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Self-similar flows of multi-phase immiscible fluids
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Exact analytical representations are obtained describing self-similar unsteady flows of multi-
phase immiscible fluids in the vicinity of non-circular, but constant strength, fronts. It is
assumed that Darcy’s law holds for each phase and that the mobilities are known functions
of the saturations. Equivalent representations are obtained for Hele-Shaw cell flows that are
produced when a viscous fluid is injected into a region containing some other viscous fluid.
The fluids may be Newtonian fluids or non-Newtonian fluids for which the coefficients of
viscosity depend on the shear stress. Even though the flows are unsteady and two dimensional,
the representations are obtained by using hodograph techniques.

1 Introduction

This paper describes flows in a porous medium that are produced when a stationary
fluid composed of several immiscible phases is displaced by injecting other immiscible
fluids into a region that is small compared with that occupied by the resident fluid.
The analysis is based on a model of the ‘secondary recovery’ process that is used in
the petroleum industry to drive oil towards a recovery well by injecting either water or
gas, or a combination of both. A comprehensive review of the various mathematical
models that are used to describe this process is given in the book by Barenblatt, Entov
& Ryzhik (1990). More recent accounts are described in two special issues (1995, 1999)
of the European Journal of Applied Mathematics. In the simplest Muskat—Leverett model,
the governing equations form a system of coupled first order partial differential equations
in space and time of convective-diffusive type for the variations in the saturations and
partial pressures. These result from applying Darcy’s law and the law of conservation of
mass to each phase, and stipulating equations of state for the mobilities and capillary
pressures in terms of the saturations. When the fluid contains just two phases and the flow
is one-dimensional, the bulk velocity of the fluid depends only on time. Then, a nonlinear
second order equation can be obtained that governs the variation in the saturation of one
of the phases in time and distance. When the effect of capillary pressure is small, as is
the case for the flows described in this paper, fronts develop across which the saturation
varies rapidly. When the effect of capillary pressure is neglected completely, this equation
reduces to the Buckley—Leverett simple wave equation and the fronts are propagating
surfaces across which the saturation is discontinuous. In this limit, one dimensional flows
can be analyzed by procedures that are standard in the study of gasdynamics.
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When the flows are unsteady and not unidirectional, only in the limiting case when the
total mobility is constant and capillary effects can be neglected are there any known exact
analytical solutions to the governing equations. Usually, solutions are sought by using
numerical procedures. However, because of the nature of the governing equations and
the existence of fronts whose locations must be determined as part of the solution, these
procedures remain unreliable (see Chavent and Jaffre, 1986): changing the grid orientation
can produce completely different numerical outputs. This study uses hodograph techniques
developed by Sidorov (1963) and Cumberbatch & Varley (1966) in their research on self-
similar, two-dimensional, unsteady flows of a gas to construct exact solutions to the
governing equations in the limit when the effect of capillary pressures can be neglected.
These exact solutions can be used to test the reliability of numerical schemes.

The techniques that are used are motivated by considering two dimensional radially
symmetric flows that are produced by injecting water at a varying rate at the axis of
symmetry into a region that is initially filled with oil. The injection process produces
an expanding circular front separating the oil filled region ahead from a ‘mushy’ region
behind that contains both oil and water. At large times the flow in the vicinity of the
front ‘forgets’ the details of the injection process and becomes self-similar. In particular,
the strength of the front, which is measured by the value of the water saturation behind
it, asymptotes to a constant value. The self-similar flows described in this paper are not
radially symmetric, even though there is a constant strength front separating the oil filled
region ahead from the mushy region behind. The solutions are not valid inside the region
where the fluid is injected; there the flow is extremely complicated and depends upon
the detailed nature of the injection process. Rather, the effect of the flow in the injection
region on that outside is modeled by specifying the shape of a contour of constant
water saturation. Once this iso-saturation contour is specified at some reference time, its
subsequent motion, together with the flow ahead of it, is uniquely determined. Only when
this contour is a circle is the flow radially symmetric.

Mainly, for definiteness, this paper describes self-similar flows of two-phase fluids when
the region ahead of the front contains a single phase. However, as is indicated in § 11, the
solutions can be generalized to study self-similar flows of multi-phase fluids.

Flows in a porous medium have many similarities to flows in Hele-Shaw cells. When
the fluids involved are Newtonian, so that the mean flow is governed by Laplace’s
equation, there are many well developed mathematical techniques that have been used to
study such flows. In the seminal papers of Saffman & Taylor (1958) and Taylor (1961),
hodograph techniques were used to construct solutions describing steady fingering flows.
These solutions were generalized by Alexandrou & Entov (1997) to describe fingering
flows of non-Newtonian fluids. Much of the recent research on unsteady Hele-Shaw cell
flows of Newtonian fluids, notably by Howison, Ockendon & Lacey (1985), Howison
(1986) and Entov & Etingof (1997), is based on complex variable techniques that were
developed by Richardson (1972, 1981). In §12 it is shown that the techniques used to
describe self-similar unsteady flows in a porous medium can be modified to describe self-
similar flows that are produced when a viscous fluid is injected into a region containing
some other viscous fluid. The fluids may be Newtonian fluids, or non-Newtonian fluids
for which the coefficient of viscosity depends on the shear stress.
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2 Governing equations

The flows of the immiscible fluids oil and water in an isotropic, homogeneous, matrix
are referred to Cartesian axes that are fixed in the matrix. Let s (0 < s < 1) denote the
water saturation, u,,u, denote the velocities of the water and oil, and p,, p, denote the
partial pressures in the water and oil. Using standard notation, the governing equations
(see Barenblatt, Entov & Ryzhik,1990) are Darcy’s law

u, = —/yVpy, 8y =—4,Vp,, (2.1)
and the mass conservation laws for each component
Os o1 —ys)

= ‘u, =0, ‘u, = 0. 22

¢6t +V-u ¢ o +V-u (2.2)

In the simplest Muskat—Leverett model, the mobilities 4,,, 4, and the capillary pressure

Pe = Po — Pw (23)
are taken to be known functions of s, and the porosity ¢ is a constant.
If
AW )“0 W C
8) = S+ Jups Fls) = 22 and a(s) = — 2ot P (2.4)
A A ds
equations (2.1)—(2.3) imply that s and the bulk velocity
u=u, +u, (2.5)
satisfy the equations
u=—A(s)Vp, V-u=0, (2.6)
and
0s
(l)a + V- (F(s)u—¢(s)Vs) = 0. 2.7)
In terms of u and s,
u,, = F(s)u—e(s)Vs, (2.8)
u, = (1 — F(s))u+e(s)Vs; (2.9)
in terms of p and s,
1
po =0 (FO) = Dpls) + [ ps)F (51, (210
1
po=p+ FORLS)+ [ p9F (51 (211)

3 Ideal flows when p. =0

This paper describes flows in the vicinity of a front as it propagates into an oil filled
region. Behind the front there is an annular ‘mushy’ region containing both oil and water.
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When p. + 0 equation (2.7) for s is of the convective-diffusive type. However, to the
approximation that s is discontinuous at a front, it is consistent to take p. = 0 so that
s satisfies a hyperbolic equation. For the unsteady flows discussed here, capillary effects
are important only when the saturation gradients are large. For example, they must be
considered when the detailed structure of the front is of interest, or when the front focuses
to form a caustic.

With p. = 0 and ¢ re-scaled so that ¢t represents time, equation (2.7) simplifies to
0
a—j + V- (F(s)u) = 0. 3.1)

In the oil filled region s = 0, and in the mushy region 0 < s < 1. Typically,
Jo = 20(0)(1 — 5)? and A, = A, (1)s%, (3.2)

where the constants a,b > 1. Correspondingly, if p, and p, denote the viscosities of oil
and water and if

%0(0)  pw
c = =— <1, 33
7w Ho (33)
_ a _ by . — s
A=Ay(D)(s* +¢c(1 —s)’) and F S ed—sp (3.4)
a=4
b=2
c=0.01

FIGURE 1. Typical form of F(s). s; denotes the saturation behind the front.

In practice, 4, = 0 for 0 < s < s, < 1 and 4, = 0 for sy < s < 1, where s, and
sy are experimentally determined constants with s, < sp. In this paper, we take s, = 0
and sy = 1: any other choices for these constants simply complicates the algebra. The
general representations are valid for any form of the dependence of the mobilities on the
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saturation. The profile of F(s) for typical values (a, b, c) is shown in Figure 1. Note that
F(0)=0, F(1)=1 and that F'(0)=F'(1)=0. (3.5)

At a front s is discontinuous, but p and the component of u normal to the front are
continuous. Also, there is a condition that follows from the fact that the mass of each
phase is conserved at the passage of the front. If t = w(x) denotes the arrival time of a
front at x and if [s] and [F(s)] denote the jumps in s and F(s) at its passage, this condition
requires that

[s]
[F(s)]
Since condition (3.6) involves only the component of u normal to the front, u can be
evaluated either ahead or behind the front. This paper is concerned mainly with fronts
moving into oil filled region where s = F(s) = 0. Then

o s
Fo - FO 37

where the right-hand side is evaluated behind the front.

=u-Vw. (3.6)

4 Motivation: Radially symmetric flows

This first study describes two dimensional unsteady self-similar flows that are generated
by injecting water at a varying rate into a region that is initially filled with oil. The
procedures that are used are best motivated by considering the idealized case of radially
symmetric flows that are produced by a source of varying strength situated at the origin.
If R(t) represents the radial position at time t of particles that were located at the origin
at t = 0, for all radially symmetric flows the second of conditions (2.6) implies that the
radial velocity

q = ROR(t)/r. (4.1)

The source is of strength 2nR(t)R'(t). According to (3.1) and (4.1), in the mushy region
s(t,r) satisfies the Buckley—Leverett simple wave equation

Os n R(t)R' (1) ds

o Py =D 2, 4.2)
1 0s , . 10s

At the front, where t = w(r) and R = R(w(r)) = W(r), (3.6), (3.7) and (4.1) imply
s _waw

Figures 2(a) and 2(b) show a typical development in the s versus r profiles with
increasing R, together with the corresponding s and R versus r profiles at the front, that
are predicted by equations (4.3) and (4.4). These profiles are obtained using procedures
that are standard in the study of gas dynamics (see Whitham, 1974). The illustrations
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FIGURE 2. (a) A typical development of the saturation profile with increasing R in a radially
symmetric flow. The broken curve depicts the variation of the saturation behind the front with
radial distance. (b) The corresponding trajectory of the front.

correspond to the simple case when s(0,7) = 0 and

s(t,O)z{ R/Ry for 0 < R < Ry

1 for R = Ry. (4.5)

The corresponding injection process first produces a compression wave followed by an
expansion wave. At r = 0 the change from compression to expansion occurs when
R/Ry = s;, where F"(s;) = 0. The front forms at r = 0 when t = 0 and s = 0. Thereafter,
at the front s increases monotonically with increasing R and as R/Ry — oo asymptotes to
a maximum value sy that satisfies the condition (see Figure 1):
F'(sf) = M (4.6)
Sf

The dependence of sy on the parameters a, b, ¢ is shown in Figure 3.

Figures 2(a) and 2(b) also compare the s versus r profiles with that in the expansion
wave that is centered at (r, R) = (0, Rp). In this wave, depicted by the broken curve,

2

’ r
With s(r, R) determined by (4.7), at the front
r2(F(s)/F'(s) — s) = constant. (4.8)

Equations (4.7) and (4.8), which determine the trajectory of the front, are uniformly valid
in the mushy region where s > s; and R > Ry. In the limit as R/Ry — oo, the flow ‘forgets’
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FIGURE 3. The dependence of s; on the parameters a, b, c.

details of the injection process and asymptotes to the self-similar flow in which

2
F(s) = e (4.9)
and
R R(@)
q=R (t)7 = \/m (4.10)

These relations are valid throughout the mushy region where sy < s < 1. At the expanding
circular front g and p are continuous:

q, = q5,= R()Q; where Q; = (F'(s))""* < 1, (4.11)
and, without loss of generality, p = 0. In the mushy region, with s(r, R) determined by
(4.9),

FH(S
R(OR'(t 4.12
(OR (1) / Ry nls (4.12)

and in the oil filled region, with
R R()R(1)

g=R p= "0 In(a/ay) (4.13)
4.1 Remark
Note that if
q = R'()O(R,7), (4.14)
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then in both the mushy and the oil filled regions Q = R/r satisfies the equation

09 0
Q@-i-a =0. (4.15)
In the mushy region, where Q > Qy, s = S(Q) and 4 = A(Q) are determined from the
conditions
F'(s) = 1/0% A = J,(s) + Au(s). (4.16)
In the oil filled region, where O < Qy,
S(Q) =0 and A(Q) = 4,(0). (4.17)
In both regions
Q do’
p= R’(t)R(t)/ . (4.18)
o, 400

5 Generalized self-similar flows

When the radially symmetric flow behind a circular front is self-similar, the strength of
the front, [s], is constant. This paper describes other self-similar flows behind non-circular,
constant strength, fronts whose shapes at any reference time can be specified arbitrarily.
The fronts are produced by injecting water into a region near the origin of typical
dimension ry at a rate 2mrdR(¢)R'(t). Let (x, y) be measured in units of ry and (u,v) in
units of roR'(t). Also, if 4 denotes some reference value of the bulk mobility, let p be
measured in units of r3R'(t)/Z and 2 in units of Z.

Using (x, y, R) rather than (x, y,t) as the independent variables, for any two dimensional
flow equations (2.6) imply

_ _ ;0 _ 0y
u=Qcosf = A@x_éy’ (5.1)
b= Osinp =P - % (5.2)
oy 0x

In (5.1) and (5.2), r2R'(t)y is the streamfunction, roR'(t)Q is the fluid speed, and f is the
flow angle.  changes by 2nR(t) around any closed curve surrounding the injection region.

Equation (3.1) becomes
O0s | O(F(s)u) = O(F(sjv) _
3R + o + By 0, (5.3)

or, using the second of equations (2.6),

Os Os Os
— +F —t+v— | =0. 54
6R+ (s)(uax—i-vay) (54)
These equations are valid outside a simply connected region near the origin where fluid is
injected.
If R = W(x,y) is the equation of a front, the unit normal to the front is
VW /IVW| = (cos@,sin ), (5.5)
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say. The conditions that the normal component of velocity and that the tangential
derivative of p are continuous then imply

[Qcos(8 — )] =0 and [(Q/2)sin(0 — f)] = 0. (5.6)
Additionally, according to (3.6)
[s]
[F(s)]
In view of the first of conditions (5.6), in (5.7) Q and f§ can be evaluated either behind or
ahead of the front.
With A(s) and F(s) specified, equations (5.1) and (5.4) yield five conditions for the five

unknowns Q, f, p, w and s. For the special case of self-similar flows described in this
paper, these conditions are supplemented by the conditions that

s=S(0Q) and 2 = A(Q), (5.8)

where S(Q) and A(Q) are determined from the parametric relations (4.16) and (4.17). It
follows from the first of (4.16), (5.4) and (5.8) that in the mushy region Q(R, x, y) satisfies
the equation

=0 (cosﬁaavrﬁ-sin/?a;;) = Qcos(60 — p)|IVW]. (5.7)

00 0oQ . 00
Qﬁ —I—cosﬂa ~|—sm/§a =0.
For the self-similar flows discussed here this equation holds also in the oil filled region. When
the flow is radially symmetric, (5.9) reduces to (4.15).

With s and 4 given by (5.8), equations (5.1) and (5.9) yield five conditions for the four
unknown functions Q, f5, p and y. In the following section it is shown that these equations

are compatible.

(5.9)

6 Transformation to hodograph variables

Only flows in which Q and f vary independently are considered. With

0 /
G= %Q) and C = — (A(IQ) + /Q/ A(‘fQ%QJ : (6.1)
all of the equations (5.1) and (5.9) are satisfied by expressions of the form
p=—G(Q)(xcos f + ysinff) — RC(Q) + P(Q, B) (6.2)
and
w=Q(—xsinff + ycosf)+ R+ V(Q, p). (6.3)

These representations are motivated by results obtained by Cumberbatch & Varley (1966)
in their research on shock waves in gases. Equations (5.1) and (6.2) yield the conditions

G (Q)(xcos B+ ysinB) + RC'(Q) = S—IQ), (6.4)

G(Q)(—xsinf + ycosff) = oP

Tk (6.5)
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equations (5.1) and (6.3) yield the conditions

xsinff —ycosff = %, (6.6)
and
QO(xcosfi +ysinff)— R = %—qﬁj (6.7)
Since, by (6.1),
0C'(Q) +G'(Q) =0, (6.8)
equations (6.4)—(6.7) are compatible if ¥(Q,p) and P(Q, ) satisty the equations
oP 0¥ 0P
6055 =25 W QT =055, (69)
It remains to prove that equation (5.9) is satisfied. This can be re-written as
0(Q, x,y) 0(Q,R,y) 0(Q,R,x) _
Carxy ~ary TRy T (010
If (x, y) are regarded as functions of (R, Q, ), (6.10) implies
0(Q,x,y) QR y) | . ,0Q.Rx) _
Carap  aron T arom " (et
or
o(x, y)
Q@(B,R) ﬁ@ﬁ Smﬁ@ﬁ 0, (6.12)
or
(cosﬁ 052 ) aZ (Qg —sin ﬁ) 35 =" (6.13)
Since ¥ = ¥ (f,Q), equations (6.6) and (6.7) yield
a——cosﬁ Q —sinﬁ, (6.14)

OR
and (6.13) is trivially satisfied.
The radially symmetric flows discussed in the previous section correspond to the trivial
choices

x=rcosf, y=rsinff, Q=R/r,P =¥ =0.

7 Constant strength fronts

The self-similar flows described in the previous section can occur behind a constant
strength front that propagates with normal speed roR’(t)Q]T1 into an oil filled region. The
constant Qy is determined from (4.6) and (4.11). Since [Q] = O but [4] + 0, conditions
(5.6) imply that at the front the flow angle f is continuous and equal to 0, so that the
flow directions ahead and behind are always normal to the front. The fluid speed at the
front is roR'(¢)Qy, which is less than the speed of the front.
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Let
R=Wi(x,y) (7.1)

denote the trajectory of the front. With Q; given by (4.11), (5.7) implies that W(x,y)
satisfies the equation

cosﬁaa—z/ + sinﬁaa—v;/ = 0. (72)
Let
A(B) = L%Q[)f’ﬁ) and B(f) = L‘V%%f’ﬁ). (1.3)
Then, according to (6.6) and (6.7), with B(x, y) determined from the condition
xsin f — ycos f = B(f), (7.4)
at the front
R = Qj(xcos f + ysinf) — A(f) = W(x,y). (7.5)

These conditions, together with the conditions that Q and f are continuous, imply that
A(p) and B(p) are continuous at the front.
Equations (7.4) and (7.5) imply that at the front

oW ap

O — 0y cosp— (A9 + QB L. (7.6)
oW . , d
S = Oysinf— (4(8) + Q;-B(ﬁ))% (1.7)
and
of . of
cos ﬁa + smﬂa =0. (7.8)

Consequently, equation (7.2) is satisfied for any choices of the functions A(f) and B(f) .
A(p) and B(f}) are not independent functions. The condition that f = 0 at the front
implies that

A'(B)+ QsB(B) =0, (7.9)
a result that follows by using relations (7.4), (7.5) and the condition that at constant R
d—ytanﬁ =—1. (7.10)
dx
Using (7.4), (7.5) and (7.9), the equation of the front is given parametrically as
Q¢x = (R+ A(p))cos p — A'(p)sin f, (7.11)
Qsy = (R+ A(B))sinp + A'(p) cos B, (7.12)
or, with z = x + iy, as
Qrz = (R+ A(B) +id'(B))e”. (7.13)
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According to (6.3), (6.6) and (6.7),
oy

w=‘l’—QaQ

+ BR, (7.14)

so, in particular, at the front

55 = A'B)+ A+ R=p. (1.15)

where p denotes the radius of curvature of the front.

As for the case of radially symmetric flows, in what follows p can be measured so that
p = 0 at the front. To show that p is independent of f at the front, first note that (6.2),
(6.6) and (6.7) imply that

2 a9 0%
=R P—-—A" —. 7.16
P LA@@* o (7.16)

Consequently, at any constant R and Q

op _oP o'W [ 0V OV
s () -
In particular, using (7.3) and (7.9), at the front
op L
- (A4 ‘B =0. 7.18
3p A(Qf)( (B) + Qs B(p)) (7.18)

In (7.11) and (7.12), the function A(f) can be determined in terms of the shape of the
front at some reference time when R = Ry. For example, when the front is the ellipse

2 2
T im)z i fm)z — 1, (7.19)
A+ Ry = Q;(1+m)(1 —4dmsin® /(1 +m)*)/% (7.20)

More generally, if r = g(0) is the polar equation of the front at R = Ry, A(f) is determined
parametrically from the conditions that

A+ Ry = 0sg(f)cos(f — B) and tan(0 — B) = g'(0)/g(0). (7.21)

These relations follow from (7.13) with z = g(0)e".

8 Problem for ¥ (f,Q)

Eliminating P from equations (6.9) and using (6.8) yields the equation

o’y oy Y
2 _
Q6Q2+K@>Q%@—+Mp>—o, (8.1)
where
K =1-058. (82)
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Equation (8.1) must be solved subject to the conditions that

0
when Q = 0y, lg A(B) and Qf£=—A’(ﬁ).

In terms of ¥ (Q, B),

x = %smﬁ—i—Q (R—i-%‘;) cos f3

cosﬁ+Q <R+a> sin f3,

y=- aQ op

or, using complex notation,

z=0"lef (R—i—%lg Qalp>

0Q

a=4
c=1/100

0 2 4 6 0 5 10
@ In(QIQ) (b) In(Q/Q)

FIGURE 4. K(Q) for typical values of a, b, c.

15

541

(8.3)

(8.4)

(8.5)

(8.6)

In what follows, we consider flows in which Q > Q; in the mushy region and Q < Qy in
the oil filled region. Figure 4 shows a typical form of K(Q) in the mushy region. With Q,

determined from the condition that K(Q.) = 0, behind the front K < 0 for Q; <
and K > 0 for 0 > Q.. Consequently, (8.1) is a hyperbolic equation when Oy <

0 <0
0 <9

and an elliptic equation when Q > Q.. In the oil filled region K(Q) = 1 and ¥ satisfies

the elliptic equation

,ory oY 62

20 t%0 =0.

o a0t o
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8.1 Singularities

A flow that has bounded saturation gradients at t = 0 may develop in a finite time into a
flow that has unbounded gradients. Such singularities occur when

o(x,y) _
30.5) 0, (8.8)
which requires that
A 2y ow :
K (05) + (o~ a5 %) =° (59

This condition is identical to that which holds when some contour of constant saturation
develops a cusp. In the elliptic region where K > 0, (8.9) can only be satisfied at a time

when
o’y ov
R = - 8.10
23 00~ oF (8.10)
if Q and f§ are restricted by the condition
o*y
— = 8.11
o (8.11)
Condition (8.11) is satisfied at all points of the front and condition (8.10) is satisfied when
R =—(A"(B) + A(B)) = —po(B), (8.12)

where po(f) denotes the radius of curvature when R = 0. Consequently, the front develops
a cusp only when it contains a dimple.

Singularities may develop in the hyperbolic region behind the front where K < 0. Since
the saturation gradients become large as such singularities form, capillary effects that are
modeled by the term ¢(s)Vs in equations (2.8) and (2.9) become locally important.

9 Flows in unbounded regions

When the region occupied by the fluid is unbounded, A(f) can be expanded in a Fourier
series as

A(f) = Ao + Z (A, cos(nB) + B, sin(nf)), 9.1

n=1

or, using complex notation with C, = A, + iB,,

> cne—f"ﬁl . 9.2)

n=1

A(B) = Ao + Re

The corresponding solution to (8.1) can be written as

¥ = Aof + Y 1 (Aysin(nf) — B, cos(np)) ¥a(Q),
n=1

= Ay — Im [Z n1Ce (0], (9.3)

n=1
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where the ¥,(Q) satisfy the equation

Q) + K(Q)QY, —n’¥,) =0 (94)
with
¥.(Q) = 1 and Q;¥,(Qy) = . (9.5)
In the oil filled region
_1 oN' Lo (2)"
7@ =50+ () —50-0(2) 06)

In the mushy region the ¥,(Q) must be determined numerically.
Using the representation (9.3) for ¥, the expressions (8.6) can be written

. 1 . _ .

z=0le" <R + Ao+ 3 Y [Cula+ 7 QW)™ 4+ Ty, — lea”bel"f‘]) NCR)
n=1

Since ¥1(Q) = Q/Qy, in (9.7) the constants Ay and C; can be taken to be zero; non-zero

values correspond to shifts in the origins of R, x and y. With ¥ given by (9.3), (7.14)

and (7.16) imply

um%R+M1zM4Q@H—meﬂ, (9.8)
n=2
and
¢ dQ/ —1 -2 / —infi
=R AR C, P e M 9.9
PR | g A7 Re | Cor — 1 99

Since the streamfunction is réR’(t)w, the flow rate across any closed curve that surrounds
the origin is 23 R(¢)R'(1).

In the oil filled region the flow is potential flow and the expressions (9.7)—(9.9) can be
simplified by introducing the complex variable { through the relation

u—iv=_Qe ¥ =0 (9.10)
Then
R)=0;' (RC+ 1 DCL ™ — (n— 1T, Y 9.11
2R = Q7' | RU+ 5 Y ((n+ D)L (n—1C, ")), (9.11)
n=2
and the complex potential
1 _
P, R) = =20(O)p + iy = Rlog{ + 2 3 ! (n* = 1)(C,l ™" = Cil"). (9.12)
n=2
It follows that
, 0d 0z
u—iv= a5 (9.13)

Although it is tempting to try to determine the flow in both the mushy and the oil
filled regions in terms of the shape of the front at R = Ry, this problem is ill-posed! By
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the time that the strength of the front has stopped changing, its shape is almost circular
even when the flow in the mushy region well behind the front is far from being radially
symmetric. In what follows we describe flows in the mushy region between the front and
an inner surface, Sy, on which the saturation s is a specified constant, = sy. A well-posed
problem is that of determining the flow in this annular region in terms of its shape when
R = Ry. Of particular interest is the case when the saturation sy is close to unity, so that
the inner surface is almost stationary when compared to the motion of the front. In this
limit, the front is almost circular even when S is far from circular.
According to (9.7), with

00 = (F(s0)) "%, my = ¥o(00)Cy and 7, = 270 9.14)

nan(QO) ’

the parametric representation for Sy is given by

. 1 . .
z=Qple’ (R +5 > (A + pa)mpe™ 4 (1 — y,,)m,,e"’ﬂ)> : (9.15)
n=2

In general, once sp and Sy have been specified, the real constants y, and the complex
constants m, must be determined numerically. However, in the limit Qg — Oy

7n(Qo) — nand m, — C,. (9.16)

The problem of determining the m, simplifies also in the important limit as sy — 1,
(Qo — o0). Since K(Q) given by (8.2) tends to 1, and since the solution to (9.4) ¥,(Q) oc Q"
as Q — oo, as sop — 1

7n(Qo) — 1. (9.17)

Thus, to a first approximation, at S

z=0p'e’ <R +> mne"’“;) : (9.18)

n=2

or, with ¢ = e,

z=0;'¢ <R + Zmné_”> . (9.19)
n=2

Consequently, the complex constants m, are determined by the conformal mapping that maps
the exterior of the unit circle in the complex E-plane onto the region exterior to Sy in the
complex z-plane.

As a simple application of the representation (9.19), suppose Sy is an ellipse at R = Ry
with a ratio of minor to major axes of (1 —m)/(1 + m). Then, with m, = Rym and m,, =0
for n > 2, (9.19) reduces to

z = RoQq ' (R/Ro)é +m™), (9.20)

which represents an ellipse whose ratio of minor to major axes at any R is (R — mRy)/
(R+mRy). As (R/Ry) — o0, Sy tends to a circle. Figures 5(a) and 5(b) show the s, p and y
contours at R = Ry when m = 0.975 and sy = 0.9995. Since the y, (Qp) ~ 1 at this value
of sp, equation (9.15) for S is only approximated by (9.20). When S is constrained to be
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exactly an ellipse at R = Ry, more than a single mode must be used in the representation
(9.15). The corresponding values of the m, are found by a straightforward iteration
process. Of course, with a value of sy so close to one, the effect of these higher order
modes is insignificant. However, for smaller values of sy the higher modes are important.
As an example, Figures 6(a) and 6(b) show the s, p and v contours when sy is close to
sy. For this flow Sy is not specified a priori but is determined from the condition that the
series (9.7) contains a finite number of terms. In the illustration, only four of the complex
constants m, are non-zero. Figures 7(a) and 7(b) show the s, p and y contours when sg
is close to unity and four modes are excited.

10 The flow down a wedge

As a second application of the representations obtained above, consider flows that are
produced by injecting water at a rate BorgR(¢)R(t) in some vicinity of the apex of a
wedge of angle fy (see Figures 8(a) and 8(b)). If the rigid boundaries of the wedge are the

lines
y =0 and y = tan(fy)x, (10.1)
(7.11), (7.12) and the condition that these boundaries are streamlines for all R requires
that
Z—YQJ =0 when =0 and f = fo. (10.2)
Then, by (8.3),
A'(0) = A'(By) =0, (10.3)

and A(f) can be expanded in a Fourier series as

A(B) = Aycos(k,p), where 1, = nm/po. (10.4)

n=1
The corresponding representations of z, p and p are given by (9.3)—(9.16) with n replaced
by x, and C, = C, = A,. Also, in (9.8), (9.9) and (9.15), summation can start with n = 1.

11 Multi-phase immiscible fluids

In addition to oil and water phases a fluid may contain several other phases, such as
gas phases. When the phases are incompressible and immiscible, the solutions presented
above for two phase fluids can be generalized to describe self-similar flows of fluids with
n phases. Let R'(t)(u;,v;) denote the (x,y) velocity components of the i phase whose
saturation is s;, and let R'(t)p denote the pressure. When the effect of capillary pressure is
neglected, Darcy’s law implies that

o
ox

PR S (1L1)

i =4
u 3y
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@ (b)

FIGURE 5. (a) The contours of constant saturation when Sy is an ellipse. (b) The corresponding
streamlines and isobars.

0.68243.

n GE2AY

(@ (b)

FIGURE 6. (a) The contours of constant saturation when sy is close to sy and just four
nonsequential modes are excited. (b) The corresponding streamlines and isobars.
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@ (b)

FIGURE 7. (a) The contours of constant saturation when s is close to unity and just four
nonsequential modes are excited. (b) The corresponding streamlines and isobars.

FIGURE 8. (a) The contours of constant saturation in the flow down a wedge. (b) The
corresponding streamlines and isobars.
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where /; denotes the mobility of the i phase. Additionally, conservation of mass for each
phase implies that

aS,‘ aui aU,‘ . .1
3R a—l—a—o,l—l n. (11.2)

Since

i:si =1, (11.3)
i=1

in (11.1) the 4; are regarded as known functions of (sy, 52, **, S,—1)-
If

n n n
u= E U, v = E Ui, and A = E )Li, (114)
i=1 i=1 i=1

by (11.1)~(11.3),

_.0p . 0p ou  Ov
u= A&,U— i@x and 6x+6y_0' (11.5)
With
Fi = Zi/ 2, (ui,vi) = Fi(u,v) (11.6)

and equations (11.5) are complemented by the (n — 1) equations

Os; | O(uFi) | O(vF))
OR 0x oy

=0,i=1-(n—1), (11.7)

or, using (11.5), by

aS,‘ 6F,< aF,'_ L1
3R u@x—H)a_O’l_l (n—1). (11.8)

The F; satisfy the constraint

Y Fi=1. (11.9)

Equations (11.5) and (11.8) provide (n + 2) equations for the (n 4+ 2) unknowns
(u,v,p,s1,52,",8,—1). Across the front R = W(x,y), p and the normal component of
the bulk velocity are continuous while

[s] oW . oW
F] =" oy (11.10)

11.1 Self-similar flows
For radially symmetric flows, the bulk radial velocity ¢ = R’(t)R(t)/r and equations (11.8)
reduce to the system of (n — 1) first order partial differential equations
10s;  10F _

xRt =0i=1-(1—1 (11.11)
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for the s{(R,r), i=1--(n—1). The front conditions (11.10) imply

[[;’i]] - ?dd—vf i=1-(n—1) (11.12)
Suppose that for ¢ < 0 the fluid is at rest with the s; specified constants, and then at t =0
the (idealized ) injection process produces a discontinuous change in the s; at r = 0. When
(11.11) form a completely hyperbolic system of equations for the s;(R,r),i=1--(n—1),
the resulting flow is generated by a system of centered expansion waves that are separated
by fronts and regions in which all the s; are constants. In each such wave s; = S;(Q) where
Q = R/r and the S;(Q) satisfy the system of nonlinear ordinary differential equations

6Fi - ! o
(agl - 25ij> S5(Q)=0, (i,j)=1--(n—1). (11.13)

At a front Q is continuous and
[si]
[Fi]
The pattern of centered waves, fronts, and regions in which the s; are constant can be

quite complex. Consider the simplest case when n = 2, so there is at most one centered
wave. With s = s; and F = Fj, (11.13) implies that 0~ = F'(s). Let

=0%i=1-(n—1). (11.14)

5(0,r) =s4 forr >0 and s(R,0) = sp for R > 0, (11.15)

where s4 and sp are constants. Then, there are three possible flow patterns. Let s = s;
denote the saturation at which F(s) is inflectional with F”(s) > 0 for 0 < s < s; and
F’(s) < 0 for s; <s < 1. When s4 < s; < s, or sg < §; < s4, the disturbance takes the
form of a front followed by an expansion wave. At the passage of the front s changes
discontinuously from its value s4 to a value sy > s; given by

F'(sp) = Flsp) = Flsa), (11.16)
Sf — 84

In the centered wave s; < s < s, or sp < s < sy; at its head the front is given by
r/R = /F'(sy) and at its tail r/R = \/W. The flows described in this paper are
examples of this case with s4 = 0 and s = 1. When s; < s4 < sp, or sg < s4 < sy, the
centered wave is not preceded by a front across which s is discontinuous. At its head
r/R = \/W and at its tail r/R = \/W. When sy < sg < s1, or 57 < Sg < S4 , the
flow consists of a front, at which

F(sp) — F(s4)

r/R =
SB — S4

(11.17)

separating the region ahead where s = s4 from the region behind where s = sp: there is
no centered wave.

The radially symmetric flow pattern is determined once the s; have been specified ahead
and behind the disturbance. Figure 9 depicts one of the many possible patterns for a
three phase fluid. Ahead of the disturbance s = (s1,s,) = constant, = s4. The head of the
disturbance is a front followed by a first expansion fan, followed by a region in which s =
constant, = sy, followed by a second front then by a second expansion fan, and finally by
a second region in which s = constant, = sg. s4 and sp are specified, but s, is unknown
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and must be determined. Let (1/Q3(s), 1/Q3(s)) be the two distinct eigenvalues, and (ry(s),
ry(s)) corresponding right eigenvectors, of the 2 x 2 matrix (0F;/0s;), (i, j) = 1,2. Then,
with Q,(sg) > Qi(sp), in the expansion fans shown in Figure 9
ds
o rVQ/
In the first expansion fan equations (11.18) must be solved for s = s1(Q) subject to the
conditions that when Q = Qi(sy1)

i=1,2. (11.18)

S1 = Sf1 (11.19)
where, with F(s) = (Fi(s),F2(s)), ss1 is determined from the front conditions
sp1 — 4 = Q7(s71)(F(s71) — F(s4)). (11.20)

In the second expansion fan equations (11.18) must be solved for s = s;(Q) subject to the
conditions that

when Q = Q»(sg), s; = sp. (11.21)

It remains to determine Q which is equal to Qj; at the back of the first fan and to Qy, at
the second front. Then, if sy, denotes the value of s behind the second front,

s = $1(Qp1) and sy = $:(Qr2). (11.22)
With sy, and sy, given by (11.22), Qp1 and Qy, are determined from the front conditions
sr2 — Sy = 03(s72)(F(s2) — F(sy))- (11.23)

The procedure described above, which in practice must be a numerical procedure,
determines the range of Q together with

s = S(Q) and 1 = A(Q) (11.24)

in all regions of the flow domain. All other possible flow patterns can be obtained as
obvious limiting cases. The procedure can be generalized to multi-phase fluids.

According to (11.13), when conditions (11.24) hold all equations (11.8) are satisfied if
O(x, y, R) satisfies the single equation

00 90 0
2oE 4= 4= =0. 11.25
QIR Tax %y (1125)

With u = Qcosf, v = Qsinf and A = A(Q), equations (11.5) and (11.25) for Q, f and
p are identical to those governing self-similar flows of two phase fluids. Accordingly, the
representations obtained for two-phase fluids can be used to describe self-similar flows
of multi-phase fluids that are not radially symmetric. The representations yield an exact
description of the flow only in some neighbourhood of the head of the disturbance.
However, by the time all of the fronts are almost circular they do provide a good first
approximation to the flow well behind the head of the disturbance.

12 Darcy and Hele-Shaw cell flows

With slight modifications, the analysis described above may be used to describe two other
types of self-similar flows that are related to flows in porous media. First are Darcy flows
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of a single phase fluid that are generated by injecting the fluid into a region that initially
contains no fluid. Second are Hele-Shaw cell flows in which one viscous fluid is driven by
injecting some other viscous fluid; the fluids are immiscible and are either Newtonian or
non-Newtonian. For both types of flow the front, or interface, is a material surface across
which the pressure is continuous. The rate of flow across any closed curve surrounding
the region where the fluid is injected is 2mrd R(t)R'(¢).

12.1 Darcy flows

With the variables normalized as in § 5, the flow behind the front is governed by equations
(5.1) and (5.2) with 4 = constant. At the front R = W(x, y),

p=0 and cosﬁaa—zl—i-sinﬁaa—‘j)/ =Qf_-1. (12.1)
For self-similar flows the expressions (7.14) and (7.16) for v and p reduce to
i =[3R+‘P—Q2—Z (12.2)
and
p =1log(Q/Qf)R+ P —%—'Z. (12.3)

X(R, ,Q) and y(R, 8, Q) are given by (8.4) and (8.5). ¥ (f5,Q) and P(f, Q) satisfy equations
(6.9) and (8.7) with G = Q/A. The condition that p = 0 when Q = Qy, together with
equations (6.9) and (12.3), imply that A(f) and B(f5) defined by (7.3 ) are related by (7.9).
Finally, comparing equations (7.2) and (12.1) yields the result that Q; = 1. It follows that
with Oy = 1 and 4,(0) = 4, the flow is described by relations (9.10)—(9.12).

The representations (9.11) and (9.12) for z({,R) and ®({,R) are valid only when the
image of the material surface at which p = 0 is the unit circle |{| = 1 in the {—plane. The
general problem of determining flows in the vicinity of a material surface at which p =0
reduces to that of finding z({, R) and @({, R), which are analytic functions of {, satisfying
the equation

o 10z
— == 124
=5 (124)
and the free boundary condition that
— ([ 0z o
when Re(®) =0, Re (C (6R — §6R>) =1 (12.5)
This last condition follows from the fact that at any material particle
dZ . —1
£ iv = Qe = 1
IR u4iv = Qe 4 (12.6)
or
~ ([ 0z d{ oz
{ <6R + dR@C) =1 (12.7)
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Since
do 00  d[ 0P

TR _ 3R + AR 3T (12.8)
it follows that
0z ~d®
C(aR C)-I-CCdR—l. (12.9)
In particular, at any particle where p =0 and ¢ = ilp
—~( 0z o
¢ <aR CaR> + CC (12.10)

and so conditions (12.5) hold. When z and @ are given by (9.11) and (9.12) these conditions
hold when |{| = 1. Other solutions, describing flows that are not self-similar, are obtained
by writing

® = Rlog{ + i (n+ )@, (R)" and z ={ <R+ i nqs,,(R)c'l). (12.11)

n=—0o0 n=—0o0

For example, if
&= \/1£ (R /R?, (12.12)

where Ry is a constant, the relations

2= RE+ 3 S+ DCAL/) ) — = DT/ ) (1213)
n=2

¢ =—Ap+iy = Rlog({/{s) + 5~ Zn = D(CuC/Lp) " = Call/Cp)) (12.14)

describe all possible flows for which the normal velocity of the front depends only on
time and does not vary with position on the front. The complex potential for the most
general radially symmetric flow,

® = Rlog (12.15)

.z
/p2 L p2 |’
Rin

is obtained by taking the C, = 0. When fluid is injected R'(t) > 0 and the plus sign
must be taken in (12.12). Then (12.13) and (12.14) describe flows that are not self-similar
for all R(t), but which asymptote to the self-similar flows described by (9.10)—(9.12) as
R;/R — 0. When fluid is extracted R'(t) < 0 and the minus sign must be taken in (12.12).
In both cases, at the front || = {; and its speed, which equals the speed of the fluid, is
roR(t)R'(1)//R*(1) £ R;.

As examples of flows in which the velocity of the front varies in both time and position
consider the case when

z =R{yZ(n) and & = Ry(n) where n = (/. (12.16)
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Then, by (12.4) and (12.5),

Z'(n) = ny'(n) (12.17)
and when
Re(y) = 0,Re(77Z(n)) = 1. (12.18)
These conditions can be satisfied by taking
n=N n=N
Z =Y Z"n="Y nZ,e". (12.19)
n=—N n=—N

The 2N complex constants Z,,, n = —N - -N, satisfy the (2N — 1) nonlinear algebraic
conditions

n=N n=N
Yo 1Z,> =1 and Re ( > (n —k)Z,,Z,,_k> =0 (12.20)

n=—N n=—N

for all =N < k < N except k = 0. The solutions given by (12.16)—(12.20) are special cases
of those obtained by Howison, Ockendon & Lacey (1985), Howison (1986) and Entov
& Etingof (1997). These were derived using techniques developed by Richardson (1972,
1981). When N = 1, without loss in generality,

R2+R?
2= — L (R 4 me?/R), (12.21)
1 —m?

where m is a constant with 0 < m < 1. According to (12.21) the front, and all other
isobars, are ellipses. The representation (12.21) was obtained first by Howison (1986) in
his investigation of bubble growth in a Hele-Shaw cell.

12.2 Hele-Shaw cell flows

If h denotes the width of the cell and (u(x, y,t),v(x, y,t)) denote the components of the
average fluid velocity, the lubrication flow equations are

op _ dyp

u=qcosf=—-q)—=—, (12.22)
ox Oy
. 0 )
v=gsinf = —)»(q)—p S (12.23)
Oy 0x
At the interface t = w(x, y) separating the fluids
0 . 0
q c:osﬁ—W + smﬁ—W =1. (12.24)
0x Oy
This condition, together with the fact that the pressure is continuous at the interface,
implies
[gcos(0 — )] =0 and [(g/4)sin(0 — p)] = 0. (12.25)
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When p, the coefficient of viscosity, is a function of 7, the magnitude of the shear stress
on planes parallel to the walls of the cell, A(q) is determined from the parametric relations

h2 Ty ’L'2 h Ty ‘L'2
A= — / —dt, = —— / —dr. (12.26)
4rw) Jo  plo) 2Arw)* Jo p(z)

The variable parameter t,, represents the magnitude of the shear stress at the walls of the
cell. For a power law fluid

w=po(t/70)” and /i = (1 —0/3)71(q/qo)7T. (12.27)
where
h2 l’lI’o
o= — d = —, 12.28
"= T2 and o 6110 ( )

In particular, for a Newtonian fluid (¢ = 0) 1 = 4.

Shear thinning fluids like visco-plastic (Bingham) fluids, and shear thickening fluids like
dilatant (colloidal) fluids, are often modeled in simple shear by piecewise linear relations
between t and 7y, the magnitude of the velocity gradient. When 7 < 19, © = poy; when
T>1

T =10+ oy = 7o/ o) = b (T —e— /MO)TO) 2 (12.29)

Consequently, when

T<719, 0=y and when 7> 79, U= Uy ( ! > . (12.30)
T — (1 = poo/ o) 70

It follows from (12.26) and (12.30) that when ¢ < qo, 4 = 49 and when g > ¢qo

, (1—n)1 —37%) +27°
= 10

_ (] 22 =3
P i andq=qo(1 o)(1 —37°)+ 27

. , (12.31)

2T 2T
where the variable T = 1, /79 varies in the range [1,00] and the constant & = ./ o.
Figure 10 shows A versus g curves for typical values of 1; the scaling constants

2
= 20, and ¢, = 670 (12.32)

For shear thinning fluids (& < 1) A'(q) > 0 and Ay < 4 < Ay ; for shear thickening fluids
(m>1) V(@) <0and 2, < A< Jo.
For radially symmetric flows

— R(OR _RoR( [t
g =ROR()/r. p=ROR(1) /q i (12.33)
where
a5 = R(1)(1 £ R} /R* (1)) "'/, (12.34)

In the limit as Rf/R — 0, the flow is self-similar and g; — R'(¢).
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TR Q
Q=Q[9

Fan 2

FIGURe 9. Example of a flow pattern in the radially symmetric flow of a three phase fluid.
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FiGURE 10. A(q) and K(g) when the relation between shear stress and the rate of deformation is
piecewise linear.
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12.3 Hodograph variables

If (B,q,t) are used as independent variables, the nonlinear equations (12.22) and (12.23)
can always be replaced by an equivalent set of linear equations. Let y and p be expressed
in terms of P(B,q,t) and p(B,q,t) as

=P —q—0 and p=p— ——-L, (12.35
v=v—dg, P=P~ K(q) 3 )
where
)\’/
K(q) =1 944 (12.36)
(q)
Then § and p satisfy the equations
q % _ p ( q )’ op 65
— = and q=, (12.37
H9)dq ~ of W) o~ Yo )
so that
262—¢+K() i3—1”+82—A =0 (12.38)
q RrE q p7) = .
In terms of (B, q, 1),
oy . 109 op 109
— S 12.
aqsmﬂ—l—q aﬁcosﬁ and y = aqcosﬁ%—q aBsmﬁ (12.39)
or, more concisely,
_ oy op
Lol —- . 12.40
-t (G -y) 1240

For self-similar flows ¢ is continuous, = R'(t) = gy(t), at the material interface separating
the fluids and A(q) is discontinuous. It then follows from (12.25) that f is continuous,
= 6. For radially symmetric flows

1 K(q)d

¥ =ROR (B, = R(OR'(t) , 4A0) q (12.41)
x=¢q 'R(t)R(t)cosf, and y =g 'R(t)R'(t)sinp. (12.42)
For flows that are not radially symmetric, write
P =ROR () + P (B,q.t) (12.43)
and
p=ROR(?) /q fq Z((Z)) dq + P(B.q.t) (12.44)
where ¥ and P satisfy the same equations as i and p. In terms of 7
x=q"! (R(t)R’(t) + ;;) cosff + aa—qql sin f§ (12.45)
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¥ ¥
y=¢q! (R(I)R'(t) + 86> sin f§ — aa—q cos f3. (12.46)
At the front
o o
= =R’ _— = A ~ = _A/ . 1 .
when g = q; = R'(1), o v (f) and %4 ($) (12.47)
Also, the trajectory of the front is given by
x = (R(t) + A(B)) cos p — A'(B) sin B (12.48)
y = (R(t) + A(B))sin B + A'(B) cos B (12.49)
t = w(x,y) and f = f(x,y) given by (12.48) and (12.49) satisfy equation (12.24) when
q=R() _
For power law fluids the problem for ¥ (f,q,t) simplifies considerably. Since A oc
qﬂ/(ff*l),
K(g)= (1—0)"L. (12.50)
Then
with 0 = q/qy, ¥ = 4; (0. ) (12.51)
where
GRUZB L a4
1—0)Q* 5 + 0~ + 5 =0. 12.52
(1000357 + 055 + o5 (12:52)
The auxiliary conditions (12.47) require that, when
oY oY
=1, — =4 d — =-4(p). 12.53
Q=1 Ty =A(B) and 5 =4 (1253)

It follows that the representations (9.1)—(10.4) continue to hold with the ¥ .(Q) satisfying
the Euler equation

(1—-0)Q°¥/ + Q¥ —kK*¥, =0 (12.54)
with
¥.(1)=1and ¥.(1) = «* (12.55)

When the fluid is non-Newtonian and is not a power law fluid K varies with g. (Figure
10 shows typical forms of K(gq) when the relation between t and y is piecewise linear.) If

Ap) = Z (Ax cos(kf) + By sin(kf)), (12.56)
where summation is over some range of the parameter x,
P = Z K (A, sin(kB) — By cos(kf)) P (g, qr) (12.57)
where
q° 662;“ +K(q) <q aaa?;K — K2@K> =0 (12.58)
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with

0¥larar) _ 2 (12.59)

@K B = d
(q7,97) =q; an 34

It is easy to show that if ®,.(q) is any non-zero solution to the ordinary differential

equation
O]+ K(q)(qP), — 1’ D,) =0, (12.60)
then
G P,(q) ¢ Aq)
¥.(q,97) = qr (1+ he(q -)/ dq) (12.61)
! ! ¢K(qf) ! q5 q@i(Q)
where

h(qy) = @y Piar) — ar Prlar))/ May)- (12.62)

One possible choice for @,(q) is l/I\’K(q, qs(to)), where to denotes some reference time.
To summarize: with ¥ given by relations (12.57)—(12.61), and with x and y given by
(12.45) and (12.46),

p = R(OR(t)B + Z kY (A, sin(xf) — By cos(kf)) (f’h — q%i") (12.63)

and

p= ROR(1) / R

- : N
)] q Q) XK:K (Ax cos(kB) + B, sin(xf)) <q6q _ KZ'PK> ‘

(12.64)

Note that, according to (12.59) and (12.64), p = 0 at the interface separating the fluids.
The representations given above are valid for any non-Newtonian fluids for which the
shear modulus is a known function of the shear stress. The function R(¢) is arbitrary, and
the shape of the front at any one time can be specified.

13 Conclusion

Hodograph techniques, that are usually used when the flow variables are functions of
just two independent variables, are generalized to construct a class of exact solutions
describing unsteady self-similar flows of multi-phase immiscible fluids. The techniques are
used also to investigate the related problem of flows in a Hele-Shaw cell when the fluids
involved are non-Newtonian. The flows are characterised by the fact that the sharp fronts,
that separate the different phases or the different fluids, propagate with velocities that
depend only on time. If the flows develop singularities in a finite time, capillary effects are
locally important. When singularities are not produced, at large time the flows become
radially symmetric.
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