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This paper is concerned with the global dynamics and spreading speeds of a partially
degenerate non-local dispersal system with monostable nonlinearity in periodic
habitats. We first obtain the existence of the principal eigenvalue for a periodic
eigenvalue problem with partially degenerate non-local dispersal. Then we study the
coexistence and extinction dynamics. Finally, the existence and characterization of
spreading speeds are considered. In particular, we show that the spreading speed is
linearly determinate. Overall, we extend the existing results on global dynamics and
spreading speeds for the degenerate reaction—diffusion system to the degenerate
non-local dispersal case. The extension is non-trivial and meaningful.
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1. Introduction

This paper is devoted to the study of global dynamics and spreading speeds of a
general partially degenerate non-local dispersal system in periodic habitats:

P2) _ [ 5o =t )yt ) + o)
(1.1)
ovlt, ) = g(z,u,v)
ot B

where u(t,z) and v(t,x) are the densities of two species at time ¢ > 0 and loca-
tion # € R in an L-periodic habitat for some positive number L. In (1.1), the
spatial migration of species u is formulated by the non-local dispersal operator,
ie. Nu(t,z) = fR J(x — y)u(t,y) dy — u(t, z), which arises from the physics of long
range effects and other disciplines and has significant use in population dynam-
ics [5,18,27]. The dispersal kernel J(-) is a probability function satisfying the fol-
lowing hypothesis.
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(J) J € CHR,Ry) is compactly supported, J(0) > 0 and

/RJ(:U)dle.

Note that the kernel J is not required to be symmetric in the above hypothesis.
Obviously, asymmetric kernel functions describe some anisotropic dispersal process.

When f(z,u,v) := —utav and g(z, u,v) := —bv+h(u) are independent of spatial
variable x, system (1.1) is reduced to the following non-local dispersal human-—
environment—human epidemic model:

% B /RJ('I —y)u(t,y) dy — 2u(t, x) + av(t, ),
ov(t, x) Y
oy = —bu(t.z) + hu(t, x)).

Under the extra assumption that J is symmetric, Zhang et al. [39] deal with multi-
type entire solutions of system (1.1) for both monostable and bistable cases.

It is generally known that there is a close relationship between the non-local
system (1.1) and the local version. In particular, let J(z) = (1/0)K(x/0) with
o > 0, where K(z) is a general mollification function with support =z € [-1,1]. If
u(z) is smooth and 0 < o < 1, then the Taylor formula yields

J(x —y)u(y) dy — u(z)
.
= [ 2 () ) - ol ay

g

A K(—2)[u(z + oz) —u(z)]dz

o2 5 . O%u(x) ou(x) 5
?/RK(—Z)Z dz 922 —&—J/RK(—Z)zdz pe + o(c?).

For simplicity, we define Dy = 02 [, K(—2)2?dz and Dy = 0 [, K(—z)zdz. Then
system (1.1) can be viewed as an approximation of the classical reaction—diffusion
system:

2
ou(t, ) _ D1M +D2@ + flz,u,v),

ot 0%x ox
1.3
ov(t,z) (2,4, 0) (13)
325 _g s Yy .

Note that Dy = 0 if J is symmetric. We point out that systems similar to (1.3)
with a homogeneous or heterogeneous reaction field have been widely studied in
the last few years. In particular, Wu et al. [38] considered the travelling fronts and
entire solutions of system (1.3) with Dy = 0, f(x,u,v) := —u+av and g(x,u,v) :=
—bv + h(u), where h(u) is a monostable term. For the general spatial periodic
cooperative system (1.3), Wu et al. [37] studied the global dynamics and spreading
speeds, while pulsating waves were investigated by Wang et al. [31] very recently.
With regard to the non-degenerate case, Kong et al. [19] recently investigated a
two-species competition system with the same dispersal kernel in spatio-temporal
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periodic media:

w= [ J(y —w)ult,y) dy — u(t, ) + u(ar(t, 2) = bi(t, x)u — er(t, 2)v),

(1.4)

v = /N J(y —x)v(t,y)dy — v(t,x) + v(az(t, ) — ba(t, x)u — co(t, x)v).

R

Kong et al. investigated the spreading speeds and linear determinacy. In the case
when the periodic dependence of the habitat in (1.4) is specifically only on the
spatial variable, i.e. ag(t,x) = ag(z), br(t,z) = br(x) and ck(t,z) = cp(x) for
k = 1,2, the coexistence and extinction dynamics were investigated by Hetzer et al.
[14]. Very recently, Bao et al. [4] studied the existence, uniqueness and asymptotic
stability of invasion travelling wave solutions. Note that both Bao et al. [4] and
Kong et al. [19] transformed (1.4) into a cooperative system for further study.

The concept of spreading speeds was first introduced by Aronson and Wein-
berger [1-3] for reaction—diffusion equations, and has attracted much attention in
recent years. The reader is referred to [6, 10, 11, 19, 21-25, 29, 30, 32-37] and the
references therein for more details. All of these works indicate that spreading speed
is an important ecological metric in a wide range of ecological and epidemiological
applications, which can be used to study biological invasions and the spread of dis-
ease. There are two main approaches to dealing with the spreading speed. One is
the construction method (see [23,33]); the other is to employ the natural proper-
ties of the spreading speed and use the comparison principle, upper—lower solutions
and the principal eigenvalue theory to establish the existence and characterization
(see [19,29,30,37]). Generally speaking, the spreading speeds of a recursion with an
order-preserving compact operator can be established by the former, while the lat-
ter is often used to handle some equations or systems in which the solution operator
is non-compact and the nonlinearity is spatially inhomogeneous.

There are many phenomena in population biology, epidemiology and other dis-
ciplines that need to be modelled by partially degenerate dispersal systems such
as (1.1) or (1.3), in which partial dispersal coefficients are zeros (see, for exam-
ple, [7,12,20,26]). On the other hand, most real environments exhibit spatial hetero-
geneity, and periodic habitat is one of the useful approximations for understanding
the effect of environmental heterogeneity on propagation phenomena. Based on the
above considerations, the study of periodic degenerate dispersal system (1.1) is of
both theoretical and practical value.

For the general partially degenerate non-local dispersal system (1.1), since the
corresponding solution operator is non-compact and the reaction field is spatial
periodic, we study the spreading speeds using the second method. Initially, we
need to study the global dynamics of (1.1). To this end, we consider a periodic
eigenvalue problem with partially degenerate non-local dispersal (see (2.8)), develop
an appropriate comparison principle and investigate the positive periodic steady
states. (It is important to note that the eigenvalue problem associated with non-
degenerate system (1.4) cannot be applied to (2.8) directly, since the existence
of the principal eigenvalue in (1.4) strictly depends on the uniformity of the two
dispersal kernels. In fact, in our degenerate system (1.1) the two dispersal kernels
are different, i.e. one is J(-) and the other is do(-) (the Dirac delta function).) Then
we establish the existence of the spreading speed interval, and furthermore show
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using upper—lower linear control systems that this interval is a singleton with a
specific computational formula. In other words, we shall extend the existing results
on spreading speed for a partially degenerate reaction—diffusion system in periodic
habitats. We point out that the spreading properties in periodic habitats originate
from the propagating waves in periodic media; hence, we shall study spatial periodic
travelling waves and some new types of entire solutions of (1.1) elsewhere.

We end this introduction with a series of hypotheses on the reaction field (f, g):

(F1) f,9: RxRy xR, — Rare C? in u = (u,v), Hélder continuous and L-periodic
inz, f(2,0,0) = g(x,0,0) = 0 and the partial derivatives of f, g up to second
order with respect to u, v are all continuous and L-periodic in x, respectively;

(F2) there exists a positive vector M = (My, Ms) such that f(x, M) < 0 and
gz, M) <0 for all z € R;

(F3) fu(z,u,v) >0 and g,(x,u,v) > 0 for all x € R and (u,v) € [0, M;] x [0, Ms],
where f,, and g,, denote the partial derivatives of f and g with respect to w,
respectively;

(F4) F(z,u) := (f(z,u),g(z,u)) is strictly subhomogeneous on [0, M;] x [0, M]
in the sense that F(x,vu) > vF(z,u) for all x € R, v € (0,1) and u €
(O,Ml] X (O,Mg]

The rest of this paper is organized as follows. In § 2, we prove some preliminary
results including the comparison principle, the principal eigenvalue and linear evo-
lution operators. Then the stationary solutions and global dynamics are considered
in §3. In §4, we establish the existence of the spreading speed interval by sand-
wiching the original system (1.1) between two upper—lower linear control systems.
Finally, in § 5, we prove that the spreading speed is a singleton combining the linear
spectral theory and squeezing techniques.

2. Preliminaries

In this section, we introduce some notation and present preliminary results that
will be very useful in later sections. First, we define some spaces. Let

Xp={w e C(R,R) |w(-+ L) = w(-)}
with the norm |lw||x, = max,er |w(z)|, and
XF={weX,|w(x)>0, vz € R}
and
X;r+ ={w eXp+ | w(z) >0, Vo € R}.
Let

X = {w € C(R,R) | w is uniformly continuous on R and sup |w(z)| < oo}
rz€R

with the norm ||w| x = sup,cg |w(z)| and

Xt ={we X |w(x) >0, Vr € R} and X++:{w€X+

;gaw(x) > 0}.
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For uj,us € X, we define u; < (K)ug if ug —uy € X (XTT). Moreover, for
w1 = (u1,v1) and us = (ug,v2), we write u; < () us if and only if u; < (<) ug
and v; < (K)vy. For a constant 0 < r, we define [0,r]x = {w € X: 0 < w(x) <
r, Vo € R} and (0,r]x = {w € X: 0 <w(x) <7, Yz € R}. For given p > 0, let

X, ={(u,0) € CRR?) | (e Mu(),eo(-)) € X x X}

be equipped with the norm ||(u,v)|x, = sup,er e ?!*!(Ju(z)| + |v(z)]). Obviously,

Xo =X x X.
For any given (ug,vp) € X+ x X*, we consider the initial-value problem:
du(t
ugt ) _ / J(x — y)u(t,y)dy — u(t,z) + f(z,u,v), xR, t>0,
R
ov(t, x) (2.1)
ot

=g(z,u,v), x€R, t>0,
u(0,2) = up(z), ©v(0,z) =vo(z), z€R.

According to [16, lemmas 2.1 and 2.2], the fundamental solution of the Cauchy
problem

w(0,7) = up(z) € X,

(2.2)

can be decomposed as S(t,x) = e 'dp(z) + Ki(z), where §y denotes the Delta
function and

Ki(x) = / (exp(t(F(€) — 1)) — e H)e'*E de

satisfies || K¢ (2)|| 11 (r) < 2 for any ¢ > 0, and here J(€) is the Fourier transformation
of J. Thus, the solution of (2.2) can be written as (S*ug)(t, z). It then follows that
(2.1) can be written in the following integral form:

ult, 73 ug) = / S(t.y)uo(z — y) dy
t
+ /0 /R S(t — s, — y) fy, uls, g5 wo), v(s, v wo)) dy ds,
t

olt, 23 o) = vo + / g, uls, 7 0), v(s, 73 u0)) ds,
0

where ug = (ug, vg).

2.1. The well-posedness of solutions
We first consider the existence, uniqueness and invariance of solutions of (2.1) in
[0, M] x [0, Ma].

THEOREM 2.1. For any initial value uwg = (up,vo) € [0, M1]x x [0, Ms]x, (2.1)
admits a unique mild solution (u(t,-;uo),v(t,-;uo)) with (u(0,-;ug),v(0,;up)) =
(uo,v0), and (u(t,-;uo),v(t,;u0)) € [0, M1]x x [0, Ma]x for allt > 0.
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Proof. The proof is similar to [37, theorem 2.1] and we omit the details here. O

Now we are ready to present a comparison principle for system (1.1). To do this,
we recall the concept of upper—lower solutions.

HYPOTHESIS 2.2. A pair of continuous functions (u(t,z),v(t,z)) on [0,7) x R is
called an upper solution of (1.1) if both du/Ot and Ov/0t exist, are continuous on
[0,7) x R, and satisfy

8ugt7 x) > /]R J(x —y)u(t,y)dy — u(t,z) + f(z,u,v), av(;f, x)

and called a lower solution of (1.1) if both du/dt and Ov/dt exist, are continuous
on [0,7) x R, and satisfy

QUEL) [ 5oyttt )+ ),

2 g(z,u,v),

ov(t, x)
ot

g g(x’ u’v)7

fort € [0,7] and z € R.
LEMMA 2.3.

(i) Suppose that (u(t,x),v(t,x)) is a bounded upper solution of (1.1) on [0, 7]
and (u(t, x),v(t,x)) is a bounded lower solution of (1.1) on [0,7]. If u(0,2) <
4(0,2) and v(0,2) < 0(0,x) for all x € R, then

u(t,x) <at,z), v(t,z) <ot )
for allz € R and t € [0, 7].
(ii) For every (ug,vo) € X T x X T, (u(t, 5 uo,vo), v(t, ;u0,v0)) exists for allt >0

Proof.
(i) Set

a(t,z) = X (a(t, z) — u(t, x)), o(t,x) = X (o(t, z) — v(t, z)),
where K is a positive constant to be determined later. Then (u(¢, ), 9(¢, x)) satisfies

aﬂgt’x) Q/H{J(.T—y)ﬁ(ty)dy—l—[ 1+ K+ fu(z, @, %))

+ folz, 0", 0%)0, z€R,

> gu(x, 0™, 0"+ [K + go(x, 0™, 0")]0, xR,
where @* = a*(¢,z), @™ = 0**(t,x) are between u(t,x) and u(t,x), while 0* =
= )

are between v(t, z) and (¢, x).

folz,a*,0%) >0, gu(z, 0, 0%%) > 0.
At the same time, we can choose sufficiently large K > 0 such that

1+ K+ fu(v,a",0%) >0, K+ gy(z,a"",0") > 0.
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By the boundedness of the upper—lower solutions and (F1), we can define
po = max{ (@, @), gu(w, @), =1+ K + fu(@, @), K + g (2, @)} > 0,

where @* = (4*,0*) and @** = (4**,0*").

Let 70 = min{7,1/2(1 + 2po)}. We now claim that @(¢,z) > 0 and 9(¢,z) > 0 for
all z € R and ¢ € [0, 79]. Assume by contradiction that there are some xy € R and
tg € [O, 7'0] such that ’&(to,ﬂ?o) < 0or @(to,xo) < 0. Set

Uinf = inf a(t, x), Vinf = inf (t, ).
t€[0,70],zER te[0,70],zER

Then iy < 0 or dins < 0, and we can further assume that s < Oins without loss
of generality. Note that there are some sequences {z, },en+ C R and {t,},en+ C
(0, 70] such that

W(tn, Tn) — Uinf a8 N — +00.

Then a direct calculation implies that

ﬂ(tnaxn) - fL(O,xn)
> 7| e =y (1 K futn i)

+ fo(@n, w*)o(t, z,) | dt

tn T
> / / J (27 — Y)Uint Ay + Polint + PoUint | dt
0 R

> (14 2po)tingtn = (1 + 2po)UineTo-

Noting that @(0,z,) = 4(0,z,) — u(0,z,) > 0 and then letting n — +oo in the
above inequality, we can obtain

Uint = (1 4 2po)TintTo > Uing-

This is a contradiction, and so our claim is true.

Furthermore, through similar arguments we have @(¢, ) > 0 and o(¢,x) > 0 for
all z € R and t € [rg, min{7, 279}]. By induction, we have @(¢,z) > 0 and 9(¢,z) > 0
for all x € R and ¢ € [0, 7], i.e.

u(t,z) < u(t,z) and w(t,z) <o(t,z) forallz € Randte€0,7].
(ii) By (F2), there exists M = (M, M>) such that
(Uo(ﬂf),vo(.’x)) < (MlvMQ)a f(va) <0 and g(va) <0.

Define (upg(t, z),vnr(t, z)) = (M, Ms) for all (¢,z) € [0,00) x R. Then (uns, var)
is an upper solution of (1.1) on [0,00). Let I(ug,vp) C R be the maximal interval
for existence of the solution (u(t,z;ug, vo), v(t, z;ug,vo)) of (1.1). Moreover, in view
of (i) and (ug,vp) € X x X+, we have

(O’ O) g (u(ta x5 ug, UO), U(t, Z;Up, UO)) < (Mh M2)
for t € I(ug,vo) N[0,00) and x € R. It then follows easily that [0, 00) C I(ug,vo),
and (u(t, -;ug,v0),v(t, 5 ugp,v)) exists for all ¢ > 0. O
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Now we show the continuous dependence of solutions with respect to the initial
values.

LEMMA 2.4. If (ug,vr), (uo,v0) € XT x XT satisfy ||(ur,vi)lx, < C for some
C>0andk=0,1,2,..., and (ux(x),vp(z)) = (uo(x),vo(x)) as k — oo uniformly
for x in bounded subsets of R, then

(u(t, z; up, vg), v(t, T3 ug, vi)) — (u(t,z;u, vo), v(t, T;ug, vo)) as k — 0o
uniformly for (t,x) in bounded subsets of [0,00) x R.

Proof. Let u*(t,z) = u(t, z;un, vr) — u(t, v;up,v9) and v*(t, ) = v(t, z;up, vg) —
v(t, x; ug,vo). Then we have

k
88% :/J(x—y)uk(t,y)dy—uk(um)—|—fu(x7ﬂ,6)uk+fv(x,&,f))vk,
R
8’Uk k ~ ANk PPN k
E:AU +gu($7uav)u +<gU(I7’U,,’U)_A)’U ’

where (¢, z) and 4(t, z) are between u(¢, x;ug, vo) and u(t, x; ug, vy ), while (¢, )
and 9(t, x) are between v(t,x;up,vp) and v(t, x; ug,vr) and A > 0 is a constant.
Note that

WA o) = ([ TG = pute)ay - u. o)
R
is a bounded linear operator, and f,(z,,?), fo(z,,9), gu(z,0,0) and g,(z, 0, D)

are bounded on R x [0, M7] x [0, My]; for simplicity we denote these by fu, fu, Gu
and §,, respectively. Hence, there are some M > 0 and w > 0 such that

e Dy < Me“t and | ful,|fol:1Gul, |50 — Al < M.
Note that (u*(0,-),v%(0,-)) = (ur(-) — uo(-), v (-) — vo(*)) € X, and

(uk(t7 ')7vk(tv ))
= e(N,A)t(uk(Q ')7 ’Uk(oa ))

i /ot NI (Fub(s,) + fvk (s, ) guu (5,-) + (90 — A)0* (s, ) ds.
Thus,
(™ (2, ), 0" (8, ), < Me!]|(u(0,),0"(0,)) ]|,
+ M? /Ot )| (u (s, ), 0% (s, )| x, ds.
Now, Gronwall’s inequality yields
IF (), 08 () x, < MM wk(0,),0%(0,)) | x, -
Observe that ||(u*(0,-),v%(0,-))||x, — 0 as k — co. It then follows that

(uF(t, ), 0% (t,x)) — (0,0) as k — oo
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uniformly for (¢,z) in bounded subsets of [0,00) x R, and so we complete the
proof. O

Due to spatial heterogeneity, for any z € R we shall consider the space-shifted
system of (1.1):

3ugft, ) / J(x —yu(t,y)dy — u(t,z) + f(z + z,u,v), xR, t>0,
i
(%gt@) =g(x+zu,v), R, t>0.

(2.3)
Similarly, it follows from general semigroup theory (see [28]) that (2.3) has a unique
mild solution w(t, x; ug, 2) with w(0, z; wo, 2) = uo(x) for every up € [0, M]x.

REMARK 2.5. Lemmas 2.3 and 2.4 also hold for the space-shifted system (2.3).

2.2. A principal eigenvalue problem

Linearizing (2.1) at 0 = (0,0), we have

i
871: = / J(J; — y)’fj,(t,y) dy - ’l’l + fu(xa 0)71 + fv(-r7 0)@7
R
) (2.4)
% = gu(z,0)0 + g, (2,0)0, z€R, t>0.

Since two off-diagonal entries of the matrix

ful@,0)  fulz, 0>) (2.5)

DuF(2,0) = (gu<x,0) 00(2,0)

are strictly positive for all z € R by (F3), we can further choose some sufficiently
large o > 0 such that D, F(z,0) + ol is strictly positive. Let

8 = min { min{ Dy F(2,0) +al};: 1<i,j < 2} > 0.
xre

Note that
FT(z,u) = FT(2,0) + D F(z,0)u™ + o(|u|).
It then follows that, for any given e € (0,1), there exists 6 = d(¢) > 0 such that
FY(z,u) > F*(2,0) + D, F(z,0)u” — Be*|u| for all u € [0,4] x [0, 4],

where € = (¢, €). In view of

lu| Cu4v < ={(DuF(z,0) +al)u’};, i=1,2,

| =

and FT(z,0) = 07T, we have

FT(z,u) > D F(z,0)u” — e(DyF(z,0) + al)u™ for all u € [0,d] x [0, ],
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which is equivalent to

f(:mu,v) > [(1 - E)fu({L‘707 O) - ECK]’U, + (]- - E)fv(xv 07 0)'”7 (2 6)
gz, u,v) = (1 —€)gu(z,0,0)u + [(1 — €)gy(x,0,0) — ea]v -
for (u,v) € [0,4] x [0, 4].
Consider the following linear system:
0u _ J i(t,y) dy —a + [(1 0,0 i
G = [ I =it dy =i+ (- (@0, - ol
+ (1 —€) fo(x,0,0)0, (2.7)
% = (1 = €)gu(x,0,0)a + [(1 — €)gu(x,0,0) — eald.

For any given y € R\ {0}, letting (a(t, ), 0(t, z)) = exp(—pu(z — \/p)t)(¢(x), p(x)),
we then obtain the following periodic eigenvalue problem:

/R J(@ = y)e" W (y) dy — d(x) + af; (2)d(x) + afa(2)p(z) = A, €) (),

a5y (2) () + ags () p(2) = A, €)p (),

where
ajy(z) = (1 —€) fu(2,0,0) —ea,  ajy(z) = (1—€)fy(,0,0) >0,

a$1(x) = (1 — €)gu(x,0,0) > 0, aso(x) = (1 — €)gy(x,0,0) — ea.

Note that a;(z) € X, by (F1), 1 <
Q,

and @;;(€) = max;er af;(r), while
following hypotheses:

(H1) @11(€) < aga(e) + 1 and a$y(x) = aga(e) for all z € R.
(H2) 0y, (€) > aaa(e) + 1.

The following theorem gives some sufficient conditions for the existence of a
principal eigenvalue of (2.8).

THEOREM 2.6. Assume that either (H1) or (H2) holds. Then, for any p € R, (2.8)
has a geometrically simple eigenvalue \*(u,€) with a pair of strongly positive and
L-periodic eigenfunctions (¢*(x, p; €), o*(x, ps €)) € X T x X fF.

i, j < 2. For convenience, we set A = A(y, €)
;;(€) = mingeg af;(z). In addition, we give the

Proof. For all A > aa2(€), we define a linear operator £y by
- _ y)ehlev) _ : aip(w)ag, (x)
(E0)(@) = [ T = e o) dy = o) + [ (o) + DD | o)

Now, for any given p € R and A > aaa(€), we consider the following eigenvalue
problem:

(Lr8)(@) = (Jud)(x) — 6(x) + AS(2)d(x) = A(A>¢<w>,} (2.9)

o(x) EXI;"JF, x € R,
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where

(G8)(a) = [ Homg)e o) dy and A5(0) = oty o)+ BLDBE) ¢

Following Shen and Zhang [29], we first introduce a compact and positive opera-
tor Up,» associated with J,. Specifically, for given 6 > —1 + A, (e) with Ax(e) =
maxger AS (), define

_ [ @ —yeru(y)
Voo = [ R ay

From [29, proposition 3.1], the spectral radius of Uy, provides a useful tool for
the investigation of those eigenvalues of £, that are greater than —1+ Ay (e). Since
AS (x) € X, satisfies the ‘flatness condition’ (see [30, (H4)]) by (F1), by [30, theorem
B’(3)], (2.9) admits a principal eigenvalue A(A) for all g € R and A > Gga(e).
Moreover, by [29, proposition 3.2], we have A(\) > —1 + Ay(e) for all A > a@ga(e).
It follows from [8, proposition 1.1] or [9, proposition 3.8] that A(X) is a continuous
and strictly decreasing function on (@a2(€), +00).
Next, we plan to find some Ag > @22(€) such that —1 + AS, () = Ao, ie.

ais(z)as; (z) > X\

—1+af;(x)+
nEE S st

z €R, (2.10)

which is equivalent to

A — [ag1 (2) +agp(x) — Ao + agy(2)(afy () — 1) — afy(2)ag (z) <O forallz € R.

(2.11)
Note that, by direct computation, we have
A(x) = [af; (7) + ads(z) — 1]2 — 4afy (z)asy () — as5y(x) — als(w)ag (z)]
= [(af1(2) — a3y (@) — 1]* + dafy(@)as, ()
>0 forallxeRR. (2.12)

On the other hand, we denote the larger root of the corresponding quadratic equa-
tion of (2.11) by AJ. Then, for all z € R,

i~ 40() + (@) — 1+ AT
2

afy () + asy(x) — 1+ V/[(af, (2) — agy(x)) — 1]

2
_afy(x) +agy(w) — 1+ |aj; (v) — asy(z) — 1]
5 .
If (H1) holds, then
a5 (x) +aSo(x) — 1 —a$,(xz) +a5,(xr) +1 _
)\8- > 11( ) 22( ) 11( ) 22( ) :a§2(x) 5&22(6), (213)

2
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and if (H2) holds, then

a$1(x) +aso(x) — 1+ af,(x) —a5,(x) — 1 . 3

11( ) 22( ) 5 11( ) 22( ) :all(l‘)—l2@11(6)—1>a22(6).
(2.14)

Obviously, (2.12) and (2.13) or (2.14) ensure the existence of A\g > a22(€) satisfying
(2.10). Furthermore, we have

Ao >

A(Xg) > =14 Ay (€) = =1+ A5 () = Ao.

Define G(A) := A(A) — A. Then G()) is a continuous and strictly decreasing
function on (a@22(€), +00). Note that G(Ag) > 0 and G(A) < A(Ag)—A < Oforall A >
A(Xo). Then the intermediate-value theorem implies that there exists A* > Ag such
that G(A\*) = 0. Since G(A) is strictly decreasing, A* is the unique zero of G(\) on
(Gg2(€), +00). It then follows that A(A) > A for all A € (Ggz2(€), A*), and A(N*) = A*
and A(A) < Afor all A > \*. This indicates that A* is the principal eigenvalue of Ly,
and hence there is a strongly positive and L-periodic function ¢*(z, u; €) such that
Ly-¢*(x, py€) = N*¢*(x, ps€). Let o (z, py€) = (X — asy(x)) " as, ()07 (z, ps ).
Then ¢*(x,u;€) € X, since A* > dga(€) and a$, (x) > 0 for all z € R. Thus, \*
is the principal eigenvalue of (2.8) with a pair of strongly positive and L-periodic
eigenfunctions (¢*(x, p; €), o*(x, u; €)), and we complete the proof. O

REMARK 2.7. In this subsection, we introduced a small parameter, ¢ € (0, 1), with
a view to constructing a lower linear control system. The idea comes from Wu et
al. [37]. This is very important in order for us to study the spreading speed of
system (1.1). Of course, theorem 2.6 holds when we set € = 0. In fact, there is no
need to do this when we consider only a periodic eigenvalue problem and study the
coexistence and extinction dynamics of system (1.1).

2.3. Evolution operators and principal eigenvalues

Consider the following non-local linear evolution system:

oult, o . o 9
) [ e = e () dy i) + a5, (i + a5y 0
2.15
L (219)
o asy ()0 + a5y ()0,

where ¢t > 0, x € R and p € R. Note that (2.15) reduces to (2.7) when p = 0. Let
®(t; 1, €) be the solution operator of (2.15), i.e.

¢(t7/u76) = (’lj(ta ‘;ﬁO;ﬁO,Mvg)vﬁ(ta ';1\20,’{]0,#,6))7
and let ®P(t; u,€): X, x X, = X, x X, be defined by
D (t;p,€) = Pty €)|x,xx, fort>0, pcRandsmall e>0.

Let r(PP(1; u,¢e)) and o(PP(1;u,€)) be the spectral radius and the spectrum of
PP (1; p, €), respectively.

Now, we give two lemmas that follow from [13, theorems 1.5.2 and 1.5.3] and [29,
proposition 3.3].
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LEMMA 2.8. The principal eigenvalue N*(u, €) of (2.8) exists if and only if r(PP(1;
1, €)) is a simple eigenvalue of ®*(1; pu,€) with a pair of eigenfunctions in X+ x
Xt and |\ < r(®P(1; pu,€)) for every X € o(PP(1;pu,€)) \ {r(PP(1; p,€))}. Fur-
thermore, if \*(u, €) exists, then \*(p,€) = Inr(DPP(1; u,€)).

Now, we shall derive an alternative expression for ®(1; p,€). For given g :=
(g, 00) € X x X and p € R, let wg(x) = e #ag(z). It then follows that, for all

t>0, R
[D(t; 0, €)tg)(z) = e H¥[D(t; 0, €) g ()] (). (2.16)
Observe that, for € R, there are bounded non-negative measures m;;(z;y,dy)
such that
~ 2 ~
[®(1;0, )to)i(z) = Z/ woj(y)mij(z;y,dy), i=1,2, (2.17)
j=1"E

where @01 (-) = o (+) and toz(+) = Do(-). At the same time, we can easily obtain that
mi;(x — Lyy,dy) = my;(z;y + L,dy), 1<14,5<2. (2.18)
Consequently, by (2.16) and (2.17), we have

[D(1; € Z/e‘”" Vg (y)mij(z;y,dy), i=1,2, (2.19)
where ﬁOl(') = 120() and 17,02(') = 170()
LEMMA 2.9. For every g = (lio, %) € X,/ 7 x X * and i =1,2,

f n(z—y) i d
inf s> [ i (i (i

j:1
<r(PF (I;M,E))
2

<sup —— Z / Wi (y)ymij (w3 y, dy).-

z€R um

Next, we shall introduce truncated operators of @P(1; ui, €), which are very useful
to establish the spreading speed of (2.1). In particular, let x(s): R — [0,1] be a
smooth function satisfying the following;:

For a given B > 0, define @5 (1;u,¢): X x X - X x X by

(B (1 ¢ Z/e‘“” Vo ()X <|y;$|>mij(x;y,dy), i=1,2,
(2.20)

and @7 (1; p,€): X x X, = X, x X, by (1 p,€) = Pp(lip,€)|x, xx, -
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The space-shifted system of (2.15) is

o1 t, Yy 7 € ~ € o
u((at ) _ /R J(z —y)e Tt y) dy — i, z) + a$y (z + 2)i + aSy(x + 2)D,
ou(t, 5 }
vgt x) = a5 (z + 2)u + a5y (x + 2)0,

(2.21)
where t > 0 and z, z € R. Let ®(¢t; u, €, 2) be the solution operator of (2.21) and let
PP (L, €, 2) = Pt py €, 2)| x, x x, - Similarly, define @p(1;p,¢6,2): X x X = X x X
by

(D5 (1; 1, € 2)U0); Z/ etz —vlg Z)X<y_§_z|>mz‘j(x+2;y,dy)

(2.22)
with @ = 1,2 and ®%(1;p,¢,2) = Pp(1l;p, € 2)|x,xx,- Using the same method
as [29, lemma 3.3] we can check that

|P% (L5 1, €,2) = PP (L €, 2) | x,xx, 0 as B — o0 (2.23)

uniformly for 4 in bounded sets and z € R.
We now prove some properties of the principal eigenvalue A*(u, €) of (2.8).

THEOREM 2.10. Let A*(u, €) be the principal eigenvalue of (2.8). Then the following
statements hold.

(i) A*(p,€) is convez in p € R. Moreover, if J(-) is symmetric, then X*(—u,€) =
A (u, €) for all u € R and small € > 0.

(ii) IfA*(0,€) > 0, then there exists p* such that inf, o XN*(p, €)/p = N (p*, €) /.

Proof.

(i) We shall prove the convexity using the idea from [29, theorem A(2)] (see also [9,
proposition 3.3] or [37, theorem 3.3]). By lemma 2.8, r(®P(1;u* €)) is a sunple
eigenvalue of ®P(1; ¥, ¢) with a pair of eigenfunctions (¢*(z, u*;€), o* (x, u*;€)) €
Xt x X*, k= 1,2, which combine with (2.19) to imply

Q) = (@7 (1; %, )¢] (z)
'l,[’z(f M )

— u(zy iz, d i =1,2
IM Z/e ya )m]( Y, y)v ? )<

r(®P(1; 1,

where v (z, 1¥; €) is a two-dimensional vector defined by

Yz, p1hie) = (¢* (z, 1 €), o (x, 1Fse)).
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For given g € [0,1], let ;(z, u'2; €) := ¥2(x, u*; )3} °(x, u?; €). Then the Holder
inequality yields

[r(®7(1; 4, €))]2[r (7 (1; 4%, €))]'

2

[WZ e (T e (y, by €y (a; y»dy)r

—1/R

.

1-¢
2
E : et (wy)¢j(y,ﬂ2;6)mij(m;y,dy)]
L/’z (z, p?; J_l/]R

el (@ y)¢ y,ul;E) CTer” E=ap(y, p2e)]' 8 .
[ [ ]

len' +(1=2)n®1(z—y) 4]y 12,
_ Z/ e (@, p%e) myj(z;y,dy) for all z € R.
(2, n12; )

On the other hand, according to lemma 2.9, we have

[r(D7(1; ', €))]2[r (PP (1; 12, )] ¢
2
1 / lon +(1—)u?)(2—y) 12
>sup——— e (x, w2 e)myi(xyy, d
>sup o u12;6); i P (x, 1'% e)mij (5 y, dy)
(P (1; 0" + (1 — o)y, €)),

which further implies that

In[r(®*(1; 1, €))]°[r(DP (1; 4%, €))] 72 = Inr(PP(1; 0p" + (1 — 0)1i*, €)).

Again by lemma 2.8, we obtain that

oM (phe) + (1 — o)\ (2, €) = N (op! + (1 — 0)p?,€)

for any o € [0, 1], and this gives that A\*(u,-) is convex.

We next show that A\*(—pu,-) = A*(u, ) under the extra assumption that J(-) is
symmetric. Indeed, from the proof of theorem 2.6, A*(, -) is the principal eigenvalue
of Ly ,. Here, we denote Ly« by Ly- , in order to emphasize the dependence of
Ly~ on the parameter u. We can easily check that £y« _, is the adjoint operator
of L+ ,. Then A\*(—p,-) is the principal eigenvalue of £y« ,, and hence we have
A*(u, ) = A*(—pu, ) by the uniqueness of the principal eigenvalue.

(ii) By the proof of theorem 2.6 we have

A (1, €)™ (2, s €) = /RJ(m —y)e" TG (y, pye) dy

= 000 s ()0 (o) + 5 25 o),
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which combines with the facts a{y(z)as; (x) > 0 and X\*(p, €) > aSy(z) for all z € R
to imply
N (1, € )¢ (2, s €) = AJ(z—y)e”(x’y)¢*(y7u; €)dy — " (w, s €) +aiy (2)9" (z, s ).
Moreover, by [9, proposition 3.8(i)], we get

V() > [ e dy -1+ a0,

R
By (J), we may assume that supp(J) = [~ — 00, 05 + 00], where &}, 63 and oo are
some positive constants. Then there exist 6y > 0 such that
J(z) =0y >0 forx € [~d5,5).

This implies that

5 eSon _ o=0ou
/\*(%6)?90/ e#ydy—1+211(6)ZGOT_l“‘Qu@)a
1

0

and so

% 2
A*(p, €) > 60<e502u 1 : ) N —1+aq4(€)
I I p2edon I

Note that e‘sgl‘/u2 — 00 as p — 0o. Thus, we have \*(u,€)/u — 0o as u — co. In

addition, by A\*(0,€) > 0, we have A*(u,€)/u — oo as u — 0. Hence, there exists u*

such that \- (4
of M) _ ATt e)
p>0p B

and the proof is complete. O

)

Let Ng(p,€) = Inrp(PP(1; p,€)), and let 7p(PP(1; 1, €)) be the spectral radius of
&Y (1; 1, €). We have the following result, which is a straightforward consequence
of [29, theorem 3.1].

LEMMA 2.11. Suppose that (2.8) admits a principal eigenvalue X*(u, €) for all u €
R, that \*(0,€) > 0 and that

)‘*(/’L*’ 6) < /\*(M* + lo, 6)
w w*+lo

for some 1o > 0.

Then the following statements hold.

(i) There exists By > 0 such that, for each B > By and |u| < p* + lo, r5(DPP(1;
w,€)) is a simple eigenvalue of D4 (1; p, €) with an eigenfunction (¢ (z, w; €),
ez, pie)) € XfT x X+, Also, \;(0,¢) > 0 and

Ag(p*,€) - Mg + 1o, €)
w w* +lo

(i1) For each B = By, Ag5(1,€) is convex in p for |u| < pu* +lo.
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(iii) For a given B > By, define
)\* ~ )\*
ME:mf{ﬂ B(f”?e) — inf B(/J’ae)}.
HE(0,p*+1o] H
Then we have the following:

(a) pp >0 and ONG(p,€)/Op < Ng(p,€)/p for p € (0, uf);
(b) for each go > 0, there exists jis, > 0 such that, for p € (pey, 1i),

_OABe) bl €)
o I

(¢) limp_o0 Ap(1E, €)/1p = A (1", €) /1"

+ €o;

3. Stationary solutions and global dynamics

In this section, we shall consider the stationary problem of (1.1):

/Ja:— y)dy —u(z) + f(z,u,v) =0, z€R, (3.1)

g(z,u,v) =0, xR,
We first define a space X,, by

X, = {w: R — R | w is bounded Lebesgue measurable and w(z + L) = w(z)}

with the norm
wllg, = Sup [w(z)|.

Let XJr ={we€ X, |w >0, Vo € R}. Then the interior of XJr denoted by XJr+
is not empty7 and XJr+ = {w € XJr | w(z) >0, Vx € R}. Observe that X, C X

Now, we introduce the part metric in X‘H‘ X X;‘+ In fact, for any (ul,vz) €
X‘H‘ X X++ with 7 = 1,2, we can always ﬁnd some v > 1 such that (u1,v1)/7 <
(uz,vg) < 'y(ul,vl) Deﬁne

R 1
ﬂ@hm%WmWHHﬁ{mvwﬁBvahm)<@mW)<meO}

for any (u;,v;) € X;* x X;* with ¢ = 1,2. Obviously, d[(u1,v1), (u1,v1)] = 0
and d[(u1,v1), (u2,v2)] = d[(u2,v2), (u1,v1)]. Note that if there exists a sequence
Yn — 7y satisfying v, > 1 and (u1,v1)/7n < (u2,v2) < Yn(u1,v1), then (ug,v1)/y <
(ug,v2) < y(uy,v1). Thus,

. 1
altun, o) azv)] = min {1 |33 1,20, 00) < (a) < 90,0 .
Repeating the procedure for the proof of lemma 2.3(ii), we obtain that, for every
(uo, o) € X5 x X.F, (u(t, -;u0,v0),v(t, - uo,v0)) also exist for all t > 0, and for

convenience we denote them by Q(t)(uo,vo)(x) = (Q1(t), Q2(t))(uo,vo)(w). Note
that lemma 2.4 is also valid when we choose an initial value in X, x X,
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LEMMA 3.1. For any two elements (u},v}), (ud, v3) € X7+ x X+ with (u},vg) #
(ud,v3), dQ(t)(ud, v$), Q(t)(ud, v3)] is strictly decreasing as t increases.

Proof. For any given (u},v}), (ud,v3) € XJr+ X X*Jr with (ud,vd) # (u3,v3), let
v > 1 be such that (u},v})/y < (u%,vo) < V(Uoﬂfo) Then, by lemma 2.3(i),
QU (3, 2) < Q1) (b ub) for ¢ > . Lt

(u(t), v(

By (F4) and 1/ € (0
f(iL’,Q1(t)(u(1),Ué),Q
g(val(t)(utlhvtl))’Q

Then we have

PN [ 5 =)t dy — u(0)(@) + . Qa0 08, Qa(0) b )
R

- / J( — yu(t)(y) dy — u(t) () + £z, u(t), v(t))
+ ’Yf(*% Ql(t)(u(lh Ué)v QQ(t)(u(I)ﬂ U(l))) - f(xv u(t)7 v(t))
> / J(x — y)u(t) () dy — u(t) () + £z, u(t), v(t))

t)) == 7Q(t)(ug, v5) = (YQ1(£), ¥Q2(t)) (ug, v)-

, 1), we have

2(t)(ug, vh)) = fla,ut)/v,v(t)/v) > (1/7) f(z, u(t), v(t)),
2(t) (ug, vp)) = g(z,u(t) /v, v(t) /) > (1/7)g(z, u(t), v(t)).

St = g, Qa0 (s ). Qalt) (wh. )
£)) +79(. Qut) (b, v8), Qa (1) (s, 1) — g, u(t), ()

Thus, Q(t)(v(ug, v5)) < YQ(t)(ug,vg). Similarly, (1/7)Q(t)(up, vg) < Q(t)(ug/7,
vg /7). Hence, (1/7)Q(t)(ud, vd) < Q(t)(ud,v3) < vQ(t)(up, v$). This implies that

d[Q(1)(ug, vg), Q(1) (up, v3)] < dl(ug, vg), (up, v3)]
for any ¢ > 0. Then the proof is complete. O

Observe that when v(¢,z) = 0 (1.1) reduces to

w(tr) = [ o= y)utty) dy - u(t.o) + flz ), (3.2
R
and when u(t,z) = 0 (1.1) reduces to

v(t, @) = g(x,v), (3.3)

where f(z,u) = f(z,u,0) and j(z,v) = g(x,0,v). Note that the global dynam-
ics of (3.2) have been studied in [9,17,29]. For (3.3), we can easily verify that
if maxzer §o(7,0) < 0, then, for any vy € [0, Ma]x,, lim; oo v(t,z500) = 0. If
maxzer Jo(2,0) > 0, then limy_, o v(t, 2;v9) = v.(x) for every vo€ (0, Mz]x,, where

€ X satisfies g(z, v.(x)) = 0 for all z € R. We next investigate the coexistence
and extinction dynamics of (1.1).
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THEOREM 3.2. Assume that the condition in theorem 2.6 holds for all small € >
0. Let u(t,-;ug) := (u(t,;u0),v(t,;u0)) be the unique solution of (2.1) through
uo = (ug,vg) and A§ := A*(0,0). Then the following conclusions hold.
(i) If A5 < 0, then for any ug € [0, M|x,, we have lim;_, o u(t,;ug) = 0
uniformly for x € R.
(i) If A\§ > 0, then there is a unique continuous steady state u*(z) = (u*(x),
v(x)) € Xt x Xt that is globally asymptotically stable, i.e. for any
(ug,v0) € (0, Mi]x, x (0, Mz]x, we have lim_, | o u(t, z;u0) = u*(x).

Proof.

(i) According to (F1) and (F4), we have FT(z,u) < Dy F(z,0)u” for all z € R and
u € [0, M] (see [40, lemma 2.3.2]). Let (¢*(z), ¢*(z)) := (¢*(z, 0;0), p*(x,0;0)) be
the eigenpair corresponding to A§ and then choose some py > 0 such that (0,0) <
(up(x),vo(x)) < po(d*(x),*(x)). Note that (2.4) is an upper control system of (2.1)
and poe*ot(¢*(x), ¢*(x)) is a solution of (2.4). If A5 < 0, the comparison principle
yields that (0,0) < (u(t, z;u0), v(t, z;u0)) < poeot(¢* (z), p*(z)) — (0,0) as t —
+o00 and then lemma 3.1(i) follows.

(ii) We first show the existence of a positive steady state solution by upper—lower
solutions method. By (F2), let (u™,v") = (M, M5). Then we have

/J(w—y)u+(y)dy—u+(x)+f(fc7u+,v+)<0 and  g(z,u’,v") <0,
R

which implies that Q(t)(u™,vT) < (u™,v") for 0 < t < 1 and thus Q(¢1)(u™,v") >
Q(t2)(u™,v™) for any to > t; > 0. Thus, there exists (u*,v*) € X; X X; such that
lim¢ oo Q(t) (ut,vT)(z) = (u*,v*)(x) for all z € R. Furthermore, for any ¢ > 0 and
zo € R, limsup, ., (u*,v*)(z) <limsup, ,, Q(t)(u",v")(x). By lemma 2.4(ii),

Jim Q1) (u, v (a0) = (u”, ") (x0)
and

limsup Q(t) (u™, v)(x) = Q1) (u*, v*) (ao)-

T—xTo

Therefore, limsup,, _,, (u*,v*)(x) < (u*,v*)(w0), and then w*(z) = (u*(v),v*(x))
is upper semi-continuous. Note that, for any ¢,s > 0,

Qut + ) o) — QU)o
- / [ / J(& — 5)Qu(t + 1)t ) w) dy — Qu(t + 1)t M) (a)
+ flz, Qi(t + 1) (ut,vh), Qa(t + 7)(ut,vh))| dr
(3.4)

and
Qa2(t + s)(ut, vh) — Qa(t)(u™, ™)
:/0 9@, Q1 (¢ + 7)™, v, Qalt + T)(ut,vt)) dr. (3.5)
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Letting ¢ — oo in (3.4) and (3.5), Lebesgue’s dominated convergence theorem
implies that

/ J(@ - y)ut(y) dy —u*(2) + f(e,u*,07) =0, zER,
R
g(z,u*,v*) =0, z€R,

which indicates that Q(t)(u*,v*) = (u*,v*) € )N(;‘ X X;‘.

Since A§ > 0, (0,0) is unstable and we claim that there exist (0,0) < (u™,v7) <
(1,1) and T > 0 such that Q(T)(v~,v~) = (v, v™). In fact, let (¢*(z, 0; e) (gc
€)) be an eigenfunction corresponding to A* ( €). By the continuity of )\*(O
on €, we get there exists €y such that A\*(0,e) > 0 for 0 < e < ¢p. Note that
by (2.6) it is not difficult to verify that if (ug,vo) € )N(; X X; and (0,0) <
(u(t, ;ug,v0), v(t, x; U, v0)) < (0,0) for 0 <t < tg and x € R, then

(u(t, z;ug, vo), v(t, T; ug, vo)) = P(¢;0, €)(uo, vo) ()
for0<e<e, 0<t<tgand z € R. Let

(uivvi) = (771¢*(5U,0§ 6)/’72@*(1'7 0; 6))

(3.6)

\_/

with

5
(1, m2) < ( - : . )
DT \maxgen, eeoﬂ,m (2,0:€) maxyer cefo.co) @ (2,05 )
Note that &(t;0,€)(u™,v™)(z) = e (Ot (n1¢* (x,0; €), o™ (, 0; €)). Thus,

(ut, 250, 07),0(t 250, 07)) = N OV (0167 (2,0 €), 12" (2, 05.0)) = (u™,07)
for 0 < e < ey, 0<t <ty and x € R. Then, by lemma 2.3,
(u(t,z;u™,v7),v(t,z;u,07)) =2 (u”,v") fort>0.

This yields that our claim is correct. We then have Q(nT)(u,v~) = Q((n —
DT)(u=,v") for n =1,2,.... Hence, there exists (u.,v.) € )N(;‘Jr X X;"‘ such that
lim, 00 Q(nT)(u™,v7) = (ux,vs). We can further obtain that Q(nT)(u«,vs) =
(g, vi) and Hminf, o (Ue, i) (@) = (Us, vi)(X0), 1.6 (Us,vs)(2) is lower semi-
continuous.

Obviously, d[Q(nT)(us,vs), Q(nT)(u*,v*)] = d[(us,vs), (u*,v*)] and (0,0) <
(ug, v5) < (u*,v*) < (M7, Ms). Hence, (uy,vy), (u*,v*) € X;* X X;*. However,
according to lemma 3.1, if (u.,vs) # (u*,v*), there must be

d[Q(nT)(ux, v+), Q(nT)(u”, v™)] < d[(ux;, vs), (u”,v7)],

which is a contradiction. Therefore, (u.,vi) = (u*,v*) =: u* € X;j“" X )~(1‘j‘+ is
both upper and lower semi-continuous and Q(t)u* = u*. Then u* is a continuous
steady state and so u* € X" x X .

Next, we prove that u* is globally asymptotically stable. For any (ug,vp) €
(0, Mi]x, x (0, Ms]x,, we can always find the above (u~,v~) and (ut,v™) such
that (u™,v7) < (ug,v0) < (uT,v") and (u*,v*) < (u*,vT). By lemma 2.3(i), we
obtain that

Qt)(u,v7) Q) (up,v0) < Q) (ut,vT) and Qt)(ut,v") > (u*,v*).
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Since limy o0 Q(t)(u™,v™) = limy_ 0o Q(t)(u™,vT) = (u*,v*), we obtain
T Q(t) (o, vo) = (u*, ")

by the squeezing technique. Hence, (u*,v*) is globally asymptotically stable and
the uniqueness holds. O

REMARK 3.3. Assume that Aj > 0. Then, for any constant vector m € (0, Mi]x, x
(0, Ms]x,, we have

tllrglo(u(t, x;m, z),v(t, z;m, 2)) = (u*(x + 2),v"(z + 2))

uniformly in z, z € R.

4. Spreading speed intervals

From now on, we always assume that (2.8) admits a principal eigenvalue A* (i, €)
for all 4 € R and small € > 0, A\ := A*(0,0) > 0 and (u*,v*) € X7 x XF+ is the
unique positive and globally asymptotically stable equilibrium solution. We shall
obtain a spreading speed interval for (2.1) and then investigate its basic properties.

Set uf ;1= infyer u*(z) and v := inf g v*(z) and then define

X = {u € X | supu(x) < ujy, liminfu(z) >0 and u(z) =0, Vz > 1}
z€ER T—r—00
and
X5 = {v € X | supv(z) < viy, liminfu(z) >0 and v(z) =0, Vo > 1}.
z€R T—r—00

HypOTHESIS 4.1. Assume that (u(t,z;ug),v(t, z;ug)) is the solution of Cauchy
problem (2.1) through uwo = (ug,vo). Let

Cipr = {C: V’LLO € Xf_ X X;,

lminf (u(t,z;ug) — u*(x),v(t, x;ug) — v™(x)) = (0,0)}

x<ct, t—00

and
Cosup = {c: Vug € X; x X, 1>1Htl iup [u?(t, 2;u0) + v (t, 75 u0)] = O}.
@>ct, t—+o0
Define
o= {SUP{CI ¢ € Cint} Z:f Cint # 0,
—00 if Cing =0
and

sup

c* _ inf{c: [AS Csup} Zf Csup 7& @7
00 if Csup = 0.

Then [cf¢, Caup] is called the spreading speed interval for (2.1).

inf?
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Let 7(s) be the function defined by n(s) = (1 + tanh 1s) for s € R. Observe
that, for all s € R,

n'(s) =n(s)(L =n(s)) and n"(s) =mn(s)(1—n(s))(1 - 2n(s)).

Without loss of generality, we may assume that f(x,u,v) = g(z,u,v) = 0 for all
u < 0 or v < 0. Otherwise, let ((u,v) € C*°(R?) satisfy

1 foru>0andwv >0,
C(u,v) =
0 foru<0orwv<kO0.

Then we replace f(z,u,v) and g(z,u,v) by f(z,u,v)((u,v) and g(z,u,v)(u,v),
respectively. Hence, we may also assume that there exist u_ < 0 and v— < 0 such
that [u_,0] x [v_, 0] is positively invariant for the solution operator of (2.1).

LEMMA 4.2. Let a® = (ali,azi) be given constant vectors satisfying u_ < o] <
0< af <ufy andv_ < ay <0< af <vi;. Then there exists Cy > 0 such that,
for every C > Cy and z € R, the following conclusions hold.

(i) Let ui(t,x;2) = u(t,z;a®, 2)n(z + Ct) + u(t, z;aF, 2)[1 — n(z + Ct)] and
vtz 2) = otz o, 2)n(z + Ct) + v(t,z;aF )[1 — n(x + Ct)]. Then
(u,v]) and (uy,vy) are the upper and lower solutzons of (2.3) on [0,00),
respectively.

(i) Let ui(t,a;2) = u(t,z;aF, 2)n(x — Ct) + u(t, x ot 2)[1 — n(z — Ct)] and
vi(t,x;2) = o(t,z;aF, 2)n(z — Ct) + v(t,z;aF )[1 —n(x — Ct)]. Then
(ug,vy) and (uy ,vy ) are the upper and lower solutzons of (2.3) on [0,00),
respectively.

Proof. Here we prove only that (uj,v") with z = 0 is an upper solution of (2.3);
the other conclusions can be obtained similarly. For convenience, we write (u] (¢, z),
of (t,2)) for (uf (t,2:0), v7 (¢, 3;0).

Set s = z + Ct, p(t,z) = u(t,x;a™) — u(t,z;a”) and q(t,z) = v(t,z;at) —
v(t, ;). Then a direct computation yields

+
B [/]R J(@ = y)ui (t,y) dy — i (t,2)| = fz,ui,0f)

ot
o n(y +Ct) —n(z + Ct)
=17/(s) [C’p(t,x) —~ /R J(z —y)p(t,y) 7@+ C) d ]

+n(8)[f(z,u(t,z;a™),v(t, z;a™)) — f(z,ult, ;a7 ), v(t, ;7))
— [f (@, ult, z;07) + n(s)p(t, ), v(t, 2;07) + n(s)q(t, x))
— f(zyu(t,z;a™),v(t, z;a7)

=1/(s) [C’p(t, x) — /R J(z —y)pt, y) ny + CE) - Ct + Ct) dy]
)

+MQALh@m@%aW+W@@ o(t,z;0”) + ra(t,2))p(t, 2)

+ folzyu(t,z;a™) +rp(t, ), v(t, x; ™) + rq(t, x))q(t, )] dr
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1
- / [l ut, 2. 07) + r(s)p(t, ), ot 25 07) + ra(s)a(t, 2)n(s)p(t )

+ folz,u(t,z;a”) + ryp(s)p(t, x), v(t, z;a7)

+rn(s)q(t, x))n(s)q(t, )] dr

n(y + Ct) —n(z + Ct)
7' (x + Ct)

_ n’<s>{cp<t, 0~ [ = pley) dy

1
1 p(t, @) /O P, 0%, 0)p + fuo(, u™™, v"*)q] dr

where u*, u**, Uy, U are between u(t, x; o™ )+rp(t, ) and u(t, z; o )+rn(s)p(t, )
while v*, v**, vy, V.s are between v(t, x; ) +rq(t, z) and v(t, x rn(s)q(t,x

1

JFQ(tvx)/ [ fou (2, U V)P + Fou (T, Uin, Vi )@ }

0

a”)+

a”)+

By remark 2.5 and the definition of 7(s), there exist K; > 0 (z 1, 2,3) 3 such that

p(t,z) > K1, q(t,x) > Ky forallz € R, t >0,
n(y + Ct) — n(z + Ct)
7' (xz+ Ct)

‘<K3 forall z,y e R, t > 0,
with |z — y| < max{d§ + 00,05 + 00},
where [—8§ — 00, 62 + 00] =: supp(J). It follows that there exists C; such that

+
aaitl, [/J(xy)uf(t,y)dyuf(t,x) — f(z, uf,vl) 0 for C > C;.
R

On the other hand,

P gt o)
= Cn'(s)g(t,z) +n(s)lg(@, ult, z;a™), v(t, z;07)) — gz, ult,z307), v(t, 507))]
— lg(z,u(t,z;a7) + n(s)p(t, z),v(t, z;07)
+1(s)q(t, 2)) — g(@,ult, z;a7),v(t, z;07))].
Similarly to the above discussion, we can further prove that there exists Cy > 0

such that, for every C' > Cso, dvi /0t — g(z,u],v]) > 0 and then we complete the
proof. O

We may now obtain the following two results, which are analogous to [15, lem-
mas 3.4 and 3.5].

LEMMA 4.3.
(i) If there exists (u™,vt) € Xit x XS such that
liminf (u(t,z;u®, 0", 2) —u*(z + 2),v(t, z;u, 0", 2) —v*(z + 2)) = (0,0)
z<ct, t—o0

uniformly in z € R, then ¢ < ¢,

inf*

https://doi.org/10.1017/50308210518000045 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210518000045

872 J.-B. Wang, W.-T. Li and J.-W. Sun

( ) IfC < cmf’
liminf (u(t, z;u’, 0%, 2) — u*(z + 2),v(t, 2;u°,0°, 2) —v*(z + 2)) = (0,0)

r<ct, t—00

then for every (u®,v°) € X{" x X3 we have

uniformly in z € R.
LEMMA 4.4.
i) If there exists (ut,vt) € X;" x X3 such that
1 2

limsup [u?(t, z;u™, vt 2) + 0%t z;ut, vt 2)] =0
z>ct, t—00

uniformly in z € R, then ¢ = ¢,
(ii) If ¢ > &y, then for every (u®,0°) € X x X5 we have

limsup [u?(t,z;u’, 0%, 2) + 0% (t, 7;u%,0°, 2)] = 0
r>ct,t—o00

uniformly in z € R.
THEOREM 4.5. [cf¢, chyp] is a finite spreading speed interval.

Proof. Let a® = (af,%) be given constant vectors satisfying the conditions in
lemma 4.2. There exists (uT(z),v"(2)) € X{” x X such that

(uz (0,23 2), 05 (0,23 2)) = (@) + af (1 = n(2)), ag n(x) + a3 (1 = n()))
> (u'(x), 0" (2)).

Then, by the comparison principle and lemma 4.2, we have

uj (t,x;2) = u(t o, z) (x — Cot) +u(t,z;at, 2)[1 — n(x — Cyt)]

u(t,z;ut vt 2),
vy (t, x; z) u(t, z; o ,z) (x — Cot) +v(t, x5, 2)[1 — n(z — Cot)]
> v(t,z;ut, vt 2).

In particular, let o] = a; = 0. For each Cy > Cy, the fact that n(o0) = 1 yields
0< limsup [w?(t,z;ut, v’ 2) + 0% (t, a;ut v, 2)]
m}élt,tﬂoo

< limsup [(ug)?(t, @3 2) + (v3)?(t, 25 2)]
x}élt,tﬁoo

= limsup [u*(t,2;0,0,2) +v%(t,2;0,0,2)]

r)élt, t—o0

=0.

It then follows by lemma 4.4(i) that ¢, < Ci.
On the other hand, there exists (@, 9%) € X;" x X such that

(ur (0,232), 01 (0,3 2)) = (o' () + oy (1= (@), a3 n(@) + ag (1= n(x)))
< (@ (2), 07 (2))-
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Using the comparison principle and lemma 4.2 again, we have

uy (t,@;2) = u(t, o, 2)n(z + Cot) + u(t, z; ™, 2)[1 — n(z + Cot))]
u(t,m;at, vt 2),

vy (t,x;2) = v(t,z;a”, 2)n(z + Cot) + v(t, x5, 2)[1 — n(z + Cot)]
<ot z;at, ot 2).

Then, for each Cy < —Cj, combining the above with n(—o0) = 0, we obtain
liminf (u(t,z;a", 9%, 2) —u*(z + 2),v(t,x;a", 07, 2) —v*(x + 2))
z<Cat, t—00

> liminf (uy (¢, 2;2) —u" (2 + 2),v{ (t,252) —v*(x + 2))
<L Cot, t—00

— lminf (u(t,a3af,05,2) — ut(@+2), 07 (oot af,2) — v (0 + 2))
L Cot, t—00

= (0,0).

At the same time, as (a7,07) < (uf;, vi;), we can further obtain that

liminf (u(t,z;a", 9", 2) —u*(z + 2),v(t,x;a", 07, 2) — v*(x + 2))
< Cat, t—00

g h~m1nf (u(t7x;u?nf7’ui*nf7 Z) - ’LL*(J? + Z),U(t,.]?; ui*nﬁvi*nﬁ Z) - U*(Jj + Z))
< Cat, t—00

= (0,0).

According to the above discussion, combining this result with lemma 4.3(i) yields
iy = Ca. Hence, [cf;, cf,p] is a finite spreading speed interval and the proof is
complete. O

Let
& ={woext

lim inf 44 () > 0, lim sup o () = 0}, i=1,2.

T—r 00

LEMMA 4.6. Let ¢ € R and (up,v0) € Xf' X X;‘ If there exist Ty and (0,0) <
(09, 09) < (uf s, vis) such that

liminf  (u(nTy, z; ug, vo, 2), v(nTo, ; ug, Vo, 2)) = (g?,gg) (4.1)
z<enTy, n—oo

uniformly in z € R, where n € N, then, for every ¢’ < c,

liminf (u(t,z;ug,vo, 2) — u*(x + 2),v(t, z;ug, vo, 2) — v*(z + 2)) = (0,0)
z<c't, t—o0

uniformly in z € R.
Proof. For given ¢’ < ¢, by (4.1) there exists ng € N such that
(’U,(TLT(), T+ Y; Ug, Vo, Z>7 ’U(TLTO, T+ Y; ug, Vo, 2)) > (%Qh §Q

(
for z € R, n = ng, x < (c — )nTp and y < ¢/'nTy. Let (to(-),00(")) = (509, 309).
By remark 2.5, for every € > 0, there exists n; > ng such that

(u(t, z; ag, Vo, 2), v(t, x; o, Vo, 2)) = (W (x + 2) —e, 0" (x + 2) —¢) (4.3)
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for t > nmiTy and z,z € R. For a given B > 1, suppose that (ap(-),05(")) €
[0, 209]x % [0, £ 09] x, which satisfies (ip(z), 05(z)) = (0%, 109) for < B—1 and
(ip(z),vp(x)) = (0,0) for x > B. By the continuous dependence of the solution
on the initial value (see lemma 2.4), we have

(u(t,o;ﬂB,ﬁB7Z)vv(tao;ﬁBaﬁsz)) - (u(taO;ﬂOa6072)3'0@70;&0»{)%2))
as B— oo (4.4)

uniformly in z € R. Then, combining (4.3) and (4.4), there exists By > 1 such that,
for each B > By,

(ult, 05, 53, 2), 0(t, 051, 53, 2)) > (u"(2) — 26,0° () —26)  (45)
for n1To <t < (ny+1)Tp and z € R. Note that (¢ — ¢')nTy — 0o as n — oo. Thus,
there exists ny > n; such that

(c— )Ty = By + ¢ (ny +1)Ty  for n > na. (4.6)

Now, we claim that

(u(nTy,y + x + nTy + Th;ug, v, 2),v(nTo,y + x + nTo + /Ti;up,vo, 2))
> (g, (y), 0B, (y)) for x <0, Ty € [mTo, (n1 + 1)Tp], n = ne, y €R. (4.7)

In fact, if y < By, then (up,(y),5,(y)) < (Go(y),00(y)), and, for all z < 0,
n1To < T1 < (n1 + 1)Tp, n > ng, we can obtain from (4.6) that

y+ax+nTy+ Ty < Bg+0+cnTy + ' (ny + )Ty < enTy.
It then follows from (4.2) that

(u(nTy,y + x + nTy + ' Ty; ug, vo, 2), v(nTy, y + = + 'nTo + /Ty ; ug, vo, 2))

(
> (209, 30%) = (0 (y), Bo(y)) = (iip, (y), U8, (v))-

On the other hand, when y > By, (Up,(y),05,(y)) = (0,0). Thus, the claim is true.
Next fix n > ng and (n+n1)Ty <t < (n+ny+1)To. Let Ty =t —nTy. By (4.7)
and (4.5), we have
(u(t, © + c't;ug,vo, 2), v(t, x + 't; ug, vo, 2))
= (u(Th, x + c't; u(nTy, y; uo, vo, 2), v(nTy, y; uo, vo, 2), 2),
v(Th, x + c't;u(nTy, y; uo, vo, 2), v(nTh, y; uo, vo, 2), 2))
= (u(T1, 0;u(nTy, y + Yy; uo, vo, 2), v(nTy, y + Ya; ug, vo, 2), 2 + x + 't),
v(T1, 0;u(nTy, y + Ya; uo, vo, 2), v(nTy, y + Ya; ug, vo, 2), 2 +  + c't))
> (u(Th,0;ap,(y), 08, (y), 2 + = + 't),v(T1,0;4p,(y), 0B, (y), 2 + = + c't))
> (u(z+z+t)— 2,0 (2 + 2+ t) — 2¢),

where Y, = x + ¢/nTy + T} and z < 0. Thus, we have
(u(t, z; ug, vo, 2), v(t, T;u0,v0,2)) = (W' (2 + ) — 2,0" (2 + ) — 2¢)

for z < ¢'t, z € R and t > (n1 + n2)Tp. Then the arbitrariness of e leads to the
lemma. O
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5. Spreading speeds
First define

¢*(1) = inf A'w.0) and ¢*(—1) = inf AEn0)
u>0 M ©u>0 M

The following theorem shows that ¢*(1) and ¢*(—1) are the rightward and leftward
spreading speeds of (2.1), respectively.

THEOREM 5.1. The following statements are valid.

(i) ¢*(1) and c*(—1) are the rightward and leftward spreading speeds of (2.1).
Moreover, ¢*(1) 4+ ¢*(—1) > 0.

(ii) For every (uo,vo) € X" x X3 and ¢ > max{c*(1),c*(—1)},

limsup [u?(t, z;uo, vo, 2)+v* (L, 2; uo, vo, 2)] = 0 uniformly in z € R. (5.1)
|z|>ct, t— o0

(iii) For every (ug,vo) € X;" x X5 and ¢ < min{c*(1),c*(—~1)},

liminf (u(t, z;ug, vo, 2) — u*(x + 2),v(¢, z;ug, vo, 2) — v*(x + 2)) = (0,0)
|z|<ct, t— o0
(5.2)

uniformly in z € R.

Proof.
(i) We prove only that ¢*(1) is a rightward spreading speed, since we can obtain that
c*(—1) is a leftward spreading speed by the change of variable U(t,z) = u(t, —x)
and repeating the same procedure.

To begin with, we show that ¢}, < ¢*(1). Let (¢*(x, u), *(z, 1)) € X x X+
be a principal eigenfunction of (2.8) corresponding to A*(u,0). Set ¢ = \*(p,0)/p
with g > 0. Similar to the proof of theorem 3.2 (i), we can choose p > 0 satisfying

(w0, v0) < fo=bo(6" (. 1), " (., 1)) such that
(0,0) < (ult, z3 uo, vo), v(t, 3 o, vo)) < pe =D (¢* (w, ), " (w, 1)-
Thus, for each ¢ > ¢/, we have

limsup [uz(ta Z;5Up, Vo, Z) + U2(t, €5 Uo, Vo, Z)] =0.
r>ct, t—o0

We then have cf,, < ¢’ = \*(u,0)/p for any g > 0, and so ¢, < c*(1).

Next we prove that ¢f; > inf, 50 A*(u, €)/p. This procedure can be handled as

in step 2 of the proof of [37, theorem 4.1] coupled with lemmas 2.11, 4.6 and 4.3(i).

For completeness, we give the following rough outline of the proof process.
Choose B > 1 such that lemma 2.11 holds. Observe that if ug = (ug,vg) €

X+ x X7 is so small that (0,0) < (u(t, z; w0, 2), v(t, 7;u0, 2)) < (6,9) for t € [0, 1],

x,z € R, then by (2.6) we have

(u(t, z;ug, 2), v(t, T;ug, 2)) = [@(1;0,€, 2)upl(z) = [@5(1;0,¢, 2)ug](x). (5.3)
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In view of lemma 2.11, 75 (PP (1; p1, €,0)) is a simple eigenvalue of H4(1; i, €, 0) with
an eigenfunction (¢ (z, i; €), pi(x, s €)) € X+ x X F+ for [u| < p* +lo.
By lemma 2.11(c), for each €1 > 0, there exists B > 0 such that
Nl X
I w
For the above 1, by lemma 2.11(b), there exists p., > 0such that, for p € (e, , 1%),

OB Ap(pp.€)

+e€1. (54)

< — " +ée1. 5.5
op Hp (5:5)
We now fix p € (fte,, pfy). By lemma 2.11(a),
ONp (ks €)
Np(p,€) — p—EB—2 > 0. 5.6
B(u.€) —p on (5.6)

Let

(kp(z, s €), k5 (2, pre)) = (

L 9¢p(x, pse) 1 6@}%(%#;6))
op(zse)  Op o) Ou

Define w = (w!, w?) by

W (s, 7) = {521/)33(x,u; e)e M siny[s — kg (z, pus€)], 0< s — ki (z, pye) < /7,
’ 0, otherwise,
(5.7)
where g5 and v are sufficiently small positive numbers and (¢}, 9%%) = (¢%, ¢5)-
Let

2
(7, 2) = %tanf1 ((Z/RU’%(%M;E)G“("JZ)X(kgl;Z)
j=1
< siny (g — 2) + K (9, s iy (239, dy>)

2 ly — 2|
J c Neo—m(y—2) —
X (ji_lwaB(y,u,e)e x( B )

x cosy[—(y — 2) + K (y, s €)lmij (239, dy)> >

Similarly to Wu et al. [37], by the Lebesgue dominated convergence theorem, we
can obtain that .
oG (1, €)

,YIE%TB('%Z) 8,u +HB(Z7,UH 6)

uniformly for z € R.
Choose v > 0 so small that

V(B + |5y, 2)| + |k (y, s €)]) <, (5.8)
. , ON;
Kg(z,us€) — (7, 2) < —Baiﬁ) +e forally,zeR, 1<i,5<2. (5.9)
w

https://doi.org/10.1017/50308210518000045 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210518000045

A partially degenerate non-local dispersal system 877

Set w*(z;8,2) = w(z+s—r(z, uy€) +75(7,2),x+2). 0 < s—rg(z, ue) < /vy
and |y — z| < B, then combining this result with (5.8) yields

™

v

N

=B~ |th(7,2)| = |5y, 1 0)|
Sy—z+s—Kp(zm6) +75(v,2) — w5y i)
7r ; ;
S B+ 4 1mb(n )l + w50
2m
<=,
~
When P :=y—z+5—ris(z, p;€) + 75 (7, 2) — 65 (y, s €) € [=7/7,0)U (n/7, 21 /7],
we have sin(yP) < 0. Moreover, via (5.7), we get
wi(y - 2;572’) = wj<y —Z+ 85— HiB(‘Tnu; 6) + TZB(W?Z)J/)
> eatply (y, i €)e 7 sin(yP). (5.10)

Choose €2 so small that (0,0) < (u(t, z;w. (s, 2), 2),v(t, z; wi (- 8, 2),2)) < (6,9)
for all t € [0,1] and z, 2 € R. Let (j(2, 1, 7€) = —Kp(2, p; €) + 75 (7, 2). Then we
write P =y —z+ s+ Ch(z, u,v;€) — k%5 (y, s €), and by (5.3), (2.22) and (5.10), for
0< s — Kz, pe) </,
(u(1,0; wy (58, 2),2),v(1,0; wi(+; 8, 2),2))
> [Pp(1;0,€ 2)w,](0)

2
; -z
=3 [t s n( P s s )
=1

2
. _ . — Z
> Z/Reij(y,u;e)e m Sln(’YP)X(|yB |>(mlj(z;y,dy),mzj(z;y,dy))-
j=1

Through a similar computational process with [37], we can obtain
(u(1,0;ws (-5 8,2), 2), v(1,0;wa(+; 5, 2), 2)) = (w'(s,2),w?(s,2)) (5.11)

for 0 < s — K'5(z, u;€) < m/v. According to the definition of w'(s,z), it further
follows that (5.11) holds for all s € R.
Let & = maxigi<2, zer Kg(2, 4 €) and define w = (w', w?) with

w'(5;(z), ) if s <
w'(s+m/y+k,x2) if s> 5(z) —n/y—F&,
where 5;(z) is the maximum point of w'(-,z) on R. Set
(55, 2) = @z + 5 — Kig (5 113€) + Th (7, 2), 5+ 2).

Then we can easily verify (u(1,0;w.(+;s,2),2),v(1,0;w.(;s,2),2)) > (0'(s, 2),
w3(s,2)). Let wo(z;2) = w(z,z + z). Note that w(s,x) is non-increasing in s.
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Hence, combining (5.4), (5.5) and (5.9), we have
(u(l,x;wo(';z),z),v(l,x;w0(~;z),z))
— (u(L, 0 w0 (- + 5 2), 2 + 2),0(L, 030 (- + 732), 2 + 2))
= (u(1,0; W, (2 4+ Kg(x + 2, py€) — Th(v, ¢ + 2), 2+ 2), o + 2),
v(1,0; W, (2 + kg (x4 2, 5€) —T5(y, 0+ 2), 2+ 2),x + 2))
> (0" (z + Kp(e + 2, p€) — Tp(v, 2 4 2), 2 + 2),
0% (x4 K (x4 2, ) — T5(y, + 2), 2 + 2))
ON} Ny
> (o' z— M—i—al,x—i—z 71?)2 T — #—i—al,x—i—z
ou ou
(@' (z — Np(up, €)/up + 261, @ + 2), 0 (x — Mg (g, )/ up + 261, 7 + 2))
> (wh(x — N (u*, €)/u* + 3er,x + 2), 0% (x — N (u*,€) /u* + 3e1, 0 + 2))
> (wh(x — &2+ &), wi(x — &2+ &),
where ¢* = \*(p*, €)/p* — 3¢1. Furthermore, we have
(u(2,w;w0(-;z), ) (2 €3 wO( )72))
> (u(l,z;wo(- — %524+ ¢),2),v(1, z;wo(- — €52 4+ €%), 2))
= (u(l,z — ¢ wo(-; 2 24+ ), v(l,x — w52+ %), 2+ %))

¢
+ "),
> (0 (x — 26%, 2 + 2¢%), w* (x — 26%, 2 4 2¢%)).

)
)
—2
By induction, we get

(u(n,x;wo(~;z),z),v(n,x;wo(-;z),z)) > (wl(‘rfn&*vZ+n5*)aw2(x7n5*7z+né*))
for z € R and n > 1. This, together with lemmas 4.6 and 4.3(i) implies that
& = XN (p*,e)/p* — 3e1 < iy, and we can further obtain that \*(u*,€)/p* <

by the arbltrarmess of €1.
From the above discussion, we indeed have

A*
£ A0 < ey < ¢y < (1) for all small € > 0.
n>0 M

1nf

sup

We then get that ¢, = ¢ up *(1) by letting € — 0.

=c
Now we prove c¢*(1) + ¢*(—1) > 0. By theorem 2.10(ii), there exist py,p2 > 0
such that \- 0 \-
C*(l) _ (:U‘17 ) and C*(—l) ( H2, )
“1 K2
Let ¥ = p1/(u1 + p2). Then (1 — 9)py = Yuz and 9 € (0,1). In view of theo-
rem 2.10(i), A*(p,0) is convex in pu € R. Then we have

/\*(:ulao) A*( H2, )
H1 H2

= Gl X 11,0) 49X (=2, 0)]

(1) +c(-1) =
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1
> —N((1 = P)py — Yus,0
9 (1 =9)p1 = Pu2,0)
_ Ly
B Do 0
> 0.

(i), (iii) We can prove (5.1) and (5.2) by similar arguments to those in [30, theo-
rem E] and combining lemmas 2.6(ii) and 2.4(ii) so we omit the details here. Then
we complete the proof of this theorem. O

REMARK 5.2. If the non-local dispersal kernel J is symmetric, then ¢*(1) = ¢*(—1).
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