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Abstract

We carry SprindZuk’s classification of the complex numbers to the field Q, of p-adic numbers. We
establish several estimates for the p-adic distance between p-adic roots of integer polynomials, which
we apply to show that almost all p-adic numbers, with respect to the Haar measure, are p-adic S -numbers
of order 1.
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1. Introduction

For an integer polynomial P(X), its height, denoted by H(P), is the maximum of
the absolute values of its coefficients and its degree is denoted by deg(P). In 1932,
Mabhler [8] introduced a classification of the complex numbers based on the real
numbers

wy(H, &) = min{|P(€)| : P(x) € Z[x],deg(P) < n, H(P) < H, and P(¢) # 0}

for positive integers n and H. He first defined

. —logw,(H, £)
n(é) =1 —_—
wa(€) imsup —— 7 oH

and then, according to the behaviour of the sequence (w,(£)),>1, he divided the set
of complex numbers into four classes, called A-, S-, T-, and U-numbers. Setting
w(é) = limsup,_,,,(w,(£)/n), we say that £ is:

e an A-number, if w(¢) = 0;
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e an S-number, if 0 < w(¢) < oo
e a T-number, if w(§) = co and w,(€) < oo for any integer n > 1;
e a U-number, if w(£) = oo and w, (&) = oo for some integer n > 1.

The set of A-numbers coincides with the set of complex algebraic numbers. Almost
all complex numbers (in the sense of the Lebesgue measure) are S -numbers. The sets
of T-numbers and of U-numbers are nonempty and of zero Hausdorftf dimension. The
reader is directed to [5] for further results and references on Mahler’s classification.

In 1962, Sprindzuk [10] (see also [l1, pages 140-142]) introduced a new
classification of the complex numbers by reverting the roles played by the degree and
the height in Mabhler’s classification. Namely, instead of fixing first a bound for the
degree and letting the height tend to infinity (as we did to define the functions w;,), he
fixed first a bound H for the height and let the degree tend to infinity and considered
the quantities

lim sup 12102 Wi )
00 logn

SprindZuk divided the complex numbers into four disjoint classes and called the
numbers in these classes A-, §-, T-, and U-numbers. He showed that the set of A-
numbers is equal to the set of complex algebraic numbers and observed that, by results
of Feldman, 7 and log a are §-numbers for any algebraic number « different from 0
and 1. While U-numbers are easy to construct, the existence of T-numbers remained
open for a long time, until it was confirmed in 1996 in a beautiful paper of Amou [1].

Throughout the present paper, p denotes a fixed prime number and | - |, denotes
the p-adic absolute value on Q, normalized such that |p|, = p~'. We denote by | - p
the extension of | - |, to the field Q, of p-adic numbers. Further, we denote by C, the
completion, with respect to | - |,, of the algebraic closure of Q,,.

In 1935, Mahler [9] carried mutatis mutandis his classification of the complex
numbers to the field Q,; see [5, Section 9.3] for references. The only difference is
that the modulus |P(£)| in the definition of w,(H, &) is replaced by the p-adic absolute
value. As far as we are aware, Sprindzuk’s classification of p-adic numbers has not
been studied up to now. It is defined as follows by simply replacing the modulus by
the p-adic absolute value. Given a p-adic number € and positive integers n and H, we
define the quantities

wy(H, &) = min{|P(&)|, : P(x) € Z[x],deg(P) <n,H(P) < H, and P(£) # 0}, (1-1)

w(H, &) = lim sup log(~log wi(H, f)), and w(&) = sup w(H, &).
filee log phi

Observe that H — w(H, £) is a nondecreasing function. We call w(¢) the order of &. If
w(€) is finite, then we define

f)

log _1
t(H,€) = lim sup % and #(¢) =lim sup

n—oo H—oo
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We call #(£) the type of &. If w(¢) is infinite, then we denote by Hy(¢) the smallest
integer H such that w(H, &) is infinite if such an integer exists and we set Hy(¢) = oo
otherwise. We call ¢:

e a p-adic A-number, if 0 < w(€) < 1 or if w(¢) = 1 and #(¢) = 0;
e a p-adic §-number, if 1 < w(€) < oo or if w(£) = 1 and #(&) > 0;
e a p-adic T-number, if w(&) = co and Hy(¢) = oo;
e a p-adic U-number, if w(¢) = oo and Hy(¢) < co.
The purpose of the present paper is to establish the p-adic analogues of some of the
main results on Sprindzuk’s classification of complex numbers.

We start with the p-adic analogue of a result due to SprindZuk [10] (see also
[11, pages 140—142]) asserting that the set of complex A-numbers coincides with the
set of complex algebraic numbers.

Turorem 1.1. The class of p-adic A-numbers exactly consists of the p-adic algebraic
numbers. More precisely:

(1)  the order of a p-adic algebraic number is at most equal to 1. If a p-adic algebraic
number & has order 1, then its type is equal to 0;

(2) the order of a p-adic transcendental number is at least 1. If a p-adic
transcendental number & has order 1, then its type is at least equal to 1.

Sprindzuk [10] proved that almost all complex numbers, in the sense of the
Lebesgue measure on C, are S -numbers of order less than or equal to 2 and conjectured
that almost all complex numbers are S -numbers of order 1. Chudnovsky [6, page 120]
solved SprindZuk’s conjecture, but his proof was apparently not complete. Amou [1]
supplied a complete proof of SprindZuk’s conjecture. Later, Amou [2] improved his
result, which was subsequently refined by Amou and Bugeaud [3, 4].

The main purpose of the present note is to establish the p-adic analogue of
Sprindzuk’s conjecture, which is an immediate consequence of the following p-adic
analogue of Amou and Bugeaud [3, Théoreme 2]. Throughout the rest of this note,
‘almost all’ always refers to the Haar measure on Q,,.

THeOREM 1.2. Let € be a positive real number. Then, for almost all p-adic numbers &,
there exists a positive real constant c(¢, €), depending only on & and &, such that every
integer polynomial P(x) satisfies

[P(&)l, > exp(—(3 + e)nlog H — (4 + e)nlogn)

whenever max{n, H} > c(¢, €), where n and H denote the degree and the height of P(x),
respectively.

We highlight the following straightforward consequence of Theorem 1.2.

CoroLLARY 1.3. Almost all p-adic numbers are p-adic S -numbers of order 1 and type
at most 3.
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One may expect that almost all p-adic numbers are p-adic §-numbers of order 1
and type 1, but such a statement seems to be very difficult to prove.

Besides the classification based on (1-1), there exist other ways to classify the
elements of Q,. Namely, for a p-adic number ¢ and positive integers n and H, let
us consider the quantity

min{|¢ — al, : @ € Q,, deg(a) < n, H(e) < H, and € # a},

where @p denotes the set of elements of C, which are algebraic over Q. Here, the
height H(@) and the degree deg(a) are the height and the degree of the minimal
defining polynomial of @ over Z. However, since it is more natural to approximate
p-adic numbers by p-adic numbers (and not by numbers in a larger field), we should
rather consider the quantity

wi(H, &) = min{|¢ - al, : @ € Q, N Q,,deg(e) <n,H(e) < H, and & # a}.

Then a difficulty occurs, since the fact that an integer polynomial P(x) is p-adically
small at a p-adic number ¢ does not straightforwardly imply that P(x) has a root in
Qp which is p-adically close to &; see, for example, [5, Section 9.3] for a discussion.
By using the quantities w;,(H, €) in place of w,(H, £), we can divide the set of p-adic
numbers into four classes, called A*-, S*-, T*-, and U*-numbers. It then follows from
Theorem 1.2 that almost all p-adic numbers are p-adic S *-numbers.

Itis claimed in [5, page 167] that any two algebraically dependent complex numbers
belong to the same class in SprindZuk’s classification. A (tentative) proof is left as part
of Exercise 8.1. However, the hint given is not sufficient since the constants c¢; and
¢3 occurring in (3.3) of [5, Ch. 3] heavily depend on the degree n. Consequently, it
may be the case that, unlike Mabhler’s classification, SprindZuk’s classification does
not enjoy a strong invariance property. We leave this as an open problem.

ProBLEM 1.4. Do there exist two algebraically dependent (transcendental) p-adic
(respectively, complex) numbers which do not belong to the same class in SprindZuk’s
classification?

The proof of Theorem 1.2 rests on several estimates for the p-adic distance between
p-adic roots of integer polynomials, stated and proved in Section 2. In Section 3, we
apply these results to establish Theorems 1.1 and 1.2.

2. Lower bounds for the p-adic distance between roots of integer polynomials

Let P(x) = a,(x —ay) --- (x — @,) be a nonzero integer polynomial. The Mahler
measure of P(x), denoted by M(P), is the quantity

M(P) = lay| | | max{1, loi}.
i=1

The Mahler measure is a multiplicative function, which satisfies (see [5, pages
219-220])
M(P) < Vn+ 1H(P). -1
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Let P(x) = a,x" + - -+ + ap be an integer polynomial of degree n > 1 and coprime
coefficients. Denote the roots of P(x) in C, by ay, ..., a,. Then (see [12, Lemma 3.1])

lanly | | max(1, lel,) = 1. 2-2)
i=1

Let E, (n=0,1,2,...) be subsets of Q, and assume that },> 1,(E,) converges,
where 4, denotes the Haar measure on Q,. By a classical covering argument (see, for

example, [5, Lemma 1.3]),
/1,,( N E) -0, 2-3)

Our first result in this section is a p-adic analogue of [3, Théoreme 1]. We also
refer the reader to [5, Appendix A] and [3] for further references. It is crucial for our
application that, in Theorems 2.1-2.3, the dependence on n occurs through the quantity
n and not through the quantity 2,

THEOREM 2.1. Let P(x) be an integer polynomial of degree n > 2. Let « be a root of
P(x) in C,, of degree n| and of multiplicity sy. If B is a root of P(x) in C, distinct from
a and of multiplicity s, then

+1 -ny/sy
lo — Bl, > ((:1 .\ 1)H(P)) M(P)"/52716152) max {1, |al,} max{1, |B],},

if s, = s1, while

—n/(2s%)
_ 2
) M(P)" @I~ max(1, |al, /> max{1, |B],}*/%,

n+1
loe = Blp > ((S N 1)H(l")
if s1 = 8o = s. In particular,
la _:8|p > 2_3”/(25152)n_n(251+3)/(251SZ)H(P)_Z"‘/(5152), (2-4)
if s, > s1, while
o = Bl > 27D () RIS max 1, a1 max{1, |8, 12,
if s1 =8, =s.

We prove Theorem 2.1 by adapting the method of the proof of [3, Théoréme 1] to
the p-adic case.

Proof of Theorem 2.1. We adapt the proof of [3, Théoréeme 1] to the p-adic case. Let
O(x)=a;(x - a;)---(x — ay,,) be a separable integer polynomial with @ = ;. Note that
ai,...,a, arein C,. Then Q(x) divides P(x) in Z[x] and the integer polynomials Q(x)
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and P“V(x)/s,! are relatively prime. Since their resultant, denoted by Res(Q, P“V/s1!),
is a nonzero integer,

Pl
Res(Q, ' )
s

-1
<

p

oV P (@)
< n—si i
S]! )‘ - |a1| 1_[

i=1

Res(Q,

S]!

n+1\" " nes)
S(s1+1) H(P)" M(Q)"™,

where @/, ..., @, are the complex roots of Q(x). Hence,

n+1\" [ PU (@)
1< HPY"M(Q)" My [} =l 2-5
_(s1+l) (P M(Q)"™ |y ]_1[ = ',, 2-5)
We have o)
P¥ i _ .
@l max(L e, ™ = 2,...om). (2-6)
S1- P
Denoting the leading coefficient of P(x) by a,
P(Sl)(a) s n—s1—s:
‘ - p=|a|,,]_[|a—y|ps|a|p|a—ﬁ|;max{1,|a|p} o [ ] maxt1, )

Y#E@ yEay#B
P()=0 P(y)=0

(2-7)
Here and below, the roots y of P(x) are counted with their multiplicities. Combining
(2-5)—(2-7) and using (2-2) and the inequality M(Q) < M(P)"/*!,
n+1 s
lr = Blp = (( N I)H(P)) M(P)"5275) max(1, |al,} max(1, |Bl,} (522> s1).
S1
Thus, using (2-1) and the inequalities n; < n/s; and (s"l:ll) <(n+ 1)(n/2)*,

|Q’ _Blp > 2—3n/(2s1sz)n—n(ZA‘1+3)/(251SQ)H(P)—ZH/(SIA'Z) (SZ > Sl)-

If 51 = s, = 5, we can choose Q(x) such that a; = 8. We then have the analogue of
(2-7) for |P(B)/s!|,,, namely the upper bound

’P(“"(,B)

s!

< lalylr = Bl max{1, 18,1 | | max{1, ). (2-8)
p

y#a,y#p
P(y)=0

Combining (2-5), (2-7), (2-8), and (2-6) for i = 3,...,n; and using (2-2) and the
inequalities n; < n/s and M(Q) < M(P)'/*,

-n/(25%)
) — 2
) M(P)! /P97 max(1, lal, )" max{1, 8,12,

&~ Bl > ((” N 1)H(P)

s+1

+1

Hence, using (2-1) and the inequality ('S’“) <(n+ 1)(n/2)*%,

|Q’ _ﬂ|p > 2—}'[/Sn—n(2s+3)/(4sz)I_I(f))l/(ZS)—n/s2 max{l, |a|p}3/2 maX{l, Iﬁlp}3/2-

This completes the proof of Theorem 2.1.
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Our second result in this section is a p-adic analogue of Diaz and Mignotte
[7, Lemme].

THeOREM 2.2. Let P(x) be an integer polynomial of degree n > 1 and & be a number
in C,,. Let a be a root of P(x) in C,, such that |§ — al, < | — 1], for any root t of P(x)
in C,. Let s and d denote the multiplicity of a as a root of P(x) and the degree of a,
respectively. Then

1 d
€~ al) < ((’: N 1)H(P)) MPY" " PE),.

In particular,
£ - aly, < 2" EO (PRI P, (2-9)

Proof of Theorem 2.2. We adapt the proof of Diaz and Mignotte [7, Lemme] to the
p-adic case. Let Q(x) = a(x — a;) - - - (x — @y) be the minimal polynomial of @ = a)
over Z. (Note that aj,..., a4 are in C,.) Then Q*(x) divides P(x) in Z[x] and the
integer polynomials Q(x) and P')(x)/s! are relatively prime. Hence, their resultant is
a nonzero integer. Thus, as in the proof of Theorem 2.1,

ONE' (s) d
P ) P ) s((n+ I)H(P)) MOy,

RGS(QT SR"*S(Q’? s+l

So,
d

d
n+1
1< H(P)| M(Q)"*|al’*
< ((s . 1) ( >) Q)" *lal? ]_1[
By the hypothesis of the theorem, |£ — a|, < | — |, for any root y of P(x) in C,,.
This implies that

(2-10)

P(s)(a’i)‘
sty

h’ - a’lp < max{ly - §|ps |§ - a’lp} = |§ - 7|p
for any root y of P(x) in C,. Denoting the leading coefficient of P(x) by b,
P9 ()

P l_[ l =11, < |P@),lé = al,*. @2-11)
P(n=0
We have o
P S l' _
' ('a/) < max(L, |, (i=2.....d). (2-12)
S p

Combining (2-10)—(2-12) and using (2-2) and the inequality M(Q) < M(P)"/",
d
n+1
I - al) < ((s . 1)H(P)) M(PY"S P&,

Hence, using (2-1) and the inequalities d < n/s and ("+l) <(n+ 1)(n/2)°%,

s+1
|§ _ a|; < Znnn+3n/(2S)H(P)2n/sfl |P(§)|p

This completes the proof of Theorem 2.2.
Our last result in this section is a p-adic analogue of [5, Theorem A.1].
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TueoreM 2.3. Let P(x) and Q(x) be integer polynomials of degrees n > 1 and m > 1,
respectively. Let a be a root of P(x) in C, and B be a root of Q(x) in C,. Denote the
multiplicity of a as a root of P(x) and that of B as a root of Q(x) by s and t, respectively.
Assume that P(B) # 0. Then

IPB)l, = (n+ )™ "(m + )™ H(PY™ " H(Q)™" max{L,|8],}"
and

o = Blp = (n+ 100 (m + 1) HEP)™ O H(Q) ™) max({1, e, max{1, |B],).
(2-13)

Proof of Theorem 2.3. Let Qi(x) = b(x — 1) - (x — B,4) be the minimal
polynomial of 8 = 8, over Z. (Note that j1,...,,, are in C,.) Then Q|(x) divides
Q(x) in Z[x] and the polynomials Q;(x) and P(x) are relatively prime. Hence, the
resultant of the polynomials Q;(x) and P(x) is a nonzero integer. Thus,

IRes(Q1, P)I,' < [Res(Q1, P)| < (n + DT H(P)T M(Q1)".

So,
q1
1< (n+ D?H(P)Y"M(Q1)"|bl, 1_[ [PB)Ip- (2-14)
i=1
We have
[P(B), < max{l,|Bi],}" (=2,...,q1). (2-15)
Combining (2-14) and (2-15) and using (2-2),
M n
1 <P, + 1)41H(P)ql(ﬁQigl}) .
> Plp

Hence, using the inequalities (2-1), ¢; < m/t, and M(Q;) < M(Q)"",
IPB, = (n+ 1) (m + 1) HP) ™ H(Q)™" max{1, |B],,}". (2-16)

Furthermore, denoting the leading coefficient of P(x) by a,,,

PGB, = lanlyl = ofy [ | 18- 1y < lanlplB - aly max(1, 181, [ | maxi1, iy, .

y#FQ Yy*a
P(y)=0 P(y)=0
Thus, using (2-2),
IPB)p < 18 — al, max{L, |B],}"* max{l, |,} " (2-17)

We infer from (2-16) and (2-17) that
lo = Bl, > (n + 1™ (m + 1) EDHPYy ™SO H(Q) ™) max({1, |al,} max{1, |8],}.

This completes the proof of Theorem 2.3.
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3. Proofs of Theorems 1.1 and 1.2

Proof of Theorem 1.1. Let & be a p-adic algebraic number of degree m and let
Q(x) be the minimal polynomial of & over Z. Let n and H be positive integers and
let P(x) be an integer polynomial with deg(P) < n, H(P) < H, and P(¢) # 0. Then, by
Theorem 2.3,

IP@lp 2 (n+ D)™ (m+1D™"H"HQ)™.

With the notation of Section 1, we get w(H, &) < 1 and thus w(¢) < 1. Furthermore, if
w(€) = 1, then we get #(£) = 0. This proves assertion (1) of Theorem 1.1.

Let £ be a p-adic transcendental number with [£], = p~" and let n and H be positive
integers. As proved by Mahler [9], there exists an integer polynomial P(x) with
deg(P) < nand H(P) < H such that

0#1PE)l, < p™'(H+ 1™,

where ¢t = min{0, h}. We get w(H, £) > 1 and thus w(¢) > 1. Furthermore, if w(¢) = 1,
then we get #(£) > 1. This proves assertion (2) of Theorem 1.1.

Proof of Theorem 1.2. Let £ be a positive real number. Let B be a ball of radius
1 in Q, and let np > 4 be an integer which we will determine later. By Sprindzuk’s
theorem [11, pages 89 and 112], for almost all p-adic numbers ¢ in B, in the sense of
the Haar measure on Q,,, the inequality

[P(E)], < exp(—(2 + e)nlog H)

is satisfied by only a finite number of integer polynomials P(x) of degree n < ny and
of height H. Denote by E the set of p-adic numbers ¢ in B such that the inequality

[P, < exp(—(3 + &)nlog H — (4 + &)nlogn)

is satisfied by infinitely many integer polynomials P(x) of degree n > ny and of height
H. Hence, in order to prove the theorem, it is sufficient to show that the Haar measure
of E is equal to zero. For any positive integers n, s, and H with 1 < s <nandn > ny, we
denote by A(n, H, s) the set of numbers @ in C,, which are the roots, with multiplicity
s, of some integer polynomials P(x) of degree n and of height H. For any positive
integers n, s, and H with 1 < s <n and n > ny, let E(n, H, s) denote the set of p-adic
numbers ¢ for which there exists an algebraic number « in A(n, H, s) such that

(3 3+¢

2
£ —al, < exp((—2 _3+e )nlogn 42 1og2). (31
S S

Setting E(n, H) :== E(n,H,1) U --- U E(n, H, n), we observe that (2-9) in Theorem 2.2
ensures that every p-adic number £ in E belongs to infinitely many sets E(n, H). Thus,

EC ﬁ 0 OE(n,H)U ﬁ O O E(n, H). (3-2)

N=ng n=N H=1 Ho=1 n=ny H=H,
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By [3, Lemma 1], the number of elements of A(n, H, s) is bounded from above by
CardA(n, H, s) < min {2 H", 27715 /5", (3-3)

Let us denote the number in the right-hand side of (3-1) by p and let D(n, H, s) denote
the set of numbers in C, whose distance to the ball B is less than p. For any positive
integers n and s with n > 4 and 3 < s < n, it follows from (2-4) and (2-13) that

|a _ﬁ|p > 2—n/xn—5n/(2s)H—2n/s (3_4)

holds for any «, 8 in A(n, H, s) with a # . Let us denote the number in the right-hand
side of (3-4) by 6. We observe that § > 4p holds for sufficiently large n. Hence, the set
D(n, H, s) can be covered by at most [26~!] + 2 open balls of radius 6. For 3 < s <n,
this yields for sufficiently large » the bound

Card(A(n, H, s) N D(n, H, s)) < 23> @O g2n/s, (3-5)

In order to bound the Haar measure of E(n, H, 5), we separate three cases with
respect to the value of s:

s=1,2; 3< s<n\/7/logn; n\/7/logn$ s<n.
For s = 1, 2, the first upper bound of (3-3) and (3-1) yield

3
A,(E(n, H, 5)) < exp (—E(slogH + (5 + s) logn —4log 2))
s
For 3 < s <n+/7/logn, (3-5) and (3-1) imply that for sufficiently large n,
1
A,(E(n, H, 5)) < exp (—E((g + s) logH + glogn —4log 2))
s

For n+/7/logn < s < n, the second upper bound of (3-3) and (3-1) yield for sufficiently
large n that

4 3
A, (E(n, H, 5)) < exp (—f((3 te- —)logH + (3 +- = - log 2)logn —log 2))
S S S n

In all these three cases, choosing ny sufficiently large, we have for n > n the inequality
Ap(E(n, H, s)) < (nH)~**,
where 7 is an appropriate positive real number depending on &. Hence,

Ap(E(n, H)) < (nH)™ 17

i i Ap(E(n, H))

n=ng H=1

and the series

converges. Then (2-3) and (3-2) imply that the Haar measure of E is zero. This
completes the proof of Theorem 1.2. O
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