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Abstract. We study the normal and leaky kink oscillations of a thin magnetic
tube embedded in a surrounding magnetized plasma. We adopt the cold plasma
(zero plasma [3) approximation, appropriate for typical solar coronal conditions.
Using the Laplace transform, we solve the initial value problem to determine the
motions of the flux tube. The asymptotic description of this motion is determined
by the properties of a dispersion function D(w), an infinitely valued function of the
complex frequency w. Two cases arise. When the plasma density p; inside the tube
exceeds the density p. of the surrounding plasma, the asymptotic behaviour is given
by the normal mode that is associated with two zeros of D(w). These zeros are real
and symmetric with respect to the imaginary axis, and are situated on the principal
sheet of the Riemann surface of D(w). The asymptotics given by the normal mode is
valid for times much longer than the period of tube oscillation, and is homogeneous
with respect to the radial distance r. In the second case, where p; < p,, there are no
zeros of D(w) on the principal sheet. The asymptotics of the solution of the initial
value problem is then given by a leaky mode of the tube kink oscillations. This
mode is associated with two zeros of D(w) on two different, non-principal, sheets
of the Riemann surface of D(w) attached to the principal sheet. The asymptotics
given by the leaky mode is intermediate, i.e. valid for times much longer than the
period of oscillations but smaller than (or of the order of) the damping time due to
energy leakage. The asymptotics given by the leaky mode is inhomogeneous with
respect to 7. We also consider other solutions associated with the zeros of D(w) on
non-principal sheets, and argue that in the coronal loop case where pi > p. these
solutions have no physical meaning. In the opposite case, where pi < p., only the
two solutions associated with the two zeros of D(w) lying on two different non-
principal sheets attached to the principal sheet are physically meaningful; they
determine the leaky mode. All other solutions of this type are devoid of physical
meaning. On the basis of our results, we conclude that there is no radial wave energy
leakage from a dense coronal loop oscillating in the kink mode; other mechanisms
must be sought to explain the observed oscillation damping.
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1. Introduction

Recent space observations of standing transverse oscillations of coronal loops
(Aschwanden et al. 1999, 2002; Nakariakov et al. 1999; Schrijver and Brown 2000;
Schrijver et al. 2002; Wang and Solanki 2004; Verwichte et al. 2005) obtained by
the Transition Region and Coronal Explorer (TRACE) have considerably boos-
ted interest in coronal waves and oscillations, and provided a serious challenge
to theorists. Observational properties have been reviewed in Aschwanden (2004),
Wang (2004) and Nakariakov and Verwichte (2005), and theoretical aspects are
discussed in Roberts (2002, 2004), Roberts and Nakariakov (2003) and Nakariakov
and Verwichte (2005). Loop oscillations are of particular importance because they
provide diagnostic information about local coronal conditions, giving rise to a
coronal seismology (Roberts et al. 1984; Nakariakov et al. 1999: Nakariakov and
Ofman 2001).

The observations show that loops may oscillate in the kink mode, and do this
with a frequency that is determined by conditions both inside and outside the loop.
Specifically, for a thin cylindrical flux tube embedded in a magnetized plasma the
kink oscillations have a frequency wy, given by (see, for example, Edwin and Roberts

1983)
1/2
W = ( 20 ) EVai (1.1)
pPi + Pe

and so are determined by the plasma density p; inside the tube and the density
pe in the environment of the tube, together with the longitudinal wave number k
of the oscillation and the Alfvén speed Vy; of the tube. However, the observations
also reveal that loop oscillations are strongly damped. An understanding of this
damping is important not only as a means of understanding coronal oscillations in
general, but also because the damping itself provides diagnostic information about
the corona that is additional to any information provided by the particular mode of
oscillation. Various mechanisms of damping have been discussed (see, e.g., Roberts
2000) and continue to be under active investigation. Ruderman and Roberts (2002)
suggested that the damping of loop oscillations is due to resonant absorption. This
suggestion has been supported by Goossens et al. (2002) who analysed observations
of 11 damped coronal loop oscillations and compared them with theoretical results;
the conclusions are encouraging but not conclusive.

An alternative possibility for explaining wave damping is to examine the wave
leakage that may result from an oscillating loop which sets up an outgoing wave
radially propagating away from the loop. Recently, Cally (2003) suggested that
at least part of the energy of a coronal loop oscillation can leak away in this
way (see also Meerson et al. 1978; Spruit 1982; Cally 1986), though Cally (2003)
concluded that generally the effect is not sufficient to explain the observations
(see also Roberts 2000). More specifically, Cally (2003) argued that there exists a
leaky kink mode of magnetic tube oscillations in the case where the plasma density
inside a loop is larger than the density of the surrounding plasma, the circumstances
typical of coronal conditions.

In this paper we study both leaky and non-leaky kink modes of a straight
magnetic tube by solving the initial value problem. In particular, and in contra-
diction to Cally (2003), we show that there are no leaky modes when the plasma
density inside the tube exceeds that of the surroundings. Thus, we argue that the
observed damping of coronal kink oscillations cannot be explained, even in part, as a
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consequence of radial leakage from an oscillating kink mode; some other mechanism
must be sought.

Our paper is organized as follows. In the next section we formulate the problem,
presenting the governing equations and the boundary and initial conditions. In
Sec. 3 we obtain the solution of the initial value problem for kink oscillations, and
then turn in Sec. 4 to a study of the asymptotic behaviour of solutions of the
initial value problem. In Sec. 5 we discuss the meaning of solutions of the linear
magnetohydrodynamic (MHD) equations that are associated with the zeros of the
dispersion function on different sheets of the Riemann surface of this function.
Finally, in Sec. 6, we summarize the results and present our conclusions.

2. Formulation

We consider oscillations of a magnetic tube in a cold (zero () plasma. We use
cylindrical coordinates 7, ¢, z. In equilibrium the magnetic field has constant mag-
nitude B and it is in the z-direction. The magnetic field is frozen in dense plasmas
at z = 0, L. The equilibrium plasma density, p, is equal to p; inside the magnetic
tube of radius R (r < R), and is equal to p, outside the tube (r > R).

The motion of the perturbed plasma is described by the linear system of ideal
MHD equations,

Ou 1/B0b. OP
dv _1(Bdb, 10P ‘
ool ) =)

o, ou b, v _
o =Pa o ~Por V=0 219

opP _ pV2 [8(7’u) N 87)}

ot r or @

(2.1d)

Here v = (u,v,0) is the velocity, b = (b, by, b.) is the perturbation of the magnetic
field and P = Bb. /i is the perturbation of the magnetic pressure: Vi = B(up)~1/?
is the Alfvén speed, with p being the magnetic permeability of empty space. These
equations were discussed in Ruderman and Roberts (2002).

We assume that the dense plasmas in the regions z < 0 and z > L are immovable.
Then it follows from the frozen-in condition that

u=v=0 atz=0,L. (2.2)
Boundary condition (2.2) coupled with (2.1d) implies that
P=0 atz=0,L. (2.3)

Differentiating (2.1d) with respect to time and using (2.1a), (2.1b) and the third
equation in (2.1¢), we obtain that P satisfies the wave equation
o%pP

=7 = VIVZP. (2.4)
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Using the first equation in (2.1c¢), we arrive at

9%u 262u 10%2P )
a0 VA .2 - — . (25)
ot? 0z p Otor
The magnetic pressure perturbation P and the radial velocity u have to be
continuous at the tube boundary (see, for example, Edwin and Roberts 1983), so
that

[P]=0, [u]=0 atr=R, (2.6)

where the square brackets indicate the jump of a quantity across the tube boundary.

In what follows we consider only the kink mode of the tube oscillations and take

perturbations of all quantities to be proportional to €. In addition, we consider

only the fundamental mode in the z-direction and, in accordance with the boundary

conditions (2.2) and (2.3), take u and P to be proportional to sin(wz/L). Then (2.4)
and (2.5) reduce to

2 1
TP _ e (arap - P) — w3 P, (2.7)

oz~ M\ror or r2
Pu 1 9%P o
o TS o (25

where wy = 7wV /L. Our analysis remains applicable to an overtone if we regard L
as the distance between successive nodes along the loop.

To complete the formulation of the problem we have to specify initial conditions
att =0 as
8675 = PO; U = Ug, %
In what follows we assume that, at the initial moment of time, the plasma is
perturbed only in a finite region, i.e. all perturbations are identically zero for
r>ryg > R.

The system of equations (2.7) and (2.8) with the boundary conditions (2.6) and
the initial conditions (2.9) will be used in what follows to study the kink oscillations
of the magnetic tube.

P =P, = 4. (2.9)

3. Solution of the initial value problem

To solve the initial value problem we introduce the Laplace transform

flw) = /0 f(t)e™! dt. (3.1)

Applying this transform to equations (2.7) and (2.8), we obtain

2P 1dP 1\~ wPy—Py
— — A2 —_— P = —= F 32
dr2 r dr + ( r2> Vf ’ (3-2)

dP 1dP,
ple? —wl)a = —iwﬁ+iwuo—uo—;d—ro, (3.3)
where
2 2

2= 3.4
V2 (34
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For simplicity, we take
up =0, U+ —-———=0. 3.5
0 o+ o dr (3.5)
Then, using (3.3), we rewrite the boundary conditions (2.6) as

! “ﬂ:o (3.6)

[P] =0, L(WQ—W?\) dr
Now we have to obtain the solution of (3.2) satisfying the boundary conditions (3.6)
and the additional condition that P is regular at » = 0 and vanishes as r — oo.
First we find the solution for w in the upper part of the complex w-plane, i.e. when
J(w) > 0, where J indicates the imaginary part of a quantity. Then we consider its
analytical continuation in the lower part of the complex w-plane. We will solve the
problem separately inside and outside the tube.

3.1. Solution inside the tube

Let us introduce the notation A(t) = P(t, R) and make the variable substitution
Ii(nr/L)

Li(rR/L)’

where I7(z) is the modified Bessel function of the first kind. Substituting (3.7) in
(3.2) we obtain

d*Q;  1dQ; 1 W2l (nr/L)
L L P L G/
et ( ) VZL(xR/L)

dr?  r dr
where, and in what follows, the subscripts ‘1" and ‘e’ indicate that a quantity is

Q=P—A (3.7)

(3.8)

calculated inside and outside the tube, respectively. The function @; satisfies the
boundary conditions

Qi(r) isregular at r =0, Qi(r=R) =0. (3.9)

The Green function of (3.8), Gi(r, s;w), considered as a function of r, has to satisfy

the homogeneous equation (3.8) for » # s, the boundary conditions (3.9), to be

continuous at 7 = s, and its derivative with respect to r has to have a jump equal
dGh

to unity at r = s:
dGj
li =1. 3.10
5—13-10( dr dr 7:3_6) ( )

To construct the Green function we need two linearly independent solutions of the
homogeneous equation (3.8), one satisfying the first boundary condition in (3.9),
and the other satisfying the second boundary condition in (3.9). The first solution
can be taken to be equal to Jy(Ajr), where J;(2) is the Bessel function of the first
kind. To obtain the second solution we use the Hankel function of the first kind
H:El)(z). Then the second solution is equal to

r=s+e

Jl (AIT‘)Hl(l)(AlR) — Jl (AIR)Hl(l)(AI’I“)
Using the relation Hl(l)(z) = Ji(z) + iY1(z), where Y7 (2) is the Bessel function of
the second kind, and the identity (Abramowitz and Stegun 1964)
2
N(2)Y{(2) = Ji(2)Yi(2) = —, (3.11)

Tz
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where a prime indicates the derivative, we eventually arrive at

Gi(r,s;w) = {6(s — )y (A7) [J1 (Mis) H (A R) — Ty (M RYHM (Ass)]

2J, (A R)
+0(r — )L (Nis) [ (Ar) HV (A R) — L (AR)HD (Ar)] ), (3.12)

where O(z) is the Heaviside function, ©(x) = 1 for > 0 and ©(z) = 0 for z < 0.
Then the solution of equation (3.8) satisfying the boundary conditions (3.9) is

/ Gi(r, s;w) { H(s) — ng{ig;//LL))A}ds‘ (3.13)

3.2. Solution outside the tube
The region outside the tube can be treated in a similar fashion. Set
A K]_ (7TT‘/L)

Ki(rR/L)’

where K1(z) is the modified Bessel function of the second kind (MacDonald func-
tion). Substituting (3.14) in (3.2) we obtain

Q.=P— (3.14)

Q. 1dQ 1 WKy (mr/L)
¢4 Z=e A— Q. =F — ———"1"_A. 3.15
a2 Trar T ( ¢ r2>Q VEKi(rR/L) (3.15)
The function Q). satisfies the boundary conditions
Q.—0asr—>o, Q.=0atr=R. (3.16)

In what follows we impose the condition that J(A.) > 0 when J(w) > 0. Then it
follows from the asymptotics of the Hankel function of the first kind for |z| — o0
(Abramowitz and Stegun 1964),

2 .
Hfl)(z) ~ \/;ez(z—3ﬂ/4) (—m < argz < 27), (3.17)

that the solution of the homogeneous equation (3.15) satisfying the first boundary

condition in (3.16) can be taken to be equal to Hl(l) (Aer). We can take the solution
satisfying the second boundary condition in (3.16) in the form

Ji(AR)YHY (Aer) — Ty (Aer) H{Y (AR).
Once again using the relation H1( (2) = J1(2) + iY1(2) and (3.11), we obtain
]

Ge(r,s;w) = ————
20V (A:R)

{6(s —r)H" (A.s)

X [ (AR)HD (Aer) — Jy(Aer) HV (AR)] 4 O(r — s) H (Acr)

x [J1(AR)YH (Aes) — Jy (Aes) H (AR)] }. (3.18)

The solution of (3.15) satisfying the boundary conditions (3.16) is given by

/ Golr, s;w { L(s) — VAQOEEZZ/LL))A} ds. (3.19)
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3.3. Matching solutions
The solutions in the internal and external regions have to satisfy the boundary
conditions (3.6) at r = R. It follows from (3.7) and (3.14) that P, = P, = A at
7 = R, so that the first boundary condition in (3.6) is satisfied automatically. Using
(3.7) and (3.11)—(3.13) we obtain

dp, BTy (Ass) w2l (rs/L) ; rI(rR/L) ,
= F— Abds+ ————FA. 3.20
dr | _p /0 RJL(AR) V2nr/D) [t T (<R/T) (3.20)
Using the Bessel and modified Bessel equations, it is straightforward to derive the
relation
r RVZ [n , ,
sly(ms/L)Jy(Ais) ds = 2 ZJl(A;R)Il(WR/L) — ANJI (AR (7R/L)|.
0
(3.21)
Using this relation we rewrite (3.20) as
dP; R sJi(Ais) A (AR)
= ———Fi(s)ds + ———FA. 3.22
ar | _n /0 RA AR BT T AR (3.22)

Calculations for the external region parallels those for the internal region. Using
(3.1), (3.14), (3.18) and (3.19) we obtain

> ) (1) 2 /
dP, sH;V (Aes) { w?K(ms/L) } nK|(rR/L) -
= — e — Ards+———TL—-"LA. (3.23
dr|,_p / REV(AR) VZK,(7R/L) LK\ (nRjL) " 52

Also, we may show that

/ sk () L) H™M (Aus) ds
R

2
= % [AOHfl)/(AOR)Kl(wR/L) — %H{U(APR)K; (WR/L)] S (3.29)

With the aid of this relation, (3.23) reduces to

g = sHD (A AHY (AR) -
dbe| _/ %(ES)F( )ds + MA. (3.25)
dr|,_p R RH\V(A.R) HY(AR)
Substituting (3.22) and (3.25) in the boundary condition (3.6) we obtain
" T(w)
Aw) = == 3.26
where
D(w) = A2ARJ (MR HY (AR) — APRJ; (AR)H (A.R), (3.27)
0
T(w) = Ay (AR) / sAH Y (As) F(s) ds
R
1 R
+ A2 HY (AR) / sATLTL (Ais)F(s) ds. (3.28)
0

In what follows we also use the expression for P.. With the aid of (3.11), (3.24),
the relation obtained from (3.24) by substituting r for R, and the expression for
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[ 8J1(Aes) K1 (ms/L) ds similar to (3.24), we reduce the expression for P. to

A HY Ar) *
P.(rw) = IMA(W) +/R Go(r, s;w)Fe(s) ds. (3.29)

Examining this expression together with (3.26) suggests that PC(T’; w) has poles at
the zeros of D(w) and also at the zeros of Hl(l) (AcR). However, using (3.11), (3.18)
and (3.26)—(3.28) we may rewrite (3.29) as

R AHY (Aer)

Priw) = 25 {?R[Aijl(A,-R)J{(AeR)—Aejl(AeR)J{(AiR)]

o0 R
></ sAerl)(Aes)Fe(s) ds —Af/ sAT T (Ais) Fi(s) ds}
R 0

—7;2{Jl(AeR)/vsHl(l)(Aes)Fe(s) ds

+ HF)(AJ) / sJ1(AeS)Fo(s) ds}. (3.30)
R

This expression clearly shows that P,(r;w) has poles only at the zeros of D(w): it

is regular at the zeros of Hl(l) (AcR).

4. Asymptotic solution for large times

We now turn to a study of the asymptotic behaviour of the magnetic pressure
perturbation for ¢ — co. We start from the asymptotic behaviour of A(t) = P(t, R),
and then proceed to the asymptotic behaviour of P.(t,r) that determines the
difference between leaky and non-leaky waves.

In accordance with (3.26), A(¢) is given by the inverse Laplace transform

1 [TTPTW) i /
A(t) = %/Z—oiw me dw, (-Ll)

where the constant o is positive but otherwise arbitrary. So far, the functions D(w)
and T'(w) are determined only for J(w) > 0. To calculate the asymptotics of A(t)
as t — oo we need to analytically continue these functions to the lower half of the
complex plane.

To reveal the analytical properties of the functions D(w) and T'(w), first note
that J1(z) is an entire function and its power series expansion contains odd powers
of z only (Abramowitz and Stegun 1964). This implies that zJ1(z) and Ji(z) are
entire functions of z2. Therefore, A;J1(A;R) and J;(A;R) are entire functions of w.

The function Hfl)(z) can be written in the form

HY(2) = Ji(2) + % J1(2) 1n§ - % +r(2)], (4.2)

where k(z) is an entire function of z with power series expansion containing
odd powers of z only. 'l,‘his implies that the only singularities of the functions
AeHl(l)(AeR) and Ang(l) (AeR) are those due to the logarithmic terms proportional
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to InA.. On the basis of these results we conclude that the only singularities of
D(w) and T(w) are those related to the terms proportional to InA. = In[(w? —
wie)/er]l/Q, so these singularities are the logarithmic branch points w = twae.

To obtain single-valued branches of D(w) and T'(w) we make cuts in the complex
w-plane along the real axis from —oo to —ws. and from wy. to co. The function
w? — w3, maps the complex w-plane with these cuts on the complex plane with
the cut along the positive real axis. We define the principal sheet of the Riemann
surface of D(w) and T'(w) by choosing the branch of the square root that maps this
plane on the upper part of the complex plane, and the branch of the logarithm that
maps the upper part of the complex plane on the strip 0 < J(z) < 7. Hence we
have 3(A.) > 0 and 0 < 3(In A.) < 7 on the principal sheet.

It is straightforward to see that Pe(r;w) is also an analytic function of w on the
w-plane with cuts from —oo to —wy and from wy, to co. The principal sheet of the
Riemann surface for P,(r;w) is the same as for D(w) and T(w). Since J(A,) > 0
on the principal sheet, R(r;w) — 0 as r — o on the principal sheet. This fact
enables us to also use another name for the principal sheet and call it the physical
sheet. In what follows we will term other sheets of the Riemann surface as either
non-principal or unphysical.

At this point our analysis splits in two parts. We study the asymptotic behaviour
of leaky and non-leaky waves separately.

4.1. Asymptotic behaviour of non-leaky waves

We consider the asymptotic behaviour of waves in the case when p; > p,, so that
Vai < Vie. This is the case that typically arises in coronal loops. We restrict our
analysis to long waves, i.e. we assume that L>R. The zeros of D(w) on the principal
sheet are the eigenfrequencies of the tube oscillations. This inspires us to call D(w)
the dispersion function. If wg is an eigenfrequency of a static MHD configuration,
then w? is real (see, e.g., Priest 2000). This means that all zeros of D(w) have to be
either on the real or on the imaginary axes. Since imaginary zeros of D(w) should
be in complex conjugate pairs, the existence of imaginary zeros of D(w) would
imply instability. Since a magnetic tube with straight magnetic field lines is stable,
we conclude that all zeros of D(w) are real. Since only the interval (—wae, wae) of
the real axis belongs to the principal sheet, it follows that any zero wg of D(w)
must satisfy the inequality |wg| < wa.. Hence, we can assume that R|A; .|<1 when
looking for zeros of D(w). Now, using the approximate expressions (Abramowitz
and Stegun 1964) valid for |z|<1,

z 22 1 322
: 2 2
1) 21 z z oz . /
H ~——<1l——In-+—(1-2F 4.31
Pex-Z{i-Fns e -2}, (4.30)
1y 21 22z 22 .
Hl()(z)zWZZ{lJr21n2+4(1+2E—m)}, (4.3¢)
where F is the Huler constant, we rewrite the equation D(w) = 0 in the approximate
form as
1 1 RA, 1 m
=1 -—FE4+ -4+ —. 4.4
BALZ T (BAZE T T2 VRS (+4)
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W4,

o]

Figure 1. Sketch of the closed integration contour used to evaluate the integral in (4.1). The
arrows on the contour show the direction of integration. The thick solid lines show the cuts.

In the first-order approximation we neglect the right-hand side of this equation

and obtain w? = w?, where w? is the square of the kink frequency given by
2pw3
w2 = P (4.5)
pi t+ Pe

where we have used the equilibrium constraint that piw?, = pew3, = pw3.
In the next order approximation, we substitute w? = w? + ¢ in the left-hand side
and w? = wg in the right-hand side, where 5<wg. Then, using the relation A, = ikA,

where
. o — po |2
k==, A=|=—7H| | 1.6
L Pi + Pe ( )
we obtain
RA., AkER i
In ~ln——+ —. (4.7)

2 2
With the aid of this relation, we obtain

AER 1
1)

e= %w,fA4(kR)2 (m - tE—3

Hence, we may conclude that, in the long-wavelength approximation, the equation
D(w) = 0 has exactly two roots, w = tw,,, where

W zwk{l—k 1A4(kR)2(lnAkR +E—1)}. (4.8)
4 2 4

This expression coincides with an expression given by Edwin and Roberts (1983).
We see that the function A(w) is meromorphic on the principal sheet of the
Riemann surface with the two simple poles at w = tw,,. Now, to calculate the
asymptotic behaviour of A(t) as t — o0, we close the Bromwich integration contour
in (4.1) as shown in Fig. 1. It is assumed that the radius of the semi-circle becomes
arbitrarily large. Since the contour is traversed in the clockwise direction, which is
the negative direction, the contour integral is equal to —277 times the sum of the
residues with respect to the poles at w = tw,, . The residue with respect to w = wy,
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is equal to

—w, )T ) .
where
dD

)1
Wy =w,,

m:T m
o =T (§

It is straightforward to show that x, is real and the residue with respect to w =
—wp, is equal to —x,, e, so that altogether

T(w) —iwt _ : y
%D(w)e dw = =47 X, sin(wp, t). (4.10)

Using (3.17) and the asymptotic formula (Abramowitz and Stegun 1964)

Ji(z) ~ \/Z cos(z —3m/4) (largz| < ), (4.11)

valid for |z| — oo, it is not difficult to show that T(w)/D(w) = O(lw|™!) when
|w| = oo. This implies that the integral along the semi-circle, as well as the integrals
along the two vertical parts of the closed contour, tend to zero when the radius of
the semi-circle tends to infinity. Let us denote by _ the contour running from —oo
along the lower side of the left cut, turning around w = —wa., and then running
back to —co along the upper side of the left cut (see Fig. 1). The contour ¢4 runs
from oo along the upper side of the right cut, turns around w = wy,, and then runs
back to oo along the lower side of the right cut. The integral over the contour 4_
can be written as

s

where the superscripts ‘— and ‘+’ indicate the values of a function at the lower
and the upper side of the cut, respectively. Integrating by parts and taking into
account that T'(w)/D(w) — 0 as |w| — o0, and that T~ (—wa.) = T7(—wae) and
D™ (—wae) = DT (—wae), we obtain that

T(w) _; 1

L67“’”’ dw = (D() as t — o0. (4.12)

¢ Dw) wyt

The same estimate is valid for the integral over . Hence, eventually we arrive at
the asymptotic expression (valid for ¢ — o0)

A(t) ~ —2xm sin(wp t). (4.13)
Let us now study the asymptotic behaviour of P,(¢,r). This function is given by
1 io400 ]
P.(t,r) = —/ P.(r;w)e ™" dw, (4.14)
2m 10—00

where Pe(r; w) is determined by (3.29) or by (3.30). It is proved in Appendix A that
P.(t,r) = 0forr > ro+Vaet; recall that rg is chosen by the condition that the plasma
is not perturbed for r > rg at the initial moment of time. This result is not surprising.
To clarify its physical nature, consider perturbations with wavelength much smaller
than r. Then we can use the WKB approximation and look for solutions of (2.4)
proportional to expli(k,r — wt)]. As a result, we obtain the dispersion relation
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w = ‘/Ae\/m with k = m/L. Thus, the group velocity dw/0k, = Vick, (k* +

k2)~1/2 < V). so that the energy of perturbations cannot propagate faster than
the speed Vije.

The function Pe(r; w) has the same analytical properties and the same Riemann
surface as the functions D(w) and T'(w). Hence, for any fixed r, the asymptotic
behaviour of P.(t,r) can be evaluated in the same way as for A(t). It is easy to
show that the contribution of the second term in (3.29) decays as ¢~!, and the only
non-decaying contribution is given by those poles of the first term that coincide
with the zeros of D(w). Eventually we obtain that, for any fixed r, the asymptotics
of P.(t,r) as t — oo is given by

HM (Aor)

P.(t,r) ~ =2x, sin(wy, t) .
HY (AR) o=,

(4.15)
This expression can be simplified if we take w,, ~ wj; when calculating the last term
in (4.15). Then we obtain A, ~ ikA, with A given by (4.6). This result together
with the relation (Abramowitz and Stegun 1964)

HY (iz) = —%Kl(m‘) (z > 0) (4.16)

enables us to rewrite (4.15) as

_2Xm Ki(krA)

Fet,m) ~ K, (kRA)

sin(wy, t). (4.17)
Since Ki(z) ~ (2z/m)"Y/2e™ for  — oo, we conclude that P,(t,7) decays expo-
nentially as 7 — 0.

If we substitute P(t,r) = P(r)e™®! in (2.4), we then obtain an ecigenvalue
problem for ﬁ(r) with w? being the spectral parameter. The solution of this problem
has to be regular at » = 0 and vanish as r — o0. It also has to satisfy the two
boundary conditions (3.6) at » = R. It is straightforward to show that w? is the
cigenvalue with the eigenfunction P(r) given by P(r) = K (krA) for r > R. This
eigenfunction corresponds to the kink mode of the tube oscillations (see Edwin
and Roberts 1983). Hence, the spatial behaviour of the asymptotics of P.(t,r) is
described by the eigenfunction corresponding to the kink mode. We do not discuss
the asymptotic behaviour of P,(t,r) because the main difference between the leaky
and non-leaky waves resides in the asymptotic behaviour of P,(t,r). However, it
is easy to show that the spatial behaviour of the asymptotics of Pi(t,r) is also
given by the eigenfunction of the kink mode. Hence, we conclude that the spatial
behaviour of the asymptotics of P(t,7), both inside and outside the tube, is given
by the eigenfunction of the kink mode.

Using (3.29) it is straightforward to show that }f’(,(r; w) decays exponentially as
r — 00, and this decay is homogeneous with respect to w. This implies that P.(¢,r)
decays exponentially as r — oo, and this decay is homogeneous with respect to ¢.
Let us denote by P*(t,r) the asymptotic expression for P,(¢,r) as t — o0, which
is the kink mode of the tube (it is given by the right-hand side of (4.17)). P*(¢,r)
also decays exponentially as r — oo, and this decay is homogeneous with respect
to t. Let us now take arbitrary €; > 0 and r; such that |P.(t,7)] < €1/2 and
|P2(t,r)| <e1/2 for r > ry and any t. Then |Pu(t,r) — P*(t,r)| < &1 for r > r1 and
any t. Now we take ¢; such that |P,(t,7) — P*(t,r)| < e forr <ry and t > t;. As
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a result we obtain that |P.(t,7) — P*(¢,r)| < €1 for ¢ > t; and any r. Hence, the
eigenfunction of the kink mode gives the asymptotics of the solution of the initial
value problem as ¢ — o0 which is homogeneous with respect to 7.

4.2. Asymptotic behaviour of leaky waves

Jonsider the asymptotic behaviour of waves in the case when p; < p., so that
Vai > Vae. Once again we restrict our analysis to long waves. And once again we
first study the asymptotic behaviour of A(t), and then the asymptotic behaviour
of B,(t,r).

The analytic properties of D(w), T'(w) and P,(r;w) remain the same as in the case
when Vy; < Vi, and so does the principal sheet of the Riemann surface of these
functions. The difference arises when we calculate the zeros of D(w). If we assume
that there are zeros of D(w) on the principal sheet, then, as in the previous section,
we arrive at the conclusion that they must be in the interval (—wae, wae). After that,
repeating the same calculations, we obtain that, in the first-order approximation,
these zeros are equal to +wy, . Since now wy, > wa,. and the next order approximation
gives only small corrections, the zeros cannot be in the interval (—wae,wae). In
addition, in the next order approximation we obtain that these zeros have non-
zero imaginary parts which also contradicts the assumption that they are in the
interval (—wae,wae). Hence, we arrive at the conclusion that there are no zeros of
D(w) on the principal sheet.

Since there are no zeros of D(w) on the principal sheet of the Riemann surface,
we cannot evaluate the asymptotic behaviour of A(t) by closing the Bromwich
integration contour in such a way that the entire closed contour is on the principal
sheet of the Riemann surface: a part of the closed contour has to be on one or
more non-principal sheets. Here our analysis follows the classical paper by Sedlacek
(1971) on the electrostatic oscillations in cold inhomogeneous plasmas. However,
our analysis is simpler than that by Sedlac¢ek because in our case the plasma is
homogeneous inside and outside the tube.

As we have already noted, the multivaluedness of the functions D(w), T'(w) and
P.(r;w) is due to In A, = 2 In[(w?—w3,)/V2]. so that the Riemann surface of D(w),
T(w) and P.(r;w) is the same as that of In(w® — w?,). The Riemann surface of this
function consists of infinitely many copies of the complex w-plane with the cuts
from —o0 to —wa. and from wa. to oo properly connected to each other across the
cuts. On the principal sheet 0 < J[In(w? — w?,)] < 27, and on the other sheets the
analytic branches of this function take on values that differ by 27ni (for integer n)
from the values on the principal sheet. Hence, each sheet can be identified by the
value of n with n = 0 corresponding to the principal sheet.

Let us now describe how to connect different sheets across the cuts in such a way

that the branches of In(w? —w?,) on the adjacent sheets are analytic continuations

of each other. To do this we examine the boundary values of In(w? — w?)) as w
approaches the cuts from the upper or from the lower half-plane. We put w = 7+i0,
take T < —wae Or T > Wpe, and 0 — +0 or 0 — —0. As a result we obtain that on
the nth sheet of the Riemann surface
lir_I&O In (w? —w},) =In (7% —w},) + mi[2n + 1 F sgn(r)]. (4.18)
oc—+
Those sides of the corresponding branch cuts on which the boundary values are
the same have to be connected. In particular, we have to connect the upper side

https://doi.org/10.1017/50022377805004101 Published online by Cambridge University Press


https://doi.org/10.1017/S0022377805004101

298 M. S. Ruderman and B. Roberts

of the left cut on the principal sheet (n = 0) with the lower side of the left cut on
the sheet with n = 1, and the lower side of the left cut on the principal sheet with
the upper side of the left cut on the sheet with n = —1. Similarly, we connect the
upper side of the right cut on the principal sheet with the lower side of the right
cut on the sheet with n = —1, and the lower side of the right cut on the principal
sheet with the upper side of the right cut on the sheet with n = 1.

We now calculate the zeros of D(w) on the sheets with n = +1 that satisfy the
condition that their imaginary parts tend to zero as kR — 0. The calculation is
similar to that which resulted in (4.8), except now

In(RA.) = Ing(RA,) + mni, (4.19)

where Ing(RA.) indicates the analytic branch of the function In(RA,) corresponding
to the principal sheet, i.e. 0 < J[(Ing(RA.)] < 7. Again, we rewrite the equation
D(w) = 0 in the approximate form (4.4). In the first-order approximation we
obtain that there are two roots, w = “+wy, on every sheet. In the second-order
approximation we calculate small corrections to these roots. To do this we have
to calculate the right-hand side of (4.4) at w = wy = Fwy,. However, wy is just on
one of the two cuts of the complex w-plane. This implies that, in order to calculate
Ing(RA.) we have to prescribe the sign of the imaginary part of the small correction
a priori. Denoting the small correction as w;, then

3[Ing(RA.)] ~ 2{1 — sgnfwo3(wi)]}- (4.20)

With the aid of this formula we calculate wy and then verify if the sign of J(wq)
coincides with one prescribed a priori. If it does not, then we reject the obtained
root wy + w; as being spurious.

This procedure is straightforward, so that we omit details and present the final
result. The two roots on the sheet with n = 1 are equal to f+w;, and on the sheet with
n = —1 they are equal to t+w, . where the asterisk indicates a complex conjugate
quantity and

wlzwk{1+1A4(kR)2<1nkRA+E—1+m>}. (4.21)
4 2 4 2

It is worth noting that, if we apply this procedure to the principal sheet (n = 0),
then the result is that all the roots obtained are spurious. This result is of course
consistent with the conclusion that there are no zeros of D(w) on the principal
sheet.

Now we evaluate the asymptotic behaviour of A(t) using (4.1). To do this we
close the Bromwich integration contour as shown in Fig. 2. The closed contour is
partly on the principal sheet and partly on the sheets with n = +1. The parts
of the contour that are either on the principal sheet, or on the sheet with n = 1,
or on the sheet with n = —1 are shown by the solid, dashed and dotted lines,
respectively. The radius a of the semi-circle satisfies a>wy.. The closing part of the
contour starts from the point w; = a + %0 and runs vertically downward to the
point we = a. Then it runs through the right cut into the sheet with n = —1. In
this sheet it runs along the arc with the radius a to the point w3 =~ wye + € — ia,
where e<wy, and we have neglected the term of order wy, in the expression for
the imaginary part of ws. After that the contour runs vertically upward to the
point wy = wae + € and returns to the principal sheet through the right cut. On
the principal sheet it runs along the semi-circle with radius € and centre at wa. to
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Figure 2. Sketch of the closed integration contour used to evaluate the integral in (3.30). The
arrows on the contour show the direction of integration. The thick solid lines show the cuts.
The parts of the contour that are either on the principal sheet, or on the sheet with n =1,
or on the sheet with n = —1 are shown by the solid, dashed and dotted lines, respectively.
The numbers 1, ...,12 indicate the points wq,...,wis.

the point ws = wa.—e¢, and then vertically downward to the point wg = wa. —e—1ia.
From here it runs along the arc of radius a to the point w; ® —wa. + € — ta, then
vertically upward to wg ® —wa. + €, and then along the semi-circle with the radius
€ and centre at —wy, to wg = —wae. — €. At this point the contour runs into the
sheet with n = 1 through the left cut. At this sheet it runs vertically downward
to wip ® —wae — € —4a, and then along the arc of radius a to w13 = —a. At this
point the contour returns to the principal sheet through the left cut, where it runs
vertically upward to w12 = —a 4 i0. The points wy, ..., w2 are indicated in Fig. 2
by the numbers 1,...,12.

It may be noted that the evaluation of the asymptotics of A(¢t) would be simpler
if, instead of cuts shown in Fig. 2, we make one cut from —ws. to wae (Cally
2005 private communication). In that case the closed integration contour is on
the principal sheet of the Riemann surface, although the principal sheet is not a
physical sheet in the sense that it is not guaranteed that all the zeros of D(w)
on this sheet correspond to eigenmodes. Instead, we prefer to use the same cuts
employed in the previous section, thus facilitating the comparison of the two cases,
pi > pe and p; < pe.

There are two simple poles on the Riemann surface of the integrand in (3.30)
that are inside the closed contour. The first pole is at w; and it is on the sheet
with n = —1. The second pole is at —w; and it is on the sheet with n = 1. The
two poles are shown in Fig. 2 by the small circles. There may be other poles of
the integrand inside the closed contour. However, the imaginary parts of these
hypothetical poles are not small when kR<1. Therefore they give contributions
that damp exponentially with a characteristic damping time equal to w;'. Hence,
the contributions from the poles at —w; and w; strongly dominate the contributions
from the other poles for t>w; L. This enables us to neglect such contributions in
what follows.

Since the closed contour is run in the clockwise direction, the contour integral
is equal to the sum of the residues with respect to —w; and w; times —2mi. The
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residue with respect to w = —wy is

NCEINA®)

—iwt: iwit 4.92
i (T it e, (+.22)

—1
)
w=—wj

and the residue with respect to w = w; is —xje~“i’. Hence,

where
dD

xi =T(—w) <dw

j{ lT)((‘:})) e ! dw = dme ™" {R () sin(wmt) + I(x1) cos(wmt)}, (4.23)

where
y= gka4(kR)2, (4.24)

and R indicates the real part of a quantity; we have written w; = wy,, + ¢y, with
wy, given by (4.8).

Now we take a — o0 and € — 40. Then, in a similar fashion to the previous
section, we show that the integrals from w; to ws, from wg to wr, and from wig
to wyz tend to zero. The integrals from w3 to ws and from wy to wig are of order
(wit)™! when t — co. Hence, eventually we obtain

A(t) ~ 2e 7 sin(wpt + @) + O((wrt) ™), (4.25)

where cos ¢ = R(x;) and sin ¢ = J(x;). The second term on the right-hand side of
this expression dominates the first term when ¢t — co. However, v/w;, = 0(k* R?)<1.
This implies that we can consider the intermediate asymptotics for w;t<t < 471
For these values of ¢ the first term on the right-hand side of (4.25) dominates the
second term. Hence, the intermediate asymptotics of A(t) is given by the first term
in (4.25) that describes weakly damped harmonic oscillations of the tube with a
frequency wp, = wy.

Let us now study the asymptotic behaviour of F,(t,r) for large t. The function
P.(t,r) is given by (4.14). Once again it can be evaluated in the same way as the
asymptotic behaviour of A(t). Since 0 < arg(A.) < 7 on the principal sheet of
the Riemann surface, it follows from (4.19) that —7 < arg(A.) < 0 on the sheet
with n = —1, and © < arg(A.) < 27 on the sheet with n = 1. These inequalities
imply that 3(Ae) < 0 on the sheets with n = +1. Then it follows from (3.17) that
H fl) (Aes) is an exponentially growing function of s on these sheets. It seems that
this fact causes problems when we try to make the analytic continuation of ]59(7’; w)
on the non-principal sheets because (3.30), determining Pc(r; w), contains improper
integrals involving H 1(1)(/\08). However this is only an apparent problem because
F.(s) =0 for r > r.

As in calculating the asymptotic behaviour of A(t), we take into account only
the contributions of the poles at —w; and w;'. The integral of P.(r;w) over the closed
contour is equal to —27% times the sum of the residues of Pe(r; w) at —w; and w;.
Evaluating the residues (see Appendix B, (B5) and (B11)) and taking w,, = wy,
we obtain

4e !
TkRA

%Pe(r; w)e W dw = i}i’{Xlei“ktHl(l)(—krA — iFr)}, (4.26)
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where
T
I' = —(1+A?)(kRA). 4.2
o= (14 A)(kRA) (4.27)

Now we let € — 0. As a result the integrals along the contours 4,5 and 8,9
vanish. Also, taking a — oo we find that the integrals along the contour 6, 7 vanish.
On the principal sheet Pe(r; w) decays as |w|™! when |w| — 00, so that the integrals
along the contours 1,2 and 11,12 also vanish as a — oo. However, the situation
with the integrals along the contours 2,3 and 10,11 is more complicated. The
equations of these contours can be written as w = ae™%, where ¢ varies from 0
to /2 — wae/a + O(a™3) on the contour 1,2, and from 7/2 + wae/a + O(a™?) to
7 on the contour 11,12. For a>w,. we obtain A2 ~ a?e™%% /V2 . Since J(A.) >
0 on the principal sheet, A, ~ —ae™¥/Vy.. Now, taking account of (4.19), we
obtain that A, ~ aefw/‘/k(, on the sheets with n = 41, and it follows from (3.17)
that \Hfl)(Aer)| ~ (2Vae/mar)'/? exp(ar sin ¢ /Vi.). Using this result and (3.19) we
obtain the estimate

|P.(r;w)e™ ™! ~ constant x a2 explasin p(r/Vie —t)], (4.28)

valid as @ — o0 and 0 < ¢ < 7. This result implies that the integrals along the
contours 2,3 and 10, 11 vanish as a — oo provided t > r/Vj,.

Finally, treating the integrals along the contours 3,4 and 5,6, and along the
contours 7,8 and 9,10 in much the same way as for the asymptotics of A(t) (see
Sec. 4.2), we obtain that they are of the order of (wyt) ™ ast — oo. Hence, eventually
we arrive at the asymptotic expression

4e?

TkRA

Once again the first term on the left-hand side of this expression gives only the
intermediate asymptotics with wy'<t < 471, However, ¢ now has also to satisfy
the condition ¢ > r/Vy.. This condition means that (4.29) gives an asymptotic
description which is non-homogeneous with respect to r: the larger r is the larger
the values of t for which (4.29) is valid. In fact, the first term on the right-hand side
of (4.29) gives the asymptotics of F.(t,r) only for moderate values of r satisfying
r< Vaey t. When r>V,.y~!, the condition t > 7/Vae implies that t>~~! and the
second term on the right-hand side of (4.29) dominates the first one.

Tt is instructive to calculate the intermediate asymptotics of P.(¢,7) for values
of r that are much bigger than the wavelength, i.e. for r satisfying k™1<r < V),
(note that, since wy, is of the order of £V, the inequality t>w;1 implies tVae k1),
Using (3.17) and (4.29) we obtain

P.(t,r) ~ R{xe HY (—krA —iTr)} + O((wit) ™). (4.29)

4\/561“7"7')1 ) )

P.(t,r) ~ W‘R{)@ expli(wpt — krA — 7w /4)]}. (4.30)

We see that, at distances from the tube much larger than the wavelength, the

perturbation has the form of an exponentially growing harmonic waves propagating

from the tube with the phase speed wy(kA)™L, though P.(t,r) = 0 for r > tVj..

The group speed is equal to the phase speed, so that the energy propagates away

from the tube. This is in agreement with the intuitive idea that tube oscillations
damp due to energy leakage from the tube.

The right-hand side of (4.29) is a solution of the linear MHD equations called a

leaky mode. This solution does not have any physical meaning on its own because
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it grows exponentially at infinity. Its physical meaning is provided by the fact that
it gives the intermediate asymptotics of the solution of the initial value problem
for moderate values of .

5. Discussion

In the previous section we studied the asymptotics of the solution of the initial
value problem describing the kink oscillations of a thin magnetic tube. In the case
when p; > p. (Vai < Vae) we have shown that the asymptotics of the solution of the
initial value problem for kink oscillations is given by a normal mode of the linear
ideal MHD equations corresponding to the tube kink oscillations with frequency
wy. This normal mode decays exponentially as r — oo and gives asymptotics for
t — oo that is homogeneous with respect to r.

In the case when p; < p. (Vai > Vi) the asymptotics of the solution of the initial
value problem is given by a leaky mode of the linear ideal MHD. The leaky mode
describes a damped kink oscillation with frequency wy. It exponentially grows as
7 — o0. Therefore it has no physical meaning on its own. Its physical meaning exists
only due to the fact that it describes the asymptotic state of the solution of the
initial value problem. The leaky mode describes only an intermediate asymptotics
valid for wi'<t < 471, where v is the decrement of the leaky mode. In addition,
the asymptotics is non-homogeneous with respect to r and valid only for r < tVje.

Recently, Cally (2003) has argued that there are leaky modes even in the case
when p; > p.. To understand what kind of solution of the linear MHD equations
is considered a leaky mode by Cally, we have to look for the zeros of the disper-
sion function D(w) on non-principal sheets of the Riemann surface. In fact, it is
instructive to start from the case where p; < p.. In what follows we consider only
zeros of D(w) that are close to the real axis in the complex w-plane, i.e. the zeros
with the imaginary part much smaller than the real part. In Sec. 4.2 we found
that there are two such roots on each of the sheets with n = 1 and n = —1.
Repeating the same procedure we easily find that there are two roots given by
w = tw, = *fwy + (2n —1)iy] on the sheet with n = 1,2, ..., and two roots given
by w = tw, = *[wm + (2n+ 1)i7y] on the sheet with n = —1,—2,.... In particular,
these formulae reproduce the results obtained in Sec. 4.2 for n = +1: +w; = +wy,
+w_1 = Fw;. We can always obtain a solution of the linear MHD equations with
all variables proportional to eT»!. In particular, in such a solution

P.(t,7) = PX(t,r) = constant x eﬁw”tHl(l)(Aer). (5.1)

At large distances from the tube (kr>1) the functions PE(¢,7) have the form of
propagating harmonic waves with the amplitude slowly varying both in space and
in time. The wave propagates either toward the tube or outward. If the wave
propagates toward the tube then there is an energy flux toward the tube from
infinity. It is generally agreed that such solutions are unphysical. If the wave
propagates outward then it is said that the corresponding solution satisfies the
radiation condition. Usually such a solution is considered as physically meaningful
and is called a ‘leaky mode’. However, we prefer to call it an ‘improper mode’. The
reason for this will be made clear in what follows.

In Sec. 4.2 we have shown that the solutions corresponding to w = —w; = —w;
on the sheet with n = 1 and w = w_; = w; on the sheet with n = —1 satisfy
the radiation condition. To find out if there are zeros of D(w) on the sheets with
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n # +1 that satisfy the radiation condition, we have to study the asymptotics of
Hfl)(Aer) on these sheets for kr>1. The asymptotics of Hl(l)(Aer) on the sheets
with n = —1,0,1 has already been calculated with the aid of (3.17). To calculate
the asymptotics on the other sheets we use the relation that follows from (4.2) and
is valid for any integer m,

Hl(l)(ze%mi) _ Hl(l)(z) — dmJy (2). (5.2)

Then, using (3.17) and (4.11) it is straightforward to obtain that the asymptotic

behaviour of H{l)(z) as |z| — oo is given by

2 .
(2m — 1)) — G/ D r(9m —1) < argz < 27m,
L Tz = ¢
HV(2) ~ (5.3)

2 ;
2my/ — eTizmmAn/4) 2mm < argz < w(2m + 1),
Tz

where m = +1,42,.... With the aid of (5.3) we can show that P (¢,7) with n > 0
and P, (t,r) with n < 0 do not satisfy the radiation condition. On the other hand,
we obtain for kr>1 that

P (t,r) oc r~ Y2 exp[(2n — 1)(Dr — yt)] expli(wpt — kAT)] (n=1,2,...), (5.4)
PF(t,r) oc 1~ Y2 exp[(2n + 1) (vt — Tr)] expli(kAr — wit)] (n=—1,-2,...).
(5.5)

Hence, P, (t,7) withn > 0and P,f(¢,r) with n < 0 satisfy the radiation condition
and can be called improper modes. Their amplitudes decay exponentially with
time and grow exponentially with distance from the tube. An improper mode is
defined with accuracy up to a multiplicative complex constant. It can be shown
that the multiplicative constants can be chosen such that PY, (t,r) = [P, (t,7)]",
for n = 1,2,.... This implies that we can restrict our analysis to the improper
modes P (t,r) (n = 1,2,...) only and call P, (¢,r) the nth improper mode. We
have already pointed out that the first improper mode, Py (t,r), has no physical
meaning on its own because it grows exponentially with distance from the tube. Its
significance is related to the fact that it describes the intermediate asymptotics of
the solution of the initial value problem. The other improper modes also grow expo-
nentially with distance from the tube, so that they are also physically meaningless
on their own. Also, in contrast to the first improper mode, they are not related to the
solution of the initial value problem at all. Hence, we conclude that the improper
modes starting from the second one are unphysical and should be eliminated from
consideration. The only improper mode that is physically meaningful is the first
one, and the name ‘leaky mode’ applies to this mode only.

Consider the case where p; > p.. Repeating the calculation carried out in Sec. 4.1
and using (4.19) we immediately obtain that there are two zeros of D(w) on the nth
sheet given by w = w,, = +(wy,, + 2iny). When n = 0 this reproduces the result
obtained in Sec. 4.1. Using this result, the fact that J(A.) > 0 on the principal
sheet and (4.19), we obtain that, on the nth sheet, A, is given by

Ae = (=1)" (ikA + 1Y), (5.6)
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where T = {7(1 — A%)R?(kA)3. Let us once again consider the solutions of the
linear MHD equations with all variables proportional to et The perturbation
of the magnetic pressure outside the tube is given in these solutions by (5.1). Using
(56.3) and (5.6), and taking w,, & w; we obtain that, for kr>1,

P.(t,r) = PE(t,r) oc 1~ 2 exp(kAr + 2nvt) expli(Fwpt — nYr)]. (5.7)

In contrast to the case where p; < p. this expression does not have the form of
a harmonic wave with the amplitude slowly varying in space because kA>T,
However, in spite of this, Cally (2003) suggested considering such a solution as
satisfying the radiation condition if the last multiplier on the right-hand side of (5.7)
describes an outgoing wave. Let us accept Cally’s suggestion and once again call a
solution satisfying the radiation condition an improper mode. Then we immediately
conclude that Pt (t,r) is an improper mode if n < 0 and P, (¢,7) is an improper
mode if n > 0. Note that the improper modes decay exponentially with time.

As with the case pi < p., the improper modes have no physical meaning on
their own because they grow exponentially with distance from the tube. Also, all
improper modes are not related to the solution of the initial value problem because,
in accordance with Sec. 4.1, the asymptotic behaviour of the solution of the initial
value problem is described by the normal mode. Hence, in the case where p; > p.
all improper modes are unphysical and therefore should not be considered as leaky
modes.

What Cally (2003) found and called a ‘leaky mode’ is, in fact, the improper
mode P, (t,7) with complex frequency w,, — 2iy. We obtain this frequency from
Cally’s equation (8) if we take the cold plasma limit of his equation and impose the
condition that the imaginary part of the frequency has to be negative. We would
like to emphasize once again that none of these modes is physically meaningful.

6. Summary and conclusions

In this paper we studied kink oscillation of thin magnetic tubes in a cold plasma.
The normal modes of kink oscillations exist only when the plasma density p; in the
tube is bigger than the plasma density p. outside the tube (p; > p.). This is the usual
circumstance in coronal loops. Using the Laplace transform we solved the initial
value problem for kink oscillations and then studied the asymptotic behaviour
of the solution for large times. We found that, when p; > p., this asymptotic
behaviour is described by the normal mode. The normal mode gives asymptotics
that is homogeneous with respect to the spatial coordinate r. The frequency of the
normal mode is real and it is given by the zero of the dispersion function D(w) on
the principal sheet of the Riemann surface of this function. The dispersion function
D(w) is an infinitely valued function and its Riemann surface consists of infinitely
many sheets.

In the case where pi < p.. corresponding to a low-density magnetic flux tube,
the asymptotic behaviour of the solution of the initial value problem is given by
the leaky mode of kink oscillations. The frequency of the leaky mode is determined
by the zero of the dispersion function D(w) on the first non-principal sheet of
the Riemann surface of the dispersion function. It has a negative imaginary part,
describing the damping of kink oscillations due to energy leakage. The leaky mode
gives only intermediate asymptotics of the solution of the initial value problem,
valid for times much bigger than the period of kink oscillation but smaller than (or
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of the order of) the characteristic damping time. Additionally, it gives asymptotics
that is inhomogeneous with respect to .

An important property of the leaky mode is that it satisfies the so-called radiation
condition. This means that, at large distances from the tube, the leaky mode has
the form of an outgoing harmonic wave with an amplitude that is slowly varying in
space and time. Also, the leaky mode grows exponentially with the distance from
the tube axis, so that it has no physical meaning on its own. Its significance is
related to the fact that it gives intermediate asymptotics of the solution of the
initial value problem.

When p; < pe, there are infinitely many solutions of the linear MHD equations
satisfying the radiation condition. Their frequencies are given by the zeros of D(w)
on the non-principal sheets of its Riemann surface. We call any solution satisfying
the radiation condition an ‘improper mode’, so that the leaky mode describing
the asymptotics of the solution of the initial value problem can also be called an
improper mode. All improper modes grow exponentially with the distance from
the tube, so they have no physical meaning on their own. In contrast to the first
improper mode, also called a leaky mode, all improper modes starting from the
second one are not related to the solution of the initial value problem; this fact
inspires us to conclude that they are physically meaningless.

We also studied the solutions of the linear MHD equations with frequencies given
by the zeros of D(w) on the non-principal sheet, in the case when p; > p.. We
used a generalization of the radiation condition suggested by Cally (2003) and
found that there are infinitely many solutions satisfying the generalized radiation
condition. We call these solutions improper modes. Again, all improper modes grow
exponentially with distance from the tube. But, in contrast to the case when p; < p,,
now none of the improper modes is related to the solution of the initial value
problem. Hence we concluded that when p; < p. all improper modes are physically
meaningless solutions of the linear MHD equations.

Our final conclusion is that for the case p; > p. only the normal mode of
kink oscillations arises and there are no leaky modes. In the case when p; < p,
there is exactly one leaky mode of kink oscillations. We can apply these results
to the damping of kink oscillations of coronal magnetic loops. Since the plasma
density inside a loop is bigger than the density of the surrounding plasma, the
kink oscillations of coronal magnetic loops are non-leaky and the damping of these
oscillations cannot be related to wave energy leakage in a direction transverse to
the loop. Other mechanisms causing decay must be sought if we are to explain the
observed damping of kink loop oscillations.
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Appendix A

In this Appendix we show that P.(t,r) = 0 when r > 79 + Vi.t. Using (3.18) and
(3.26)—(3.28) we rewrite the expression (3.29) for P,(r;w) as

I:’e(r;w) = I:’e(l)(r; w) + 136(2)(7“; w) + 136(3)(7“; w), (A1)
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where

o o0
Pe(l)(r;w) = —7;{]1(1\67")/ sHl(l)(Aes)Fe(s) ds

+ HY (Aer) / sJ1(Aes)Fu(s) ds}7 (A2)
R
. AHP (Ar) (7
(2) (o)) — et71 \frel ) ) ' J.
P (r;w) ND(w) /0 sJ1(Ais)Fi(s) ds, (A3)
(3) _ miRAZ (1) fA. ) T
P, ( ; ) 2D(w)H1 (Aer)lAlJl(Alr)Jl(Aer>
AT (M) T (M) / SHW (A,s)F.(s) ds. (A4)
R

Since we consider 7 > 1o + Vat, and F.(r) = 0 for r > rg, it follows that the first
integral in (A 2) is zero, and we can substitute ro for the upper limit of integration
in the second integral. Then, changing the order of integration, we obtain

1 io4o00 )
PO (t,r) = o / PO (r;w) e ™ dw
™

i o 10 +00 1) it _

=-1 /R sF.(s) ds[ Ji(Aes)Hy (Aer) €7 dw. (A5)
10 —00

Since this expression is valid for any o > 0, we can take o — o0, which implies that

|w] = 0. Then A, ~ w/Vj, and, using the asymptotic formulae (3.17) and (4.11)

we arrive at the asymptotic relation

Ji (Aes)Hl(l)(Aer)e*j"““E ~ expliw(r — s — Viot)/ Vi, (A 6)

2Ve

m.u\/>
valid for |w| = o0, J(w) > 0. Tt follows from (A 6) that the integrand in the integral
with respect to w in (A 5) tends to zero homogeneously with respect to s and R(w)
when 0 — o0 and r — s — Vit > constant > 0, where R indicates the real part of a
quantity. Since s < rg, the latter condition is satisfied if we take r > ro + Vit + ¢,
where € > 0 and otherwise it is arbitrary. Then we conclude that Pe(l)(t, r) =0 for
any r satisfying this inequality. Since € is arbitrary, we eventually conclude that
P(l)(t r) = 0 for any 7 > 1o + Va.t.

In a similar way we can prove that P(z)( r) = P (t,r) = 0 and, eventually,
P.(t,7) = 0 for r > rg + Vi.t.

Appendix B

In this Appendix we calculate the residues of 15(7’; w)e !t at —w; and w;. We use
the expression (3.29) for P(r;w). Since the second term on the right-hand side of
this expression is regular at w = —w; and w = wj, the only contribution is given by

the first term. Then, using (4.22), we obtain

(1)
. - o HY (A
res P(rjw)e ™! = Xle“”ti(ll) (Aer) . (B1)
w==—w H; " (AeR) lo=—w,
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Since w; = wy, + @y with y<<w,,, it follows that, at w = wy,

1 dA2 Wi Y
1 A) =1 Ae) |y = — = =1 Aelly= — . (B2
ng(RA.) = Ing(RA.)|,=0 + 7<2A§ &y >7_0 no |[RAelly=0 + 2 7 (B2)

m Ae
When deriving this expression we have used (4.20). Then, recalling that —w; is on
the sheet with n = 1, using (4.19) and taking w,, = wj, we eventually arrive at

Ae ~ —kA — T, (B3)
where I' = 17R?(1 4+ A%)(kA)3. Note that T<kA. Recalling that kR<1 and using
(4.3) yields
2¢

1 1
HY(AR) ~ HY (—kRA) ~ RN (B4)
Substituting (B 3) and (B4) in (B 1) we obtain
. » Qixleiwzt 1) )
.. . 1wt ~ _ _ [’
Jres P(r;w)e RN H; 7 (=krA —ilr). (B5)
The residue at w; is given by
. . o HY(A
res P(rjw)e ™! = —Xfeﬂwlt% . (B 6)
w=w/ Hl (APR) w=w]
Once again using (4.20) we obtain
Ing(RA.) ~ Ing [RA||5—o + mi — % (B7)
m Ae
Recalling that w; is on the sheet with n = —1, using (4.19) and taking w,, = wy,
yields
Ae = EA —iT. (B8)

Then, substituting (B 8) in (B 6) and using the approximate expression similar to
(B4), we obtain

e Pl ~ =g

Using (4.2), (4.19), (B2) and (B7), it is straightforward to show that

%iv: —iwt
2E T g (kA — iy, (B9)

Q

HY (krA —iTr) = [HY (=krA —iTr)]" (B10)
It follows from (B5), (B9) and (B 10) that
res P(riw)e ™! = —| res P(r;w)e_m} . (B11)
w=w,; W=—wj
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