: In the following we will use R to mean the system made of rules Ax—cut, '® —®,
w—b,d—b, c—b, b—b and wc; we will use E to mean the relation induced on PN by the
contextual closure of axioms 4 and B; we will write Rg for the system made of the rules
in R and the equivalences in E; finally, R will stand for system Rg without rule wc.

Systems Ry and Rg"¢, which contain E, are actually defining a notion of reduction
modulo an equivalence relation, so we write, for example, r — g, s if and only if there
exist ¥’ and s’ such that r =g ¥’ — g ' =g s, where the equality = is the reflexive,
symmetric and transitive closure of the relation defined by A and B.

An example of reduction in Rg is given below:

®

The reduction Rg is flexible enough to allow an elegant simulation of f reduction
and of explicit substitutions, but for that, we first need to establish that Rg is strongly
normalising. We will show this property in the next section.
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3. Termination of Rg

We know from Di Cosmo and Guerrini (1999) that Rp"¥¢ is terminating, and we can
show easily that wc is terminating too. In this section we show that the we-rule can be
postponed with respect to all the other rules of R;", so that termination of Rg will follow
from a well-known abstract lemma.

Let us first recall the following result from Di Cosmo and Guerrini (1999).

Lemma 3.1 (Termination of R;"). The relation — g is terminating on PN.
Then, we establish the termination of we.
Lemma 3.2 (Termination of wc). The relation —,. is terminating on PN.

Proof. The wc-rule strictly decreases the number of nodes in a proof net, so no infinite
we-reduction sequence is possible. L]

Finally, we show that given any proof net, the wc-rule can be postponed with respect
to any rule of R;™“.

Lemma 3.3 (Postponement of wc with respect to R;"“). Let t be a proof net. If t —,
— R t', there is a sequence (—* R — e t.

Proof. Lett —,, —g ' be a reduction sequence starting at ¢ with a we-reduction
step. We show that we can build an equivalent reduction t—"gwe —",. t' by analysing
all the possible cases.

We do not give the details here for the cases of disjoint redexes: if we apply the we-
rule followed by a rule R1 in Rg¥¢ and if the redexes occur at disjoint positions, then it
is evident that R1 can be applied first, followed by we, to get the same result.

We now study all the remaining cases:

1 The rule Ax — cut, first possibility:

i o I 1
l 14 74% 14 74%

Ax-cut i
14 74+
I
! — e 4 724t
! I I
! I I
! I I
. I I
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2 The rule Ax — cut, second possibility:

o T

.
? moooar LT

T
14 ?F Kcut

444444'5;4;;
~)
—

T
7T we

K AT | o4 4 T ,

-~

N
-~
I B
N
~)
=
~D
=

wc A 1T

;
X
-

3 The rule ¢ — b, first possibility:

c-b

T ?
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4 The rule ¢ — b, second possibility:

74 74 4 74

& of DI

74 74

74 74

5 The rule d — b, first possibility:

B B
wce d-b
r
T m
wce
c-b A A
o A
o d-b
w-b B
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6 The rule d — b, second possibility:
A

@ A :

B B

T T
&) A Jw

m

Notice that everything is happening as if the redexes were disjoint. This is due to the
fact that the d — b rule is non-duplicating and non-erasing with respect to boxes. As a
consequence, the we-redex is still preserved after the application of the d — b rule.

7 The rule b — b, first possibility:

74

@5 16 ; B
Yo () [

t)

74
B B
wce b-b|
T
T T WWC
o] )
. b-b B

- I
ol [ o [

o o r

8 The rule b — b, second possibility. For the same reason as for d — b, the redexes are
considered as disjoint.
9 The rule w — b, first possibility:
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H'QL o

@Lm ﬁ@\— > Wb @

m m

w-b

11 The rules '#-® cut. Just note that in this case the redexes are disjoint.

Up to this point we have only worked with reduction rules of Rg, but to complete
our statement we also need to show that the wc-rule can be delayed with respect to one
equivalence step. We proceed as we did for the reduction rules. We do not study the cases
where redexes are disjoint because they are evident. The remaining cases are as follows:

A Ay A3 Al A Ay A
o} wWoa o
= \
e ~i (<
A A

~A

1 Associativity:

A A wce

Ar As
\<€< As Ay e
F @~ & ®
() (©
A A
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2 Box passing, first case:

Ay A Ay Ay
\@( A A
wcC ~pB
N N
A A A
~A
wcC
4 YO,
A e A,
g ~ o/
A 4
3 Box passing second case:
A Ay Ay Ay A A
wcC ~B
A
A
A
~A
Ay A Ay Ay wce
: ~B ; ;
A
4 Ul

Lemma 3.4 (Extraction of R;"). Let S be an infinite sequence of Rg-reductions starting
at a proof net t. Then, there is a sequence of Rg-reductions from the same proof net ¢
that starts with ¢ —p_we t’, where t' is also a proof net, and continues with an infinite
sequence S’. We write this sequence as (t—g-v t') - S".

Proof. Let S be an infinite sequence of Rg-reductions starting at ¢:

t—pR, ... —R . —R

E E
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We know, by Lemmas 3.2 and 3.1, that the systems wc and R;"¢ are both terminating,
so it is not possible to have an infinite sequence made purely from wc or Rg"¢. As a
consequence, the infinite sequence of Rg-reductions must be an infinite alternation of
non-empty finite sequences of we and Rp"°.

Now, there are two cases: either the alternation of sequences starts with a R;*“-reduction
step, and then the result holds by taking the sequence S without its first reduction step as
S’; or the alternation starts with a we-step:

t—WLWC —>+REW —>+WC —>+REW- .

which can be written in another way as
+ n__* + +
—> " e —)REW tr — Ry™ —> e —> Rgve ---

In this case, we consider the sub-sequence P = r—*,, — R t” of the sequence S
starting at t. This sub-sequence is composed of k reduction steps of we and one reduction
of R;™. We use R to mean the remaining sub-sequence of S.

By applying Lemma 3.3 k times on P, we can move the rule of R;"¢ to the head of the
sequence. We thus obtain a finite sequence P’ that begins with a reduction t —pg.we 7/,
and ends on t”. As a consequence, P’ - R is the infinite sequence starting with a reduction
R that we were looking for. U

Now it is easy to establish the fundamental theorem of this section.

Theorem 3.5 (Termination of Rz on proof nets). The reduction relation Rg is terminating
on the set of proof nets.

Proof. We show it by contradiction. Let us suppose that Ry is not terminating. Then,
there exist a proof net ¢t and an infinite sequence S of Rg starting at t. By applying
Lemma 3.4 to this sequence S, we obtain a sequence (t —g+t')-S’ such that S’ is infinite
again. If we iterate this procedure an arbitrary number times, we obtain an arbitrarily
long sequence of R;"“-reduction steps. This contradicts the fact that R is terminating.

O

4. From 1, with de Bruijn indices to PN

We now study the translation from typed terms of the A, -calculus (David and
Guillaume 1999; 2001) into proof nets. We start by introducing the calculus, then we
give the translation of types of A, into formulae of linear logic, and the translation of
terms of A, into linear logic proof nets PN. We verify that we can correctly simulate
every reduction step of A, via the notion of reduction Rg. Finally, we use this simulation
result to show strong normalisation of the 4,-calculus.

4.1. The A,-calculus

The A,-calculus is a calculus with explicit substitutions where substitutions are unary
(and not multiple). The version studied in this section has variables encoded with de
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Bruijn indices. The terms of 4, are given by the following grammar:

M:= n variable
| AM abstraction
| (MM) application
| (k)M label
|

[i/M, jIM substitution

Intuitively, the term (k)M means that the k — 1 first indices in M are not ‘free’ (in the
sense of free variables of calculus with indices). The term [i/N, j]M means that the i — 1
first indices are not free in N and the j — 1 following indices are not free in M. These
indices are used to split the typing environment of [i/N, j1M into three parts: the first for
free variables of M ; the second for free variables of N; and the third for the free variables
in M and N.

The de Bruijn indices we use start with 0 instead of 1. For example, the identity function
is written as I = AQ.

The reduction rules of 4, are given in Figure 2 and the typing rules of 4, are given
in Figure 3, where we suppose that || =i and |A| = j.

(by) (AMN) —> [0/N,0]M

(h2) ({(k)(AM)N) — [0/N,kIM

() [i/N, J(AM) — Ali+1/N, jIM

(@) li/N, J(MP) — ([i/N, jIM)([i/N, j1P)

(e1) [i/N.J{)M — (j+k—1)M if i<k
(e2) [i/ N, jik)M —> (k)[i = k/N, 1M if izk
(m) [i/N,jlk — k if i>k
(n2) li/N,jli— ()N

(n3) [i/N.jlk — j+k—1 if i<k
(c1) [i/N,jllk/P.0M —> [k/[i—k/N,jIP,j+1—1]1M if k<i<k+l
(c2) [i/N,jllk/P.OM — [k/[i —k/N,jIP,0)li =1 + 1/N,jIM if i>k+]1
(d) M — (i+ )M

Fig. 2. Reduction rules of A, with de Bruijn indices.

Note that for each well-typed term of the A, -calculus, there is only one possible typing
judgment. This will simplify the proof of simulation of 1,s; by considering the unique
typing judgment of terms.

As expected, the A, -calculus enjoys the subject reduction property (Guillaume 1999).

Theorem 4.1 (Subject reduction). IfWHM :Cand M — M',then Y+ M’ : C.
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AFM:B

TAAFi A TAF ()M B ek
'FM:B—>A4 TEN:B BITFM:C Lamb
T F(MN):4 bp TFIM:B—C "

ATIFN:A4 T,ATIFM:B
ILATIF [i/N,j]M : B

Sub
Fig. 3. Typing rules for A, with de Bruijn indices.

4.2. Translation of types and terms of A
We use the translation of types introduced in Danos et al. (1995) and given by:

A" =A if A is an atomic type
(A— B)*=2%(4")")9 |B* (that is, !4* —!B*) otherwise.

Since wires are commutative in proof nets, we feel free to exchange them when we
define the translation of a term. The translation associates to every typed term M of A,
whose typing judgment ends with the conclusion written below on the left, a proof net
having the shape sketched below on the right:

I'-M:A4
The formal definition of the translation T from /,-terms into proof nets is as follows:

— If the term is a variable and its typing judgement ends with the rule written below on
the left, then its translation is the proof net on the right

— E%
INAAFIi: A Ax el oAt 4t g

where i is the position of 4 in the typing environment,
— If the term is a A-abstraction and its typing judgement ends with the rule written
below on the left, then its translation is the proof net on the right

T(M)

et 2Bt c*

BTHFM:C A
Lamb ’ <

I'M :B—>C ot BT g Ic
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— If the term is an application and its typing judgement ends with the rule written below
on the left, then its translation is the proof net on the right

T(M)
T(N)

I'MNM:B—>A T'EN:B
T (MN):A App ot

— If the term is a substitution and its typing judgement ends with the rule written below
on the left, then its translation is the proof net on the right

AII-FN:A TVAIIFM B Sub
LA TI - [i/N,jIM : B U et B s 7att
where i is the length of the list I' and j is the length of the list A.
— Finally, if the term is a label and its typing judgement ends with the rule written below
on the left, then its translation is the proof net on the right

AFM:B
ILAF ()M :B

where i is the length of the list .

Weak

4.3. Simulating As-reduction

We now verify that our notion of reduction R on PN simulates the A/, -reduction
on typed A,s-terms. It is in this proof that we find the motivation for our choice of
translation from A-terms into proof nets: with the more traditional translation sending
the intuitionistic type 4 — B into the linear !4 — B, the simulation of the rewrite rule f
would give rise to an equality, not to a reduction step as in this paper.
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Notation: In the proof of the following lemma, we will draw several complex proof nets,
where the translations 2T+, ?A*L 21"+, etc. of the environments I', A, I1, etc. appear
repeated many times. In order to make these pictures more readable, in the following
proof only, we will abuse the notation slightly by simply writing I" in place of its correct
translation 2T+,

Lemma 4.2 (Simulation of 1,). The relation Rg simulates the A,s-reduction on typed
terms: if t —, ¢, then T(t)—>7Tg, T(¢), except for the rules e; and d for which we
have T(t) = T(t).

Proof. The proof proceeds by cases on the reduction rule applied in the step t —,,, t'.
Since reductions A, and Rg are closed under all contexts, we only need to study the cases
where reduction takes place at the head position of t. In the proof, rule we is used to
simulate by, eq,ny, ny, n3, equivalence A is used to simulate a,cy, ¢y, and equivalence B is

used to simulate f,a,cy, cs.

— Rule bi: (AMN) — [0/N,0|M
The typing judgment of (AMN) ends with

B,TFM:A

TFiM:BoA " rin.B App
I'E((AM)N) : A4
and its translation is the proof net
T(M)
T(N)
\
r 7+ a
r 7+ 11 .
7B 9 14 B
1B" 747+
IB* ® 74"t
\
r

The typing judgment of [0/N,0]M must end with

BTFM:4 THFN:B
T'F[0/N,0]M : A

Sub

and its translation is the proof net
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T(M)
M
7B+

B r

r | |

\ \

'B* r
%

A* r

Starting from the first proof net, we eliminate the *2-® cut, then the d — b cut and
finally the Ax — cut cut to obtain the final proof net.
— Rule by: ((k)AM)N) — [0/N,kIM
The typing environment can be split into two parts I and A, where k is the length of
I'. The typing judgment of (((k)AM)N) ends with
B.AFM: A
AFM B4
AR (k)AM :B—>A T,A-N:B
ILAF (((k)AM)N) : A

and its translation is the proof net

-
T(N)
y o | @

A 7Bt 14" r
?7B*L 2 14°

The typing judgment of [0/N,k]M must end with
ILAFN:B B,AFM:A
IAF[O/N,KIM : A

Sub
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and its translation is the proof net

T(M)
m
7Bt

B

r A

| | |
\ \ \
'B* r A

\
A r A
As for the by rule, we eliminate the »-® cut, then the d — b cut, and the Ax — cut cut.
Finally, we apply the wc rule to achieve the desired result.
— Rule f: [i/N, j]AM — Ali+ 1/N,jIM
The typing environment can be split into three parts I', A and I1, where i is the length
of I and j is the length of A. The typing judgment of [i/N, j]AM ends with

B,I,C,II-M : A

ATIFN:C T.C.TIFM:B— 4 é“l’)”b
LA TLF [i/N,jI/M : B — A4 u
and its translation is the proof net
T(M)
T T o
r n 7+ 4 zct
| |
‘ ‘ C A 11
CoR 1
?Ct Ic* A n
L
7Bt 14
?B* 9 14" I1
The typing judgment of A[i + 1/N, j1M must end with
AMI-N:C BT,C,ITEM :A Sub
BLLAIF[i+1/N,jM:4 °Y
Lamb

[LATIFAli+1/N,j]M : B — A
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and its translation is the proof net

T(M)
— T(N)
7Bt 4
C A 11
r I | | |
\ \ \
?7Ct ct A 11
\PQL

r i
r 7B*L 14° A o

7Bt 9 14"

To reduce the first proof net into the second one, we must eliminate the b — b cut,
then use the equivalence relation B (we will show exactly how to use the equivalence
relations in the case of the rule a).

— Rule a: [i/N, jI(MP) — (([i/N, jIM)([i/N, jIP))
The typing environment can be split into three parts I', A and I1, where i is the length
of " and j is the length of A. The typing judgment of [i/N, jJ(MP) ends with

,.cii+-M:B—-A I,C,IIFP :B

ATIFN:C LCIEMP 4 App
T,ATIF [i/N,jl(MP) : A u
and its translation is the proof net
T(M)
E T(P) T(N)
A II
A 11
T A* I
The typing judgment of (([i/N, j1M)([i/N, j1P)) must end with
ATIEN:C F,C,HI—M:B—»AS ATIFN:C F,C,HI—P:BSb
LLATF (i/N.jJM):B—>4 " LA (i/N.JIP):B "
pp

LA ITE (([i/ N, jIM)([i/N, j1P)) : A
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and its translation is the proof net

To get to the desired proof net, we need to use the equivalence relations A and B
which were introduced in Section 2. To understand better how to use them, we focus
on the crucial informations, that is, the contraction nodes and their connections with
the nets T(M), T(N) and T(P). The net corresponding to the above net is

https://doi.org/10.1017/50960129502003791 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129502003791

Proof nets and explicit substitutions 431

/

n

We use the associativity axiom A to obtain

T(M)
T(N) T(P) T(N)
I
I I lT[
\
I n
|
II 11
I
Again by associativity, we get
T(M)
T(N) T(P) T(N)
I
I n lTl
\
I n
|
II 11
I
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Using the B axiom, we can put the contraction inside the box:

T(M)
T(N) T(P) T(N)

=

—a
=

=
::14%/
=

And, finally, we use the A axiom again to obtain the desired proof net:

T(M)
T(P) T(N)

T(N)
T
IT
S

— Rule e;: [i/N, jlik)M — (j+k—1M ifi <k
The typing environment can be split into four parts T', A, IT and IT’, where i is the
length of T, j is the length of A, and k (k > i) is the length of I" plus the length of T1

plus 1. The typing judgment of [i/N, j](k)M ends with

'-M:A
ATLI'FN:B L,BILITIF (kM : A
LA ILIT F [i/N, jl(k)M : A

Weak
Sub

and its translation is the proof net
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(M) T(N)

OO

\
oA 7B+ B* A I I

v m
The typing judgment of (j + k — 1) M must end with

II'FM:A
LATLITF (j+k—1)M : A

Weak

and its translation is the net

T(M)

PP ¢

Starting from the first proof net, we eliminate the w — b cut, then we apply the wc
rule, and finally we obtain the desired proof net.

— Rule e;: [i/N, jlik)M — (k)[i —k/N, jiM if i = k
The typing environment can be split into four parts I', I, A and II, where i is the
length of I' plus the length of I", j is the length of A and k (k < i) is the length of T.
The typing judgment of [i/N, j](k)M ends with

nm A4

I",BIIFM:A
ATIFN:B T,T,B,IIF (k)M : A
I,T,ATIF [i/N, jl(k)M : A

Weak
Sub

and its translation is the proof net

T(M) T(N)

r A* 7Bt B* A I

r m
B* A
\

I1

The typing judgment of (k)[i —k/N, jlM must end with

https://doi.org/10.1017/50960129502003791 Published online by Cambridge University Press


https://doi.org/10.1017/S0960129502003791

R. Di Cosmo, D. Kesner and E. Polonovski 434

ATIFN:B T,B,IIFM:A
T,ATIF [i—k/N, M : A
LT, ATLF (k)[i—k/N, jIM : A

Sub
Weak

and its translation is the proof net

. A
B* A T
\
m

Note that the two nets are already the same. This is the first of the exception cases of
the lemma.

— Rule ny: [i/N, jlk — kif i >k
The typing environment can be split into five parts I', A, I"', A and II, where i is the
length of T" plus the length of I” plus 1, j is the length of A and k (k < i) is the length
of I'. The typing judgment of [i/N, jlk ends with

Ax

AII-N:B T,AI',BIIFk:A
Sub

LA T, AT F [i/N, jlk : A

and its translation is the proof net

@@@@T@

' 24 4* 7Bt B* A

I

The typing judgment of k must end with

AT, ATk : A

and its translation is the proof net
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o4t oa

To reduce the first proof net into the second one, it is enough to eliminate the w — b
cut and to apply the wc rule.

— Rule n, : [i/N, jli — (i)N
The typing environment can be split into three parts I', A and I1, where i is the length
of I' and j is the length of A. The typing judgment of [i/N, j]i ends with

ATIFN:A TATEi 4 gb‘b
LA TIF [i/N,jli : A Y
and its translation is the proof net
At

PO © -
o T 24 4 A A n
‘ 14" A 11
\_/

The typing judgment of (i) N must end with

ATIFN: A
ILATIIE (i)N :

1 Weak

and its translation is the proof net

Starting from the first proof net, we eliminate the d — b cut, then the Ax — cut cut, and,
finally, we apply the wc rule to obtain the desired proof net.

— Rule n3 : [i/N,jlk — j+k—1ifi<k
The typing environment can be split into five parts I', A, T1, 4 and IT’, where i is the
length of T, j is the length of A and k (k > i) is the length of I" plus the length of IT
plus 1. The typing judgment of [i/N, jlk ends with
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ATLATUFN:B T,BILAI Fk:A ;‘Xb
LA TLAIUF [i/N, jlk : A u
and its translation is the proof net
@ T(N)
VOO IO
m 24*t 4* 7Bt B* A n 24t 1

n 74+ I

The typing judgment of j 4+ k — 1 must end with

TATAT Fjtk—1:4

and its translation is the proof net

@@@dﬂ@

m 24+ 4

As for the n; rule, we eliminate the w — b cut, then we apply the wc rule three times
to achieve the desired result.

— Rule ¢;: [i/N, jl[k/P,IM — [k/[i —k/N,jIP,j+ 1 —1IM ifk <i<k+1
The typing environment can be split into five parts I, I, A, IT and IT’, where i is the
length of T plus the length of I", j is the length of A, k (k < i) is the length of I" and
I (k41 >1i) is the length of I'" plus the length of IT plus 1. The typing judgment of
[i/N, jlk/P,II1M ends with

I",BILI'-P:C T,C,II'-M :A4
ATLII-N :B T, B,ILIT F [k/P,[IM : A
[,T,AILI F [i/N, jl[k/P,[IM : A

Sub

u

and its translation is the proof net
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T(M) T(P) T(N)

[ I I [ [ [ [ I
A ?2ct c* I n r 2B+ B* A n 1

I n r 7B+ 'B* A n 1

b TN

l—l/

The typing judgment of [k/[i —k/N, jIP,j+ 1 — 1]M must end with
ATLITFN:B I,BILII'FP:C ub
T, AILI F [i—k/N,j]IP : C “rem-m:A
DT, ATLIU F [k/[i—k/N, 1P, j+ 1 —1]M : 4

Sub

and its translation is the proof net

H/

To reduce the first proof net into the second one, we must eliminate the b — b cut,
then apply the equivalence relations A and B.

— Rule ¢;: [i/N, jl[k/P,0M — [k/[i —k/N,jIP,[[i =l + 1/N,jIM if k +1 <
The typing environment can be split into five parts I', I, I'”, A and II, where i is the
length of I plus the length of T” plus the length of T, j is the length of A, k (k+1 < i)
is the length of I' and [ is the length of I"". The typing judgment of [i/N, jl[k/P,I[]M
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ends with

I",B,II-FP:C T,C,I",B,IIFM: A4

ATIFN:B LT, I”,B,I1+ [k/P,I1M : A Sub
LT, T, ATLF [i/N, jllk/P,IM : A ub
and its translation is the proof net
T(M) T(P) T(N)

m
The typing judgment of [k/[i —k/N, jlP,I][i — [ 4+ 1/N, jlM must end with

AMEN:B T'IBIFP:C ANEN:B [CIBIFM:4
O, T, ATLF[i—k/N,jlP:C >"
LT, T, ATLF [k/[i— k/N, 1P, ][i— | + 1/N, jIM : A

[,C,I,ATIF[i—Il+1/N,jIM : A g“:
u

and its translation is the proof net
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Starting from the first proof net, we eliminate the ¢ — b cut, then the b — b cut, and,
finally, we apply the equivalence rules A and B to obtain the desired proof net.

— Rule d: ()(jYM — (i + j)M
The typing environment can be split into three parts I', A and I1, where i is the length
of I' and j is the length of A. The typing judgment of (i)(j)M ends with

MFM:A
AT ()M : 4
LA (V)M : A

Weak
Weak

and its translation is the proof net

r A
The typing judgment of (i + j)M must end with
IMEM:A

A 11

LATE i+ )M 4 ek
and its translation is the proof net
@ @ T(N)
r A A" I1

Notice that the two proof nets are already the same. This is the second of the exception
cases of the lemma. |

4.4. The proof of strong normalisation of Ay

We are now able to show strong normalisation of A,,. To achieve this result, we use the
following abstract theorem (see, for example, Ferreira et al. (1999)).
Theorem 4.3. Let R = (0,R; UR,) be an abstract reduction system such that R, is
strongly normalising and there exist a reduction system S = (¢, R’), with a translation T
of ¢ into (' such that a —g, b implies T(a) —> g T(b); a —>g, b implies T(a) = T(b).
Then if R’ is strongly normalising, R; U R, is also strongly normalising.

If we take ¢ as the set of typed A,s-terms, Ry as A5 — {e2,d}, Ry as {es,d}, (' as the set
of proof nets, T the translation given in Section 4.2 and R’ as the reduction Rg, then, by
Theorem 4.3 and the fact that the system including the rules {e,, d} is strongly normalising
(David and Guillaume 1999; 2001), we get the following theorem.

Theorem 4.4 (Strong normalisation of /). The typed A,,-calculus is strongly normalising.
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(by) (Ax :AM)N —  MIx,N,0,0]

(b2) (A(Ax : AM))N —  M][x,N,0,A]

(f) Ay : AM)[x,N,T;A] — Jy :AM[x,N, T Uy,A] if y ¢ FV(N)
(a) (MP)[x,N, T,A] — (M][x,N,T,A]P[x,N,T,A])

(e1) AM[x,N,T,A] — (AU(A\x))M xeA

(e2) AM[x,N,T,A] — (UNA)M[x,N, [\ A,AU(A\T)] xéA

(1) v, N.ILA] — y yFX

(m2) x[x,N,;A] — IN

(1) Mly,P,A,®][x,N,T,A] —> xed

M[y,P[x, NT\A,AUA\T),ANT,AU(®\ x)]
(c2) My, P,A,®[x,N,T,A] —> M[x,N,(T\®)Uy,AU(®\ )]
D, Plx, NNT\AAUA\DL,ANT,®NT] x¢ DUA
(d) IAM — (TUAM

Fig. 4. Reduction rules of the Z,s-calculus with named variables.

5. A named version of the A, -calculus

In this section we present a version of typed A, with named variables a la Church®. We
first introduce the grammar of terms, then the typing and reduction rules, and finally, we
will briefly discuss the translation of this syntax to PN.

The terms of this calculus are given by the following grammar, where 4 denotes a type
and I' and A denote sets of variables:

M= x variable
| Ax :AM abstraction
| (MM) application
| AM label
|

M[x, M, I",A] substitution

Intuitively, the term AM means that the variables in A are not in M, and the term
M[x, N,T',A] means that the variables in I" do not appear in N (I" is a subset of the type
environment of M, not containing x) and the variables A do not appear in M (A is a
subset of the type environment of N).

Variables are bound by the abstraction and substitution operators, so that, for example,
x is bound in Ax : A.x and in x[x, N,T,A].

Terms are identified modulo a-conversion so that bound variables can be system-
atically renamed. Indeed, we have Ay : A.y[x,z,0,0] =, Ay : Ay [x,z,0,0] and iy :
Ay[x,z,0,0] =, 2y : Ay[x,z,0,0] and il : A.y[x,z,{I},0] =, Al' : A.y[x,z, {I'},0].

The reduction rules of the calculus with names are given in Figure 4 (observe that rule
by is a particular case of rule b, with A = ). Note that these rules may be applied to

T Itis, of course, possible to give a presentation a la Curry without type annotations on the abstracted variables.
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any term generated by the grammar, and they do not make use of any type information,
which is only present in the terms due to their presentation a la Church.

The rule f should not be seen as a conditional reduction rule: as we work modulo
a-conversion, we can always find a term a-equivalent to an abstraction 1y : A.M such
that the condition imposed on the rule is true and thus no variable capture arises.

Note that the conditions on indices used in the typing rules given in Section 4.1 are
now conditions on sets of variables. The typing rules are given in Figure 5. Note also
that typing environments are managed here as sets (the relative order of variables in the
environments does not matter). To make the proofs more readable, we will abuse the
notation slightly by not distinguishing explicitly between type environments (the capital
greek letters on the left-hand sides of the entailment relation) and sets of variables
without type annotations (appearing in the labels of terms and in the explicit substitution

constructors).
F'FM:4 TNA=0
TxArxa ™ TAFAM :A4  Veak
I-M:B—>A TEN:B Lx:AbM:B
TF(MN): A TFix:AM:4—B "

ATIFN:A T,x:AINIFM:B (Ix:ANA=0
AT.IIF M[x,N,T,A] : B

Sub

Fig. 5. Typing rules for the A,-calculus with named variables.

As we work modulo a-conversion, we can suppose that in the rule Weak the set A
does not contain variables that are bound in M. Note that whenever I' - M [x, N, A, I1] is
derivable, I" necessarily contains A and I1, which are two disjoint sets of variables.

As expected, the 1,-calculus with names enjoys the subject reduction property.

Theorem 5.1 (Subject reduction). If ¥ - R : C and R— R/, then ¥ - R : C.

Proof. The proof proceeds by induction on the structure of the term R.

If the reduction takes place at an internal position of R, it is easy to see that one gets the
expected result by applying the induction hypothesis to the reduced subterm.

Otherwise, the reduction takes place at the root of the term R, and we must consider
all the possible cases. The pattern of the proof is quite simple: from the shape of R and
the fact that W F R : C, we determine the last rules applied in the typing derivation,
and isolate some subderivations =y,...7,, from which it is easy to reconstruct a typing
derivation of ¥ - R : C.

— Rule b;: R = (Jx : AAM)N reduces to M[x,N,(,0] = R’.
Since R = (Ax : A.M)N, the typing derivation must necessarily be of the form

3
Y. x:AFM:C 1)
F x AM A C L) N (4pp)

Y (Ax:AM)N :C
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Now, we can easily build a valid typing derivation for M[x, N,0,0] = R’ as follows:
T b3

Y. x :AFM:C WYEN:4
¥+ M[x,N,0,0] : C

(Sub)

— Rule by: R = (A(4x : A.M))N reduces to M[x, N,0,A] = R’. Now, because of the shape
of R, the typing derivation must necessarily be of the form

. m
I'x:A+M:C
T AM:A—C ™) LOA=0 (eqy — T2
LAFA(AX :AM): 4> C I'AFN:A App)
LA (A(Jx : AM)N : C (App

where V¥ is actually split into I and A. Since x is bound in Ax : A.M, we can suppose
that A does not contain x, so we can construct the derivation
Vs )
ILx:AFM:C T, AEN:A x:A¢A
I'AF M[x,N,0,A] : C

(Sub)

— Rule f: R = (Ay : AM)[x,N,I',A] reduces to M[x,N,(I',x : B),A] = R/, where
y ¢ FV(N). Because of the shape of R, the typing derivation must necessarily be of
the form

)
m ILIL,x:B,y:AF-M :C
AIIFEN:B T,II,x:BFAy:AM :A—C
LAIIE (Ay : AM)[x,N,I,A] :A—> C

(Lamb) - BynA =0

(Sub)

where ¥ is actually split into I, A and II. Since y is bound in Ay : A.M, we can
suppose that A does not contain y, so we can construct the derivation
1 U3
ATIFN:B T,ILx:B,y:AFrM:C (I,x:B,y :ANA=0
LATILy :AF M[x,N,I',y : A),A] : C
- (Lamb)
CLATIE 2y :AM[x,N,(I,y : A),A] :A—> C

(Sub)

— Rule a: R = (MP)[x,N,T,A] rewrites to (M[x, N,I',AlP[x,N,I',A]) = R’ and the
typing derivation for R has the shape

%) 3
m LOx: BEM:A—>C TxBEP A
ATIFN:B L,ILx:BF(MP):C PP) (0 x :BynA =0

AT (MP)[x,N,T,A] : C (Sub)
where WV is decomposed into I', A and I1. Now we can easily construct a derivation 7’
T U
ATIFN:B TINILLx:BFM:A—-C (I,x:B)NA=90
AIIF M[x,NTLA] :A— C

(Sub)
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and a derivation n”
T T3
ATIFN:B TI'IILx:BFP:4 (I,x:B)NA=0
LA TIFP[x,N,T,A] : 4

(Sub)

from which we finally obtain

,n/ n//

LATNFMNNT,Al:A—C T,ATFP,N,ILA] : 4
AT (M[x,N,T,A]P[x,N.T,A]) : C

— Rule ¢;: R = AM|[x, N, T, A] rewrites to (AU (A \ x))M = R’, where x € A. Because of
the structure of R, the derivation necessarily has the form

(App)

%
m IVIFM:C AN(LI) =0
(Weak)
AITFN :B IIl,x :BEFAM : C T,x:B)NA=0

(Sub)

[LATIF AM[x,N,T,A] : C

where W decomposes into I',A and I1. We know also, by the definition of rule el, that
x € A, so A is actually composed of x plus some other variables coming in part from
I' and in part from II, that is, A = (x : B,I"",I1") with I’ = I"",T”, IT = IT',I1” and
such that the set difference I'\ A is I'” and IT\ A is IT".

Since IT' < 11, it is evident that ANTII’ = 0, and since I” = I, we have that ANT' =0
comes from the fact that (I, x : B)NA = 0. Indeed, (A\x)N(I",I1') = @ is a consequence
of the constraint AN (I",I1') = 0 in the above typing derivation. We thus obtain

T
I'II'-M:C (AUA\Xx)NT,IT)=0
CAITE(AUAN\X)M : C

(Weak)

— Rule e;: R = AM]|x, N, T, A] rewrites to (T NA)M|[x, N,T\ A,AU(A\T)] = R/, where
x & A.
Because of the structure of R, the typing derivation necessarily has the form
T
T I'l,x:B-M:C (III',x:B)NnA=0
AII-N :B I'II,x :BFAM : C
LA TIF AM[x,N,T,A] : C

(Weak)

(T,x :B)NA =0

(Sub)

where W decomposes into I, A and I1. Furthermore, by the definition of rule e, we

have that x ¢ A, so A can be written as I'”,I1”, where I' = I"", T, IT = IT', I1”, and this

means that I’ = T\ A, IT" = A\T' and T, IT', A =T, IT and (CNA)UTY =T"UT" =T.
We can then build the required derivation

T U
ATIFN:B T II'x :B+-M :C
ATLT - M[x,NT\AAUA\ND)] : C
CAIIE(TNAM[x, NN T\AAUA\D)] :C

(Sub)
(Weak)

Notice that one has to check the side conditions of the typing rules. For (Weak), we
need (CNA)N(A, T TY) = 0, but (TNA) =TI, and T"N(A, I1,T) = @ because I = I/, T
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and (T, A, IT) are well-formed environments. For (Sub), we need (I, x : B)N(A,I17) = 0.
First of all, note that (I',x : B) N A = § holds because of the side condition of the
(Sub) rule in the typing derivation for R. Second, I" N I1” = ¢ holds because (I, A, IT)
is a well-formed environment. Finally, x : B ¢ I1” holds because x : B ¢ A (definition
of rule e;) and IT" = A\ T.

— Rule n;: R = y[x, N, T, A] rewrites to y = R’. From the structure of R, we know that
the derivation must be of the form

U3t
ATIFN:B IIILx:BFy:C (T,x :B)NA=0

LAITFE y[x,N,T,A] : C

(4x)

(Sub)

where ¥ decomposes into I', A and I1. The required derivation is then simply
FATEy:c W)

— Rule ny: R = y[x,N, I, A] rewrites to 'N = R’

st

AMIFN:C TILILx:Ckx:C T,x:C)NnA=0
AT E y[x, N,T',A] : C

(4x)

(Sub)

where ¥ decomposes into I', A and Il. Now, the side condition for (Sub) tells us that
I'NA =0, and I',II is well formed, so we can conclude that I' N (A,IT) = 0, and thus
we can build the required derivation as follows:

Ty
ATIFN:C TnATI)=0
LLATIFIN : C (Weak)

— Rule ¢;: R = M[y,P,A,®][x,N,T',A] rewrites to M[y, P[x, N, T\ A, AU(A\T)],AN
AU (®\ x)] =R/, where x € ®.
From the structure of R, we know that the derivation must be of the form
U3 7’
ATIFN:B TI,x:BIIFM[y,P,A,®] :C (I''x:B)NA=0
ILAITE M[y, P,A,®][x,N,T,A] : C

(Sub)

where W decomposes into I', A and I1. Now, n’ is a derivation that necessarily ends
with an application of the (Sub) rule, so the environment I',x : B,II gets split into
several subparts that are used to type the terms M and P. Looking at the shape of the
(Sub) rule, we see that in general this splitting divides IT into three pairwise disjoint
components (each of which may be empty): I14, which is part of A, Ilp, which is part
of @, and a I1’ which is common to the typing environments used to type M and P.
Similarly, I' decomposes into pairwise disjoint I'y, I'p and I'". And then A = T'y UTI,
and ® =Ty UIlp U Xx : B. We also know that x is in the typing environment of P,
since x € @.
To sum all this up, the derivation 7’ must be of the form
V%) 3

" Te,x:B,II',TIg P : A4 T, T,y :AIITIA\FM:C (Ay:AN®=0

Ix:BII+M[y,P,A,®] : C (

Sub)
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Now, from 7; and m, we can first build the derivation n”, where we use the fact that,
since I1 and I' are disjoint, and A = I'y U II,, we know that ITp can be written as
A\T
T U
ATIFN:B I, Tg,x :B,II'TIg P :4 (I'.Tg,x:B)N(AUA\T)) =0
ATIA T, T, IT, Ty = P[x, N T\ A, AU(A\T)] : 4

(Sub)

Note that the side condition holds because, on the one hand, IT and I' are disjoint, on
the other hand, x ¢ II since I',x : B,II is well-formed, and finally because we know
from the side conditions of the typing derivation for R that A is disjoint from I', x : B.
Now, since y is bound in M[y, P, A, ®], we can also suppose that A does not contain
y, so we can build the following derivation ="

7[// 7'[3
AT T, To TV, Ty F P, N,T \AAUMANT)] A T'.Tny AT Ts - M :C
AT, T, T, TV, TIp, Tg = M[y, P[x, NT\ A,AU(A\T),T'\,AU(Tp UIlp)] : C

(Sub)

Where the side condition reads
(y 1 A TA)N (A, Tg,Tg) =0

This holds because, on the one hand, ' is disjoint from 'y by definition, disjoint from
Iy because I' N II = () and disjoint from A because I' N A = () by the side conditions
of the typing derivation for R; on the other hand, we have already seen that we can
assume y is not in A and we know from the side conditions in the typing derivation of
R that y is not in @, which is precisely I' UIlgp. Now, the conclusion of this derivation,
once we apply all the equalities of environments that we have established up to now,
actually becomes

AT,TTF M[y,P[x, NNT\AAUA\DL,ANT,AU(®\ x)] : C

so " is the required derivation.
— Rule ¢;: the term R = M|y, P, A, ®][x, N, T, A] rewrites to the term

Mx,N,(T\ ®) U y,AU(A\ D[y, P[x, N,T\A,AU(®\T),ANT,[ N®] = R,

where x ¢ ® U A.
From the structure of R, we know that the derivation must be of the form

U3 7’
ATIFN:B I,x:BIIFM[y,P,A,®0]:C (Ix:B)NA=90
LA ITE M[y,P,A,®@][x,N,I',A] : C

(Sub)

where ¥ decomposes as I', A, I1. As for the rule c;, the environment I" decomposes
as I'p,I'gp,I”; the environment IT decomposes as IIx, I, IT'; A = I'y UII, and
® =Ty UTlp. We also know that x ¢ ® U A, so it must appear in the common typing
environment of P and M.
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The derivation 7’ must be of the form
(%) T3
I,Tg,x : B, II',TIg =P : A T",Tp,y :4A,x:BII'TIaF-M:C (Ay A)ND =0
[,x:BI+-M[y,P,A® :C

(Sub)

We know that ITp can be written as A\ I" and Ilp can be written as @ \ I'. Now, we
can first build the derivation "
s U
ATIFN :B I'.To,x:BI,lIoFP:A (I',To,x :B)N(AUA\T)) =0
ATIA T T, I, TIp = P[x, N,T\ A,AU(A\T)] : C

(Sub)

As in ¢y, the side condition holds.
Since y is bound in M[y, P,A,®], we can suppose by a-conversion that A does not
contain y, and we also obtain the derivation ©””
g 3
ATIFN:B T .Tay:Ax:BII'TIx\FM:C (T\®)Uy:AUx:B)N(AU(@\T)) =0
I',Tp,y : AATIE M[x,N,(T\®)Uy,AU(D®\T)]: C

(Sub)

The side conditions also hold here: on the one hand I' and A are disjoint, and (I" \ @)
and (®\I') are trivially disjoint; on the other hand y is not in A, by a-conversion, and
x is not in A by hypothesis on the side condition of the type derivation of R; finally,
y is not in @ by the side condition of derivation 7/, and x is not in ® by hypothesis
of the rule c¢».

Now, since (A,y : A) N ® = §, by the side condition of the (Sub) rule in the derivation
7', we can finally build

n P

T T, ATIF PN, T\AAUMANT)] :A4 T.Tay AATFMMNN,TC\®)ULAU@\T)] :C
LATFMXN,T\®)Uy,AU@\ DD, P,N,T\AAUA\DLANL®NI] :C

(Sub)

which is the required derivation.
— Rule d: R = TAM rewrites to (T UA)M = R’ The derivation of R must be of the form

T
M-FM:C AnTI=0
atEaM:c - R poam=o
TATIFTAM : C (Weak)
with W that decomposes into I', A and II.
It is easy to rebuild the required derivation
T
OFM:C (TUA)NTT=0
LAIIFTUAM :C  (Weak) 0

6. Strong normalisation of the /, calculus with names

We now give the translation of the terms of A, with names into proof nets in PN, and
the proof of strong normalisation of 5.
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In order to translate a term of 4, into a proof net, we use exactly the same translation
of types that we used in Section 4.2 and we then define the translation of a term M using
the type derivation of M.

— If the term is a variable and its typing judgement ends with the rule written below on
the left, then its translation is the proof net on the right

AL
® 0
I''x:AFx:A Ax At o4

— If the term is a A-abstraction and its typing judgement ends with the rule written
below on the left, then its translation is the proof net on the right

T(M)

L
F,X:Bl_M:C b ‘ 73"i !(‘"
I'Ax:BM:B—C Lam ot gl gict

— If the term is an application and its typing judgement ends with the rule written below
on the left, then its translation is the proof net on the right

T(M)

B s 1A”

FM:B—>A TFN:B
T (MN):A App ot

— If the term is a substitution and its typing judgement ends with the rule written below
on the left, then its translation is the proof net on the right
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T(M)

AT It ATt

o -
14° 1t
\\ E
AIIFN:A TI'x:AIIFM:B
Sub

A, F, I1+ M[X, N, F, A] :B 2 B 2L 7AT

— Finally, if the term is a label and its typing judgement ends with the rule written below
on the left, then its translation is the proof net on the right

A+-M:B Weak @
7A*- B* et

[LAFITM :B

We can clearly verify that the translation is identical to that given for A,,, with de Bruijn
indices. This is not surprising since the type derivations are similar in both formalisms.

The simulation of the reduction rules of the /,;-calculus with names by the reduction
Rg is identical to that given in Section 4.2 for the A,,-calculus with indices. We just note
that rule n; makes no sense in the formalism with names so that the proof has one less
case. We will just state the result without repeating a boring verification.

Lemma 6.1 (Simulation of 1, with names). If t A, -reduces to t' in the formalism with
names, then T(t) — T g, T(t'), except for the rules e; and d for which we have T(t) = T(t').

We can then conclude with the following theorem.

Theorem 6.2 (Strong normalisation of /,,; with names). The typed 1, -calculus with names
is strongly normalising.

7. Conclusion and future work

In this paper we have enriched the standard notion of cut elimination in proof nets in
order to obtain a system R that is flexible enough to provide an interpretation of A-calculi
with explicit substitutions and is much simpler than the one proposed in Di Cosmo and
Kesner (1997). We have proved that this system is strongly normalising.

We have then proposed a natural translation from A, into proof nets that immediately
provides strong normalisation of the typed version of A, a calculus featuring full
composition of substitutions. The proof is extremely simple with respect to the proof of
PSN of 1,5 given in David and Guillaume (1999; 2001) and shows in some sense that A,
which was designed independently of proof nets, is really tightly related to reduction in
proof nets.
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Finally, the fact that the relative order of variables is lost in the proof-net representation
of a term lead us to discover a version of typed 1,5 with named variables, instead of
de Bruijn indices. This typed named version of A, gives a better understanding of the
mechanisms of the calculus. In particular, names allow us to understand the manipulation
of explicit weakenings in 4, without entering into the details of renaming of de Bruijn
indices. However, the study of the properties of reduction, such as confluence and PSN,
for non-typed or non well-formed terms with names remains as further work.

This work suggests several interesting directions for future investigation: on the linear
logic side, one should wonder whether Rg is the definitive system for interpreting f3
reduction, or whether we need to add some more equivalences. Indeed, there are still a
few cases in which the details of a sequent calculus derivation are inessential, even if we
did not need to consider them for the purpose of our work, such as, for example,

FLB o FLB
F24,T, B Bea enng T, B ‘V)I’/‘ Coni
F24,T,1B 2% Fo4,T, 1B ' earenng

On the explicit substitutions side, we look forward to the discovery of a calculus with
multiple substitutions with the same properties as A, in the spirit of 4,.
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