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Nonlinear landslide tsunami run-up
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Inhomogeneous nonlinear shallow-water equations are studied using the
Carrier–Greenspan approach and the resulting equations are solved analytically. The
Carrier–Greenspan transformations are commonly used hodograph transformations
that transform the nonlinear shallow-water equations into a set of linear equations
in which partial derivatives with respect to two auxiliary variables appear. Yet,
when the resulting initial-value problem is treated analytically through the use of
Green’s functions, the partial derivatives of the Green’s functions have non-integrable
singularities. This has forced researchers to numerically differentiate the convolutions
of the Green’s functions. In this work we remedy this problem by differentiating the
initial condition rather than the Green’s function itself; we also perform a change
of variables that renders the entire problem more easily treatable. This particular
Green’s function approach is especially useful to treat sources that are extended in
time; we therefore apply it to model the run-down and run-up of the tsunami waves
triggered by submarine landslides. Another advantage of the method presented is that
the parametrization of the landslide using sources is done within the integral algorithm
that is used for the rest of the problem instead of treating the landslide-generated
wave as a separate incident wave. The method proves to be more accurate than the
techniques based on Bessel function expansions if the sources are very localized.

Key words: surface gravity waves, topographic effects

1. Introduction
Underwater landslides have the potential of creating tsunami waves that can locally

become high enough to pose danger to coastal communities (Geist 2000; Ward 2001;
Bardet et al. 2003; Watts et al. 2003; Geist, Lynett & Chaytor 2009; Özeren et al.
2010). In most cases underwater landslides occur in the shelf break offshore. In other
cases such landslides may take place at a short distance from the shore such as the
1979 Nice Airport event (Assier-Rzadkiewicz et al. 2000) which was a human-created
landslide tsunami, triggered during the landfilling activities in the airport complex.
The run-down and run-up processes are the immediate practical consequences of these
phenomena and in some cases analytical and semi-analytical approaches can shed
some light on their physics. Carrier–Greenspan transformations (hereafter CG) have
long been used to study shallow-water equations (Carrier & Greenspan 1958). More
recently, there have been a number of studies that have applied the CG transformations
to tsunami run-up problems. Tinti & Tonini (2005) used this approach to look at
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the run-up problem of conventional tsunamis, namely the tsunamis generated by the
sudden vertical motion of the sea floor. In their analysis they find exact solutions for
some particular initial conditions which we will show in, appendix A, to be related
to Legendre functions with complex arguments. Carrier, Wu & Yeh (2003) calculated
the Green’s function composed of elliptic functions for the initial-value problem and
they applied their development to both the problems of the initial waveforms with
zero velocity and of incident waves of various shapes. It is worthwhile to note
that the incident wave problems involve high-order derivatives of the convolution
of the Green’s function (equation (27) in Carrier et al. 2003). Kanoglu (2004) also
looked at the run-up evolution of the initial waveforms (such as the Gaussian and
N-waves) given with zero-velocity initial condition, adopting an approach based on
Fourier–Bessel transformations. Kanoglu & Synolakis (2006), on the other hand,
considered cases in which the initial incident wave has a finite amplitude. In this
case, because of non-vanishing initial velocity, it is difficult to formulate an initial-
value problem in the transformed space. Pritchard & Dickinson (2007) looked at
the problem of run-up produced by sudden, localized uplift of the seabed and they
obtained asymptotic approximations for the run-up. More recently Madsen & Schäffer
(2010) used a variant of the CG approach to study the run-up evolution of N-waves
which start their motion at a flat-bottomed offshore location. Our representation of
Green’s function will also yield relatively simple expressions for the run-down and
run-up. Liu, Lynett & Synolakis (2003) studied the linearized landslide tsunami run-up
problem without making the use of CG transforms. Instead they obtained a Bessel
equation describing the waves using a change of variables. They obtained an analytical
solution for the case in which the sliding velocity is equal to the velocity of the
progressive waves. Assuming that the landslide starts from the shoreline and neglecting
all the energy losses, this equality will be satisfied if the density of sliding material
is twice that of the water. Their analytical solution has the advantage of not involving
Green’s functions and related convolutions. More recently Sammarco & Renzi (2008)
investigated the linear waves excited by a landslide of finite width. Their method
consists of expanding the tsunami source in terms of Laguerre polynomials. This
technique allows them to catch the edge waves with relatively minor computational
effort within a linear context.

Postacioglu & Özeren (2008) computed the dispersive waves produced by a block
sliding down a hyperbolic-tangent profile using a semi-spectral method. Although
their model was not designed to look at the edge waves in particular, when the
landslide was assumed to move at a constant velocity, the Fourier transform of the
free-surface deformation presented sharp peaks (figure 15 of Postacioglu & Özeren
2008). These are probably multiple reflections or edge waves. In this work, our
motivation is to develop a new approach that would enable us to attack the run-
up problem of tsunamis triggered by submarine landslides within the framework of
CG transformations. Submarine mass failures usually occur as a result of triggering
by large earthquakes. The slope angle, sediment characteristics, pore pressure and
Coulomb friction coefficient for the interface between the sliding material and the
basement rock are some of the main characteristics that determine the mechanics of
these events that can potentially be very hazardous. Wang, Liu & Mei (2011) recently
provided a semi-analytical solutions for submarine-generated tsunamis in which they
examined the viscous and solid friction in detail. Submarine landslides may occur in
places far from the shoreline and the energy losses of the slide, because of friction,
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L

FIGURE 1. The non-dimensionalized geometry of the run-down and run-up problem of
landslide tsunamis. The grey mass moving downwards represents the underwater landslide.
Note that its shape and also the shape of the free surface are symbolic. Symbol α in (2.3) is
equal to tan θ .

may lead to a variety of trajectory histories, hence we require our algorithm to resolve
all such cases.

2. Formulation of the problem
2.1. Governing equations

The forced nonlinear shallow-water equations for a uniform slope can be written in
dimensionless form as

[u(x+ η − h)]x+ηt = ht, (2.1)
ut + uux + ηx = 0, (2.2)

where the subscripts represent partial derivatives and the unprimed quantities defined
by

x= x′/L, η = η′/Lα, (2.3)

h= h′(t′, x′)/Lα, t =√αg/Lt′, u= u′/
√

gαL (2.4)

are dimensionless. The dimensional quantities L, x′, t′, u′ and g are a length scale,
distance from the shoreline, the time, the velocity and the acceleration due to gravity
respectively. A good choice for the length scale L may be the length of the sliding
block. The dimensionless quantities η, u, h, α, t are the vertical displacement of the
free surface, the depth-averaged horizontal velocity, the disturbance to the sea bottom
due to the landslide activity, the slope, and the time respectively (see figure 1 for the
dimensional geometry of the problem). The depth at a distance x′ from the shoreline is
thus given by αx′ − h′(t′, x′). It is also assumed that αx′� h′. In (2.1) the forcing term
ht represents the rate of change in the bathymetry because of the landslide activity.
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2.2. The CG transformation and the integral approach
A hodograph transformation introduced by Carrier & Greenspan (1958) uses two
distorted coordinates λ, σ and they are defined as

λ= t − u, σ 2 = q= x+ η, u=−ϕσ/2σ, η = ϕλ − ϕ2
σ/8σ

2. (2.5)

These are used to obtain a linearized set of equations; this is the CG transformation
mentioned in the introduction. If we use the short-hand notation ψ = η + (1/2)u2, our
forced equations (2.1) and (2.2) would become

ψλλ − 1
4

(
ψσσ + 1

σ
ψσ

)
≈
(

J
∂h

∂t

)
λ

(2.6)

where J = xqtλ − xλtq is the Jacobian. Note that when obtaining (2.6) we have also
neglected the (uh)x term on the left-hand side of (2.1) as the existence of the block
would automatically violate the constant-slope assumption of the CG approach. For a
block whose thickness is small compared to the water depth at the initial position of
the sliding motion the (uh)x term is even less important than the (vbh)x term, where vb

is the velocity of the sliding block. In any case, the analytical technique presented here
is not capable of taking this term into account. Note that the velocity of the sliding
block is implicitly included on the right-hand side of (2.6).

Equation (2.6) is not strictly linear. This is because of the presence of the Jacobian
on the right-hand side and also because of the fact that h is, in general, a function of
both x and t. In the context of the CG transformation x and t are not linear functions
of ψ . However this particular nonlinearity, as we will show, is not a major factor
for submarine landslides (it may possibly play an important role in waves created by
subaerial landslides that splash onto the water surface; this issue, however, is beyond
the scope of this paper). If we integrate (2.6) with respect to λ we obtain

ϕλλ − 1
4σ
ϕσ − ϕσσ4

≈ J∂th (2.7)

where, following Carrier et al. (2003), we use the short-hand ψ = ϕλ. For simplicity
we will use an equals sign rather than ≈ for the further treatments arising from (2.6)
and (2.7).

Let us start our discussion with the homogeneous form of (2.7). Tinti & Tonini
(2005) discussed this equation and obtained, after lengthy derivations, exact analytical
solutions for particular initial conditions with vanishing initial fluid velocity u (see
their equations (3.26) and (3.27)). We will show in appendix A that their solution is
directly expressible in terms of Legendre polynomials.

Carrier et al. (2003) found a Green’s function for the equation (2.7), but the partial
derivatives of this Green’s function with respect to σ and λ had non-integrable
singularities. Their strategy to surmount this difficulty was to convolve the Green’s
function with the driving force and then numerically differentiate these integral
convolutions which are more regular than the Green’s function itself. Kanoglu &
Synolakis (2006) have the same formulation of the Green’s function given by

G(σ̃ , σ, λ− λ̃)= 2σ̃
∫ ∞

0
J0(ωσ̃ )J0(ωσ) sin

(
1
2ω(λ− λ̃)

)
dω (2.8)

where λ̃ is the ‘instant’ of excitation and J0 is the Bessel function of the first
kind and order zero. The partial derivatives of this Green’s function are singular
but truncating the upper limit to a finite ω removes this singularity and, as long as
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the initial condition does not contain high-frequency features in its Fourier spectrum,
that does not lead to a significant loss of accuracy. For initial conditions containing
discontinuities however, this practice may present problems because the Bessel
functions, being continuous functions, are not suitable to approximate discontinuous
functions. For the derivatives of discontinuous functions the situation is even worse.

When a localized disturbance acts on the bottom slope, the resulting perturbation on
the water surface spreads out with a finite velocity. Therefore at any given time there
is a sharp boundary between the affected and unaffected zones. In our formulation this
sharp wavefront is reproduced precisely, with the wave vanishing outside the affected
zone. The solution by Carrier et al. (2003) also has this property but, as mentioned
earlier, the derivative of their Green’s function has non-integrable singularities forcing
them to numerically differentiate the convolutions with the Green’s functions. The
Bessel-function-based approach of Kanoglu & Synolakis (2006) on the other hand
yields discontinuous integrals around the sharp wavefront. Numerical evaluations of
such integrals often yield spurious oscillations around the wavefront.

Equation (2.7) corresponds to the forced wave equation on the plane with axial
symmetry. To exploit this fact, we consider the more general problem of forced waves
in the plane. The sources will be placed in such a way that the resulting wave field
will have axial symmetry. The Green’s function of the general problem then satisfies(

∂2

∂λ2
− 1

4

(
∂2

∂x2
+ ∂2

∂y2

))
G= δ(λ− λ̃)δ(x− x̃)δ(y− ỹ). (2.9)

According to Witham (1974), p. 235, the related retarded Green’s function is given
as

G= 1

π

√
(λ− λ̃)2 /4− ((x− x̃)2+ (y− ỹ)2)

(2.10)

but G≡ 0 for λ < λ̃ or ((x− x̃)2+ (y− ỹ)2) > (λ− λ̃)2 /4.
Here the variables with tildes denote the position of the source. Since (2.7)

represents an inhomogeneous wave equation with axial symmetry, an axisymmetrical
distribution of sources in the x, y plane will lead to the solution of (2.7). Placing the
sources on the perimeter of the circle with radius σ̃ =√x̃2 + ỹ2, the Green’s function
becomes

G= 1
π

∫
dφ√

(λ− λ̃)2 /4− (σ̃ 2 + σ 2 − 2σ σ̃ cosφ)
(2.11)

where the integral is evaluated within the sub-domain in which (λ− λ̃)2 /4−(σ̃ 2+σ 2−
2σ σ̃ cosφ)> 0. It is important to point out that

√
σ̃ 2 + σ 2 − 2σ σ̃ cosφ is the distance

between the source (x̃, ỹ) and the target (x, y) in this Green’s function formalism. If

(λ− λ̃)2 /4− (σ̃ 2 + σ 2 − 2σ σ̃ cosφ) is negative, then the wave excited at the instant λ̃
has not yet reached the point (x, y). The integral given by (2.11) is exactly equal to the
Green’s function exploited by Carrier et al. (2003) (see their equation (22)).

Now let us go back to the original equation we are trying to solve (equation (2.7)).
If we rewrite this equation, this time by denoting its right-hand side simply as S(σ, λ):

ϕλλ − 1
4σ
ϕσ − ϕσσ4

= S(σ, λ), (2.12)
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T

FIGURE 2. The geometrical setting to evaluate the integral given in (2.14). The sources are
placed on the perimeter of the circle and the target point at which the field is evaluated is
marked T.

the solution of this equation is given by

ϕ = 1
π

∫ λ

0
dλ̃
∫ ∞

0
dσ̃
∫

dφ
σ̃S(σ̃ , λ̃)√

(λ− λ̃)2 /4− (σ̃ 2 + σ 2 − 2σ σ̃ cosφ)
(2.13)

where the φ integral is evaluated within the same domain as the integral given
in (2.11). When |σ − σ̃ | < (λ − λ̃)/2 < |σ + σ̃ | we can always find a critical

angle φc that satisfies (λ− λ̃)2 /4 − (σ̃ 2 + σ 2 − 2σ σ̃ cosφc) = 0. Consequently, the
integration over φ is evaluated between φc and 2π − φc; this applies to all φ-
integrals in the rest of the paper. If we now make a change of variable given by
σ ∗ = 2

√
σ̃ 2 + σ 2 − 2σ̃ σ cosφ/(λ− λ̃), and φ∗ = cos−1((σ − σ̃ cos(φ))/(σ ∗(λ− λ̃)/2))

(see figure 2 for definition of φ∗ ) equation (2.13) becomes

ϕ = 1
2π

∫ λ

0
dλ̃(λ− λ̃)

∫ 1

0
dσ ∗

∫ 2π

0
dφ∗

× σ
∗S(
√
σ 2 + (λ− λ̃)2 (σ ∗)2 /4− σσ ∗(λ− λ̃) cosφ∗, λ̃)√

1− (σ ∗)2
. (2.14)

The integrals in the expression (2.14) are treated numerically. One interesting feature
of the σ ∗ integral with integrable singularity

√
1− (σ ∗)2 in particular is that it

can be carried out using orthogonal polynomials in the interval [0,1] with a weight
function containing the singular term (Amparo, Segura & Temme 2007, p. 132). In
appendix C we give a detailed account of the numerics. It is important to note here
that S is a function of both position and time, yet after the CG transformation, the
dependence on the position becomes essentially the dependence on (σ ∗)2; therefore
when differentiating ϕ defined in (2.14) with respect to σ , no singularities arise. This
formulation can be used for various phenomena including conventional tsunamis (those
created directly by the sudden uplift of the sea floor) in which case the source term S
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becomes a Dirac’s delta function in time, i.e. S(σ̃ , λ̃)= δ(λ̃)h(σ̃ ), so (2.14) becomes

ϕ = λ

2π

∫ 1

0
dσ ∗

∫ 2π

0
dφ∗

σ ∗h(
√
σ 2 + λ2 (σ ∗)2 /4− σσ ∗λ cosφ∗, λ̃= 0)√

1− (σ ∗)2
(2.15)

where the integration with respect to λ̃ no longer occurs. Notice also that for λ = 0,
ϕ takes zero value with the physical consequence of u=−ϕσ/2σ becoming uniformly
zero.

In the coastal region σ → 0+ the integrand in (2.15) may be expanded in power
series of σ and carrying out the integration with respect to φ∗, one has

ϕ = λ
∫ 1

0
dσ ∗σ ∗

h+ (σ 2/(2σ ∗λ))h′ + (σ 2/4)h′′√
1− (σ ∗)2

(2.16)

where h′ and h′′ are given by

h′ = dh(λσ ∗/2)
d(λσ ∗/2)

(2.17)

and

h′′ = d2h(λσ ∗/2)

d (λσ ∗/2)2
. (2.18)

The same expansion can be applied to (2.14) to yield

ϕ =
∫ λ

0
dλ̃(λ− λ̃)

∫ 1

0
dσ ∗σ ∗

S+ (σ 2/(2σ ∗(λ− λ̃)))S′ + (σ 2/4)S′′√
1− (σ ∗)2

(2.19)

where S, S′, S′′ are the source S((λ − λ̃)σ ∗/2, λ̃) and its first and second derivatives
with respect to the first argument (λ − λ̃)σ ∗/2. An expansion up to second order is
sufficient to evaluate run-down and run-up.

Now let us look at the complementary problem (we can also call this the second
problem) in which the initial value of ϕ is different from zero but ϕλ is initially
zero. The physical meaning of this is that the water surface is initially completely
undisturbed but the initial fluid velocities are non-zero. The problem of the incident
wave is a linear combination of these two complementary problems. To solve the
second problem we introduce an intermediate variable ϕ̃ such that ϕ = ∂λϕ̃. We then
have

ϕ̃ = λ

2π

∫ 1

0
dσ ∗

∫ 2π

0
dφ∗

σ ∗ϕ(γ, λ̃= 0)√
1− σ ∗2

(2.20)

where γ is given by

γ =
√
σ 2 + λ2σ ∗2/4− σσ ∗λ cosφ′. (2.21)

Note that the values of ϕ̃ and ϕ̃λλ are both zero at λ = 0 (the latter is so because ϕ̃
and all its derivatives with respect to σ are zero initially and since ϕ̃ satisfies the wave
equation in cylindrical coordinates, ϕ̃λλ must also be zero initially).

It is worth noting that when the line (t = 0, x : 0→∞) in the physical space is
mapped onto the (σ, λ) space using CG transformation, a curve, not a line, is obtained
if the initial velocity is non-zero. Kanoglu & Synolakis (2006), for the first time, used
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FIGURE 3. Shoreline motion ηs as function of non-dimensional time (the displacement of the
shoreline is also non-dimensional). We carry out the calculation for an incident wave with
the initial shape given by η = a exp(−k (x− x0)

2) where a = 0.017, x0 = 2 and k = 4. The
continuous curve is the ‘exact solution’ of Kanoglu & Synolakis (2006), the broken curve
is obtained using the conditions at λ = 0. The conditions at λ = 0 were obtained using an
extrapolation based on the initial model given in (2.23).

the condition on that curve, rather than strictly at λ = 0; this can be seen in their
equation (2.6) for ϕ which reads

ϕ(σ, λ)=
∫ ∞

0
[ϕ(ξ, λ0(t = 0))Gλ + ϕλ(ξ, λ0(t = 0))G] dξ. (2.22)

Note that there is a factor of 2 in this expression in Kanoglu & Synolakis (2006),
but we implicitly include this factor within G. We will show in appendix B that
this expression derived by Kanoglu & Synolakis (2006) is the leading term of an
asymptotic series. The second term in the asymptotic series is also computed in
appendix B. According to appendix B these asymptotic series become meaningless for
dλ0/dξ > 1/2.

The results that we obtain in this section concern mainly sources which are not
extended in λ; therefore in order to have the condition at λ = 0, we make a very
simple model of the very early stage of the evolution of the wave. Take an initial
Gaussian waveform given by

η(t, x)≈ a exp(−k (x− x0 +
√

x0t)
2
) (2.23)

where the centre of the Gaussian approaches the coast (without changing its shape)
with a velocity of

√
x0 during the very early stages of the wave propagation.

Remember that for λ = 0, t is a function of σ only. The velocity of the fluid is
approximately given by −η/√x. Using the simple evolution model given in (2.23),
it is possible to derive the condition at λ = 0 at all σ . A comparison between the
solution obtained this way and by the method presented by Kanoglu & Synolakis
(2006) is given in figure 3.

2.3. Test of the method using a discontinuous initial condition
In this section we show that the particular Green’s function method we adopt enables
us to treat discontinuous initial conditions in space without any difficulty. As an
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1

FIGURE 4. The domain of integration for (2.15) becomes the shaded area when the initial
perturbation is η(σ, λ= 0)= ηmaxθ(σ − σ0).

example case we considered a step-function-like initial condition of the following form
on the slope:

θ(σ − σ0) (2.24)

where θ is the step function. Note that for this kind of discontinuous forcing our
domain of integration becomes the shaded area in figure 4. This domain excludes
the region where the forcing is zero when evaluating the integral (2.15) which treats
sources that are not extended in time. In the integral (2.15), when h becomes a
step-function, the σ ∗ integral can be evaluated analytically. The results for various λ
values are shown in figure 5.

2.4. Landslide tsunami
Although there are several analytical and numerical models for landslide tsunamis,
there are fewer works in the run-up context, especially analytical and semi-analytical.
One interesting study is Liu et al. (2003) in which the authors look at the landslide
tsunami run-up problem within the framework of linearized shallow-water equations.
Even though their study does not involve the CG approach, if we ignore the
nonlinearity introduced by the right-hand side of (2.7) and replace it with a function
of σ − λ/2 , an analytical solution can be found by the linearized technique introduced
by Liu et al. (2003). The linearized version of (2.7) for particular tsunamigenic forcing
reads

ϕλλ − 1
4σ
ϕσ − ϕσσ4

= ∂λh(σ − λ/2). (2.25)

The particular solution, ϕp, of this equation is given by

ϕp =− 2
3(H(σ − λ/2)− σh(σ − λ/2)) (2.26)

where H(σ − λ/2) = − ∫ +∞
σ−λ/2 h(σ ′) dσ ′. Liu et al. (2003) then proceed to add a

solution of the homogeneous problem in order to satisfy the free-surface deformation
and fluid velocity initial conditions (both to be zero).
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0 0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0
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FIGURE 5. The evolution of the waveform at λ= 0, 1.5 and 3 is displayed as a function of σ
(see (2.24)). The colour progression is black (λ = 0), red (λ = 1.5) and green (λ = 3). The
initial shape is given by ηmaxθ(σ − σ0) with σ0 = 2 and ηmax = 10−6. The initial velocity is
zero. The wave height is normalized to ηmax .

However, if one assumes the forcing to be a function of σ − λ/2, this would
correspond to the unphysical situation where the landslide having a density twice
that of the water starts its motion at the shoreline and continues to move unopposed
towards the deep basin, with a velocity proportional to the square root of the distance
to the shoreline. Such an approach, despite the unphysical acceleration model of the
sliding motion, is important in the sense that it sets an upper bound for the wave
heights for this kind of phenomenon. We can reproduce the analytical result of Liu
et al. (2003) by numerically evaluating the integrals given in (2.14), see asterisks and
circles in figure 6 for our matching using the integral method.

In this work, our aim is to combine the integral method developed in the previous
section with the forcing by a landslide that moves according to the following equation
(see Watts 2000):

x′b(t
′)= v

′2
∞

a′in
ln
(

cosh
(

a′int′

v′∞

))
+ x′in (2.27)

where v′∞ = √(2αm/cdAρw)(ρb − ρw)g is the terminal velocity, cd is the drag
coefficient, α is the slope and m is the mass of the sliding block, ρb and ρw

are the densities of the sliding block and water and a′in = gα(ρb − ρw)/ρw is the
initial acceleration. The linearized source term in (2.7) will then be J(∂/∂t)h ≈
−vb(∂h/∂x) ≈ −vb2σ(∂h/∂σ) where vb is the dimensionless velocity of the sliding
block. Here we use a simple representation of the motion of the landslide with respect
to a fixed frame of reference. For the landslide moving on the slanted bottom, we thus
have

h(x, t)= h

(
x−

∫ t

0
vb(t̃) dt̃

)
. (2.28)

An alternative approach to the problem of a sliding block could be to expand ϕ in
terms of Bessel functions (see Aydin & Kanoglu 2007):

ϕ =
N∑

n=−N,n6=0

an(λ)J
∗
0

(
β|n|
D
σ

)
exp

(
i
β|n|
2D

sgn(n)λ
)

(2.29)
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FIGURE 6. The results displayed in this figure are solutions of the linearized version
of (2.7) where the right-hand side has been replaced by the derivative of h(λ, σ ) =
a exp(−k (σ − λ/2)2) with respect to λ. We take a and k to be equal to 0.017 and 4
respectively. Note that (2.7) is very similar to (1.1) of Liu et al. (2003). These solutions are
obtained by three different techniques. (i) The asterisks are the solution obtained by adding
the homogeneous solution of (2.25) to the particular solution given in (2.26) in order to have
η and the velocity both vanishing for λ = 0 (not t = 0). This is essentially equivalent to the
technique of Liu et al. (2003) who worked in the (x, t) space. (ii) The circles are the solution
obtained using the integral given in (2.14). (iii) Finally, the continuous curve is obtained by
numerically solving the systems of ordinary differential equations (2.33) and (2.34).

where βk is the kth root of Bessel function J0 and sgn denotes the signum function.
Here J∗0((β|n|/D)σ ) is the Bessel function with the unconventional normalization of∫ D

0
dσσJ∗0

(
β〈n〉
D
σ

)
J∗0

(
β〈n〉
D
σ

)
= 1. (2.30)

For convenience of numerical calculation, a reflecting boundary is introduced at σ = D.
When the waves reach σ = D, the model becomes unphysical. Because of the activity
of the source S during the time interval dλ̃, the quantity ϕ will change by an amount
given by

dϕ = dλ̃
∑
n>0

2D

βn

(∫
dσ̃ σ̃J∗0

(
βnσ̃

D

)
S(σ̃ , λ̃)

)
J∗0

(
βnσ

D

)
sin

(
βn(λ− λ̃)

2D

)
. (2.31)

This is so, because for a distribution of sources acting for an infinitesimal ‘duration’
dλ̃ the retarded response is given simply by

dϕ(σ, λ)=
(∫

dσ̃ σ̃S(σ̃ , λ̃)G

)
dλ̃ (2.32)

where G is the corresponding retarded Green’s function which, in our case, is
composed of the Bessel and trigonometric functions.
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Equation (2.31) yields the following set of coupled ordinary differential equations
for the coefficients an(λ̃):

dan

dλ̃
=
∑
n>0

D

iβn

(∫
dσ̃ σ̃J∗0

(
βnσ̃

D

)
S(σ̃ , λ̃)

)
exp

(
i
−βnλ̃

2D

)
(2.33)

for n> 0 and

dan

dλ̃
=
∑
n<0

D

iβ|n|

(∫
dσ̃ σ̃J∗0

(
β|n|σ̃

D

)
S(σ̃ , λ̃)

)
exp

(
i
β|n|λ̃
2D

)
(2.34)

for n< 0 .
If one does not linearize the sources, the source distribution becomes a function

of ϕ so that the right-hand sides of (2.33) and (2.34) depend on the coefficients an,
leading to a set of coupled nonlinear ordinary differential equations. Solving the set of
ordinary differential equations is the most general method as it does not involve any
linearization other than omitting the term [uhx]x in (2.1).

Returning to the linear case where forcing is given by ∂λh(σ − λ/2), the solution
of (2.25) computed by the three different methods is displayed in figure 6. These three
approaches are basically: (i) the integration of the retarded Green’s function by solving
the set of ordinary linear differential equations (2.33) and (2.34); (ii) the analytical
results obtained by adding the homogeneous solution to the particular solution (2.25)
(for a very similar treatment in the (x, t) space see Liu et al. 2003) and (iii) the
integral approach introduced by (2.14). A good match between these three methods
can be observed.

3. Application to accelerating landslides
As an application we looked at the run-down and run-up created by a Gaussian-

shaped landslide moving down obeying (2.27). Figure 7 shows the non-dimensional
run-down and run-up of the shoreline for two cases of landslides with identical
starting positions but with different thicknesses. The first impression is that the run-
down is much more prominent than the run-up for both cases. This is because the
negative source (the rear of the landslide) is closer to the shore while the positive
source positioned at the front of the landslide creates a free-surface displacement that
becomes smeared during its longer course towards the coast. Figure 7 superimposes
results calculated with two different techniques discussed in this work, namely the
set of ordinary differential equations (2.33), (2.34) and the integral solution given
in (2.14). For both cases the solutions with these two techniques match almost
perfectly. It is observed that the maximum run-down for both cases occurs at the
non-dimensional time t ≈ 2 and the time to reach the shore for the wave created at the
initial movement of the landslide is 2

√
x0(0) where x0(0) is the initial position of the

centre of the Gaussian-shaped landslide. In this particular case x0(0)= 1 which means
that the maximum occurrences of run-down were created at the very early stage of the
slide. The main reason the two techniques produce almost identical results is that at
the instance the initial wave causing the maximum run-down is created, the Jacobian
is close to unity (see figure 8). We also ran a series of tests with slides starting from
various distances to the shoreline. In these tests we kept the landslide thickness and
shape fixed. The two techniques gave almost identical results except in one case where
the landslide starts its motion very close to the shoreline (figure 9d). For the starting
position x0 = 0.25 the integral approach gives slightly larger values of run-down and

ht
tp

s:
//

do
i.o

rg
/1

0.
10

17
/jf

m
.2

01
1.

48
2 

Pu
bl

is
he

d 
on

lin
e 

by
 C

am
br

id
ge

 U
ni

ve
rs

ity
 P

re
ss

https://doi.org/10.1017/jfm.2011.482


452 M. S. Özeren and N. Postacioglu

–0.05
0 1 2 3 4

t
5 6 7 8

–0.04

–0.03

–0.02

–0.01

0
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FIGURE 7. The run-down and run-up ηs as a function of t. The initial position of the centre
is at 1000 m from undisturbed shoreline and the shape of the Gaussian landslide is given by
h(t, x) = a exp(−4 (x− x0(t))

2). The initial value of non-dimensional x0 is 1, the scale L is
1000 m. The landslide amplitude a takes the values of 0.05 and 0.1 for the plots given in this
figure. The hydrodynamic friction coefficient cD = 1 and slope α is 0.05. The density of the
sliding material is 2000 kg m−3. The diamonds are the solution calculated using (2.33), (2.34)
and the continuous curve corresponds to the integral solution given in (2.14).

0 0.5

0.7

0.8

0.9J

1.0

1.1

1.2

1.0 1.5 2.0 2.5 3.0

FIGURE 8. The Jacobian in (2.7) as a function of σ for λ = 0, 0.3, 0.6, . . . , 3.0,
corresponding to the colour progression yellow, red, blue, green, magenta, black, cyan,
yellow, red, blue, green, respectively. The maximum thickness a of the sliding material is
0.05. All other parameters of the landslide are identical to those in figure 7.

run-up. The reason for these mismatches is the Jacobian, which is not taken into
account in the integral approach.

The way that Carrier et al. (2003) non-dimesionalize the coordinates before the
transformation renders the problem essentially independent of the slope α. If one
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FIGURE 9. Run-down and run-up as a function of time for different values for the initial
distance between the midpoint of the sliding block and the shoreline. The red curves are
obtained using the integral method given by the (2.19) and blue curves are obtained by
solving the system of ordinary differential equations given in (2.33) and (2.34). The form of
the landslide is given by h(x, t) = a exp(−k (x− x0(t))

2) where we took k = 4 and a = 0.01.
(a), (b), (c) and (d) correspond to initial distances (x0) of 1, 0.75, 0.5 and 0.25 respectively.
The parameters L, ρb, cD, k, x0(t = 0) and α are the same as those in figure 7.

ignores the hydrodynamic and basal frictions, then the acceleration of the block also
scales with αg which makes the final solution also independent of α. If one takes
the hydrodynamic friction into account, then the problem changes its nature because
the hydrodynamic friction does not scale with αg, but in practice this has very little
influence on the maximum run-down because the hydrodynamic drag effects start to be
non-negligible only at the later stages of the landslide motion.

Liu et al. (2003) treated the landslide kinematics in an artificial way in which the
landslide moves down with a velocity equal to

√
x. In their work there is a perfect

coupling between the landslide motion and the wave field. In figure 10 we show the
landslide movement and the wave field evolution as snapshots for the case in which
we calculated the landslide motion taking the hydrodynamic friction into account.
In this example the landslide starts its motion at x = 1. Figure 10 shows that the
waveform extends during its evolution and the landslide lags behind the wave front.
As seen in the figure, the negative peak starts to have a distorted shape. These shape
effects exist because the wave propagation velocity depends on the position.

4. Comparison with a laboratory experiment
Although there are several landslide tsunami experiments in the literature (see for

example Watts 2000; Liu et al. 2005; DiRisio et al. 2009) none of them examined the
run-up in two dimensions. Hence, the comparison of our analysis with the laboratory
experiments has limitations due to the fact that the sliding mass in all published run-up
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FIGURE 10. Snapshots of both the wave (continuous curve) and the landslide (broken curve)
at non-dimensional times of t = 0.2(a), 1(b), 2(c), 3(d), 4(e), 5(f ). The values are calculated
for a landslide shape given by h(t, x) = a exp(−k (x− x0(t))

2) with a = 0.05, k = 4 . The
initial value of non-dimensional x0 is 1, the scale L is 1000 m. The hydrodynamic friction
coefficient cD = 1 and slope α is 0.05. The density of the sliding material is 2000 kg m−3.

experiments starts too close to the shoreline thus violating the assumptions needed in
the theoretical CG treatment, or they start too far from the shore resulting in three-
dimensional effects, which are also not possible in the CG treatment. For comparison
purposes we selected Liu et al. (2005) because despite being a three-dimensional
study, they conducted their experiments with particular attention to measuring run-
up. Liu et al. (2005) did their experiments in a large hydraulic channel that has a
length 104 m, width 3.7 m and depth 4.6 m. We do our comparisons for a specific
experiment in which they used a right-triangle-shaped block to represent the landslide.
We used (2.27) to calculate the landslide motion but the initial acceleration and the
terminal velocity have been modified to take into account the Coulomb friction (see
table 1 in Liu et al. 2005); we took the hydrodynamic drag coefficient cd to be equal
to 1. The mathematical representation of the moving triangular block to represent the
landslide requires the use of a source and sink distribution given by ∂h′/∂t′ where h′

is the local value of the dimensional thickness of the landslide. If the block is rigid,
we have ∂h′/∂t′ = −vb(∂h′/∂x′) where vb is the velocity of the block. The spatial
derivative of the thickness presents a discontinuity in the case of a triangular block.
The consequence of this is excitation of waves with wavelengths much shorter than the
water depth. In this limit the shallow-water approximation is no longer valid.

In the linearized theories (for both shallow water and fully dispersive, linearized
deep water), the deformation of the free surface during the time interval dt can be split
into two parts. The first part is due to the progression of the wave generated prior to
the interval dt. The second part is associated with the uplift or subsidence of the sea
bottom during dt. We evaluate this second contribution using potential theory in which
no assumption is made on the wavelengths. In potential theory, if an impulsive source
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acts within a water body, the free-surface response can be expressed as the linear
summation of an impulsive and non-impulsive terms (see the first line of equation (6)
of Postacioglu & Özeren 2008). In this formalism even the solid block movements
that are parallel to the sea bottom can be expressed in terms of series of instantaneous
uplifts and subsidences. In the shallow-water approximation the impulsive responses of
the free surface to these impulsive uplifts and subsidences are geometrically identical
to the bottom motions. However, we calculate the initial generation of the waves
created in the laboratory experiment by the triangular block using potential theory
in which the waves created by short-wavelength features such as the corners of the
triangular block are smeared out. Correcting the generation process of the waves for
finite depth, (2.7) becomes

ϕλλ − 1
4σ
ϕσ − ϕσσ2

≈
∫ ∞

0
dx̃Qλ(λ, x̃)ηim(x, x̃) (4.1)

where ηim(x, x̃) is the impulsive response of the free surface to a unit volume input
at x = x̃. Here x is assumed to be equal to σ 2. In this equation, Qλ is the rate
of fluid input and it is equal to −vbhx. The impulsive response is obtained by
solving the Laplace equation in two dimensions (Miloh, Tyvand & Zilman 2002).
The velocity potential φim(x, y) associated with the impulsive response satisfies the
boundary conditions ∂nφim = δ(x − x̃) at the bottom and φim = 0 at the undisturbed
free surface. When the total response (including to impulsive volume input at t = t̃) is
considered, the associated velocity potential φ satisfies (see equation (6) in Postacioglu
& Özeren 2008)

lim
t→t̃+

φ = 0. (4.2)

According to (4.2) the impulsive volume injections do not immediately affect the
depth-averaged horizontal velocity. Consequently these volume injections do not create
impulsive changes in the linear momentum balance.

To solve the Laplace equation in a wedge-like region we proceed to a conformal
mapping (Tyvand & Storhaug 2000). In order to simulate the experiment of Liu
et al. (2005) we take the slope angle to be equal to 26.56◦. We map the wedge-
like region onto the fourth quadrant of the complex plane using the transformation
given by z90◦/26.56◦ where z = 0 corresponds to the shoreline and the positive real
axis is the undisturbed free surface. The negative imaginary axis is the sea bottom.
We consider a series of infinite line sources perpendicular to the vertical plane to
represent the landslide motion in the essentially three-dimensional experiment by Liu
et al. (2005). These sources map onto the negative imaginary axis under the conformal
transformation mentioned above. In the transformed space we also have to consider
the images of these sources with respect to the undisturbed free surface to satisfy
the zero-pressure condition at the free surface. Since, in the transformed space, the
sources and their images are both on the imaginary axis the no-flux condition at the
sea bottom is not violated by the images. We calculate the right-hand side of (4.1)
using this conformal mapping.

Table 1 shows a comparison between our results and the experimental results of
Liu et al. (2005). Note that the symbol R′ in table 1 denotes the dimensional vertical
displacement of the shoreline (see figure 4 of Liu et al. 2005); the experimental values
have been taken from their figure 10.

When the vertical side of the triangular block is larger than the initial immersion,
our analytical model underestimates the run-up. This is due to the fact that in
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Init. immersion (cm) −49.4 −39.5 −29.4 −20.2 −13.0 −9.7 −4.3

Analytical R′ (cm) 0.9 1.05 1.25 1.5 1.9 1.97 2.34
Experimental R′ (cm) 0.44 0.89 1.4 1.8 1.7 2.4 3.1

TABLE 1. Comparisons with experiments. R′ indicates the vertical displacement of the
shoreline. The Coulomb friction is taken to be 0.1482 (see table 10 of Liu et al. 2005,
serie-B), and the mass of the sliding block to be 355.9 kg.

obtaining (2.6) we neglected the term (uh)x in (2.1). In reality the flow towards the
shore above the block is confined to the narrow region between the top of the block
and the free surface; however our formulation assumes that the thickness of the block
is much smaller than the water depth, therefore underestimating the flow velocities,
and hence the run-up. For intermediate initial depths the analytical model matches the
experimental data better; however the error that stems from not taking the geometrical
spreading effects into account may cancel some of the errors associated with distortion
of the bathymetry by the block as mentioned above. For deeper initial immersions the
two-dimensional analytical theory tends to overestimate the run-up possibly because of
the geometrical spreading of the wave field which cannot be taken into account in the
CG formalism.

Note that Sammarco & Renzi (2008) also compared their results with a three-
dimensional experiment. They were particularly interested in waves trapped along the
shore. Their formulation is also a shallow-water formulation without CG treatment
while including an extra dimension along the shore. They interpret their overestimation
of the laboratory results as due to the fact that their model does not take into account
energy dissipation phenomena. We do not agree with their interpretation because the
experiment they use is at the limit of shallow-water approximation, with the width of
the block being comparable to the maximum depth the block reaches by the time it is
completely submerged (about 24 cm). In fully dispersive deep water, disturbances with
wavelength λ occurring at the bottom are reduced by the factor exp(−2πD/λ), where
D is the water depth. Shallow-water theory cannot account for this reduction; thus it
tends to overestimate the small-wavelength features.

5. Conclusion
In this work we have developed a novel integral approach that enables us to model

run-down and run-up due to tsunami sources that are extended both in time and
space. This particular approach is capable of modelling run-down and run-up of
the tsunami waves created by landslides with a variety of kinematic structures. The
Green’s function that Kanoglu & Synolakis (2006) used is the same as that used in
Carrier et al. (2003). However, Kanoglu & Synolakis (2006) surmounted the difficulty
in evaluating the integrals involving Gλ by cutting out short-wavelength contributions
to the Green’s function. One strength of this new formulation is that there is no longer
the need of numerical differentiation of the convolution of the Green’s function with
the source (Carrier et al. 2003, equation (27)) with respect to time-like variable λ.
Instead, we analytically differentiate the source. Another advantage of the formulation
is that it is numerically more stable than the methods such as that of Kanoglu (2004)
for small-wavelength bottom deformations, making it more appropriate for landslide
tsunamis where the tsunami source is very localized. Equation (2.16) is mathematically
simple and it does not require any particular behaviour for initial η as opposed to
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equation (2.9) of Kanoglu (2004) which includes a non-integrable singular term if the
initial η has non-vanishing derivatives with respect to σ .
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Appendix A. Treatment of zero-velocity initial condition using Legendre
polynomials

In this appendix, we show that the solution of initial-value problem developed by
Tinti & Tonini (2005) can be expressed in series in terms of Legendre polynomials.
Consider the Laplace equation in cylindrical coordinates:(

∂zz + 1
σ
∂σ + ∂σσ

)
f = 0. (A 1)

The solution to this equation in terms of Legendre polynomials reads

f = 1(
σ 2 + z2

)(n+1)/2 Pn

(
z√

σ 2 + z2

)
. (A 2)

If we now introduce a transformation given by z = 1 + iλ/2 where i = √−1, the
Laplace equation becomes the homogeneous version of (2.7) and both real and
imaginary parts of

1(
σ 2 + (1+ iλ/2)2

)(n+1)/2 Pn

(
1+ iλ/2√

σ 2 + (1+ iλ/2)2

)
(A 3)

are solutions of this equation. Furthermore, the imaginary part vanishes uniformly
at λ = 0 . Thus the imaginary part can be used to look at the evolution of initial
waveforms with zero initial velocities. This approach is somewhat simpler than the
calculations starting from equation (3.20) of Tinti & Tonini (2005)

Appendix B. Asymptotic expansion for the incident wave
In this appendix we will show that the integral∫ ∞

0
[ϕ(ξ, λ0(ξ))Gλ(σ, ξ, λ− λ0(ξ))+ ϕλ(ξ, λ0(ξ))G(σ, ξ, λ− λ0(ξ))] dξ (B 1)

in the limit λ→ λ0 (σ )
+ reduces to

1
2

 1

1+ 1
2

dλ0

dξ

∣∣∣∣
ξ=σ

+ 1

1− 1
2

dλ0

dξ

∣∣∣∣
ξ=σ

ϕ(σ, λ0(σ )) (B 2)

provided that dλ/dξ < 2. If this condition is not satisfied, then the characteristic cones
of the waves excited on the curve λ0 (ξ) touch the curve again for larger values of λ,
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which makes it impossible to obtain a closed form of the integral given in (B 1) in
the limit λ→ λ0 (σ )

+. This is not an important problem in practice because the usual
values of dλ0/dξ |ξ=σ are much smaller than 1. The major contribution to the integral
given in (B 1) in the limit λ → λ0 (σ )

+ comes from the vicinity of σ . The derivative
of the Green’s function given in Kanoglu & Synolakis (2006) with respect to λ is

Gλ(ξ, σ, λ− λ0(ξ))= ξ
∫ ∞

0
ωJ0(ωξ)J0(ωσ) cos

(
1
2ω(λ− λ0(ξ))

)
dω. (B 3)

In the region of interest, the argument of the cosine function in the integrant of (B 3)
may be approximated by (ω/2)(dλ0/dξ)|ξ=σ (ξ − σ). Carrying out the integration (B 1)
with this approximation we obtain (B 2) So, in order to have a slightly better
approximation for both ϕ and ϕλ initial conditions, it suffices to express ϕ as

ϕ ≈ 2
∫ ∞

0

 1

1+ 1
2

dλ0(ξ)

dξ

+ 1

1−1
2

dλ0(ξ)

dξ


−1

(ϕ(ξ, λ0)Gλ + ϕλ(ξ, λ0)G) dξ. (B 4)

In order to show the slight accuracy gain by the use of (B 4) we consider an incident
wave of the following form:

η = aσ 3 exp(−k (σ 2 − σ 2
0 )

2
). (B 5)

The introduction of the σ 3 factor in this formulation of η has a special purpose. For
incident waves, u0 (the fluid velocity at t = 0) is approximately given as −η/√x. The
σ 3 factor ensures that the derivative of u0 with respect to σ at σ = 0 vanishes. Bessel
functions of order zero have the same property so that the expansion of u0 in terms of
Bessel functions does not lead to spurious oscillations

We wish to calculate u in the following limit:

lim
λ→λ0(σ )

u= u0 (B 6)

using (B 4) and equation (4) of Kanoglu & Synolakis (2006) separately. table 2
compares the u0 values calculated using these two approaches for various values of a
and σ (we take σ0 = 0.3 and k = 2). All results shown in the table are normalized
by u0.

As seen from table 2, the differences between the two approaches are too small to
represent using a curve, nevertheless (B 4) performs better.

Appendix C. Computational load of the integral approach
Here we briefly summarize the computational load involved in the new integral

approach proposed in this manuscript. To evaluate the σ ∗ integral in (2.14) we used
20 points (see table 3). For the angular (φ∗) integral we used between 64 and 256
points depending on the thickness of the sliding mass. When we use 256 points for
the angular integration in (2.14) the σ ∗ − φ∗ double integration takes 4 ms on an
AMD-P960 processor with clock speed of 1.8 GHz using single core. For the run-up
case φ∗ the integral can be carried out analytically. For the solutions of the system of
ordinary differential equations given in (2.32) and (2.33) we used standard numerical
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a σ Kanoglu & Synolakis (2006) (B 4)

0.017 0.35 1.00003069881609 1.00000000093789
0.017 0.4 1.00001201741069 1.00000000004529
0.017 0.45 1.00000000022340 1.00000000018732
0.017 0.50 1.00002490033332 1.00000000035723
0.017 0.55 1.00013226950913 1.00000001781832
0.017 0.60 1.00037006448834 1.00000013646232
0.085 0.35 1.00076488804027 0.999997443048229
0.085 0.4 1.00030381141661 1.00000337626733
0.085 0.45 0.999996534912367 0.999996534010384
0.085 0.50 1.00062640076710 1.00000389893801
0.085 0.55 1.00331414196627 1.00000782388693
0.085 0.60 1.00933618289809 1.00008717727673
0.17 0.35 1.00342374387486 1.00035287281274
0.17 0.4 1.00080594858944 0.999604687111633
0.17 0.45 1.00044911535421 1.00044911174464
0.17 0.50 1.00205382364562 0.999564909412142
0.17 0.55 1.01364955152864 1.00041884340873
0.17 0.60 1.03881695955532 1.00175908840013

TABLE 2. Comparisons between the two different ways of reproducing u0 using (B 4) and
equation (4) of Kanoglu & Synolakis (2006).

Root Weight

3.485805338439398× 10−3 8.935711915945818× 10−3

1.827857775609691× 10−2 2.060476871757802× 10−2

4.453461199377553× 10−2 3.184163121644321× 10−2

8.165347784856671× 10−2 4.242550369556703× 10−2

1.287738420718438× 10−1 5.220765514300643× 10−2

1.847944660686142× 10−1 6.110041534311562× 10−2

2.483971552410312× 10−1 6.907043633180596× 10−2

3.180755742444288× 10−1 7.612753242428937× 10−2

3.921698219472685× 10−1 8.231201761849634× 10−2

4.689059297052046× 10−1 8.768287608497138× 10−2

5.464389748055695× 10−1 9.230796623279897× 10−2

6.228984119875632× 10−1 9.625682556970285× 10−2

6.964344355286450× 10−1 9.959607063150137× 10−2

7.652641517011232× 10−1 1.023866880889365× 10−1

8.277161131459963× 10−1 1.046824177918935× 10−1

8.822718752021044× 10−1 1.065288965267589× 10−1

9.276035860445434× 10−1 1.079633983603853× 10−1

9.626068270921805× 10−1 1.090149286896876× 10−1

9.864280267986831× 10−1 1.097045706395120× 10−1

9.984858364913605× 10−1 1.100460157724997× 10−1

TABLE 3. The roots and weights used for the σ ∗ integral in (2.14).

solvers. The σ̃ integrals on the right-hand sides had to be evaluated for each basis
function and for each integral we used 2000 points. Calculating snapshots for various
times takes longer because of the need to invert the results from (λ, σ ) to (x, t) space.
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