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Abstract

We study shot noise processes with cluster arrivals, in which entities in each cluster
may experience random delays (possibly correlated), and noises within each cluster may
be correlated. We prove functional limit theorems for the process in the large-intensity
asymptotic regime, where the arrival rate gets large while the shot shape function, clus-
ter sizes, delays, and noises are unscaled. In the functional central limit theorem, the
limit process is a continuous Gaussian process (assuming the arrival process satisfies a
functional central limit theorem with a Brownian motion limit). We discuss the impact
of the dependence among the random delays and among the noises within each clus-
ter using several examples of dependent structures. We also study infinite-server queues
with cluster/batch arrivals where customers in each batch may experience random delays
before receiving service, with similar dependence structures.

Keywords: Shot noise process; infinite-server queues; cluster arrival; (dependent) ran-
dom delays of arrivals; dependent noises; large-intensity asymptotic regime; Gaussian
limit processes
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1. Introduction

We consider the shot noise process X = {X(¢) : t > 0} defined by

A(t) K;

X(0):= Y Y H(t—1—&)Zj. t=0. (1.1)

i=1 j=1

Here A = {A(?) : t > 0} is a simple point process of clusters with event times {7; : i > 1}; that is,
A(t) = max{k > 1 : 7 <t} with o = 0. K; represents the number of arrivals in cluster i. Entities
of cluster i may arrive at times subsequent to the cluster time T;, that is, at times 7; + &,
Jj=1,..., K; with &; > 0. For each cluster i, the random delays {&;; : j € N} can be correlated
and are allowed to be zero with a positive probability. The real-valued variables Z;; represent
the noises, and for each cluster i, {Z;;, j € N} may be correlated. For each cluster i, the variables
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K;i, {&;j,j € N} and {Z;;, j € N} are mutually independent, and they are also independent for
different clusters. In addition, the cluster variables (K;, {§;;};, {Z;};) are independent of the
arrival process A(f) (and the event times {t;}). The function H: Ry — R is the shot shape
(response) function.

This model may be used to model financial markets with clustering events, insurance claims
with cluster arrivals, and noise processes in some electronic components. For example, insur-
ance claims may arrive in clusters possibly due to natural disasters or accidents, and the claims
in each of the clusters may arrive after random delays. The claim sizes may be also dependent
because of the clustering effect. Shot noise processes with cluster arrivals and various forms of
the shot shape functions have been studied in [1, 7, 31, 32]. In these papers, people have inves-
tigated the general formula for the characteristic functional [7, 31], long-range dependence
under certain structural conditions on the response function [31], and central limit theorem
results with normal limit distribution [32] and with stable limit distribution [1]. Similar results
for shot noise processes without cluster arrivals were established in [9, 20, 21, 33, 34].

In this paper we establish a functional law of large numbers (FLLN) and a functional central
limit theorem (FCLT) for the process X(¢) in (1.1) in the large-intensity asymptotic regime, in
which the arrival rate is large while the response function and the delay and noise variables
are fixed (unscaled), and there is no scaling in time. Shot noise processes have been studied
in this asymptotic regime in [2, 8, 10, 27, 29, 30]. In this regime, the limit processes in the
FCLT are Gaussian processes of a particular structure (assuming the arrival process satisfies an
FCLT with a Brownian limit). This asymptotic regime is different from another commonly used
scaling regime, in which both time and space are scaled (noticing the scaling in time involves
both A(¥) and H(¢ — -)), and which results in self-similar Gaussian processes and fractional
Brownian motion limits [17, 18, 24] and stable motion limits [11-15, 19]. Among these scaling
results, models with renewal arrivals, referred to as random processes with immigration at
epochs of a renewal process, have been studied in [12, 14, 15, 22, 23], and models with an
arbitrary point process have also recently been studied in [6, 16].

In this asymptotic regime, we assume that the arrival process satisfies an FCLT as the arrival
rate gets large (possibly time-inhomogeneous), having a stochastic limit process with continu-
ous paths (including Brownian motion and other Gaussian processes). In the FLLN, we show
that the limit is a deterministic function, which is not affected by the dependences between the
random delay times, or by those between the noises, in each cluster. In the FCLT, we show that
the limit process is composed of four mutually independent processes, one being an integral
functional of the arrival limit process, and the other three being continuous Gaussian processes,
capturing the variabilities of random delays, noises, and clusters. We give a few examples to
illustrate how the covariance functions of these Gaussian processes depend on the correlations.
In the examples, we consider the random delays in the following scenarios: (a) independent
and identically distributed (i.i.d.), (b) as a sequence of the event times of a renewal counting
process, (¢) symmetrically correlated among the arrivals in each cluster, and (d) a discrete
autoregressive process with order one (DAR(1)). We consider the noises in the scenarios (a),
(c), and (d) as the random delays.

We also study an infinite-server queueing model with cluster (batch) arrivals, where cus-
tomers in each batch may experience some random delay before receiving service. Using the
same notation as above (Z; > 0 representing service times), we may express the number of
customers in service at time 7 as

At K

X(0:=Y Y 10<t—1—&<Zy), =0 (1.2)

i=1 j=1
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In [25], heavy-traffic limits (FLLN and FCLT) were established for infinite-server queues with
batch arrivals where service times within each batch may be correlated, as a consequence
of infinite-server queues with weakly dependent service times in [26] (see also [28]). That
approach cannot include (dependent) random delays for customers in each batch. In this model,
we tackle the problem with random delays and allow dependence among random delays as well
as among service times. We illustrate the impact of the dependence among random delays as
well as that among the service times in the scenarios discussed above. When the arrival process
is stationary, we discuss the effect of the correlations upon the steady-state mean and variances
of the limit process. These results have implications in comparing batch delays and customer
delays in service systems (see, e.g., [37]).

1.1. Organization of the paper

We describe the model in detail and state the assumptions and main results in Section 2. We
then give some examples in Section 3, and discuss the impact of dependence among random
delays and among noises within each cluster. In Section 4, we state the results and examples
for infinite-server queues with batch arrivals. The proofs are given in Sections 5 and 6.

1.2. Notation

All random variables and processes are defined in a common complete probability space
(Q, F, A Fi}=o0, P). Throughout the paper, N denotes the set of natural numbers, and R
(resp. R4) denotes the space of real (resp. nonnegative) numbers. For a, b € R, we write
a Ab=min{a, b} and a Vv b=max{a, b}. Also, a* =aVv 0. Let D=D(R, R) denote the
R-valued function space of all cadlag functions on R . Let (D, J1) denote the space ID equipped
with the Skorohod J; topology (see [3, 38]), which is complete and separable. Let C be the
subset of ID consisting of continuous functions. The symbols — and = indicate convergence of
real numbers and convergence in distribution, respectively. Let m € D be a function of locally
bounded variation. The Stieltjes integral with respect to dm is denoted by

b
/ Fmidz) = /( Jm,

for every Borel measurable function f; this is the integral of f on (a, b], and [ ab m(dz) =
m(a, bl =m(b) — m(a) for any a < b. If the integral is on [a, b], we write fab_ f(z)m(dz). For
every g € D, the integral / m(b — z)g(dz) is defined by formal integration by parts:
(a,b]
[ mo—ater= somo-) - gtamfe - -) - [ gms o
(a,b] (a.b]

= g(b)m(0) — g(aym(b — a) — / g@m(b — dz) (1.3)

la,b)

= g(b)m(0) — g(a)ym(b — a) + /( 0l 8(b — 2)m(dz).

See, e.g., [35, p. 206].
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2. Model and results

We consider a sequence of shot noise processes X" indexed by n in the large-intensity
asymptotic regime, where the arrival rate of clusters gets large, of order O(n), while the
distributions of the cluster sizes, random delays, and noises, as well as the shot shape func-
tion, are fixed. Define the fluid-scaled process X" := n~'X" and the diffusion-scaled process
X" = /n(X" — X), where X is the limit of X".

We make the following assumptions on the input data.

Assumption 2.1. Assume that A"(0) = 0. There exist a deterministic, continuous, and increas-
ing function A :Ry — Ry and a continuous stochastic process A such that A(0)=0 and

A= nl/z(;\” —A) =A in (D J)) as n— oo,
where A" =n~'A". This implies that A" = A in (D, J1) as n — o0o.

Assumption 2.2. Assume that the cluster variables (K;, {§;};, {Z;j};)i are independent of the
arrival process A" (and the associate event times {t]'}), and that the variables K;, {§;;, j € N},
and {Z;;, j € N} are mutually independent for each cluster i, and also mutually independent
across i. Assume the cluster sizes K; are i.i.d. with finite mean mg and variance 61%, and let
pk =P(K; =k) for ke N, so that ", px = 1. For each cluster i, the random delays {&;, j € N}
may be dependent with a marginal distribution Gj and &;; > 0 (we allow &;; = 0 with a positive
probability), and the noises {Z;;, j € N} are real-valued and may be also correlated with a
common marginal distribution F. Assume that the Z; have finite mean mz and variance GZZ. In
addition, assume that E[Z;j‘.] < o0 and E[Kf] < 00. O

For notational brevity, we occasionally drop the index i for the variables K;, {§;;, j € N}, and
{Zii, j € N}, since they have a common joint law for each i.

Assumption 2.3. Let H : R — R be a monotone function and H(u) = 0 for u < 0. For every
fixed T > 0, there exists y > % such that
|H () — H(s)|

0<s<t<T (t—5)

P(& € (s, 1])

P(& € (s, r], & € (r, 1]) e

sup  sup oo, and sup sup

0<s<t<T (t— S)ZV O<s<r<t<T jj (t— S)4V
(S,l]m[,]:(/) (S,l]ﬁ[,z:(/)
2.1
where L1 and Ly are two sets with no accumulation points on [0, 00), with L| being the
collection of discontinuous points of the distribution function of the §;. O

Remark 2.1. The fourth moments in Assumption 2.2 are needed in the proof of tightnesses
where the increments moments are estimated, while the second moments are used in the con-
vergence of the finite-dimensional distribution. In Assumption 2.3, the marginal distributions
of the &; are assumed to be piecewise Holder continuous on Ry, but only a finite number of dis-
continuities in every finite interval is allowed. For the joint distributions of (&;, &), we impose
the regularity condition concerning ]P’(é;‘j € (s, rl, & €(r, t]) over (s, r] and (r, f] fors < r < tin
the third display, which is applied in (5.2) for the tightness proof in Lemmas 5.1 and 5.8. The
set L5 is chosen such that the last inequality in (2.1) holds. We give an example to illustrate the
sets £1 and L. If (&, &) is discretely distributed on R3 with support {(xgj, yij), k> 1} 7
forj,j €N, then L] = {xkjj/|k,j,j/ >1}and £y = {xwjjr | X = iy k. J, j =1}
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In addition, we have assumed Holder continuity for the function H; however, our main
results, Theorems 2.1 and 2.2, also hold if H has finitely many jumps on every [0, 7']. That
assumption requires much heavier notation in the proofs, which we omit for brevity.

For all u € Ry, let

K
hj(u):= E[H(u—&)] and h(u):= ]E|: > H(u- s,-)} =Y hWPEK=j). (22

The second equality in i(u) is due to the independence between K; and {&;;, j € N}.

Remark 2.2. By definition, hj(z) =h(z) =0 for z<0, and h;(0)=H(0)P; =0), h(0)=

Z hi(0)P(K > j), so hj, h may fail to be continuous at 0. Recall that we allow the random
j=1

delays to take zero values with a positive probability. Note that /; is independent of the cluster
i and i € ID is monotone on [0, co) under Assumption 2.3, which will be proved in Lemma 5.3.

Theorem 2.1. Under Assumptions 2.2 and 2.3, and assuming that A" = A inD as n — 0o,
X'"=X in D as n— oo, (2.3)

where the limit X is a deterministic function given by
B '
X(t)=mgz / h(t — s)A(ds), t>0. 2.4)
0

We remark that the dependence among the noises {Z;;}; and that among the random delays
{&i}; do not affect the fluid limit, which only depend on the marginal distribution of &; and the
mean of Z;;.

We next state the FCLT for the diffusion-scaled process X". We first introduce some
notation. Let

Ki
0= Zj—BlZyl, gyw):= Hu—&)—hjw), 0iw):= Y (hjw) —h@w), ueRy.
j=1

Again, for notational convenience, we sometimes drop the index i in g;; and g;;. Define the
following quantities:

K 7
r(t, s)= IE|: Z g,(t)gj/(s):| and Ry(t,s)= / r(t—u, s — u)A(du),
0

B

K tAS
ri(t, s) = E[ Z h,'(t)hj/(s)j| — h(Hh(s) and R3(t,s)= / r3(t —u, s — u)A(du),
i 0

K IAS
r4(t, s) = IE|: Z ojoiH(t — &)H(s — éj/)j| and Ry(t, s) = / rq(t —u, s — u)A(du).
i 0
(2.5)
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Theorem 2.2. Under Assumptions 2.1, 2.2, and 2.3,
X'"=X in (D, J)) as n— oo, (2.6)

where the limit X = mz(fﬁ (1) —i—f(z(t) +)A(3(t)) —i—f(4(t), a sum of four mutually independent
processes defined as follows:

X)) = f h(t — s)A(ds) = A(H)h(0) — / A($)h(t — ds), 2.7)
©.1] [

0,)

and the f(@ are continuous Gaussian processes with covariance functions Ry, £ =72,3, 4,
defined in (2.5).

Remark 2.3. If the limit of the diffusion-scaled process is a Brownian motion (BM)—that is,

A= ,/)\cha where A is the arrival rate (i.e., A(f) = At for t > 0), cf, is a variability parameter,
and B, is a standard BM—then

t
X1(0) = VAcq / h(t — 5)dBg(s), 1> 0.
0

In particular, if the arrival process A(f) is renewal with interarrival times of mean A~! and
variance o2, then ¢2 = 02 /(A~')?> = 2202 represents the squared coefficient of variation of the
interarrival times. In general, cf, indicates the variabilities in the arrival process. With non-

stationary arrival rates, the limit can be A(t) = cqaB4(A(2)), which gives
R 13
Xi()=ca / h(t — s)dBa(A(s)), 1=0.
0

3. Examples

In this section, we discuss some special cases of the model, including several dependence
structures among the random delays as well as among the noises.

Assumption 3.1. The random delay times of each cluster, {§;};, satisfy one of the following
four conditions:

(a) The {§;;}; are i.i.d. with cumulative distribution function (CDF) G.

(b) For each cluster i, & = Zjézl i where {gig : € € N} are i.i.d. with CDF Gg. Let G(Z[) be
the I-fold convolution of G;.

(c) For each cluster i, the sequence {§;;: j € N} is symmetrically correlated; that is, each
pair has a common joint distribution W whose correlation is equal to pg, and each &
has the marginal CDF G.

(d) For each cluster i, the sequence {§;; : j € N} is generated by a first-order discrete autore-
gressive process, referred to as a DAR(1) process. Specifically, let §j =6; ;15 ;-1 +
(1 = 8;j—1)nij. Here {8;;:j € N} is a sequence of i.i.d. Bernoulli random variables with
P(;j=1)=a €(0, 1), while {n;; :j € N}, independent of {8;;:j € N} and &1 ~ G, is a
sequence of i.i.d. random variables with CDF G. O
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We also consider the following two conditions, which are variations of (a) and (b) above:
(a") For each cluster i, & = 0 and &;; for j > 2 are i.i.d. with CDF G.

(b') For each cluster i, &; =0 and &; = Zfézz ¢ie for j > 2, where {¢; : £ € N} are i.i.d. with
CDF G;. Let G be the I-fold convolution of G .
Notice that a special case of Assumption 3.1(c) is given by

W(u, v) = psGunv)+ (1 — pg)Gu)G(v) forallu,v>0 3.1
for the marginal G and correlation pg € [0, 1] of W(u, v) (see [36]), under which
P(& € du, & € dv) = pe G(du)dy(dv) + (1 — pe)G(du)G(dv),

and Corr(&;, &) = pg, where &y is the Dirac measure at {u}. Moreover, under Assumption
3.1(d),

P(g <u, & <v) =" TG Av) + (1 — " TNGw)G), forall u, v =>0.

Thus, Corr(§;, &) = oVl for all J,j > 1; that is, the correlation between & and &y decreases
geometrically in the distance |j — j'|. Note that under Assumption 3.1(d), the sequence {§;;: j €
N} satisfies the p-mixing and ¢-mixing conditions.

We first discuss the limit X under Assumption 3.1.

Under Assumption 3.1(a),

t t—s
X(t) = mgmy / / H(t — s — u)G(du) A(ds).
0 JO—
Under Assumption 3.1(a’),

t t—s
(1) =my / (H(t — )+ (mg— 1) / H(t—s— u)G(du))A(ds).
0 0—

Under Assumption 3.1(b),

e k t pt—s
Xty=mzy py. /O /0 H(t—s— u)Ggf)(du)A(ds).
=1 -

k=1
Under Assumption 3.1(b’),

o0

' k=1 s
X(t) =my f (H(t =)+ Y f H(t—s— u)G‘j)(du)> A(ds).
0 =1 0—

k=2

We remark that in the cases (a’) and (b'), it can have an arbitrary number of arrivals (less
than the cluster size) at the event time of the cluster rl.”. For example, if there are ¢ entities
of the cluster without delay, assuming ¢ < K; almost surely, then similarly to the case under
Assumption 3.1(a’), we have

t 1—s
() = my / (eH(t — )+ (mg — 0) / H(t—s— u)G(du))A(ds).
0 0—
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In the extreme case where all entities of the cluster arrive at the same time as the cluster arrival
time (that is, without delay), we have

t
X(t) = mxmy f H(t — s)Ads).
0

Now under Assumptions 3.1(c) and 3.1(d), we have the same formula as in the case (a); the
correlation does not affect the fluid limit, but it does affect the covariance function as we show
below.

We next give examples of the covariance functions in the various cases.

3.1. Li.d. noises

Under Assumption 3.1(a), we have
ra(t, $) = mK< fo " B — wHGs — 0Gld) hlu)hl(s)),
ra(t, $) = o,%hm)f:l (s).
ra(t, ) = mgo7E[H(t — £)H(s — £1)] = mgoy fo " HG— wHGs — 0Gldu).

where h (1) = fot_ H(t — u)G(du). Under Assumption 3.1(a’), we have

INS
ra(t, 5) = (mg — 1)( f H(t — wH(s — w)G(du) — h1<t)h1<s>),
0—
r3(t, s) = oghi(t)hi(s),
INS
ra(t, 5) = o2 H(OH(s) 4 (mg — 1)o7 f H(t — w)H(s — u)G(du).
0—

As mentioned above in the fluid limit, we can also allow an arbitrary number of entities in the
cluster to arrive without delay. In the extreme case of all entities arriving without delay, we
have

r(t, 5)=0, r3(t,s)=0zHOH(s), and ry(t, s) = mgo2H(OH(s).

Under Assumption 3.1(b), we have

NS .
PH=y pk( fo H(s — u)H(t — )G (du) hjmh./(s))

=1 kzj
INS t—u . M
+3 3 ( / / H(s — wH(t — u — )G (d)GY (dv) — h.,'(s)hj_i_j/(t)>
zlkzit A0 T0T
INS S—u . o
+3 3 ;e ( / / H(t — w)H(s — u — v)GEf)(du)Gg )(dv) — h,'(t)hj_;,_j/(s)>,
jiztkzjty \W07 0=
ra(t, s) = Z hi(Ohy ()P (K > jV j') — h(t)h(s),
=1
INS .
) =03 Y pe fo H(t — w)H(s — ))GY(du),
=1 kzj

where k(1) = f;_ H(t — 0)G(du).
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Under Assumption 3.1(b"), we have

NS .
Pt)=) " prti ( fo H(s — wH(t — u)GY (du) — h./(s)h./(t)>

jzl k=j

INS pr—u
+Z Zpk+l(/0 ; H(s—uwH({t—u—v)

Szl kzj+) a

G (dGY (dv) — hj(s)hj+j/(t)>

NS S—u
+ ) me(/ H(t — w)H(s — 1 —v)
0— 0

JJ =1 k=j+j B
G (du)GY (dv) - h,(r)hﬁ,v(s)),

rts)= Y hiOhp(s) (P(K=G+ 1DV (G + 1) =PK=j+ DPK >j + 1),
JJj'=1

INS .
ra(t, ) = oZHOH$) + 07 > > pier / H(t — w)H(s — ))GY(du).
=1 k= 0

We next consider the cases where the random delays are correlated in Parts (c) and (d) of
Assumption 3.1. The dependence affects only the function r,(t, s), while the functions r3(z, s)
and r4(t, s) are the same as in the case of Assumption 3.1(a), so we only present the formula
for ry(t, ).

Under Assumption 3.1(c), we have

INS
ra(t, §) = mK< fo H(t — w)H(s — u)G(du) — hy(1)h 1(s))

tps
+E[K(K — 1)]( f f H(t — wH(s — v) (¥ (du, dv) — G(du)G(dv))).
0— JO—
If W(u, v) is approximated by \il(u, v) defined in (3.1), we can approximate (¢, s) by

INS
Fat, 5) = (mx(1 — pe) + ple[I@])( /O H(t — w)H(s — u)G(du) — h](t)hl(s)). (3.2)

This approximate function is linear in the correlation parameter pg.
Under Assumption 3.1(d), we have

Elsi(t)cj ()] = (E[H(r — £)H(s — £)] — hi(Oh1(s))aV 7 forall jj.
Thus,

tAS

ra(t, s) = (

0—

K
H(t —wH(s — u)G(du) — hl(t)hl(s)>E[ Z O[lij’:|
i

INS

( | H = wHG — G ~ @ (s)) <

mg(1+a) 2a(EleX] - 1))
l—«a (1 —)?
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It is clear that the function (¢, s) is increasing (decreasing) nonlinearly in « if the quantity in
the first parenthesis is positive (negative).
3.2. Correlated noises

Assumption 3.2. For each cluster i, {Z;;, j € N} satisfies one of the following conditions:

(a) {Z;,j € N} are symmetrically correlated with a common CDF F and a bivariate joint
distribution for each pair ®.

(b) {Zi;,j e N} is a DAR(1) sequence as in Assumption 3.1, with Bernoulli parameter B €
(0, 1) and marginal CDF F.

Note that the correlations in noises only affect the function r4(¢, s). We present the formula
for it in the following cases.
Under Assumptions 3.1(a) and 3.2(a), we have

t
ra(t, s) = mgoy fo H(t — wH(s — u)G(du) + E[K* — K]|Cov(Z1, Z)h(Dhi(s).  (3.3)

Under Assumptions 3.1(a) and 3.2(b), we have

m2p 28(E[BK] - 1))

INS
ra(t, 5) = mgoy fo H(t — w)H(s — u)G(du) + hl(t)hl(s)azz< -y T

3.4)

Under Assumptions 3.1(c) and 3.2(a), we have
NS
ra(t, 5) = mgoy / H(t — w)H(s — u)G(du)
0—

1 s
+E[K* — K]Cov(Zi, Z») / / H(t — w)H(s — )W (du, dv).
0— Jo—

Similarly to (3.2), under Assumption 3.1(c), let pz be the correlation between Z; and Zy, and
let ® be approximated by the following ®:

(21, 22) = pzF (21 A 22) — (1 — p2)F(21)F(22).

We can approximate r4 by 74 given by

INS
Falt, s) = (mK + pe pzB[K? — K])oz2 /0 ) H(t — w)H(s — u)G(du) 35)

+ (1= p)pzBIK? — Klozhi (Dh (s).

Itis clear that when pg =0, this formula reduces to (3.3) under Assumptions 3.1(a) and 3.2(a).
Under Assumptions 3.1(d) and 3.2(b), we have

m(1+aB) 2aB(El(@p)X — 1]))

INS
ra(t, s) =02 /0 H(t — u)H(s — u)G(du)(

1 —ap (I —ap)?
2 2k —a)  2B(EIBK1-1) 2up(El@p)¥]-1)
+Uzhl(t)hl(s)<(1 —B)1—ap) 1 - ’3)2 B (11— Olﬂ)2 >
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It is also clear that when o =0, this formula reduces to (3.4) under Assumptions 3.1(a) and
3.2(b).

Remark 3.1. The process X in (1.1) can be used to model the total claims in insurance, where
A(t) is the arrival process of cluster claims, the K; are the cluster sizes, the variables {Z;;}; are
the claim sizes for each cluster, and {&;;}; are the delays for the claims to arrive in each clus-
ter. See, for example, the book by Daley and Vere-Jones [4] and the recent work in [1] and
references therein. When the arrival process A is Poisson, under the i.i.d. conditions on the
claim sizes and delays, the distribution of X can be characterized using the probability gen-
erating or characteristic functionals [4, 31]. In [1, 32], central limit theorems with Gaussian
and infinite-variance stable limits are proved and used to approximate the total claim distri-
butions as t — oo. Our results provide distributional approximations for the total claim size
at each time ¢ when the arrival rate of cluster claims is large; these approximations are valid
for any general non-stationary arrival processes, as well as for various scenarios of corre-
lated claims and delays discussed above. For instance, given that the arrival process results
in a BM limit as in Remark 2.3, the total claim X(¢) at each time ¢ can be approximated by
a Gaussian process with mean X (1) as in (2.4) and covariance functions Z?: 1 1i(t, s), where
ri(t, s)= cﬁ OMS h(t — u)h(s — u)d A(u) and rp, r3, r4 are given as above in the various scenar-
ios. Then one can approximate the corresponding ruin probability (the first passage time or
hitting time of the total claim) by exploiting the computation of the hitting times for Gaussian
processes (see, e.g., [5]).

4. Infinite-server queues with cluster arrivals and random delays

We consider infinite-server queues with batch/cluster arrivals where the arrivals in each
cluster may experience random delays. Let A(f) be the arrival process of batches/clusters,
and let K; be the batch/cluster size of the cluster i. For each cluster i, §;;, j=1, ..., K;, are
the random delays and Z;;, j=1, ..., K;, are the corresponding service times. Note that in
Assumption 2.2, the noises can take any real values, but in the queueing setting, the service
times must be positive. Let X(¢) be the number of customers in service at time ¢. Then it has
the representation in (1.2), that is,

AN K
0= 3 S i< ey 2

i=1 j=1

We make the following regularity conditions instead of Assumption 2.3, and impose the
same conditions in Assumptions 2.1 and 2.2.

Assumption 4.1 For every fixed T > 0, there exists y > % such that

P(& € (s, 1]) P(& € (s, r], & € (r, 1]) .

sup  sup and sup sup ,
0<s<t<T J (t— S)Zy O<s<r<t<T j,J (t— S)4y
(S,l]mﬁ]:f/) (s, 1INLr=0

where L1 and L are the sets with no accumulation points on Ry as in Assumption 2.3. In
addition,

P(Z; e (s, t])
sup sup ————
0<s<t<T j (t— )%
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and for some L3 C Ry with no accumulation points,

P(Zj+& €.l 2+ e(rtl) _

sup sup 4.1)
O<s<r<t<T j,j (r—95)¥
(s,t)NL3=0 O

Remark 4.1. In addition to the conditions on the &; in Assumption 2.3, we further assume that
the marginal distributions of the Z; are locally Holder continuous (and thus, the joint distribu-
tion of (Z;, Zy) is continuous). The condition in (4.1) is the regularity condition imposed upon
the joint distributions of (Z; + &;, Zy + &;) concerning IP’(Z/ +&e(s,rl, Zy + & €(r, t]) over
the intervals (s, r] and (r, t] for s < r < ¢, which is applied in (6.1) for the proof of tightness. If
the joint distribution (Z;, Z;) is itself locally Holder continuous, that is,

P(Zj € (s, 1], Zy € (v, u])
sup  sup 5 5
0<s<t<T j#j (t—9)7(u—v)
0<v<u<T
then £3 = . Note that the joint distributions of (Z;, Zy) and (Z; + &;, Zy + &) are continuous
on R%r. However, the second and third conditions do not imply the condition in (4.1). (It is
believable that the results in this section also hold for Z; having a discontinuous distribution
function, as for H in the cluster model, but proving this would require additional notation,
which we omit for brevity.)

We define for u > 0,

K
Hw=PZ>u), hw=PO0<u—¢§<Z), hu= E[ Z ﬁj(u)}, (4.2)
j=1

and Hj(u) = hj(u) = h(u) = 0 for u < 0.

Theorem 4.1. Under Asstitmptions 2~.2 and 4.1, and assuming that A"=A inD as n— oo,
(2.3) holds with the limit X(t) using h(u) in (4.2).

We next state the FCLT for the diffusion-scaled process X". We first introduce some
notation. For u € R, let

Ki

Siju) = Hy(u— &) = hjw),  Diwy:="Y_ () — h(w),
j=1

0w == 1(0 <u— &; < Zj) — Hi(u — &)).

Again, for notational convenience, we occasionally drop the index i in g;;, ¢;j, and ;},’. Define
the following quantities:

K IAS
r(t, s)= IE|: Z §j(t)§j/(s):| and Ry(t,s)= / r(t —u, s — u)A(du),
0

iy

K tAS
r3(t, §) = IE[ Z i;/(t)izj/(s):| —h(Hh(s) and R, s)= / r3(t — u, s — u)A(du),
i 0

A K tAS
rq(t, s) = E[ Z éj(t)éjv(s):| and Ry(t, s) = / ra(t —u, s — u)A(du). 4.3)
0

N
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Theorem 4.2. Under Assumptions 2.1, 2.2, and 4.1, the convergence in (2.6) holds with the
limit X = 22=1 X, a sum of mutually independent processes, where X1(t) is the same as in

Theorem 2.2, and )A(g, 0 =2, 3,4, are continuous Gaussian processes with covariance functions
Ry, £ =2,3,4, defined in (4.3).

4.1. Examples

In this section we give explicit expressions for the fluid limit and the functions r, in the
covariance functions, under Assumptions 3.1 and 3.2. Note that except for the renewal random
delays in Assumption 3.1(b), all the combinations of the cases of random delays and service
times can be regarded as a tandem infinite-server queue with two service stations, where the
random delays {&;;}; are the service times in the first station and the service times {Z;;}; are those
for the second station. These are interesting examples in themselves, since tandem G/G /oo —
G/oo queues with correlated service times in each service station have not been studied in the
literature.

Let F¢ =1 — F. With i.i.d. random delays, under Assumption 3.1(a),

B t i—s
(1) =mx / ( f Fo(t—s— u)G(du))A(ds),
0 0—
and under Assumption 3.1(a’),
B ' i—s
X(t) = / (Fc(t —s8)+(mg —1) / FC(t—s— u)G(du))A(ds).
0 0—

With renewal random delays, under Assumption 3.1(b),

t 00 k f—s
X(t) = /0 Z ka /0 FC(t — s — w)GO(du) A(ds),
=1 -

k=1

and under Assumption 3.1(b’),

t o k=l g
X(t) = / (Fc(t -9+ Z Dk Z / F(t—s— u)G([)(du))A(ds).
0 k=2 =1 0—

Again, under Assumptions 3.1(c) and 3.1(d), the fluid limit X is the same as in the case (a).
The dependence among random delays does not affect the fluid limit.
We next give some examples of the covariance functions under Assumptions 3.1 and 3.2.

4.1.1. Li.d. service times. Under Assumption 3.1(a), we have

tAs L
(1, 5) = mK( /0 FE(t — u)FE(s — u)G(du) — hl(t)hl(s))
r3(t, 5) = oghi(Dhi(s)

tAs
r4(t, 8) = mg / (Fc(t Vs —u)—F(t—u)F(s — u)) G(du),
0—

where

hi(u) = / ' FC(u —v)G(dv). (4.4)
0—
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Under Assumption 3.1(a’), we have the same r3(z, s) as above, and

INS
a9 =Gme = 1 [ =0 ~ Gt~ @),
0—

NS
ry(t, )= (F°(t v 5) — FS()F(5)) + (mg — 1) (FC(t Vs —u) — FE(t — w)F (s — u)) G(du).
0—
Under Assumption 3.1(b), we have
NS - -
n.9=Y" > n /0 Fé (= wF(s = )G (d) = i()hi(s))
>1 k>1 -

tAS N ~ ~
+3 Y f ) fo P = wF s = u=G G @) = Ol o))

LU=1k=I+1
NS t
PR pk(/ / Fé(s = F(t = u = )G Gdv) — by (1),
LI>1 k=141 0— Jo—
=Y Oy (PEK =1V 1) - BEK = DPK = 1),

LI'>1
INS
ra(t, s) = Z Z pk( / (FEtV s —u) — F(t — u)F*(s — u))G(l)(du)),
=1 k=l 0-

where I(u) = [y FS(u—v)GD(dv).

Under Assumptions 3.1(c) and 3.1(d), the correlations in the random delays affect only
the function r,(z, s), while the functions r3(z, s) and r4(¢, s) remain the same as those in the
i.i.d. case in Assumption 3.1(a). So we state the function (¢, s) in these two scenarios. Under
Assumption 3.1(c), we have

ra(t, s) = mK( /0 I_AS F(t — w)F<(s — w)G(du) — l(t)izl(s))
+E[K? — K]( /0 t_ /O S_ F(t —uw)F(s — v)(V(du, dv) — G(du)G(dv))),
where /1(u) is defined in (4.4). If W(u, v) = p: G(u A v) + (1 — pg)G(u)G(v), then
r(t, ) = (ps E[K*] + E[K](1 — ,Og))( fo I_AS FO(t — u)F(s — u)G(du) — izl(t)izl(s)).

Observe that the function r,(z, s) is approximately linear in the correlation parameter pg.
Under Assumption 3.1(d), we have

IAS Ky _
rat,5) = ( /0 F(t = w)F(s — u)G(du)—ina)iu(s))(m’i(l_za) za(ﬁ[i 03)2 1)),

where l~11(u) is defined in (4.4). Note that the function r(¢, s) is increasing (decreasing)
nonlinearly in the correlation parameter « if the quantity in the first parenthesis is positive
(negative).

https://doi.org/10.1017/apr.2021.16 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.16

1204 B. LI AND G. PANG

4.1.2. Correlated service times. We consider the scenarios in Assumptions 3.1(c) and 3.2(a),
and in Assumptions 3.1(d) and 3.2(b). (The formulas in the scenarios in Assumptions 3.1(a)
and 3.2(a) and those in Assumptions 3.1(a) and 3.2(b) can respectively be obtained from these
as seen in Section 3.2.) Note that in both scenarios, we have r3(¢, s) = o,%fu(t)fn (s), which is
not affected by the correlations in random delays and in service times. So we focus on the
functions r»(¢, s) and r4(t, s).

Under Assumptions 3.1(c) and 3.2(a), we have

ra(t, 5) = mK( / im F(t — u)F°(s — u)G(du) — h 1(t)izl(s))

+E[K* — K] < fo t / ' FO(t — w)Fe(s — v) (W (du, dv) — G(du)G(dv))),
ry(t, 5) = mK( f " (FC(t v s — u) — F°(t — w)F(s — u))G(du))

+ E[K? — K] < ft /OS (D1t — u, s —v) — F(t — w)F(s — u)) W (du, dv)),

where £ (u) is defined in (4.4) and
D(u, v) := ]P’(Zl >u,Zp > v), for u, v>0. 4.5)

If we further assume relations similar to (3.5) and let pz be the correlation between Z; and Zj,
then we can approximate rp and r4 by 7, and 74, respectively:

INS
Pa(1, 5) = (0 E[K?] + EIK1(1 — pe)) ( / F(t — w)F*(s — w)G(du) — h1<r>h1(s>),
0—
INS
Fa(t, )= (s p7E[K?] + BIKI( = pepr) ( / (Fv s = u) = F(t = )F*(s — 1) G(du)
07
t N
+ pe (1 — o) E[K* — K] ( f f (Fo(v s = w) = F(t = w)F(s — 1) Gdi)G(dv)).
0— Jo—
Note that the function r,(z, s) is linear in pg, only affected by the correlations in the random
delays, and r4(t, s) is linear in both pg and pz. The formulas for r» and r4 under Assumptions

3.1(a) and 3.2(a) are obtained from 7, and 74, respectively, by setting pz = 0.
Under Assumptions 3.1(d) and 3.2(b), we have

IAS Ky _
- o (1—a)
INS

ra(t, s) = ( / (FE(t v 5 — u) — FE(t — u)F*(s — u))G(du))

(mK(l +ap) | 20B(El@p)’] - 1))
X +
1—ap (1 —ap)?

t ps
+ ( / / (Fc(t Vs —u)—F(@t—uF(s— u))G(du)G(dv))
0— Jo—

5 ( 2mgp(l =) 26(EIFFI 1) 20B(El@p)"] - 1))
A-p—ap)  (1-p)7 A —ap? )
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where izl(u) is defined in (4.4). Observe that r(¢, s) is increasing (decreasing) nonlinearly
in « if the quantity in the first parenthesis is positive (negative), and is only affected by the
correlations in the random delays. On the other hand, the function r4(¢, s) is not necessarily
monotone in either @ or B, as indicated in the second term. The formulas under Assumptions
3.1(a) and 3.2(b) can be obtained from these by setting o = 0.

4.1.3. Steady state in the stationary case. We consider the stationary case with A(f) = At for
t >0 and the arrival limit A(t) = /AcZB,(1) for ¢, > 0 and a standard BM B,. In this case
we obtain the equilibrium point of the fluid limit X(f) and the steady-state distribution of the
stochastic limit X(z), which is a Gaussian process. We state the steady-state limit X(oco) =
lim,_ 0 X(¢) and the variance Var()A((oo)) of the limiting Gaussian random variable )A((oo) of
)A((t) ast— oo.

Recall that for infinite-server queues with batch arrivals and i.i.d. service times, it is shown
in [25] that

X(00) = Amg / FC(s)ds = Amgmy
0
and ~
Var(X(c0)) = Amgmyz + Amg (mg(c2 + cg) — 1) / (FCw)’du, (4.6)
0

where ¢4 = o2 /m? is the squared coefficient of variation of K.

For the steady state X (00) of our model, we still have

)'((oo):)\/oo
0

if E[Z;] = my for all j € N, where the second equality follows from Fubini’s theorem. We next
provide the steady-state variance formulas in various cases, which are new to the literature.

00
P(K Zj)P(éj <s< .‘;:j +7Zj) ds = Amgmyg,
j=1

L.i.d. service times. For notational convenience, let

o0 ) ) 00 w )
X1 =/ (F‘(u)) du and X2=/ (/ F‘(u—v)G(dv)) du.
0 0—

0

Under Assumption 3.1(a), we obtain
> _ 2, 2
Var(X(00)) = Amgmz 4+ Amg (mk (c; + cg) — 1) x2. (4.7)

This result is a direct generalization of the case of i.i.d. service times without random delays,
comparing (4.7) with (4.6). As we suggested earlier, this case can be regarded as a tandem
G/G/oo — G /oo queue with i.i.d. service times at both service stations. When counting the
number of customers in the second station, we count those that have completed service at the
first station and are still in service at the second station. Under Assumption 3.1(a’), we obtain

Var(X(00)) = Amgmyz + A(c — D1 + Amg — D((mg — D(c2 +cx_;) — 1) x2
+ 2AC§(mK — 1)/ FC(S)/ FC(s — u)G(du)ds.
0 0—
Note that ¢z | = Var(K — 1)/(mg — 1)? = 0 /(mg — 1)*.
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Under Assumption 3.1(b), we obtain

o o0
Var(X(00)) = Amgmz + 21 Y P(K > j+) / GY)(dv) / FC(s)F (s 4+ v)ds
2 0— 0
JJ=1

FACE—1) / ( Y Bk =) / " GO (du)Fe(s — u))zds.
0 0—

Jj=1
Under Assumption 3.1(c), we obtain
Var(X(00)) = Amgmyz + Amg (mK(cﬁ + %) — 1)x2

+ amg (mg (1 + cg) — 1) / - / ' / ' F(s — w)F(s — v)(¥(du, dv) — G(du)G(dv))ds.
0 0— JO—

Note that in the special case of i.i.d. random delays, W (du, dv) = G(du)G(dv); thus the identity
above is consistent with (4.7). Also, if W(u, v) = pe G(u A v) + (1 — pg)G(u)G(v), then

Var(X(00)) = Amgmz + g (mg (c2 + cg) — 1) x2 + rogmg (mx (1 + cx) — 1) (x1 — x2)-

It is clear that when pg = 0, this reduces to the formula in (4.7).
Under Assumption 3.1(d), we obtain

. 2 2a(E[aX] -1
Vax(X(oo)):)\mez+A(m,<(c§+c}<)—1)X2+A<1m_’<z + a((l[ial)z )>(X1—X2).

Observe that if x; — x2 > 0, then Var(f((oo)) is increasing in « nonlinearly.

Correlated service times. Let
o o0 o0
X3 = / G(du)/ G(dv)/ FC(s — u Av)ds.
0— 0— uvy

Under Assumptions 3.1(c) and 3.2(a), with ®¢ defined as in (4.5), we obtain

Var(X(00)) = Amgmyz + Amg (mg(c2 + cg) — 1) x2

+ AmK(mK(l + c%() - 1) / /S /S ((DC(S —u, s —v)—F(s —u)F°(s — v))\I/(du, dv)ds
0 - Jo-

+ dmg (mg (1 +cg) — 1) / / ' / ' FC(s — wF(s — v)(W(du, dv) — G(du)G(dv))ds.
0o Jo-Jo-
(4.8)

If W(u,v)=p:GuAv)+(1—p:)Gu)Gv) and P(u,v)=pzF(uAv)+ (1 — pz)F(u)F(v),
then
Var(X(00)) = Amgmz + rmg (mg (¢ + cx) — 1) x2
+ hog pzm (mg (1 + cg) — 1) (mz — x2) 49)
+ Ape (1 — pz)mg (mg (1 +c%) — 1)(x1 = x2) '
+ M1 — pg)pzmg (mi(1+ cg) — 1) (3 — x2)-
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Under Assumptions 3.1(d) and 3.2(b), we obtain

Var(X(00)) = Amgmz + g (mg(c2 + cg) — 1) x2

m2af  20pE@p)X —1])

H(l—aﬁ’L (1—ap)? >(mz_xz)

A( mi20(1 — B) +2a(1E[aK]—1)_Zaﬂ(lE[(aﬂ)K—ll))( )
I-—a(-ap) ' (1-aP (1—ap)? %2
m2p(1—a)  2BE[FK]— 1) Zaﬂ(lE[(aﬁ)K—ll))

A — — .

* ((1—/3><1—a/3>+ (1B G—apy )5 2)

(4.10)

Observe that the first two terms in these two scenarios in (4.8)—(4.10) are the same as the
steady-state variance in (4.7), and the other terms capture the effect of correlations among the
random delays, as well as among service times.

5. Proof of Theorem 2.2

This section is dedicated to the proof of Theorem 2.2. Since Theorem 2.1 follows directly
from Theorem 2.2, we omit its proof for brevity.

We first provide a decomposition of the process X". Recall hj(u) and h(u) defined in (2.2).
We have

X'(0) =EIZ1 (X7 (1) + X5 + X5(0) + X 0), (5.1)
where for every ¢ > 0, the subprocesses are given by

A

t
Zh(t—r”)— / h(t—s)A(ds)) = / h(t — 5)A"™(ds)
(0,1]

X0 = <

= A"(Hh(0) — / A"(s)h(t — ds) = A"(1)h(0) + / A"(t — s)h(ds),
[0,1) (0,1]

where the integration by parts in (1.3) and the fact that A™(0)=0 are applied, and

| A1) K; A1) K;
R0i= —= 303 (Ho— o — & — b = )=7 it — /),
i=1 j=1 i=1 j=1
| AN K
) = — ( hi(t — ') — h(t — <" ) — it —th)
’ \/_ j=1 121: ! \/_ ;
A1) K; A1) K;
. 1
X0 = — H(t — ' — &)(Z; — EIZ Z > H—1' —&poj.
i=1 j=1 i=1 j=1
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In the proofs below, we further assume without loss of generality that E[Z] = 1, to simplify
our notation. Moreover, by Assumption 2.3, for fixed T > 0, there exists c¢o > 1 such that for
any s <t < T with small ¢ — s,

(HO — H) = co( =9 +1(0€ s, 1)),

P(& € (s, 1]) < co <(l— 9% + kz qk € (s, 1] ) (5.2)
IP’(SJ' €(s, rl, & €(r, t]) <o <(t — Y +(1— 9% Z 1(‘1k € (s, t])>,
k=0

where {gx, k>0}=L= L1 UL, U{0} with go =0, and in the last inequality the indicators
are equal to 0 except for at most one term. For the last inequality above, we only consider the
nontrivial case where j #j', r >0, and s < r <t < T with  — s small enough. Then there is at
most one possible point, say ¢, in (s, f]N L, and g = go =0 if s < 0. We thus have, case by
case,
P(& € (s, rl. & € (r, 1])
=1(s <0)1(0. 1N £=1)(P(§ € 0,71, & € 11) + P(§=0, & € . 1]))
+1(s = 0)P(& € (s, r], & € (r, 1])
x (1((s, ANL=0)+1(ge s rN)1((r, (1N L=0) +1((s, 1N L=10)1(q € (r, t]))
<co(t = )Y +colt =N (g € (s, 1) + colr — 9™ 1(q € (r, 11)
<co(t = )Y + ot — ) (g € (s, 11).

In the following proofs, we fix the constant ¢ and {gx} in (5.2).

Lemma 5.1. Under Assumption 2.3, for all v <w < u < T with small enough u — v, we have

E[H(u— &) —Hv —§)]’ <23 ((u —7 4+ 1gre . u])) : (5.3)
k=0
E[(H(u — &) — Hw — £)*(H(w — &) — H(v — £/))*]
< 46(3) ((u WY+ (u—v)¥ Z I(Qk € (v, u])) ) o
k=0

where cq is the constant in (5.2).

Proof. Applying (5.2), we have
_E)— —_ &P —_n .
E[H@ - §) — Ho —§)]" = co( = +P(g € v, u])),

which gives (5.3) after a further application of (5.2).
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Similarly, we have from (5.2) that
E[(H(u— &) — Hw — §)*(Hw — &) — Hv — &))]
< B[ (= w +1(g € v u))) (v = +1( € v w))) |
<c <(u — Y 4 colu — w)¥ ((w —) + Z 1(qx € (v, w]))

k=0

+co(w—v)2"<(u—w)2" —i—Zl qr € (w, u] )

k=0
o
+co<<u =Y =7y g, u])>>,
k=0
which gives (5.4). This finishes the proof. (]

5.1. Convergence of X 1

For the convergence of X", we need the following lemma, which is a simplified version of
[27, Lemma 6.1], noticing that the Lebesgue—Stieltjes integral for v, is defined on the interval
[0,£). We state it here for completeness and provide a proof in the appendix.

Lemma 5.2. Let g be a function in D with locally bounded variation. Define the mapping v,
on D as follows:

Ye(2)(1) := / ws)gt —ds) = — / Z(t — 5)g(ds) (5.5)
[0,2) 0.1]
forze D and t > 0. Then the following hold:
1. ForanyzeD, ¥e(z) € D and 4(2)(0) = 0.
2. IfgeCorzeCandz(0)=0, then ¥,(z) € C.
3. Ifz€C, then g is continuous at z in (D, Jy).

Lemma 5.3. Under Assumptions 2.2 and 2.3, the functions h; and h defined in (2.2) are
monotonic functions in D, which are piecewise Holder continuous.

Proof. The fact that h; and i are monotonic and cadlag follows from the corresponding
properties of H. For all s < ¢ < T and j € N, we have from (5.3) that

(hy(1) — hj(s)* < E[H(t — &) — H(s — &)]” < 2¢} ((t )7+ 1ares, r])). (5.6)

k=0
This proves the result. O

Lemma 5.4. Under Assumptions 2.1, 2.2, and 2.3, )A('f = )Afl in (D, J1) as n — oo, where )Afl is
the continuous process given in Theorem 2.2.

Proof. Firstly, the continuity of Xiisa consequence of (2.7), Lemma 5.2(ii), the continuity
of A, and the fact that A(O) = 0. Moreover, by definition

X1(1) = A"(H)h(0) — f A™(s)h(t — ds),

[0.0)
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so the claim follows from Lemma 5.2(iii) and the continuous mapping theorem [3,
Theorem 2.7]. O

5.2. Convergence of )A(g, )A(';, and )A(Z in D

This proof proceeds in the following steps:

Step 1: Proving the existence of the limit Gaussian process X; with sample paths in C (Lemma
5.5).

Step 2: Proving the convergence of finite-dimensional distributions of )A(Z to those of X
(Lemma 5.7).

Step 3: Verifying the convergence criterion with the modulus of continuity as in [3, Theorem
13.5] and completing the proof (Lemma 5.8).

Lemma 5.5. Under Assumptions 2.1, 2.2, and 2.3, there exist continuous modifications of the
Gaussian processes Xy, k =2, 3, 4, with mean zero and covariance functions as in (2.5).

Proof. Recalling the covariance functions (2.5) of the limit distribution )A(k, its existence
as a Gaussian process follows from the consistency condition for the Gaussian distributional
property. To prove Xy € C, it is sufficient to check that each X has continuous quadratic mean.

K
Let n(?) := Z H(t —§j)Z;. For every v < u < T, by (5.3), we have
j=1

K
Var(n(u) — n(v)) < E[K > o (H(u—&)— H(v — s,))z}

j=1

< 2cE[K?]E[0*] <(u =7+ g e, u])).

k=0
It can be shown that
K K
S oH1-§) eolK.6.2), Y ek, &), and () eo(K),
j=1 j=1

are centered variables adapted to successively descending filtrations, where we use &, Z to
denote the sequence of the corresponding variables. Therefore, forO <s <t < T,

E[(%2() - %2(9))"] + E[(%3() — £3(5))*] + E[ (%a(0) — Ka(9))°]
t
=/ Var(r;(t —u)—n(s— u))A(du)
0

< 2cE[Z*|E[K?] ((r — )T AM + Y (Al —qr) — Als — Qk))).
k=0

Since A is continuous and there are only finitely many gk on [0, T7], this finishes the proof. [J

To prove the convergence of the finite-dimensional distributions of X, k =2, 3, 4, notic-
ing that the processes are essentially independent sums of centered random variables, we
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follow the idea of proving the central limit theorem under the Lindeberg condition used in
[35, Theorem.II.4.1], where we need the second moments for X}!, k=2, 3, 4. Let F}(1) =
o{A"(s):t>s>0}.

Lemma 5.6. For 0 <t < T, we have

E

[(&20)?| 72| = /(0 == ")
- - .t

E[ (R20)*| 720 = / r3(t — u, t — wA"(ds),
- 4 Jon

E[ (X20)*| 70| = f ra(t — u, t — wA"(du).
L 1 Joa

Proof. For fixed 1 > 0, notice that conditioning on F(1), )A(Z(t) is a sum of independent and
centralized random variables. It is straightforward that

A™D)

R 1 K 2
R CHOUVACIESDY E[( > H(ui— é./)@/) ]
j=1

i=1

ui:t—‘rl-"
Thus, the formula for X (1) follows. The conditional second moments of )A(g and f(g’ are derived

similarly by conditioning. O
A direct application of Lemma 5.6 shows that for s, 7 € [0, T,

E _P?Z(t)f(ﬁ(s) fg(t)- = / r(t —u, s — wA"(du),
3 - (0,1]

E[&10%509)| (0] = f rsf— 1, s — WAMdu),
- - (0,7]

E -)A(X(t)f(ff(s) fz’(t)- = / ra(t — u, s — w)A"(du).
B 0,71

Lemma 5.7. Under Assumptions 2.1, 2.2, and 2.3, the finite-dimensional distributions of the
processes (Xg, X3, XZ’) converge to those of (Xo, X3, X4), in which Xy, k =2, 3, 4, are mutually
independent.

Proof. For fixed t > 0 and «, B, y € R, we consider first the limit distribution of

A" (1)
N N N N 1 .
R CRYZ ORI EHORE DY |
i=1 -

n
t—1]

1 X; X; 5.7
ii(s) = —= (a > Gi(s) + B +y Y H(s— gij)sz/),
Vi j=1 j=1
where, by assumption, the 7;(s) are independent for i with mark s, and 7(s) = a(n(s) — A(s)),
comparing with 7 as defined in the proof of Lemma 5.5 if « = 8 = y. Applying the continuity

theorem, it suffices to show that the characteristic function of Y” converges pointwise to that
of ((xXg(t) + BX3() + yX4(t)), where X», X3, and X4 are mutually independent.
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To this end, we examine the distribution of 7(s) for s > 0, making use of the following
inequalities:
i C_ur Jul? s
|e —(1+m)|57, | —(1+m——)| =< and |In(14v)—v|< P

where In denotes the principal value of the logarithm. These are valid whenever u € R and v is
a complex number with |v| < % From the fact that E[7(s)] = 0, it follows that for every a > 0,

Bl exp(—2i(9) | = [ exp (i) 1i0) > a] + B[ exp (000 = o]
29 2 39
=1+12—nllE[ﬁ2(s);|ﬁ|>a]—§—nE[ﬁ2(s);lﬁ|§a] 613/2 [17(s):177] < a

2 2

Z o Z
= 1= B[]+ R,

where 01, 6> are complex numbers with |01], [62| <1,

iZ i 2
IR, < E[i12(s):]ii(s)| > a] + %E[ 2(s)], and ‘E[eﬁ"( - 1‘ < ;—HE[nz(s)].

Now, taking z € R such that ZZE[ﬁZ(s)] < n, we have that for some |63] < 1,
lnE[ex (i—Z m)] _z E[i4(s)] + R + —]E2[“2( ). (5.8)

By the same reasoning as in the proof of Lemma 5.5, we have

g(s):= E(ﬁZ(s)) = O,ZE[( XK: gj(s))2] + ﬁZE[ﬁ(s)Z] i VZE[( XK: H(s — Sj)gj)z]
j=1

j=1

=7*(E[( 3 HGs - 57) |- 7w) + (@) (E]( i H(s =)’ = 17))

=1
+ (82— o= y?)(E[( i hj(s))z] ~ ). (5.9)
j=1

which shows g € D has bounded variation. Applying the integration by parts in (1.3) and
Lemma 5.2,

f g(t — wA"(du) = g(O)A™ (1) + f A™u)g(t — du)
0,1] [0.0)

— g(0)A() + / A(u)g(t — du) = / g(t — wA(du)
[0,1) (0,1]

in probability as n — oo.
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Now, conditioning on F7}(¢), plugging the limit above into the following, we
have

log (E[ exp (iz9") |f;;(z)]) - /( . log E[ exp (%ﬁ(r — u))]A”(du)
)

Z —
= g(t — w)A" (du) + 2 /
2 Jo.g (0.1]

4
R(t — w)A™(du) + = f 038°(t — wA™(du)
n Jo.n

Z 25 2 2
o5 st wan =5 (@Ratt 0+ FRa0 )+ R0 0)

in probability for every z € R by passing n — oo and then a — 0o, where the boundedness in

(5.8) and the fact that sup E[ﬁz(s)] < oo are applied. This immediately yields the desired
5€[0,7]

limit distributions for the )A(,’j(t) at fixed ¢, as well as their mutual independence and their
independence with respect to X T
The above convergence can be generalized to the joint Laplace of ()A('z’, )A(';, )A(Z),
that is,
m K
DS (wjston) + B (s + yiH(si — §)oj
=1 \j=1
for some «yj, By, yij € Rand 0 <51 < --- < s, < T. Applying the same procedure will com-
plete the proof of the convergence of the finite-dimensional distributions of X' k=2,3,4,as
well as the mutual independence between the limit processes. We only remark that the second
moment of the random variable above, associated with g in (5.9), is an m-dimensional func-
tion which may fail to be a continuous function on the domain; however, we can always take
u— g(sy —u, sy —u,---, sy, —u)asacadlag function with bounded variation, which induces
a signed measure on [0, T7. O
For the tightness of X", k=2, 3,4, we obtain the following probability bound for the
increments of the prelimit processes )A(,’(‘, k=2, 3,4, where the idea for empirical processes
is applied.

Lemma 5.8. Under Assumptions 2.1, 2.2, and 2.3, for O <s<r <t <T,

max :]P’ %200 — X8| A K29 — R (9)| = 2 f;;(t)),

(
P(1%500 - R3] A [220) = R3] = 2| Fa0)),
(

P(|X5(0) — X5 ()| A XG(r) = XG(s)] = 2 f;;(t))}
_ 5
- c(A(T)+1)

o] 00 2
< T(“‘ )Y + (ZA%— a0 — Y As— CIk)) )
k=0 k=0

for some constant ¢ > 0 independent of n and o {A"}.
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Proof. In the proof, for fixed 0 <s<r<t<T and every 1 <i<A"™(T), we always put
(uj, wi, vi) =(t — 1", r — 7', s — 7}'), which are constants less than T conditioning on A”. And
we need the following expansion:

xy? = (Zxk)2<zyk)2 = D Xy

i,j,l,m
= Zx Vi + Z x7 i +2x,x,y,y/) +r(x,y), (5.10)
i#]

where r(x,y) collects those terms with at least one single subscript.
We first consider the increments of XX. Foreveryv <w <u <T, we take

K K
x=> oi(Hu—&) —Hw—§)) and y=)_ gi(Hw—&)—Hv—§&)).

J=1 J=1

Applying Holder’s inequality, we have

E[x%?] <E KZZQ,Q, (H(u— &) — Hov — £))*(How — &) — Hv — §))°

e¢]

< 4c3EIKME[0*] ((u )Y+ @@= Y g e, u])), (5.11)

k=0

where (5.4) is applied in the last inequality. Similarly, one can check that

K
E[?)<E|K Y o}(Hu—&) —Hw )’
j=1
< 2¢3E[K?]E[0?] ((u =7+ g e, u])), (5.12)
k=0

by (5.3), and the same inequality also holds for E[y*] and E[|xy|].
Then, for 1 <i <A™(T), we take

K; Ki
X = Z 0il(&j € wi, ui]) and y;= Z 0il(&j € (vi, wil).
J=1 j=1

By the conditional independence for i and centralization, we have from the last identity in
(5.10) that

E[ (R0~ 2{0)” (%) — Kj())? \f;:(T)]
A"(t) A1)

= ZZEXyl 1 22( 2‘1’ tir’l])
i#l
A1) A1) A"(1) A"(1)

%3 sl %(ZE[xﬂrﬂ)(ZE[W])+%(ZEW"”>2'

i=1 i=1 i=1

v |t + 2E[xiyi | 7] [E[xiryi

IA

https://doi.org/10.1017/apr.2021.16 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.16

Shot noise processes with randomly delayed cluster arrivals and dependent noises 1215

Plugging (5.11) and (5.12) into the inequality above, and noticing that u; — v; = (t — s) for
every i € N and that

1(qx € i, wil) = 1(1]' € (s — g,  — q1))

for all k£ > 0, we have almost surely
—_ m —_ —_
RHS < 4cE[K*]E[0"] ((t — )Y ANT) + (1 — )7 Z (A"t —qi) — A"(s — qk>)>

00 2
+ 12 B KR [0] ((t —PANT)+ Y (A"t — qr) — A"(s — qk))>
k=0

2
< 28¢GRIKE[ (AM(T) + 1) ((r—s)“u(Z(A"(t—qw—/i”(s—qk))) )

k=0

which shows the inequality for X 1
For the second moments of increment of 5(; forv<w<u<T, we define

K K

x=Hu—&) —Hw—-§&) and x=Y (5 —gmw)=>_ (x—Ex)).
j=1 j=1
K K

y=Hw—§ —Hv—§&) and y=) (g —gm)=>_ (—E).

j=1 j=1

Applying (5.3), (5.4), and the fact H(z) = 0 for z < 0, it can be checked that for all j, j/ > 1,

max{ EAREAI AN Ez[x,]E[y/] Bl TE[yy 1, B2 1E? [y ],

E2[xjyy ] by ?1], [ELy EDy 1|} = max {ELGZ ELFIEDG)
< 4c3 <(u Y - Z l(qk e, u])).
k=0

Therefore, by applying Holder’s inequality, we have

E[x*y*] <E | K> Z — Elx1)* (7 — Elyy1)°
< 64cjE[K*] <(u — Y+ @=7 Y g e, u])>
k=0

and an inequality similar to (5.12),

max{E[x*], |E[xy]|, Ey’]} < 2c{E[K?] ((u =7+ (g e O, u])).
k=0
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For the last, applying the last identity in (5.10), we have almost surely

E[ (]30) — 220)° (%30 — 2200))* | Fen) |

< 64cgRIK"] ((r — )V ANT) + (t = )7 Y (A"t —qi) — A"(s — qk))>
k=0

0 2
+ 12¢§E2 K] ((l — YA+ Y (A" — qo) — A"(s — Qk))>
k=0

[} 2
< (88¢)E[K*))E[o*1(A™(T) + 1)2((z — ) + ( D (A" — o) — A" - qk))) )

k=0
which proves the inequality for )A('z’
For the moment of Xg’, we define
K K
x=>"(hiw)—hjw)) and y="" (hj(w)— h()).
J=1 J=1

Then 9 (1) — ¥(w) = x — E[x]. Applying (5.6), we have almost surely

X2 SZC%KZ <(u —w) + Z l(qk € (w, u])>,

k=0

¥ <2c3K> <(w — 7+ g, w])),

k=0
which shows for small u — v,
E[(x — Elx])*(y — E[Y)*] < 64cGEIK*] ((u — Y+ @Y g, u])),
k=0
max {E[x — E[x]]%, E[y — E[y]]*} < max {E[x*], E[y*]}
< 2¢gE[K”] ((u 7+ Hake o, u])),

k=0
|E[(x — ELxD(y — ElyD]| < 2¢5EIK’] ((u =07+ Ugre, u])).
k=0
Therefore, by applying (5.10), we have
E[(f(g'(t) — R0n) (Ko — Rs) ‘}'X(T)]

< 64¢gE[K*] ((r — ) TANT) + (1= )7 Y (A"t —qr) — A" (s — qk>))
k=0

00 2
+ 12 B2 (K7 <(t — S)VANT) + Y (A" — qo) — A"(s — qk))) :
k=0

This proves the last inequality for )A(;l and completes the proof. (|
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6. Proof of Theorem 4.2
Recalling }Elj, l~1j, and h defined in (4.2), we decompose the process )A(”(t) as follows:
Xty =X (r) + X5 (r) + X3(0) + X0,
where the subprocesses are defined by

A)l(t)
Xo=vn|>
i=1

AN K AN K

X530 = % Z > (FI,(t — 1) — &) — bt — r,~”)) = % Z > Gt —Th,

i=1 j=1 i=1 j=1

h(t— 1t

n

t
— / h(t — s)A(ds) | = / h(t — )A™(ds),
0 ©.1]

1 A0 K 1 A1)
Xo=—7 > [ Dome—th—ht—1) ) =—= 3 dic—1),
Vi i=1 \ j=I Vi i=1
A0 K A1) Ki

%0=—2= 3 (10=1- 7~ <2) ~ e~ ) == 3 Dyt =)

i=1 j=1 i=1 j=1
Noticing that 1(0 <u <v)=1(u>0) — L(u >v), f(f{ can further be written as

A K;

(0 = % >3 (F/(t ) — A+ 7y < t)) for all > 0.

i=1 j=I

The convergence of the new )?? in (D, Jy) is proved by making use of integration by
parts and the continuous mapping theorem. It is true that under Assumption 4.1, heD has
bounded variation and plays the same role as 4 does for the former )Aq‘ The discussion in
Subsection 5.1 and Lemma 5.2 can be applied directly, which proves the convergence. For
the proofs for )?,’(’ k=2,3,4, we follow the same procedures as stated at the beginning of
Subsection 5.2.

Step 1. The existence of continuous modifications of the new Gaussian processes X;. follows
from their continuous quadratic mean as in Lemma 5.5.

Step 2. Since the )A(Z are still the random sums of independent variables with marks depend-
ing on A", the idea of Lemma 5.7 can be applied. The convergence of their
finite-dimensional distributions as well as their mutual independence are proved by
examining the second moments of joint distributions of the new processes.

Step 3. The tightness properties of the families of the law of f('z’ and )A(gl are proved by exam-
ining the probability bound of their increments. It is true that }EIJ € C[0, 0o) in this
model is decreasing on [0, co0) and vanishes on ( — oo, 0); more importantly, it is uni-
formly Holder continuous of order y by Assumption 4.1. Therefore, the proof for the
former )?g and )A(;l in the proof of Lemma 5.8 can be applied.

Step 4. The proof of the tightness for )A(jf is slightly different, as it is the difference of two
indicator functions and related to two variables. Here, we only give a sketch of
the proof.
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To find the bound for the second moments of the increments
S S 2.8 S 2
E[ (%50 - %00)* (X0 - %)’
forevery 0 <s <r<t<T, wedefine, forv<w<u<T,

Xj = (FJ(” — &) — Fj(w— éj)) — 1(5,’ +Zie(w, u]),

yi = (Filw = §) = Fj(v = &)) = 1(§ + Zj € (v, wl),

where (v,w,u) represents (s — 7', r — 7', t — 7}'), which are constants conditioning on F) (1)
and possibly negative. By the boundedness of the variables, it is not hard to see that

u

E[] <P(&§+2Z € (w, u]) = / P(& € d)P(Zi € (W — 2z, u —2]) < colu—w)* |
07

]E[yf] <P(&+Z €, wl) <colw -1,

from the Holder continuity of Z under Assumption 4.1. Moreover,

sz <1+ Zj € (w, ul) + (Fju— &) — Fi(w — é”i/))2 <15+ Zi € w, ul) + colu — w)*
2

v} <1+ Zj € v wl) + (Fjw — &) — Fj(v — &))" < L&+ Z € (w, ul) + colu — w)™.

Therefore, we have from (4.1) in Assumption 4.1, for small u — v,

E[szyjz,] < 3c%(u — v)4y + P(éj +Zie(w,ul, & +Zy (v, w])

s 6.1
< 4cu—v)Y + cou—v)? Z 1(gx € (v, u))). 1
k=0

Applying the Holder inequality and (5.10), similarly to the previous discussion, we have

E[(f(g(t) — X)X — R2s) ‘}'X(T)]

2
< cE[K*)(A"(T) + 1)° ((t — )" + ( > (AN =g — A" - qk>)) )

k=0
for some constant ¢ > 0, which proves the tightness. This completes the proof.

Appendix A. Proof of Lemma 5.2

For completeness, we provide a proof of Lemma 5.2.

Proof of Lemma 5.2. Since every function of bounded variation can be expressed as the
difference of two increasing functions, it is sufficient to prove the result for the case in which
g is a decreasing function. Moreover, since the integral depends only on the value of g on
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(0, 00), we further assume without loss of generality that g(z) = g(0) for z < 0. Then g(r — ds)
is a positive measure on R induced by the caglad increasing function s — g(t — s), and

/ gt —ds)=g(t—b)— gt —a)
la,b)

for all b > a.
For any & > 0, by the separability of (D, J1), z is approximated by a simple function such
that

fO =Y fel(telr, riy)) and [lz—flleo <é,
i
where || - || represents the uniform norm on [0, 7). For any 7 > ¢ > s > 0, we have

|V (2)(1) — Yo (2)(9)] < 21¥g(2) — VoDl oo + |V (@) — Y (F)(s)|
< 26(g(0) — g(0) + [W (1) — Y (F)(s)].

On the other hand, by the definition of f,

V0 = Ve )s) = f[ S —dn = gls—an) + /[ J@gta—an
)8 S, 1
=70 ((g = ris) = 805 = risn)) = (86t = 1) — s = 1)

+6 - [flloo(g(0) — g1 — ),

where 6 is a number with [6| <1 and |[f|co = sup,c[o. 77 [F (W)I-

For (1) and (ii), by the right-continuity of g, let ¢ | s =sp > 0 and then ¢ |, 04; this proves
the right-continuity of v, (z) at so. Moreover, let ¢, s 1 so > 0 for some 5o > 0 with t — 5 — 0+
and then ¢ | 0+; from the left limit of g this also proves the existence of a left limit of y,(z) at
50. And 4(2)(0) = 0 by definition. This also proves the continuity of ¥¢(z) if g is continuous
at s > 0. On the other hand, if z € C and z(0) = 0, by the second identity in the definition of v,
in (5.5),

(2(t — u) — 2(s — w)) g(du) + / 2t — u)g(du).

(s,1]

Vg(2)(s) = Yg(2)(1) = /
(0.s]

The continuity follows from the uniform continuity of z on [0, 7] and the right-continuity of g.
For (iii), let z, — z in (D, J1); since z € C we have ||z, — z||co — 0. It suffices to prove that
[1¥g(zn) — ¥g(2)||oc — 0 as n — oo. By the monotonicity of g on [0, T, we have

1Wg(zn) — Ye@loo < 120 — 2lloo (8(0) — &(1)),

which converges to zero as n — oo. O
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