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Abstract

Anomalous absorption of an intense short laser pulse in overdense plasmas is analyzed with a stochastic theory. A
diffusion equation describing a time evolution of the electron distribution function is derived. From the equation it is
shown that the electron distribution function becomes anisotropic in the momentum space, which gives rise to the
absorption of the energy. The diffusion is not dominant in thepz direction, which is longitudinal to the vacuum-plasma
boundary, rather it is dominant in thepx direction, which is transverse to the boundary. However, the diffusion inpz

enhances the absorption. Analytical expressions of the absorption coefficient and skin depth are obtained for the
anomalous skin effect regime~v0

2c2 ,, vp
2ve2!, which evolves in time as the electron distribution becomes anisotropic.

The asymptotic value of the absorption coefficient is proportional to!I . The temperature and density dependence of
the absorption coefficient is also discussed.
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1. INTRODUCTION

In recent years there has been increasing interest in the
interaction of ultraintense short laser pulses with overdense
plasma due to the rapid improvement of the intense short
laser pulse technology. The interaction of such laser pulses
with plasmas are important for the fast ignition concept, the
fast electron generation, X-ray sources of high brightness,
and so on. The strong electric field ionizes the atoms within
a time shorter than the duration of the laser radiation. Since
the ions are relatively heavy, they remain immobile during
such short laser pulses. The interaction of a high-intensity
ultrashort laser pulse with matter can be described as that
with a rigid, uniform, and overdense plasma. The character-
istic laser parameters correspond to intensities above 1019 W0
cm2 and pulse durations of 100 fs. The absorption of the
laser pulse in this regime is governed by the anomalous
absorption mechanism rather than the classical absorption
mechanism.

For plasmas with steep density gradient, there are well-
known anomalous absorption mechanisms, as the anoma-
lous skin effect ~ASE; Weibel, 1967!, sheath inverse

bremsstrahlung~SIB; Catto & More, 1977!, vacuum heating
~Brunel effect; Brunel, 1987!, andJ 3 B heating~Kruer &
Estabrook, 1985!. In the analyses of anomalous absorption,
the plasma distribution function is assumed to be in equilib-
rium. In the relativistic intensity regime~a $ 1, wherea 5
eA0~mc! is a normalized vector potential,m is electron rest
mass, andc is speed of light!, however, the electron distri-
bution function deviates from the equilibrium distribution
due to the interaction between electrons and laser field, and
evolves to anisotropic distribution in momentum space. This
results in the anomalous energy absorption by the bulk
plasma.

In this paper, we discuss the anomalous skin effect mech-
anism for a relativistic intensity regime with a stochastic
theory, including the electrons’ longitudinal motion as well
as transverse motion to analyze both the linearly and circu-
larly polarized cases. The time evolution of the electron
distribution function is analytically obtained, and shown to
be governed by a diffusion equation in momentum space.
With the obtained distribution function, the analytic expres-
sions of the absorption coefficient and skin depth for ASE in
relativistic regime are obtained. As a result, the absorption
coefficient decreases in time as the distribution function
evolves to an isotropic distribution, and reaches a constant
value which is determined by only diffusion coefficientsDx
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andDz. This asymptotic form of the absorption coefficient is
given byh . a~c0vth!~v00vp!2, wherev0, vp, andvth are
the laser frequency, plasma frequency, and thermal velocity,
respectively. The temperature and density dependence of
the absorption coefficient varies in time, which is plotted for
the initial, transient, and asymptotic cases. The absorption
coefficient is compared between a linearly polarized case
and a circularly polarized case.

2. TIME EVOLUTION OF THE ELECTRON
DISTRIBUTION FUNCTION

When an intense laser light irradiates an overdense plasma,
the laser field penetrates over a skin layer whose depth is
much shorter than the laser wavelength in a vacuum. The
laser field strongly interacts with the plasma in the thin
layer. The electrons continue their periodic motion in the
laser field in the underdense region. In the overdense plasma,
however, the interaction takes place in the thin layer, which
is localized at the surface. Thus, the periodic motion of
electrons is truncated, which results in the energy transfer
from the laser field to the bulk plasma.

In this section, we obtain the time evolution of the elec-
tron distribution function with a stochastic theory. In sto-
chastic treatment of the anomalous absorption mechanism,
there are three different time scales to be considered: the
interaction timeti , the correlation time of the stochastic
variableti , and the laser periodtL 5 2p0v0. The interaction
timeti is written asti 5 ls0vzwherels is the depth of the skin
layer. By approximatingl s . c0vp, the interaction time is
evaluated asti . c0~vzvp!. ~Since the depth of the skin layer
depends on the plasma conductivity,l s changes in time as
electron distribution function evolves in time.! Over a time
scaleti , the equation of motion of an electron is described
microscopically. The plasma occupies the half-spacez$ 0,
which is assumed to be highly overdense,vp .. v0, and the
plasma is assumed to be neutralized by the background ions.
The linearly polarized laser field is normally incident on the
overdense plasma from the vacuum side~z# 0!,

Ex 5 2
]Ax

]t
, ~1!

By 5
]Ax

]z
, ~2!

Ax 5 ℑ$A0 exp~ikz2 iv0 t !%, ~3!

whereEx, By, andAx are the electric field, magnetic field,
and vector potential of the laser field with amplitudeA0, and
k5 kr 1 iki is a wave number with a positive imaginary part
~ki $ 0!. The laser intensity is in the relativistic regime.
Hereafter, we omit the suffix on the electric and magnetic
fields for simplicity.

The equation of motion of an electron in the laser field is
given by

dpx

dt
5 2eE1

eB

mg
pz, ~4!

dpz

dt
5 2

eB

mg
px. ~5!

Equations~4! and ~5! are solved with an initial condition
~ px, pz!t5t0 5 ~ px0, pz0!, where t0 is the time when each
electron enters the thin interaction layer. We assumepx0 ,,
pz0 because the electrons moving in thez direction with a
large velocity play a dominant role in the energy transfer
from the laser field to the bulk plasma~Gamaliy & Dragila,
1990!. The force acting on the electron within the thin layer
becomes

Fx~z, t ! 5
eB~z, t !

mg0

pz0 cos~S~z, t0, t !! 2 eE~z, t !

1
eB~z, t !

mg0
E

0

t

eE~z, t ' !sin~S~z, t ', t !! dt ', ~6!

Fz~z, t ! 5 2
eB~z, t !

mg0

pz0 sin~S~z, t0, t !!

1
eB~z, t !

mg0
E

0

t

eE~z, t ' !cos~S~z, t ', t !! dt ', ~7!

S~z, t0, t1! 5
e

mg0
E

t0

t1

B~z,t! dt, ~8!

g0 5 !11
pz0

2

~mc!2 . ~9!

Sincevc 5 eB00mg0 .. v0, the electromagnetic force oscil-
lates rapidly not to give net acceleration unless the sinu-
soidal function is almost zero. Thus, for an effective energy
transfer to occur,t 2 t0 5 ti . 0 is required. This explains
the fact that the effective interaction is limited to a short
time interval and localized at the plasma surface. As the
electromagnetic fields are localized in a thin layer, the mag-
netic field becomes dominant compared to the electric field
~B . ~10l sv0!E, wherel s is length of the thin layer!. As a
result, the effective force acting on each electron with the
initial momentumpz0 in the thin layer is written as

Fx 5 vc pz0, ~10!

Fz 5 2vc
2ti pz0. ~11!

Although the phase of the laser field can be regarded as
constant in time during the interaction of each electron be-
cause ofvc .. v0, the laser phase and incident electron
momentum depends on time,vc~t ! andpz0~t !, in the time
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scale which is much larger thanti . As will be shown later
~Eq.~39!!, the correlation timeti is evaluated asti ,, 10vp.
Therefore, the initial momentum is treated as a stochastic
variabledpz0~t ! fluctuating around the average momentum
pz0, which will be physically explained in Section 3. The
slow mode of electron distribution function is assumed to be
weakly dependent onz for z# lmfp, wherelmfp is the electron
mean free path. Sincelmfp .. l s is satisfied in the present
situation, the electron distribution function is assumed not
to depend on thez coordinate:

]fe
]t

1 Fx~t !
]fe
]px

1 Fz~t !
]fe
]pz

5 0, ~12!

Fx~t ! 5 vc~t !pz0~t !, ~13!

Fz~t ! 5 2vc
2~t !ti pz0~t !. ~14!

whereg is the Lorentz factor. Equation~12! is formally
integrated, and an ensemble average is taken over the sto-
chastic variable to give

^ fe~r, p, t !&

5 KexpE
0

tS2Fx~t ' !
]

]px

2 Fz~t
' !

]

]pz
D dt ' fe~r, p,0!L .

~15!

The fluctuationdpz0~t ! is assumed to be Gaussian and the
time correlation is assumed to obey:^dpz0~t1!dpz0~t2!& 5
Gd~t1 2 t2!. To solve Eq.~15!, the exponential operator is
decomposed by using the following Lie algebra identity:

exp~A 1 B! 5 exp~B!expSexp~a! 2 1

a
AD, ~16!

where the commutator of operatorsAandB satisfies@A,B#5
aA ~Wilcox, 1967! anda is a constant. After decomposing
the exponential operator, an average is taken over the en-
semble ofdpz0~t ! ~Kubo, 1962!. Riemann–Lebesgue’s lemma
is then used to obtain the distribution functionfs~t ! over the
slow time scale as

fs~t ! 5 expS1

2
vc

2Gt
]2

]px
2DexpS3

8
vc

4ti
2Gt

]2

]pz
2D

3 expSF12 expS2
vc

2ti

2
tDGpz0

]

]pz
D f ~0!. ~17!

The distribution functionfs~t ! given by Eq.~17! satisfies the
following diffusion equation in momentum space as follows:

]fs
]t

2 Dx

]2fs
]px

2 2 C~t !
]fs
]pz

2 Dz

]2fs
]pz

2 5 0, ~18!

where

Dx 5
vc

2

2
G, ~19!

Dz 5
3vc

4ti
2

8
G, ~20!

C~t ! 5
vc

2ti

2
expS2

vc
2ti

2
tDpz0. ~21!

HereDx andDz are diffusion coefficients andC~t ! is a drift
term. From this equation it is possible to estimate how the
electron distribution evolves to an anisotropic distribution.
The anisotropy is expressed by the diffusion coefficients,
Dx and Dz. Even thoughDz is much smaller thanDx, the
diffusion in pz space is not negligible and acts to enhance
the energy absorption, as will be shown in Section 3.

For a circularly polarized laser pulse, the fundamental
equation becomes

]fs
]t

2 DrF 1

pr

]fs
]pr

1
]2fs
]pr

2 G 5 0, ~22!

where

Dr 5
vc

2

2
G, pr 5!px

2 1 py
2. ~23!

Since the electron is not accelerated longitudinally for a
circularly polarized laser field, the electrons only diffuse in
the transverse directions,x andy.

The time evolution of electron distribution function for
linearly polarized case is shown in Figure 1, where the ini-
tial distribution is chosen as an isotropic Maxwell distribu-
tion which is used in the analyses of low intensity laser case:

fs~ p,0! 5
n0

~2ps2!302 expS2
px

2 1 py
2 1 pz

2

2s2 D. ~24!

The time evolution to an anisotropic state is obtained from
Eq. ~24! and using Eqs.~26!–~28!:

fs~ p, t ! 5
n0

~2ps2!302 ! s4

~2Dx t 1 s2!~2Dzt 1 s2!

3 exp12
px

2

2~2Dx t 1 s2!
2

Spz 1E
0

t

C~t ' ! dt 'D2

2~2Dzt 1 s2!
2

py
2

2s2 2 .

~25!

In Figure 1, it is shown that the electron distribution
becomes anisotropic and broader inpx than pz, since the
diffusion coefficientDx is much larger thanDz, and the drift
effect in positivepz direction is small compared to the dif-
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fusion effect. However, the diffusion inpz is not negligible
in considering the energy absorption, and it enhances the
energy absorption. As will be shown in the following sec-
tion, the energy absorption in a circularly polarized case is
smaller than in a linearly polarized case. This is because in a
circularly polarized case, the momentum distribution dif-
fuses only in the transverse direction, not in the longitudinal
direction.

3. ABSORPTION COEFFICIENT
AND SKIN DEPTH

In analyses of the anomalous skin effect, the high frequency
surface current is calculated from the Vlasov equation. The

slow modefs is treated as a steady-state equilibrium distri-
bution function in the analyses of anomalous absorption
mechanisms. In the high-intensity laser case, however, the
electron distribution function deviates from the Maxwell
distribution due to the strong interaction with the laser field,
and the absorption coefficient becomes dependent on time
and laser intensity.

The surface current is calculated from the fast perturba-
tion of the electron distribution functionff , which is ob-
tained from the Vlasov equation:

]ff
]t

1
p

mg
{

]ff
]r

2 eSE 1
p

mg
3 BD{

]fs
]p

5 0. ~26!

The absorption coefficient and skin depth are calculated
by following the usual treatment of the anomalous skin
effect~Yanget al., 1995; Ichimaru, 1973!. The first term in
Eq. ~25! is neglected because of the condition correspond-
ing to the anomalous skin effect,vpvth .. v0c. The surface
current is calculated by using the Fourier transform as
follows:

DJx 5 2eE
2`

` px

mg
Dff dp ~27!

5 2
in0e2

k FS 1

!2~2Dzt 1 s2!
1

kj

mg0v0

2Dx t 1 s2

2Dzt 1 s2D
3 !pZ~j! 2

k

mg0v0
S2Dx t 1 s2

2Dzt 1 s2 2 1DG EE,

~28!

where

Z~j! 5
1

!p
E

2`

` 1

z2 j
exp~2z2! dz, ~29!

j 5

E
0

t

C~t ' ! dt '

!2~2Dzt 1 s2!
. ~30!

Here, DJx, EB, and EE are the Fourier transforms ofJx, B, andE,
respectively, andZ~j! is the plasma dispersion function
~Miyamoto, 1989!. The Lorentz factor in the electromag-
netic force is approximated byg0, and the magnetic field is
eliminated by using DB 5 ~k0v! EE. The electromagnetic field
is extended into the half space~z # 0! with E~2z! 5 E~z!
andB~2z!52B~z!. The electric field is obtained as follows:

E~z! 5
2iv0cB~z5 01!

pvp
E

0

` Dk exp~i Dkz!

Dk3 2 iK 2 L Dk
d Dk, ~31!

Fig. 1. ~a! Isotropic electron distribution function in momentum space at
t 5 0. ~b! Anisotropic electron distribution function in momentum space at
v0t 5 20.
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where

K 5
pmv0c

vp

exp~2j2!

!2~2Dzt 1 s2!
, ~32!

L 5
2Dx t 1 s2

2Dzt 1 s2 2 1. ~33!

Here,K andL are dimensionless functions,B~z5 01! is the
magnetic field at the surface, andDk 5 ck0vp is the normal-
ized wave number. The plasma dispersion functionZ~j! is
expanded usingj ,, 1, which is satisfied for the case we are
interested in as will be shown later:

Z~j! . i!p exp~2j2! 2 {{{. ~34!

The inverse transform is performed by analytically continu-
ing the integrand into the upper half-plane ofDk and the
contour is closed with an upper half circle. The absorption
coefficienth~t ! and skin depthl s~t ! are obtained as

h~t ! 5
2R~E~z5 01!B* ~z5 01!!

Ein
2 0c

5
8

3!3 S 2

K
D103 a1

2 1 a2
2

~a1 1 a2 !~a1
2 1 a2

2 2 a1 a2 !
, ~35!

l s~t ! 5
c

vp

~ℑ~k!!21 5
c

vp
S 2

K
D103

~a1 2 a2 !21, ~36!

where

a6 5 S! 4L3

27K 2 6 1D103

. ~37!

Here,E~z5 01! andEin are the electric field at the surface
and in the vacuum.

The average momentumpz0 is obtained by invoking pres-
sure balance between the laser light and plasma. When the
laser pressure is greater than the plasma pressure, the plasma
surface is pushed inward with constant velocity as is veri-
fied by simulations~Denavit, 1992; Wilkset al., 1992!. By
using number and momentum conservation, the moving ve-
locity u is given by~Kruer et al., 1975!:

u

c
5 S ncr

2n0

m

M

Il2

2.743 1018D102

, ~38!

wherencr , I,l, andM are the critical density, laser intensity,
wavelength, and ion mass, respectively. Consequently, the
average electron momentum is expressed aspz0 5 2mug0.

The source of the momentum fluctuation of incoming
electrons is taken to be a thermal fluctuation. For the early
stage of laser irradiation, the incoming electron distribution
function can be approximated by the previously obtainedfs.

Thus, the time correlation of momentum fluctuation is re-
lated to the plasma temperature and conductivity, with the
aid of the fluctuation-dissipation theorem as follows:

G 5
32

3!3
m2vth2

v0

vp
2, ~39!

where the plasma conductivity is approximated by its initial
value. With these considerations, the absorption coefficient
and skin depth are plotted as a function of time, intensity,
temperature, and density.

The time dependence of the absorption coefficient is shown
in Figure 2. Here, the plasma density is taken to be 1000
times critical density, the plasma temperature is 120 keV,
and the laser intensity is chosen asa5 5. In this case,j ,, 1
is well satisfied. The absorption coefficient starts from the
well-known absorption coefficient for the nonrelativistic
casehnon which is written as~Rozmus & Tikhonchuk, 1996!

hnon 5
8

3!3S 2

pD106S vthc D103Svo

vp
D203

. ~40!

The absorption coefficient increases rapidly during the short
period since the plasma surface begins to move by the laser
pressure. After this rapid increase,h tends to decrease grad-
ually and finally reaches a constant value. This is because
the time evolution of the electron distribution function is
mainly dominated by the drift effect at the initial stage, and
the diffusion effect becomes dominant after sufficient inter-
actions have taken place. Then gradually the diffusion effect
dominates the drift effect to give a constant energy absorp-
tion coefficient. This asymptotic valuehasy is evaluated
from Eq.~35! as

hasy .
v0

vp

~vcti ! . a
c

vth
Sv0

vp
D2

, ~41!

Fig. 2. Time evolution of absorption coefficient fora 5 5, vth0c 5 0.5,
ne0ncr 5 1000.h reaches the constant value at aboutv0t 5 80.
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which is valid fora$1. The vector potential dependence of
h is shown in Figure 3. In the range wherea is less than
about 5, the absorption coefficient decreases with increas-
ing intensity, which is consistent with the simulation result
~Denavit, 1992!. When the laser intensity becomes even
higher, the absorption coefficient increases with increasing
intensity ash @ !I , as is clear from Eq.~41!. The temper-
ature dependence and density dependence ofh is clearly
given by Eq.~40! and Eq.~41! for the nonrelativistic case
and the asymptotic case, respectively. In the transient stage,
however, the temperature and density dependence ofh
change as the distribution function evolves. This is numer-
ically shown in Figures 4 and 5. In Figure 4, the temperature
dependence is plotted for the nonrelativistic case~v0t 5 0!,
the transient case~v0t . 50!, and the asymptotic case
~v0t . 200!. The solid line, dashed line, and dotted line

representh @ ~vth0c!103, ~vth0c!22, and ~vth0c!21, respec-
tively. From the figure it is shown thath @ ~vth0c!22 for
the transient range. The density dependence is plotted in
Figure 5, where the solid line, dashed line, and dotted line
representh @ ~ne0ncr !

2103, ~ne0ncr !
2302, and~ne0ncr !

21, re-
spectively. It is shown thath @ ~v00vp!3. Therefore, the
absorption coefficient in the transient rangeh tr is written as

h tr @ S c

vth
D2Sv0

vp
D3

. ~42!

As a result, in the nonrelativistic regime the density depen-
dence is weak ash@ ~ne0ncr !

2103. In the relativistic regime,
the density dependence is strong at the asymptotic stage as
@~ne0ncr !

21 and @~ne0ncr !
22 during the transient stage.

The temperature dependence is opposite for the nonrelativ-
istic regime and the relativistic regime. In the nonrelativistic
regime, the absorption coefficient increases with increasing
temperature ash @ ~vth0c!103. In the relativistic regime, the
absorption coefficient decreases with increasing tempera-
ture as h @ ~vth0c!21 at the asymptotic range and
h @ ~vth0c!22 at the transient range.

The time evolution of the skin depth is shown in Figure 6,
where the skin depth is normalized by the nonrelativistic
skin depthc0vp. After the laser pulse irradiates the plasma,
the skin depth increases, which results in the increase of the
absorption coefficient.As the diffusion effect becomes dom-
inant, the skin depth increases more slowly.

The absorption coefficient is plotted for both a circularly
and linearly polarized laser pulse in Figure 7. Since the
electrons are accelerated periodically with 2v0 in the longi-
tudinal direction for a linearly polarized case, the absorption
coefficient is larger in the linearly polarized case than in the
circularly polarized case. Thus, the longitudinal diffusionDz

is negligible for a circularly polarized case; however, it

Fig. 3. Absorption coefficient atv0t 5 1000 as a function of normalized
vector potential.

Fig. 4. The temperature dependence of the absorption coefficient at
v0t 5 0, v0t 5 100, andv0t 5 1000. The solid line~for v0t 5 0!, dotted
line ~for v0t 5 100!, and dashed line~for v0t 5 1000! correspond to
~vth0c!103, ~vth0c!22, and~vth0c!21, respectively. The parameters are chosen
asa 5 5, ne0ncr 5 1000.

Fig. 5. The density dependence of the absorption coefficient atv0t 5 0,
v0t 5 100, andv0t 5 1000. The solid line~for v0t 5 0!, dashed line~for
v0t 5 100!, and dotted line~for v0t 5 1000! correspond to~ne0ncr !

2103,
~ne0ncr !

2302, and ~ne0ncr !
21, respectively. The parameters are chosen as

a 5 5, vth0c 5 0.5.
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plays an important role in energy absorption for a linearly
polarized case.

4. DISCUSSION

The anomalous absorption effect for an intense laser pulse
is analyzed with a stochastic theory. In relativistic intensity
case, the electron distribution function evolves in time due
to a strong interaction between electrons and the laser field.
Since the interaction is limited in a short time interval,
the electromagnetic force is treated as a stochastic force
~tc ,, ti !. By a stochastic analysis, it is shown that the time
evolution of the electron distribution function is governed
by a diffusion equation in the momentum space. Even though
the transverse diffusion coefficientDr is much smaller than
longitudinal coefficientDz, the diffusion inpz is not negli-
gible and enhances the energy absorption. With the obtained
electron distribution function, the analytical expression of
absorption coefficient and skin depth are obtained. The ab-
sorption coefficient has an constant asymptotic form as
hasy. ~v00vp!~vcti ! . a~c0vth!~v00vp!2. In the relativis-
tic regimea $ 1, the absorption coefficient decreases with
increasing intensity, and in the even higher intensity regime,
the absorption coefficient increases with increasing inten-
sity ash .!I . The temperature and density dependence of
the absorption coefficient is numerically obtained ash tr .
~c0vth!2~v00vp!3 for the transient stage.

The applicability of this theory is given from the condi-
tionvcti ,, 1. By usingvc . av0, the condition is evaluated
asvcti . a~cv00vthvp!. Because~cv00vthvp! ,, 1 is as-
sumed and satisfied in the situation of the anomalous skin
effect,vctc ,, 1 is not a very strict condition. But this gives
us the upper limit for the normalized vector potential.
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