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Abstract. We prove that every one-parameter family of area-preserving maps unfolding a
homoclinic tangency has a sequence of parameter intervals, approaching the bifurcation
parameter, where the dynamics exhibits wild hyperbolic sets accumulated by elliptic isles.
This is a parametric conservative analogue of a famous theorem of Newhouse on the
abundance of wild hyperbolic sets.

1. Introduction

This paper is about the dynamics of area-preserving surface diffeomorphisms. We assume
the reader to be familiar with hyperbolic theory concepts such as ‘hyperbolic periodic orbit’
and ‘hyperbolic basic set’ of a diffeomorphism, as well as the bifurcation theory concepts
of ‘homoclinic’ and ‘heteroclinic tangencies’. A tangency between stable and unstable
leaves of a hyperbolic set A is said to be a homoclinic tangency of A. A hyperbolic basic
set is said to be wild if it has homoclinic tangencies which are persistent in the sense
that they cannot be avoided by small perturbations of the underlying diffeomorphism. The
concept of wild hyperbolic set was introduced by Newhouse [13] to disprove the density of
Q-stable diffeomorphisms on the sphere S2. Later, in [14], he showed that for dissipative
dynamics, this concept implies the co-existence of infinitely many sinks. Finally, in [15],
he established the abundance of infinitely many sinks around a wild hyperbolic set. For
surface dissipative diffeomorphisms, this phenomenon appears at the unfolding of every
homoclinic tangency. A parametric version of the theorem appeared a couple of years later
in the work of Robinson [17].

The techniques used in [15] and [17] do not apply to the conservative case. In [4]
we proved a conservative analogue of the Newhouse theorem on the abundance of wild
hyperbolic sets. Here we prove a parametric version of that theorem, which is also
a conservative analogue of Robinson’s theorem. Our result depends crucially on an
asymptotic formula for the splitting angle of the Hénon mapping separatrices, which was
obtained by Gelfreich in [7].

This article was essentially written some six years ago as part of a larger work on the
Newhouse phenomenon for higher-dimensional symplectic dynamics. This broader project
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did not, however, come through; so with the consent of the co-authors I have decided to
come forward with this contribution on the two-dimensional dynamics. The arguments
here rely heavily on a previous paper [3], which the reader may find helpful to read in
parallel.

2. Statement of results
Let M? denote a two-dimensional symplectic manifold, i.e. an orientable surface together
with some area form w. A symplectic, or area-preserving, map is any diffeomorphism
M 2 > M? which preserves the area form w. We denote by Diff” (M 2) and Diff ] (M 2)
the group of class-C” diffeomorphisms and the group of class-C” symplectic maps f :
M? — M?, respectively.

We assume the reader to be familiar with basic concepts from hyperbolic theory,
namely those of hyperbolic periodic orbit, homoclinic orbit, hyperbolic invariant set,
hyperbolic basic set, stable and unstable manifolds. As usual, W%(P) = W*(P, f) and
W (P) = W“(P, f) will denote, respectively, the stable and unstable manifolds of a point
P for amap f. A similar notation W¥(A) = W¥(A, f) and W*(A) = W"(A, f) is used
to denote, respectively, the stable and unstable sets of a given hyperbolic set A for a map
f- See [18] for a good introduction to hyperbolic theory.

Given a hyperbolic f-invariant set A and two points x, y € A, an intersection point in
W(x, f)NW“(y, f) — A is called a homoclinic point of A. This homoclinic point is
called a homoclinic tangency point if the corresponding intersection is not transverse.

Let A be a basic set for a map f. Recall that the analytic continuation of A is the
maximal invariant set in a neighbourhood U of A which is known to be another hyperbolic
basic set, conjugated to A, for all maps in some neighbourhood U/ of f in Diff” (M?).
Following Newhouse, we say that A is a wild basic set over an open set I/ C Diff” (M?),
containing the map f, if for all maps g € U:

(1)  the analytic continuation A, is a hyperbolic basic set conjugated to A; and

(2) there is at least one orbit of homoclinic tangencies of A,.

We shall refer to the open set U/ as a Newhouse region for the wild hyperbolic set A. The
proof of the following proposition is quite standard; see [16], or see [2] for a conservative
argument.

PROPOSITION 1. Let A be a wild hyperbolic set over an open set of maps U C Diffé(Mz)

with r > 4. Then:

(1) given any periodic point P € A, there is a dense subset D C U such that for every
g €D, the periodic point Py has an orbit of homoclinic tangencies;

(2) there is a residual subset R C U, i.e. a countable intersection of open subsets dense
in U, such that for every g € R, the basic set Ag is contained in the closure of all
generic elliptic periodic points of g.

A periodic point P with period n of f € Diff, (M 2) (r > 4) is said to be a generic elliptic
point if both eigenvalues A and A~ of Df p sit on the unit circle without resonances of
order less than or equal to 3, i.e. |A| = 1 with A% # 1 and 23 # 1, and the first coefficient
of the Birkhoff normal form of f” at point P is non-zero. Under these non-resonance
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conditions, the Birkhoff normal form theorem says that after some smooth symplectic
change of coordinates mapping point P to origin, the diffeomorphism f” takes the form

f"(rcos,rsinf) = (rcos(@+a+ ,Brz), rsin(@ + o + ,Brz)) + 0(r4),

where A = ¢/®, and B is a symplectic invariant of f” at the fixed point P, the so-called

Birkhoff normal form first coefficient. If 8 # 0 and r > 5, then Moser’s theorem applies,

giving the existence of an invariant set X, with full Lebesgue density at P, which is a

union of invariant curves. In each of these curves the map f” is conjugated to an irrational

rotation of the circle. This structure around P is usually described in the literature as an

‘elliptic isle’.

A class-C" function (u, x) = f;,(x) defined on I x M?2, where [ is an interval of real
numbers, with values in M2 and such that fu € Diff"(M 2y forall uu € I is called a class-C”
one-parameter family of diffeomorphisms. If f,, € Diff] (M 2) for all u € I, we say that
{fi}u 1s one-parameter family of symplectic maps.

We say that a family f,, unfolds generically an orbit of homoclinic quadratic tangencies
at (uo, Qo) € I x M? associated with some hyperbolic periodic point P if, denoting by
P,, the analytic continuation of P for the map f,,, the following hold.

(1) WS(P, fu,) and W*(P, f,,) have a quadratic tangency at Q.

(2) If £ is any smooth curve that is transverse to W*(P, f,,,) and W*(P, f,,) at Qo,
then the local intersections of W* (P, f,) and W*(P,, f,) with £ cross each other
with relative non-zero velocity at (g, Qo).

Let f,, be a one-parameter family of maps in Diff "(M?). Take a parameter interval
A CR, and let {A,},ea be a continuous family of basic sets. This means that for
each € A, A, is a hyperbolic basic set of f,, and, furthermore, the correspondence
u = A, is continuous with respect to Hausdorff distance. It follows that all basic sets
A, are conjugated to each other. We say that the A, are wild basic sets over A if for all
w € A, there is at least one orbit of homoclinic quadratic tangencies of A, which unfolds
generically with p; we shall also say that A is a Newhouse interval for the basic sets A ;.
More strongly, we will say that the basic sets A, are C"-stably-wild basic sets over A if
they are wild basic sets over A for all class-C” one-parameter families uniformly close
to f,. Uniform proximity of one-parameter families refers to the following distance. The
topology of the group Diff” (M?) is clearly metrizable. Taking any metric dcr inducing the
topology of Diff” (M?), we define the distance between one-parameter families of maps in
Diff"(M?) by

A1 s (8uh) = sup der (fis 20
HE

The parametric version of Proposition 1 is obtained in a similar way.

PROPOSITION 2. Let A be a wild hyperbolic set over an interval A for a one-parameter

family of maps f,, € Diff] (M?), where r > 4. Then the following holds.

(1)  Given any periodic point P € A, there is a dense subset D C A such that for every
W € D, the periodic point Py, has an orbit of homoclinic tangencies.

(2)  There is a residual subset R C A, i.e. a countable intersection of open subsets dense
in A, such that for every p € R, the basic set A, is contained in the closure of all
generic elliptic periodic points of f,.
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The conservative Hénon family is the family of area-preserving maps H, : R*? — R?
defined by
Ho(x, )= (v, =x +a— ). (1)
Note that when a = —1 the Hénon map has a parabolic fixed point at x = y = —1 which
splits into two fixed points, a saddle O5 = (—1 — J1+a,—1—+/T+a)and an elliptic
point O, = (=1 4+ +/1+a, —1 4+ /14 a), for a > —1. It has been proved in [7] that for
all a > —1 sufficiently close to the bifurcation value a = —1, the saddle fixed point O has
a transverse homoclinic orbit. This transversality implies the existence of a hyperbolic set
for all values of a just after the bifurcation point. We examine the structure of this set,
following the arguments in [3] and using asymptotics for the homoclinic angle from [7].
Specifically, we prove that for all a > —1 close to the bifurcation point, the Hénon map
has a C2-stably-wild binary horseshoe which includes the saddle point Oy. This theorem
is the main result of the paper.

THEOREM A. The Hénon map family (1) has a sequence of Newhouse intervals Ay
associated with C>-stably-wild horseshoes containing the saddle fixed point Oy. The
sequence Ay converges to the bifurcation value a = —1 as k — +o00.

THEOREM B. Let f,, be a class-C” one-parameter family of symplectic maps in
Diff] (M?) (r > 6). Let O be a periodic hyperbolic orbit and T an orbit of quadratic
homoclinic tangencies of fo which unfolds generically at w=0. Take any small
neighborhood U of O UT. Then there is a sequence of Newhouse intervals Ay converging
to w = 0. Each Newhouse interval Ay is associated with a C?-stably-wild hyperbolic basic
set Ay such that O C Ay C U.

Theorem B follows from Theorem A. As explained in [4, §4], the argument uses
a standard technique for renormalizing the dynamics at the unfolding of a homoclinic
tangency, with the Hénon map showing up in the limit process. The conservative two-
dimensional case of this renormalization process is treated in [9], based on Shil’nikov
coordinates. For simplicity, in [4] we have assumed all maps to be of class C*°, but class C”
with 7 > 6 is actually enough. If f,, is a class-C” one-parameter family of maps unfolding
a homoclinic tangency, the renormalized maps converge to the Hénon map family in the
C"~* topology, as shown in [9]. Letting r > 6, this guarantees at least C> convergence to
the Hénon family, which ensures that the C2-stably-wild basic sets of the Hénon map still
persist in the renormalized dynamics at the homoclinic tangency unfolding.

COROLLARY. Under the same assumptions there is a non-meager set of parameters R, i.e.
a set which is not a countable union of nowhere dense subsets of R, having the homoclinic
bifurcation parameter value p = 0 as an accumulation point, such that for every pu € R,
the closure of generic elliptic periodic points of f,, contains a wild basic set Ay including
the periodic orbit O.

This corollary follows from Proposition 2 and Theorem B.

Let us now make precise the construction of the wild set for the Hénon map. Stable-
wildness comes from a large ‘thickness’ condition. The notion of thickness of a hyperbolic
basic set A of a two-dimensional C2-diffeomorphism, denoted by 7(A), was introduced
by Newhouse who proved the following.

https://doi.org/10.1017/50143385707000983 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000983

Elliptic isles in families of area-preserving maps 1785

THEOREM. (Newhouse) Let A be a hyperbolic basic set of a diffeomorphism f €
Diff2(M?). Assume t(A) = *(A)T“(A) > 1 and that some periodic point P € A has an
orbit T' of quadratic homoclinic tangencies. Finally, let f,, be a one-parameter family
of maps in Diff2(M?), with fo=f, that unfolds generically the orbit of homoclinic
tangencies T. Then there are parameter intervals over which A is a C?*-stably-wild
basic set.

Next we describe the mechanism introduced in [13] to prove the existence of C 2—stably—
wild hyperbolic sets. Let A be a hyperbolic basic set such that at some point H there is
a tangency between stable and unstable leaves of A. Consider the Cantor-like foliations
FP =W (A) and F* = W} (A) and iterate them backward and forward, respectively,
until they meet at H. Extend these iterated foliations C!-smoothly to a neighborhood
of H; then there is a C! curve ¢ through H that consists of tangencies between these
extended foliations. Consider the Cantor sets K* and K formed by the points where,
respectively, the first backward iteration of F* and the first forward iteration of F* intersect
the curve £. By definition of £, A has a ‘homoclinic’ tangency at each point in K* N K*.
In this construction, persistent homoclinic tangencies of A are equivalent to persistent
intersections between the Cantor sets K“ and K°®. The device used to guarantee the
“‘persistent intersections’ is the concept of thickness T (K) of a one-dimensional Cantor set
K, lying inside some curve £, which we shall define below. Let us call each connected
component of the complement / — K, where [ is the interval spanned by K (i.e. the
smallest closed connected subset of ¢ containing K), a gap of K. Roughly, the thickness
of a Cantor set measures the relative size of its gaps, with large thickness corresponding to
small gaps. The following intersection criterion holds.

GAP LEMMA. Let K*, K" be two Cantor sets in the same open curve £ such that the
intervals spanned by K* and K" intersect, but K* is not contained inside a gap of K" and
neither is K" contained inside a gap of K°. If

(K5)T(K") > 1, 2
then the Cantor sets intersect, i.e. K* N K% # (.

Of course, (2) is a stable condition only if we have continuity of thickness; in fact, it
was proved in [15] that for dynamically defined Cantor sets, such as K® and K" in the
previous context, thickness does depend continuously on the map, for the C? topology.
Later, in [10], the new concepts of left thickness Ty (K) and right thickness tp(K) of a
Cantor set K were introduced, together with a remark that the hypothesis (2) in the gap
lemma can be replaced by the weaker pair of conditions

(K R(K) > 1 and tr(K*)TL(K") > 1. 3)

The usual definition of thickness, or lateral thicknesses, is strictly geometric and can be
applied to any compact set lying on a curve. Of course, to have continuity we must restrict
to dynamically defined Cantor sets. Here, as in [3], we will adopt a more dynamical
definition of thickness which only applies to dynamically defined Cantor sets. This
slightly different definition is not equivalent to the usual geometric one. Nevertheless,
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the same results, namely the continuity of thickness and the gap lemma, still hold. Finally,
and because this will suffice for our purposes, we shall restrict the scope of our definitions
to binary Cantor sets and horseshoes, although these definitions can easily be generalized
to arbitrary combinatorics.

By a binary Cantor set we mean any pair (K, 1), where K is a Cantor subset of an open
curve [ and y : [pU I} —> [ is a c! expanding map defined on the union Iy U I; of two
subintervals of 1, such that the restriction of ¢ to K =("),»o ¥ " ({o U I1) is topologically
conjugated to the Bernoulli shift o : {0, 1}N — {0, I}N. We may assume that [ is the
interval spanned by K and that for each i =0, 1, [; is the interval spanned by K N I;; then
{Io, I} is a Markov partition for (K, ). The gaps of (K, i) are ordered in the following
way. Let us call the intervals spanned by the Cantor set components

n
K(ao, ....an) =¥ (K N1y,
i=0
where (ag, ..., a,) € {0, 1}"“, the covering intervals of order n. Then Iy and I are the
covering intervals of order zero. Uy =1 — (Ip U I1) is said to be the gap of order 0. In
general, the components of the complement in / of the union of all covering intervals of
order less than or equal to n which are not gaps of order less than or equal to n — 1 are
called gaps of order n. It is easy to check that every gap is obtained by this procedure and
therefore has some definite order.

The definitions below of left thickness and right thickness require the curve I to be
oriented. Given a gap U of K, we denote by Ly, respectively Ry, the unique covering
interval with the same order as U that is left-, respectively right-, adjacent to U. The
greatest lower bounds

L
(K, w)zinf{“—;":UisagapofK},

R
R(K, w)zinf{% : UisagapofK},

t(K, ) = min{r (K, ¥), Tr(K, ¥)},

are called the left thickness, the right thickness and the thickness of (K, i), respectively.
|U| denotes the length of an interval U C I. These three thicknesses are continuous
functions of (K, V) over the space of all C!7® binary Cantor sets (« > 0) with its
natural C!'* topology. It was remarked in [10] that the lateral thicknesses may be
discontinuous for non-binary Cantor sets. However, with our ‘dynamical’ definition the
lateral thicknesses are always continuous. The same argument as for usual thickness
applies; see, for instance, [16]. To prove that the gap lemma, with condition (3)
replacing (2), still holds, just follow the proof in [10] but argue that one could obtain
pairs of linked gaps of ever higher order, rather than ever smaller lengths. The conclusion
is then the same because as we consider gaps with strictly increasing order, their lengths
converge to zero.

Let us say that the binary Cantor set (K, y) is positive when the restriction of ¥ to
each interval I; (i =0, 1) preserves orientation. In order to estimate lateral thicknesses
notice that, by the (orientation-preserving) self-similarity property of positive binary
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Cantor sets, the ratio |Ly|/|U]|, respectively |Ry|/|U|, is, up to a distortion factor,
equal to 77 (K, ¥) := |Ip|/|Uo|, respectively Tgr(K, V) :=|I1]|/|Up|. We shall refer to
T (K, ¥) and Tg(K, V) as top scale thicknesses of (K, yr). For affine Cantor sets, where
the distortion factor is one, we have T =ty and Tg = tg. In general, if distortion is
small, then the top scale thicknesses 7; and Ty are good approximations of 77 and g,
respectively. Lateral thicknesses are useless for non-positive binary Cantor sets, because
in this case both left and right thicknesses equal the usual thickness.

A binary horseshoe is any pair (A, T) such that T : So U S| — R? is a one-to-one

local diffeomorphism of class C2, where So and §; are disjoint compact rectangles (up
to diffeomorphism), and A = ()7 7" (So U S1) is a hyperbolic basic set conjugated to
the Bernoulli shift o : {0, 1}Z — {0, 1}£. For each i =0, 1 there is a unique fixed point
P; € §;, and we assume {Sp, S1} to form a Markov partition bounded by pieces of stable
and unstable manifolds of the fixed points Py and P;. When both fixed points have positive
eigenvalues we say that (A, T') is a positive binary horseshoe.
Let 72 = Wi (A) N (So U Sy) and F* = Wie (A) N (T (Sp) U T(S1)). These sets may
be seen as Cantor-like foliations where the leaves are just the connected components of the
sets F* and F“; they extend to C I_foliations over Sy U S; and T (So) U T(S1), respectively.
The two foliations are transverse to each other. Pick the leaves I in F* and I in F*
containing the fixed point Py. Then the Cantor sets A* = A N [ and A* = A N I} can be
identified, respectively, with the foliations F* and F“ via projections 7y : F* — A® and
m, « F* — A" whose fibers are precisely the leaves of the respective Cantor-like foliations.
The map ¢* : A* — A®, ¥* =75 o T describes the action of T on the foliation F*; and
the map ¥* : A* — A%, y* =, o T~! describes the action of 7~! on the foliation F*.
Moreover, ¥* and v* extend as C! expanding maps to ENT@So)U IENT(S) and
I NSy U I¥ N Sy, respectively.

Given a positive binary horseshoe (A, T'), we orient the invariant local separatrices of
Po, I} and I} so that orbits flow in the positive direction. These orientations in I} and I
induce orientations in all leaves of F* and F*, and also induce transverse orientations to
these foliations. We remark that if we had chosen the other fixed point P;, then all these
orientations would be reversed. Finally, notice that (A*, ¢*) and (A", ¥*) are positive
binary Cantor sets. We define the left—right thickness of (A, T) as

ter(A, T) = min{r, (A, ) TR(A", "), (A" y")R(A%, ¥}

Once again, if we fix orientations with respect to the second fixed point P;, then the left
and right thicknesses of Cantor sets (A*, ¥*) and (A", ¥*) would be exchanged but the
left-right thickness of (A, T') would stay unchanged. We define the top scale left—right
thickness of (A, T) to be

TLr(A, T) =min{7 (A, ) TR(A", YY), TL(AY Y)TR(A®, ¥}

As before, when the stable and unstable distortions of (A, T') are both small, T, g (A, T)
approximates g (A, T) well.

From standard distortion estimates, see [15, 16], it can proved that this thickness
depends continuously on (A, T) in the C? topology. We can now prove the following
key result.
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PROPOSITION 3. Let f, : M? — M? be a one-parameter family of class-C? symplectic
maps, and let (A, T,,) be a family of positive binary horseshoe maps defined on the union
of two smooth rectangles So(u) U S1(n) € M? as

fux) if x € So(w),
(f)N(x) ifx e Si(p), -

Suppose that at w =0, tLr(Ao, To) > 1 and the invariant manifolds of a fixed point
O = f,(0) € A, unfold generically an orbit of quadratic homoclinic tangencies. Then
there is a sequence of parameter intervals Ay, accumulating at =0, such that A, is
C?-stably-wild over each Ay.

Tu.(x) = {

Proof. We orient the stable and unstable branches of W*(0O) — O and W*(O) — O so that
orbits flow in the positive direction. Let us say that a homoclinic tangency of O is positive
if the orientations on the stable and unstable branches agree at the point of tangency.
Assume first that the homoclinic tangency of O, which by hypothesis unfolds
generically at u =0, is a positive one. As before, let H denote one homoclinic point
in this orbit of tangencies, and let £ be the curve through H of tangencies between
the C!-extensions of the backward and forward iterations of the foliations F° and F,
respectively. Again, let K* and K" be the Cantor sets formed by the points where the
first backward and first forward iteration of F* and F“, respectively, intersect the curve
£. By hypothesis, the condition (3) is fulfilled for the Cantor sets A® and A“. But locally
K* and K" are the images, by the holonomies along the stable and unstable foliations,
of the Cantor sets A® and AY, respectively. Both holonomies take the point O to H.
Consider now the components A} = A*(0, ..., 0) and A, = A*(0, ..., 0), of order n, in
the binary Cantor sets A® and A", respectively. These are small neighbourhoods of O in
A* and A". They are both binary Cantor sets which obviously satisfy 7z, (A!) > 77 (A")
and TR(AZ) > tr(A") for t = s, u. Thus these small Cantor sets also satisfy condition (3).
For each n, let K and K} be the full images, by the holonomies, of the Cantor sets AJ
and Al. These images are also binary Cantor sets. To estimate their thicknesses, observe
that these holonomies are maps of class C 1 and therefore they are almost linear, with
very small distortion, near O. Since the map ¢, preserves orientation, the iterations of the
foliations F° and F" around H inherit the orientations from F* and F*“; moreover, since
the tangency at H is positive, their transversal orientations agree along the curve {. But
this means that the holonomy maps transforming A onto K and A} onto K}/ preserve
orientation. Therefore, taking n large enough, the open condition (3) will still be satisfied
by the Cantor sets K} and K. This means that for some parameter interval A with0 € 9A,
for all . € A the two intervals spanned by K and K,' each have a boundary point interior
to the other and, furthermore, the Cantor sets K; and K}/ fulfil condition (3). Since these
are open conditions, for all maps that are C2-close to some ¢, With € A, we may apply
the gap lemma to show that the horseshoe corresponding to A, has some ‘homoclinic’
tangency due to an intersection in K* N K*. Therefore A, is C 2_stably-wild over A.
This completes the proof in the case where the homoclinic tangency H is positive.
If it is not positive, then arguing as in [16, Theorem 1 of §3.1], one can easily prove
that the bifurcation parameter ; = 0 is accumulated by two alternating sequences /LZ_ and
u; where positive and negative quadratic homoclinic tangencies are unfolded near H.
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Applying the previous case to parameters /,LZ_, there is a sequence of small intervals Ay,
with ,u,‘: € dAg, such that A, is Cz-stably-wild over Ay. O

Theorem A follows by applying this abstract proposition to families of basic sets whose
existence is stated in the next lemma.

LEMMA A. For each n > 4, there is a continuous family of hyperbolic basic sets A, =
Ap(a) for the Hénon map (1), defined in a small parameter interval A,, such that:

(1)  the sequence of intervals A, convergestoa = —1;
(2)  the union of all intervals A,, covers |1— 1, —1/2];
(3) each basic set A\, contains the fixed point Oy;

4)  lim,— 400 TLR(AR) = +00.

Next, we provide a rough sketch of the construction of basic sets and give the heuristics
behind the thickness asymptotics.

The Hénon map is reversible with respect to the canonical involution 7 (x, y) = (y, x).
Recall that a symplectic diffeomorphism f : M? — M? is called reversible if there is a
smooth map I : M? — M? such that o I =1d,;» and I*® = —w (where » denotes the
area form in M?) which conjugates f with its inverse, i.e. f o I =1 o f~!. The map I is
called an involution. A set which is invariant with respect to f and [ is called a symmetric
f-invariant set. A periodic orbit is called symmetric if, viewed as a set, it is a symmetric
invariant set. In particular, symmetric fixed points are common fixed points of f and 7.

At a = —1 the Hénon family goes through a ‘saddle-centre’ bifurcation where a pair of
symmetric fixed points is created: a saddle Oy and an elliptic point O,. It was proved in [1]
that for a > —1, the unstable manifold of the saddle Oy has a transverse intersection with
the symmetry line Fix(/) = {(x, y) : x = y} at some point 2. By reversibility, the stable
manifold also intersects this symmetry line at 2. The transversality of these intersections
with Fix(/) implies that the symmetric homoclinic point 2 depends analytically on the
parameter a > —1; but this is not enough to guarantee the transversality of the intersection
between the invariant manifolds at 2. It follows from [6] that the splitting angle at
this intersection must be an exponentially small function of a + 1 as a — —1. The
transversality was established in [7] where the authors give an asymptotic expression for
the Lazutkin splitting invariant at 2; see §7 for the definition of Lazutkin invariant.

From this transverse homoclinic intersection at €2 we can argue, as in the classical
Birkhoff’s theorem, that for each a > —1 the saddle Oy is accumulated by two sequences
of symmetric periodic points 0, and Q) with even period 2n. The points Q, and Q),, as
well as their nth iterates, sit in the symmetry line x = y, close to O, and €2, respectively.
Both periodic points are hyperbolic. The eigenvalues of Q, are both positive, while those
of Q) are negative. For n large enough, it is clear that the stable manifold of Q, intersects
transversely the unstable manifold of Oy, and the unstable manifold of Q) intersects
transversely the stable manifold of O;. Let S” be the square bounded by the local invariant
manifolds of Oy and Q,; let S} be the rectangle formed by points in §” whose first iteration
stays inside $”; and finally let S7 be the rectangle of points in §" which return to S" after
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FIGURE 1. The binary horseshoe T4 : A4 — A4 for § ~ 1.09.

2n iterations. For each (xo, yo) € S5 U S}, denote by {(x;, y;)} the forward orbit of the
Hénon map with this initial state, and define the map 7}, : S U S} — S" by setting

(x1, y1)  if (x0, yo) € S§,

Ty (xo, = i
n (X0, Y0) {(xzn, yan)  if (x0, yo) € ST.

Observe that Sj contains the fixed point O while S} contains the periodic point Q,,. These
two rectangles are bounded by the invariant manifolds of O; and Q,, and together they
form a Markov partition for the binary horseshoe

A= ()T 7S5 U S
keZ

see Figure 1. Since the eigenvalues of O, and Q,, are positive, (A, T,) is a positive binary
horseshoe.

We now want to estimate the left-right thickness of A,. Notice that as n tends to
infinity each branch of the map 7,, becomes more ‘linear’ while its distortion tends to
zero. Consider the vertical rectangles S”, S(’)l and SY, and let w", w(’)’ and w{ be their
respective widths measured along the unstable direction. Let § be the logarithm of the
(larger) eigenvalue of the saddle Oy, and denote by A, the larger eigenvalue of Q,. If n
is large enough, then A;l = 0(8), and since T,, becomes almost linear in each branch, we
have wg ~ w" e~ and wi ~w" A ! Therefore we obtain the following asymptotics for
the left and right stable thicknesses of A;;:

s wg 1 0
LA ~ O = — =06,
w N wy e —1—x,
w” Al L
TR(A}) ~ ) = L =06,

wh —wy —wy 1 —e — )y
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By reversibility, the unstable thicknesses have the same values, hence we also get an
asymptotic expression for the left—right thickness of A,:

tLR(An, Tp) ~ OG0, 4

Thus, as n — oo, the map 7,, becomes more linear with smaller distortion, but, along with
this, the left-right thickness decreases to zero. So we need to compromise by choosing
carefully the number of iterations n, which has to be large if we want small distortion, but
not too large if we also want to keep the left-right thickness large. Denoting by 6 = 05 the
splitting angle at the symmetric homoclinic point €2, we choose 7 so that ¢>%" § ~ §73/2,
which one can easily check to be the asymptotic value of A,. Thus, replacing A, by §~3/2
in (4), we obtain 7 g(A,, T,) ~ 8~'/2 which tends to infinity as a — —1, or as § — 0.
Of course, now we have to prove that for this particular value of n (depending on a or
d), the symmetric periodic saddle Q, and the corresponding horseshoe A, already exist.
Moreover, we need to show that the distortion of (A, T;) tends to zero when a — —1.

Let us now outline the proof of Lemma A. The construction of A, is carried out in
Birkhoff coordinates. We rescale the Hénon maps, for a > —1, in order to make the
distance between the fixed points Oy and O, constant. This is done in the first part of
§4. Define § to be the logarithm of the eigenvalue at Os. Parametrizing the rescaled
mappings in 8, we obtain a family of maps close to the identity, Fs = Idg2 + 8§ Fp + 0(8%),
where Fj is a quadratic Hamiltonian vector field with two fixed points—a saddle Oy and
an elliptic point O,. For this part we follow closely the construction in [3] for maps
near the identity. The main assumption of [3, Theorem 1] is a bounding condition on the
intersection geometry between the stable and unstable separatrices of the saddle point O.
In our setting, this condition essentially comes from the asymptotics in [7] for the Lazutkin
invariant at €2, but the analytic dependence of Birkhoff coordinates on the parameter is also
needed. For the latter, we show in §3 that for analytic families of symplectic maps near the
identity (such as the ones above), coordinates exist that depend analytically on § > 0 and
which reduce each map Fj to its Birkhoff normal form over a fixed-size neighbourhood
of Os. Then, in the second part of §4, by working in Birkhoff coordinates we translate
the asymptotics on the splitting angle in [7] into a condition on the C? geometry of the
unfolding of the separatrices at § =0. As mentioned above, this condition is the main
assumption of [3, Theorem 1]; the rest of our construction closely follows the work in [3].
Distortion estimates, which are needed to estimate thickness, follow from [3, Theorem 2].
Unfortunately, the construction of A, is not a logical consequence of results in [3]; some
adaptations are needed, and in §5 we give some technical details of these adjustments. To
finish this section, we provide a short description, a kind of road map, to help the reader
navigate through §5 and [3].

In §5 we associate an integer n = n(8), called the half return time, to each § > 0, such
that 299 ~ §=3/2_ For this value of 1, the periodic point Q,, will be exponentially close to
O; = (0, 0). More precisely, Q, ~ (8%/4/8s, 83/*/65). Since the scale of A,s) shrinks
as § — 0, we perform one last rescaling which brings Q,, close to (1, 1) and S” close to a
unit size square [0, 1]2. Because the second derivatives of T,,, which are needed to estimate
distortion, are scale-dependent, this ‘normalization’ is required in [3, Theorem 2]. Then,
in these final coordinates we compute estimates for the derivatives of 7,,.
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(1) In the first branch S,

)
DT, = (e 05) + 0¥ 0y),
0 e

and all the second derivatives of 7;, on this branch are of exponentially small order
O(83/% 65); Similar bounds hold for 7,~! on T,,(Sp).
(2) In the second branch S,

(=872 1 OE™hH o)
DT”‘( 1 0>+(o<1> o(1>>’

and the second derivatives of 7,, on this branch are all uniformly bounded, except
for the second derivative in the variable x of the first component of 7;,, which is
unbounded of order O8>/ 2); again, similar bounds hold for T,fl on T, (Sy1).
From these asymptotics the construction of A, follows easily. It is clear that the left—right
thickness of A, has, up to a distortion factor, order §~!/2. Applying [3, Theorem 2], we
obtain from (1) and (2) above that distortion is small, of order O(8'/2). This shows that
distortion factors are close to 1. The half return time n(8) is asymptotically equivalent to
—(10g(83/20))/(28), and tends to +o00 as § — 0. Thus, whena — —1, we have § — 0 and
so T r(Ay, Ty) — +00.
Finally, the lemma below is proved in §6.

LEMMA B. There is a sequence of parameter values accumulating at a = (—1)T, for
which the saddle point Oy of the Hénon map has an orbit of quadratic homoclinic
tangencies that unfolds generically with parameter a.

Lemmas A and B, in view of Proposition 3, imply Theorem A.

3. Analytic Birkhoff coordinates

For area-preserving maps we have Siegel and Moser’s theorem on the convergence of
the Birkhoff normal form around a hyperbolic fixed point; see [19]. This theorem says
that given an analytic area-preserving map F : U € R? — R? defined in a neighbourhood
U of (0,0) with a hyperbolic fixed saddle sitting at the origin such that F(x, y) =
(Ax4---, 2 Vy4...) where |A| # 1, there exist an analytic change of coordinates
Crp(x,y)=(x+---,y+---) defined in a neighbourhood of (0, 0) and an analytic
function ar(w) =1log(X) + - - - of one variable w defined in some neighbourhood of 0,
such that for all (x, y) close to (0, 0),

(Fotrp) (x,y) =Cr(e ™) x, eV y), (5)
The map LF : R2 > R2, Lp(x, y) = (e¥FOY) x gmar(xy) y), is called ‘a Birkhoff normal
form’ for F'.

Following Birkhoff, the maps {r(x, y) and or(w) with @ = xy in this theorem are
found as formal power series

Cr(x, y)= <x + Z anm(F)xnymv y+ Z bnm(F)xnym>v (6)
n+m=>2 n+m=>2
exp(ar (@) =A+ Y cn(Fa" (7
n=1
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which solve the conjugacy relation (5). The uniqueness of the formal solutions (6) and (7)
of equation (5) is obtained by adding the following ‘normalizing’ condition for the formal
solution (6):

ant1n(F) =bypp1(F)=0 foralln=1. ®)

These coefficients are obtained by recursive relations which involve the coefficients of the
Taylor series of F. Therefore each ag,; (F), by, (F) or ¢z, (F) is a polynomial in the Taylor
coefficients of F. By taking the weak topology (of pointwise convergence of coefficients)
in the space of formal series, this proves that the formal solutions {r(x, ¥) and of(w)
depend continuously on F.

Unfortunately, the formal transformation ¢ (x, y) does not, formally speaking, preserve
area; equation (7) is not the appropriate normalizing condition. The reason we consider this
condition is that it makes the convergence proof much easier. In any case, the normal form
thus obtained (although not unique) is, at least formally, a reversible area-preserving map.

We now outline Siegel and Moser’s convergence proof in order to justify why the maps
¢r and o depend continuously, even analytically, on F.

Let U be an open neighbourhood of the origin in C2. Consider the set of systems
S = S(U) formed by all holomorphic maps F € H(U, C?) of the form F(x, y) = (Ax +

,A7ly4+...) for some A € C with |A|# 1, and endow S with the topology of
H(U, CH.

Some definitions are required. Let t(x,y) = Z;ﬁo Ok x”yk and s(x, y)=
ZZO:() Bk x"yk be formal power series in the variables x and y. We say that s(x, y)
dominates 7(x, y), and write f(x, y) <s(x, y), if for all n, k € N, |auk| < Buk. The
relation < partially orders the set RT(x, y) of all formal series with non-negative
coefficients, which we shall call positive formal series. A similar definition is given for
formal power series in a single variable.

Let Fp € S be given. Choose ¢ > 0 sufficiently large so that the closed polydisc
A1 = D, ¢ x D(0, ¢~!) is contained inside the domain U. Take a neighbourhood
U of Fpin S such that all maps F' € U are uniformly bounded on A -1 by some constant
M > 0. Then the Taylor coefficients of all F € U are bounded by the sequence {Mc"} and
we may assume, by taking a larger c if necessary, that M = 1.

Consider the positive, convergent, formal series

e8]

el +y)? 0
Gt N =T Z a4+,

and note that both components of the second-order Taylor remainder of any F € U are
dominated by G.(x, y).

Write ¢r(x, y) = (r(x, ¥), ¥r(x, y)) and Ar(w) =exp{ar(w)}. Then a positive
formal series Wg(w) = Zzozl wy, (F)w", with zero constant term, is constructed from the
data ¢r (x, ), ¥r(x, ¥) and Ar (@) which satisfy the dominance relations

T This is the space of holomorphic functions on the open set U with the natural topology of uniform convergence
on compact subsets of U.
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r(x,y) —x < (x+Wrx +y),
Yrx,y) —y <@ +y»Wrkx+y),
Ar(e )T =T < W +y)

and the following ‘dominance equation’

C1

1= Wr(w) Gow(Wr(w)+ 1), o(Wr(w) + 1)). )

o Wr(w) <
Proving this fact is the main step in Siegel and Moser’s theorem, but we skip its proof here.
Moving on, equation (9) easily implies

c3o(l + Wr)?

Wr(w) < ,
l—coWr—2cw(l+ Wpg)

(10)

where Wy = Wr(w) and c1, ¢; and c3 are positive constants defined by open conditions
that depend only on A and c. Consider now the quadratic fixed point equation in U,

cso(l+U)?

U(w) = :
@) = T U —2cald £ 0)

(1)

which has two solutions that satisfy U (0) = 1 and U (0) = 0, respectively, with both being
analytic in a neighbourhood of the origin. Let U (w) be the second solution, which defines
a formal series around the origin with zero constant term, and has a positive radius of
convergence r > 0. This radius r may be computed explicitly from the values c, ¢y, 2
and c3.

The coefficients u, of U(w) =) _,_, u, »" may be recursively computed from (11).
Similarly, the coefficients w,(F) of Wr(w)=),_; wa(F)w" can be recursively
estimated from (10). Comparing the two sequences of coefficients, starting at wo(F) =
0 = uo, it can be shown inductively that w, (F) < u, for all n € N. The reason for this is
that the right-hand side of (11), which is the same as in (10), expands as a positive power
series in the variables w and U.

Therefore Wr(w) < U(w) for all F € U, and this proves that the family of formal series
{¢F(x, Y)}F e converges uniformly in (F, x, y) €eUd x D(0, r/2)*>. Analogously, the
family {A (@)~} ¢y converges uniformly in (F, w) € U x D(0, r).

Given a family {Fy :h € Q} of maps in U, holomorphic in (h,x,y) e Qx U,
the coefficients ay ,, (h) := ag m(Fp), bk m(h) := by (F) and ¢, (h) := 2 (Fp) are
polynomials in the Taylor coefficients of Fj, at (x, y) = (0, 0), and so depend analytically
on h. Therefore, with F = Fj,, the partial sums of the formal power series (6) and (7) are
holomorphic functions in (k, x, y) €  x C? and (h, ) €  x C, respectively. Thus the
mappings (h, x, y) = ¢g,(x, y) and (h, w) — af, (w), which are uniform limits of their
partial sums over the domains € x D(0, /2)> and Q x D(0, r), respectively, are also
holomorphic in these domains.

The proof in [19] therefore shows the following.

THEOREM 1. (Siegel-Moser) Given Fye S(U), there is some r >0 and an open set
U C S(U) containing Fy such that:
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(1) forevery F € U, the formal series ¢r(x, y) and ar(w) given in (6) and (7), which are
uniquely determined by (5) and the normalizing condition (8), converge uniformly to
holomorphic functions defined on D(0, r/ 2)% and D(0, r), respectively;

(2) the transformations ¢ :U — H(D(0, r/2)%, C?), Fr—¢p, and o:U
— H(D(, r), C), F — ap are both continuous;

(3)  given a holomorphic function F : Q x U — C2, F(h, x, y) = Fy(x, y) that defines
a family of mappings F, e U C S(U) in the complex parameter h € Q C C, the
Sunctions ¢(h; x,y) :=¢F,(x,y) and a(h; w):=af,(w) are holomorphic in the
domains  x D(0, r/2)% and 2 x D(0, r), respectively.

Remark 1. Although ¢F(x, y) is not area-preserving, for all |x|, |y| < r/2 we have
det D¢p(x,0) =1 =det D¢F (0, y).

To simplify the notation, we will omit the subscript F in {r. Since there is a ‘symmetry’
in the two relations above, it is enough to prove the first one. Differentiating (5) with
respect to x and y at the point (x, 0), one obtains the relations

DF((x,O) <0 (x, 0) =X &y (Ax, 0),
DFr(x.0) - &y(x, 0) = Ax? &/ (0)¢ (Ax, 0) + A71 ¢, (Ax, 0).

Therefore
w(é‘x()"xv O)’ ;y()\x’ 0)) = w(é‘x(xr 0)7 Cy(x, 0))7

and this relation holds for any power of A. Taking negative powers A ~" with n — 400, we
obtain

det D¢(x,0) = @ ($x(x, 0), £y(x, 0)) = w(£x(0, 0), £,(0,0)) = 1.
Remark 2. Given F € S, for all n € Z — {0} we have
Crn(x, y)=¢r(x,y) and  apn(®) =narp(w).
In particular, all these formal series converge on the same domain.

Remark 3. Given a Hamiltonian vector field X with flow ¢’ € S (¢ # 0), define {x := oy
and ax := a1 Then forall 7 € R — {0},

Sor(x, y) =¢x(x,y) and  agp(w) =1ax(w).

Remark 4. Given F € S that is reversible with respect to the canonical involution
I(x,y)=(y,x),1.e. Fol =10 F~1, we have ¢r ol =1o¢F. In particular, the time-
reversing symmetries of ' and Ly are conjugated by ¢r.

Remarks 2 and 3 are quite obvious. Let us prove Remark 4 which follows from the
uniqueness condition (8). Since

Flo(lotpol)=F 'olotpol=I0Folpol=IolpoLpol
:Io{FoIo(LF)_l=(Io§pol)oLF71

and [ o ¢F oI trivially fulfils condition (8), it follows from Remark 2 that [ o {p ol
= {p-1 =¢F; therefore (p o I =1 o L.
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Remark 5. Givenany a € H(D(0, r), C), and defining W, = {(x, y) € C? : |xy| < r}, the
normal form
L(x, y) = (™) x, e@0) y)

defines a global holomorphic diffeomorphism of W, onto W,., with inverse
L7 (x, y) = (7% x, 209y,

Thus, if 4 and r >0 are as in Theorem 1, then the maps L" :U — H(W,, (Cz),
F+ Lpn = (LF)", n €Z, are continuous.

Remark 6. Let o and L be as in Remark 5. The region

_ . X
et | X

Yy
is a fundamental domain for the restriction of L to the invariant set W
={(x,y)€C?:0 < |xy| <r}. Assuming that |a¢(w)| < A for all || < r, it follows that
every L orbit in W, goes through the polydisc D(0, vre)?.

e

Remark 7. Given r >0 and U/ as in Theorem 1, there is some r; such that for each
F €U we can extend ¢ holomorphically to the domain W,,. Let r| < r?e~4 /4 where
lar(w)| < A for all |w| <r. Then, by Remark 6, all L orbits in W,, must go through
the domain D (0, r/2)2 where ¢r(x, y) is defined. Thus, given (x, y) € W,,, we can take
some n € Z such that (Lr) " (x, y) € D(O0, r/2)2 , and define

Cr(x, y)i=(F" olp o (LF)™) (x, y).

By virtue of (5), Z‘ F(x, y) is well-defined and holomorphic in W,,. The transformation
g: U = H(W,,, C2), F— Ep is easily seen to be continuous.

Consider an analytic family Fs of area-preserving maps. Suppose all maps Fs have
holomorphic extensions to some open set U € C? containing the origin, and the family Fj
is a perturbation of the identity, i.e.

Fs =1Idga 4 € Fi + O(€?), (12)
where € = €(8) satisfies
81in})e(5)/8=c>0. (13)

The variation direction is that of the Hamiltonian vector field F;, which also extends
holomorphically to the same open set U € C2. Assume the origin is a diagonalized
hyperbolic fixed point, so that

Fs(x,y)=(gx+---, Ay y+--), (14)
where As = 1 +a € + O(e?) with a # 0, and
Fl(xsy):(ax+"'7_ay+"')v (15)

the dots meaning terms in x’y/ of order i + j > 2. Each map Fj is therefore in the class
S(U). Finally, assume that the flow ¢ of the vector field Fj extends to holomorphic maps
@' : U — C? for any real time ¢.
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For each § # 0, we define the formal series

£(8, x, y) =C5(x, ) i= LRy (x, y), (16)

a(d, ) =as(w) = af(w).
For § =0, let us set

¢, x, y) =¢o(x, y) :== R (x, y), (17)
«(0, w) = agp(w) := 0,

where F| = (0 F5/08)s—0.

In [6] Fontich and Simé proved that for some small §¢ the series ¢s(x, y) and as(w)
converge, uniformly in § € [—4g, §o] — {0}, over some fixed open domain around the
origin. They went through the argument in [19] and checked that the coefficients ay,, (8),
bpm(8) and ¢, (8) can be uniformly bounded in 8. The next proposition is a direct corollary
of Theorem 1 which generalizes [6, Proposition 3.1].

PROPOSITION 4. Given a family Fs as above, there are constants r > 0 and §y > 0 such

that:

(1) for all 8| <6y, the formal series (s(x,y) and os(w) converge uniformly to
holomorphic functions defined on D(0, r/2)? and D(0, r), respectively;

(2) the maps :[—80, 80] = H(D(0,r/2)?, C?), 8+ and «:[—8p, ]
— H(D(O, r), C), § = as are both continuous;

B3 ¢6,x,y)=¢(x,y) and a8, w) =as(w) are real analytic functions in the
real domains {(8,x,y):0< 8| <o, |x|, |yl <r/2} and {(§, w):0 < |8| < b,
lw| < r}, respectively.

(4) uniformly in w € D(0, r) we have

)
o (@) = lim “2o"

To prove this proposition we need a simple lemma. Given ¢ > 0, denote by [7/€] the
integer part of 1 /€(8). As before, let¢’ : U — C? be the (real time) flow of the Hamiltonian
vector field F1(x, y). For each compact set K € U, we consider the following seminorm

I fllx = max{|| f(x, M| (x, y) € K}.
LEMMA 1. The following limit holds in H(U, C?) for any t > 0:
lim (Fs)l/e®1 — gt
Lim (F5) ¢
Proof. Since

Fs=Ide2+€ Fi +€* F, and
¢ =Idg2 + € F + O(€?),

there is some constant C > 0, depending on K, such that |DFs|lg <14 Ce and
| Fs — ¢||x < Ce>. Thus

IFE — "l < IFs Fy~' — Fs ¢V g 4 || Fs D€ — g€ ¢ D€ ¢
<A+ COIF -0V + Ce2,
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so0, by induction,
1+Ce)" —1
VEr =g < e LT Tl e,

Ce
Finally, by taking n = [¢ /€] we get

A

IF) — 'k < IF) — "Nk + 119" — ¢'llx
e+ |[lde2 — ¢' "Ik,

IA

and this converges to zero as § — 0, since € = €(§) — 0 and |t — ne| <e. O

Proof of Proposition 4. The time-one map ¢' of Fj is in the class S(U). For this map
¢!, take r > 0 and U according to Theorem 1. By Lemma 1, there is 8o > 0 such that for
all 8 € [—8¢, 801, (Fs)l'/¢l e 4. Given |8’| < 80, let us prove the continuity of ¢ and « at
8§ =&'. Suppose first that 8" £ 0, and fix n = [1/€(8")]. Of course, for all § near §', (Fs)"
is in Y. By item (2) of Theorem 1, ¢ and « are continuous on U/, and from Remark 2 we
have &5 = {(p;)n and a5 = n-! a(ps)n; thus the continuity of § — ¢s and § — a5 at § = 8
follows. Notice that we also obtain the analyticity of £(8, x, y) and « (8, w) at § = §' from
item (3) of Theorem 1.
On the other hand, again by Remark 2,

Ss(x, y) =8 (x, y) = Sy (x, y) = Lyt =140,

o i/l (X, Y)

— 0,
[1/€]

(X(S(x, y) ZZUFS(X, )’) =

which proves continuity at § = 0.
By Lemma 1 and the continuity of & : i/ — H(D(O0, r), C), we have

[1/€] a5 := O (Fy)life] = Uyl =1 OF,

as § — 0, and therefore

lim

s et R B
e i [iere /e =an 0

4. Splitting of separatrices
In [7] the authors call the family of maps Fx : R?2 - R?,

Fe(x, )= +e(y+ex—x2), y+ex—x?) (18)

a conservative Hénon family. The relationship with our model (1) is given by the following
rescaling affine mappings 7. : R — R2,

1 y+1 y—x
‘[G(X,y)=<§+e—2, 3 >

One can easily verify that for each € € R, by setting a = —1 — €*/4 we have

Te(y,a—x —y) = (Feote) (x, y).
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The mappings F, are of course reversible for the corresponding involution I =1, 01 o

re_l, which is computed to be I(x, y) = (x — € y, —y). We can write (18) in the form

F. =Idg> + € Fy + €2F,, where Fi(x, y) = (v, x — x2) and F>(x, y) = (x — x2, 0); this
shows that F, is a perturbation of the identity in the direction of the Hamiltonian vector
field F 1. Notice that the origin corresponds to the saddle Oy for all maps F}, with

Fex,y)=(1+eDx+ey+-, ex+y+--).
Denoting by e the eigenvalues of this saddle, we have
2+ €= traceD(Fe)(o,o) = +e? (19)

with the following asymptotic relation at § = O:
83 5
=6——40(). 20
€ st (6”) (20)

Upon computing the eigenvectors of the linear part of F., we construct the ‘linearizing

matrix’
M= 1 e+ Va4+er —e+ A4+ e2
‘T oVare 2 -2 ’

normalized to have determinant equal to —1, which diagonalizes D(I:})(o,o) and

2L

transforms, via conjugacy, the family of involutions 5 back to the canonical involution
I(x,y)=(y,x). Letting Fs= ME_1 o Fe o M, where € =¢€(8) is implicitly defined

by (19), we have Fs =Idg> + € Fi + O(€?), with

2 2
Fi(x,y) = (x - %(x + )% -y + %(x + y)z) (22)

and
Fs(x,y)=@x+-,ely+--0).

The map I(x, y) = (y, x) is now the time-reversing involution for all Fs. The family
F; is again a perturbation of the identity, now in the direction of the Hamiltonian vector
field Fi.

The vector fields F} and F} have homoclinic loops associated with the saddles sitting at
the origin, which are described by the critical level equations of the Hamiltonians

2 2 3
~ y X X
H==—-"—+>=—=0 and
=75 2—1-3 an
PG e ) S ) S e 0 )N
4 4 6v2

These curves intersect the symmetry lines of the involutions /o and I at the symmetric
homoclinic points = (3/2, 0) and Q = (3+/2/4, 3+/2/4), respectively. Let us now
compute the corresponding homoclinic lengths, A(2) and A(£2); see §7 for the definition
of homoclinic length. 1Tt is straightforward to check that the function 7 :R — RZ,
y (@) = (x(t), y(?)), where

3 (1—1)? (=02
x(f)—§<l—m> and y(t)—x(t)m, (23)
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linearizes the unstable curve of the saddle at the origin of Fi. By symmetry, Iy o y also
linearizes the stable curve. Thus, since y (1) = Ip(y (1)) = (3/2, 0), the homoclinic length
of the loop of Fy is () = 6+4/2, which is the square root of the area of the parallelogram
spanned by the vectors 7'(0) and (I o )’ (0); see 39 and the remarks that follow it. The
loop of F; has exactly the same homoclinic length, A(€2) = 6+/2, since F} and F; are
conjugated by an area-preserving linear map with determinant —1.

Finally, we analyse the rescaled Hénon family Fs at the symmetric homoclinic point
Qs. Let (x, ¥) = ¢5(X, 7) be the Birkhoff coordinates as given by Proposition 4 applied to
the family Fs. These coordinate transformations ¢s take each mapping Fjs to the Birkhoff
normal form

L7, 5) = BTV T, e y), 24)

By Remark 7, there is then some r > 0 such that the coordinates (x, y) = ¢s(x, ¥) extend
analytically to the domain W, where L; acts as a global diffeomorphism; see Remark 5.
The mappings ¢s(X, y), as well as all their derivatives, are equicontinuous on the domain
W, and depend continuously on § € [—§¢, §p] (or analytically on § € [—§¢, §p] — {0}).

Since all the maps Fj are reversible with respect to the canonical involution 7, we have,
by Remark 4, that {s o I =1 o {5 for all small §. Thus, if (w(§), 0) € W, is such that
Zs(w(d), 0) = Qs, then

¢5(0, w(8)) = ¢s o I(w(8), 0) =1 o Zs(w(d), 0) = 1 (£25) = £2s.

Observing that y,,(x) = ¢s(x, 0) and y,(y) = ¢5(0, y) linearize the invariant manifolds of
the saddle at the origin of Fs, we see that w(§) is precisely the homoclinic length of ;.
Thus w(0) = A($20) = 6+/2, and w(8) converges to this number as § — 0.

We are now going to define, using Birkhoff coordinates (x,y), a new system of
coordinates (¢, E) in a neighbourhood of the homoclinic points €25, according to which
the mapping F;s can be described by the shift translation

o’ (t, E)> (t + 6, E), (25)

where the unstable curve is represented by the axis {E£ = 0} and the stable curve is the
graph of a periodic function E = g; ().

We begin by taking a small (but fixed-size) neighbourhood U of the point €( which is
covered by all the images ¢s(W,) and on which we have well-defined inverse branches
x,y)= ({3)_1(x, y) that, along with all their derivatives, depend continuously on §.
Define (¢, E) = ns(x, y) in such a neighbourhood by setting

E=Es;(x,y) =X},
1=15(x, y) = (§/as(x'y)) log(x/w(8)),

with (X, ¥) = (¢5) ' (x, y). Clearly, these new coordinates are defined for all small § in a
fixed neighbourhood U of €2 and, along with their derivatives, depend continuously on §.
One can trivially verify that these coordinates conjugate Fs with the shift o® in (25). In
other words, given any small § and (x, y) € U such that Fs(x, y) € U,

ns o F5(x, y) =ns(x, y) + (8, 0).
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From the definition, one has 15(€25) = (0, 0). By Remark 1, one computes easily that
det Dns(25) = 1. (26)

It is also clear that the line {E = 0} corresponds to the x-axis, which in turn represents
the unstable manifold. Since the stable manifold must be invariant under the shift o%, in
(¢, E) coordinates it has to be the graph of a periodic function E = gs(¢) with period §. Of
course gs(0) = 0 because (¢, E) = (0, 0) are the coordinates of the homoclinic point ;.
When § = 0, both invariant manifolds merge in the homoclinic loop of Fj, and we have
go(t) =0.

Consider the function y : R — R? defined by

y ()= Mo - y(e),
where M is the matrix (21) with € =0, and y is as defined in (23). Then y(¢)
is the homoclinic solution of the vector field F; which satisfies the initial condition
y(0) = Qp. This homoclinic solution y () extends to complex time with poles at the

numbers t =i 4 2nmwi, n € Z. Therefore y (¢) is holomorphic in the horizontal complex
strip [Im ¢#| <r =37 /4 < . It then follows from [6] that the Fourier coefficients of gs5(),

1 9 .
cn(8)=g / gs()e' M qr  (n e ),
0

have the uniform upper bounds

2 372
Icn(8)|§Cexp{— ”g'"'}zc:exp{— ”28"”}, 27)

where the constant C > 0 is independent of § and n € Z.

In [7] the authors proved that there is some constant 6y > 0 (which numerically is
known to be large: 6y ~ 2.474 - 106) such that the Lazutkin invariant of Fjs at 25 has the
asymptotic behaviour

64 e=27°/€
0(825) = o (6o + O(e)). (28)

Using (20), it can easily be checked that

92 )
eZﬂ/e 6277/8

and therefore we can replace € by § in (28).

In the coordinates (¢, E) = n;s(x, y), the Lazutkin invariant is, up to some factor of order
1 + O(8), the negative of the derivative (g5)’'(0). By (26), the coordinate transformations
(t, E) = ns(x, y) preserve the Lazutkin invariant at Q5. Thus, for all small § > 0,

( )/(O)_647r o2/
80 =g

But from the Fourier series of gs(¢) and the upper bounds (27),

(=1 +00)). (29)

0 _ 27 5 5 2mi 5
(88)(0) = == (c16) — 1 (8) + == %m( )
27

Tl (c1(8) — c_1(8)) + O(e37"1%y,
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and since the remainder 0(6_3”2/ %) is exponentially small compared with the right-hand
side of (29), we obtain that ¢{(§) =c_1(§) =i b1(§) € iR and, for all sufficiently small

§>0, ,
16 —27< /8
bi8) = =g (~1+00). (30)
Thus 5
gun=bm®Gm({?)+owﬂ”%) (31)

where the remainder is the sum of a Fourier series with all coefficients exponentially small.
Clearly, the family of periodic functions gs(¢) has bounded Cz—geometry in the sense
of the following definition; this concept synthesizes everything that will be used in the next
section.
Given a family of periodic smooth functions gs(¢) depending on a small parameter § > 0
and satisfying the periodicity condition gs(t + §) = gs(¢), define, fori =0, 1, 2,

| dt
M,~(5)=max{5’ 7‘%‘3@)

;temf (32)

m(8) = min{S ‘Zi:(t)

1gs() = O} and

. d288 dgs
— 2 . —
mo(8) —m1n{8 72 0] : T (t)—O}.

Definition 1. Let us say that gs(r) has bounded C2-geometry if and only if there is
some constant C > 0 such that for all sufficiently small § >0, C m(§) > M>(§) and
C my(8) > My(5).

Remark 8. It follows from Definition 1 that all the functions of §—Mgy, My, M, m| and
mp—are asymptotically equivalent, in the sense that the quotient of any pair is bounded
away from 0 and from oo. In particular, all of them are of exponentially small order.

The family of periodic functions g5 () will play the role of the Melnikov function M;(t)
in [3]. The quantities (32) correspond exactly to the quantities defined in [3, (1)]. Note that
in [3] the ‘flow time’ ¢ was scaled so that all Melnikov functions M;(¢) have period one.
This accounts for the factors 8¢ that appear in (32) but which are missing from [3, (1)].

5. Thick horseshoes

The basic set construction is based on an abstract bounding distortion result in [3]. In [3]
F was defined to be the class of all (positive binary horseshoe) maps f : Sy U S; — R?
where: (1) Sp and S are compact subsets, diffeomorphic to rectangles, with non-
empty interior; (2) f is a map of class C? in a neighborhood of So U S, mapping this
compact set diffeomorphically onto its image f(So) U f(S1); (3) the maximal invariant
set A(f)={,ez f"(SoUS1) is a hyperbolic basic set conjugated to the Bernoulli
shift o : {0, 1}Z — {0, I}Z; 4) P ={So, S1} is a Markov partition for f : A(f) — A(f)
and, in particular, f has two fixed points Py € Sp and P; € S; whose stable and unstable
manifolds contain the boundaries of Sy and S7; and finally, (5) the fixed points Py and P,
both have positive eigenvalues.
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Given two positive small numbers € > 0 and y > 0, we define F (e, y) to be the class
of all maps f : So US| — R2, f € F, such that:
(1)  f preserves area;
(2) diam(Sp U S1) = diam(f(So) U f(S1)) = 1;
(3) upon writing f(x, ¥) = (fi(x, ), f2(x, y)) and £~ (x, y) = (fi(x, y), o(x, y),
we have
(@ 19f2/dyl <1 <[9f1/dx| <2/e,
(b) 19f1/9yl, [9f2/0x| < e(|af1/dx] — 1);
(4) the second derivatives satisfy
(@ 8% f1/0xyl, 182 f1/8y%], 197 f2/9x%], 19 f2/9x0y| <y (19 f2/dy| — 1),
(b) 182 f1/9xdyl, 19° f1/8y?|, 18% f2/3x], 18% f2/9x8y| <y (18f1/dx] = 1),
(© 182 f2/8y%1, 9% f1/9x%| <y |9 f2/9y1(10 f2/By| — 1),
) (8% f1/0x2|, 182 f2/8y*| <y |9f1/0x](19f1/dx] = 1);
(5) the variation of log |(df1/dx)(x, ¥)| in each rectangle S; is less than or equal to
y (1 —a; "), where a; = maxy yjes, [(f1/0x)(x, y)l;
(6) the gap sizes satisfy

dist(So. S1) = = and  dist(f(So). f(51) = .
14 Y
The normalizing condition (2) avoids having all subsequent items refer to the

scale of the basic set. With the above notation, the following result was proved in
[3, cf. Theorem 2].

THEOREM 2. For all small enough € >0 and y > 0, given f € F(e, y), the basic set
A(f) has dynamically defined Cantor sets (A", ¥*) and (A, ¥*) with small distortion,
bounded by D(e, y) =20y + 2¢. In particular,

e 2PV T R(A)) < Twr(A(S) < PV FLR(A(S)).

In the rest of this section we shall outline the basic set construction in the class F (e, y),
and estimate the corresponding top scale 7pg-thickness, in order to apply the above
theorem. All proofs will refer to [3], with the following adaptations in notation. In all
formulas of [3], one should either drop the variable u, when it appears as an argument,
or take u = 1, when it appears as a factor in some expression. Here the eigenvalue is
r=e% so log A should be replaced by § in all expressions of [3]. Of course As , (¢) is
to be understood as A5(¢) = e "), The filter A in our setting will just be the filter of all
neighbourhoods of § =0 in the parameter half-line [0, 4-00). Many computations here
will be reduced by half owing to the reversible character of the Hénon map, which was not
assumed of maps fs , in [3]. A crucial quantity in [3] is = 6 defined in [3, formula 4],
which appears in ‘almost all’ derivative bounds given thereafter. Here the same role is
played by

0 =05 = —(85)'(0) >0, (33)

for which one has the upper and lower bounds given in (27) and (29).

https://doi.org/10.1017/50143385707000983 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000983

1804 P. Duarte

Hénon Map

Identity Perturbation

Birkhoff co-ordinates &

Splitting co-ordinates

(t,E) > (t+0,E)

Horse-shoe in Birkhoff co-ordinates

T

" Horse-shoe scale

Tangencies scale

x=¢0,y)

FIGURE 2. Construction coordinates.

Definition 2. (The half return time) We define the half return time as

n(8) = the integer part of
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Clearly lims_.on(6) =+oc. From item (4) in Proposition 4 we can deduce
the following.

LEMMA 2. There are constants C > 0 and 8y > 0 such that the following inequalities hold
forall0 <8 < 8ygandall |t <2:

(1) C's<a;(t)<C3;

2 )OI =C3;

3 @) =Cs.

Using these facts we prove as in [3, Lemma 6.4] that the following holds.

LEMMA 3. Writing n = n(8) for all small enough § > 0, we have:
() 72 = 832 65(1 + O@©));

(2)  nbs=o(/0s);

(3) @O0 =1 4 O(/0s) for 0 <t < e72m® ),

Consider the normal form Ls associated with the map Fs, with the notation
in (24). Conformally rescaling Fs, we can take w(é) =1; in other words, we
can make the homoclinic length of €25 constant and equal to 1. Therefore ¢5(1, 0)
= Q5 =12¢5(0, 1), and for some small r > 0 both restriction maps {5 = {s|p,(1,0) and
g';' = ¢51B,(0,1) are one-to-one onto a neighbourhood of €.

Definition 3. (The transition map) For each § > 0, we define the transition map Gs =
({;)_1 o s in a small but fixed neighbourhood of (1, 0).

Clearly these maps satisfy Gs(1, 0) = (0, 1), the compatibility relation Ls o G5 =
Gs o Ls, and also the reversibility equation
Gsol=10(Gs) . (34)
Denote the components of G5(x, y) by
Gs(x, y) = (8105, x, y), (8, x, y)).
Then from (34) one has
Gy (x, y) = (8208, ¥, %), 816, y, ),
and so all bounds on the derivatives of G5 automatically give bounds on the derivatives
of G;l. One can easily prove that at § =0, g1(0, x,0) =0 and g2(0, x, 0) =x"L

Thus, using the symplectic character of G along the homoclinic loop (see Remark 1 and
also [3, Lemma 6.2]), we obtain the next result.

LEMMA 4. Forall x € [1/2,3/2], we have (g2)x(0, x,0) = —x 2= —1+ O(x — 1) and
(81)y(0,x,0)=x"2=1+0(x —1).

LEMMA 5. For some constant C > 0 and all small enough § > 0, the function g1(8, x, 0)
and its first and second derivatives with respect to x are bounded by C§ 05, C6s and C6s /S,
respectively.

Moreover, by relating the transition map G with the periodic function gs(¢) through
the coordinate transformation ns, one easily proves the following.

LEMMA 6. (g1)x(3, 1, 0) = —0;.
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5.1.  Rescaling the basic set. The map T; will be defined by two different branches
where it coincides with the maps Lgs and (Ls)" o G5 o (Ls)". These two branches are
defined, respectively, on the two very small rectangles

So={(x. y): x| <e” TP’ |y < =128} and
Sy ={(x,y):|lx —e " <2832 |y| < e~ "1/28),

The domain S U S; has diameter of order e "% ~ /83/2 6. To scale this domain up to the
unit square, we introduce the scaling maps ®; : R — R?,

Ds(x, y) = (") x %O vy,

where n = n(§) is the half return time. The product of the components of &5, namely
€2 xy is a function of the product xy. Therefore the inverse map CID(;1 ‘R? - R?is
given by

q>(;1(x7 y)=(" aa(ta(xy))x’ e ozs(ts(xy))yx

where ¢5(s) is defined implicitly by 75(0) = 0 and the relation

o2 as(ts(s) ts(s)=s forall |s| <2.

We scale Ty, setting T(g =®Pso0Ts0 @gl. This map has the two branches f,g =®d50
Lso CD(;I and Gs =Pso0L§oGso Ly o <I>gl. To compute the first, define

a(s) =as(s) :=agots (s).

Notice that if we write (x1, y1) = @gl(x, y) and (x3, y2) = Ls(x1, y1), then xpyr =
x1y1 = ts(xy). Therefore

I:B(Xv y) = ®s0Ls(e™ aa(ta(xy))x’ e oz,s(ts(xy))y)
— (ba(eaa(fs(xy))—n ots(ta(xy))x’ e s ts(xy)—n Ots(ta(xy))y)

as (15 (xy)) —as(ts(xy))

= (e x,e y)

— (e&a(xy) X, e~ (xy) ).

A simple computation gives Gs(1,0) = (0, 1) for all 8. It is obvious that the scaling map
@5 commutes with the involution /. Therefore, using (34), we obtain the reversibility of
ég, i.e. ég ol=1o GS_I To make Ga explicit, we introduce an auxiliary function

—2n @(xy) —2n a(xy)

px,y)=ps(x,y):=gi1(x, e y) - g(x, e y),
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where a =as, g1(-,-)=g1(, - ), g(,) =g, ) and n=n(8). Then, from
[3, formula (11)] we get
Gs(x, y) = (2P g (x, e ¥V y) gy (x, e 2 ¥ V).

We will consider the domains of the rescaled maps Gs and Ga_l to be, respectively, the
rectangles

518 = {0, ») i lx =11 =282 and 0 < y < 1 +6/2),
S8 ={(x,y):0<x<148/2and|y— 1] <282}
To estimate the derivatives of Gs, first observe the following.

LEMMA 7. There are constants C > 0 and 8y > 0 such that for all 0 < < 8y and s €
[0, 21, we have |t5(s)], 1£5(s)], |t} (s)| < C 8%/% 65.

Proof. This proof depends on Lemma 3; see [3, Lemma 7.1]. O

From the bounds in Lemma 7 together with Lemmas 2, 4 and 5, we can show the
following estimates.

LEMMA 8. There are constants C > 0 and &g > 0 such that for all (x, y) € 5’1(8):
(1) |p(x, y)| < C 8265

@ |EE | =Cos;

3) |y <C 820y

y
2
@ |y =Ccolos
Proof. See [3, Lemma 7.2]. O

5.2.  Bounds on the derivatives of fg. Consider the first branch ig of f}g to be defined
on the rectangle So(8) = [0, 1 — §/2] x [1 + 8/2], while L ' is defined on S(8) = [0, I +
8/2] x [1 —8/2].

LEMMA 9. There is 8o > 0 such that for 0 < 8 < 8o, the Jacobian matrix of Lg satisfies

5 §
DLs= (e %) + O3 05)
0 e

on 5’0(8), and all the second derivatives ofI:,g are of exponentially small order 0832 65).
Similar bounds hold for Lgl on S,

Proof. See [3, Lemmas 8.1 and 8.2]. O
On the other branch the following holds.

LEMMA 10. There exists 8o > 0 such that, for 0 < § < &g, the Jacobian matrix of G(s

satisfies
~ —5732 1 0B~ o)
DG;s =
s ( 1 0>+< o(1) 0(1))
on the domain Sy, and the second derivatives of Gs are all uniformly bounded except for
82g1/8x2 = O(875/2). Again, similar bounds hold for éa_l on Si.
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Proof. This result follows from Lemma 8; see the arguments in [3, Lemmas 8.3 and 8.4].
In the proof of [3, Lemmas 8.3] the estimate

a
%(8, 1.1, 0) = —u 05 + O(u?)

should be replaced by the explicit value given in Lemma 6. a

LEMMA 11. There are constants C > 2 and 8y > 0 such that for all 0 < § < &g, the maps
Ls and Lgl over Sy, the map Gg over S1, and the map Ggl over S; satisfy conditions (3),
(4) and (5) of the class F(38%/?/2, 3C8'/?) definition.

Proof. This lemma follows from the previous ones, Lemmas 9 and 10. See the proof of
[3, Lemma 8.5]. O

5.3.  Thick horseshoes.

LEMMA 12. Besides (0, 0) € Sy, the map Ts has a second symmetric fixed point with
coordinates (x1, x1) € S‘l N S‘i where x1 =1+ 0(65/2). Moreover, there is a family of
smooth functions ys : [0, 1 + 8/2] — R such that ys(x1) = x1 and, forallt € [0, 1 + §/2]:
1) =38 <)o) =-38%

@) ) — 11 <5892

The graphs {(t, ys(t)) :t €[0, 1 +6/2]} and {(ys(t),t):t €[0, 1+ §/2]} are, respec-
tively, the local invariant unstable and stable manifolds of the fixed point (x1, x1). In
particular, these pieces of invariant manifolds are contained in S‘i and S\, respectively.

Proof. See [3, Lemmas 8.6 and 8.7]. Note that the remainder of the expression for x|
is O(8%/%) here, instead of the O log3/2 A) in [3]; this can be obtained by replacing
‘i,—éi}(a, w, 1,0) =1+ O(w) with %(5, 1,0) =1+ O(), which in turn follows from

38%((), 1, 0) = 1; see Lemma 4. .

LEMMA 13. For all small enough § > 0, the local invariant manifolds of the fixed points
(0, 0) and (x1, x1) are the boundary curves of a Markov partition Ps = {So(5), S1(8)} such
that So € So, T5(So) € S(, S1 S S1 and T5(S1) C §j.

Proof. See the proof of [3, Lemma 8.8]. O
Since both fixed points have positive eigenvalues, we obtain the following.

LEMMA 14. For all small enough § > 0, the restriction Tslsousl (SoUS; > R2 s a
positive binary horseshoe map, i.e. Ts € F.

LEMMA 15. For all small enough 8 > 0, dist(So, S1) = dist(T (Sp), T(S51)) = O(5).
Proof. This follows essentially from Lemma 12; See the proof of [3, Lemma 8.9]. a
Thus, from Lemmas 14 and 15, the following can be deduced.

COROLLARY 5. There are constants C >0 and 6y > 0 such that for all 0 <§ < §,
Ty € F(383/2)2, 3C8'/2).
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In particular, by Theorem 2, the f‘g-invariant horseshoe As = ﬂ?i_oo(f‘g)_-" (S’o U 5'1)
has stable and unstable distortion of order O(8). It is also easy to compute that the width
of the rectangles Sp(5), S1(8) and the gap between them are of orders 1, 83/2 and s,

respectively. Therefore, the top scale left-right thickness of (As, T3) is of order O(8~/2).

LEMMA 16. There is some 8y > 0 such that for all 0 < § < 8y, we have:

(1) TL(AY), TL(Ay) > 1/5;

) Tr(A}), TR(AY) > V6/4.

In particular, Tpr(As) > l/(4\/g).

Proof. See the proof of [3, Lemma 8.10]. O

Finally, combining Theorem 2 with the lemma above allows us to conclude that

lim 77 r(As, Ta) = +00.
§—0

6. Tangencies in the Hénon map

In this section we will prove Lemma B stated in §2. The graph E = g;s(¢) describes a piece
of the stable manifold in the coordinates (¢, E) = ns(x, y). Translating this into Birkhoff
coordinates (X, y) = {871 (x, y), the same arc of stable manifold is characterized as the
graph y = ¢ (8, x) of a function ¢ (8, x) implicitly defined by

8
5, %) = gs( ——— logx ) /
9. %) ga(a(& 5 ogx) x
= gs(logx —1)/x, (35)
where ¢ stands for ¢ (5, x). From «(8, 0) =logAs =36 we can derive the following
expression for T = 7(§, x):
(' da
(8, x) =xlogx ¢ (8, x) a(8, x¢p) d—(5, sx¢) ds. (36)
0 w
We are going to consider the following domain for ¢ (§, x):

E={(5, x): 18] <8 and /[b1(8)|/3 < x < 3//1b1(8)]}.

A simple application of the implicit function theorem, and computing the derivatives of the
implicitly defined functions ¢ (8, x) and (4, x), gives the next lemma.

LEMMA 17. The unique functions ¢ (8, x) and t(8, x) which are defined implicitly on B
by equations (35) and (36) have the following asymptotics over E:

¢, x) = OW1b1()), (8, x) = O(b1(&)),
¢x(8, x) = 0@, (8, x) = 0@~ Vb1,

bex (8, 1) =02 VIO ), T (8, x) = OF2).

Observe that for (8, x) € E, both of the points (x, ¢ (8, x)) and (¢ (8, x), x) belong
to the open set W, where Birkhoff coordinates can be extended. @ The graphs
{(x, ¢(8,x)): (8, x) € E} and {(¢ (6, x), x) : (8, x) € B} represent, respectively in these
coordinates, arcs of stable and unstable manifolds of the origin for the map F¢ (€ = €(§)).
See Figure 3. The following proposition is a statement about the existence of quadratic
homoclinic tangencies between these symmetric invariant manifolds.
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X x=¢0,y)
——

wIN y =¢(9,x)

FIGURE 3. Symmetric homoclinic tangencies.

PROPOSITION 6. There are sequences 8, and x, converging to zero such that foralln € N,
(6n, xp) € E and:

(1) 1m0 € [b1(8) =1, limyo0 " Xy = 1;

2 @G, xn) = xn;

3 Gxn, x)=1;

@) Pxx(n, xn) <05

(5) forsomeé; > 8, and all §, <8 <&, ¢s(8, x,) > 0.

n’

Proof of Lemma B. Take §, and x, as in Proposition 6. By item (2) of this proposition,
s, (xn, xp) are homoclinic points, and non-transversality follows from item (3). By
item (4) these homoclinic tangencies are quadratic. If we could show that ¢s(5,, x,,) > O,
then these tangencies would unfold generically. But since there are transverse homoclinic
orbits, the stable and unstable local manifolds of the origin are accumulated on the right
by other arcs of the same manifolds. Because the tangency at (x,, x,,) is negative, §,
is the limit of a decreasing sequence of parameters where other homoclinic tangencies
unfold near (x,, x,). The statement in item (5) then implies that these new tangencies
unfold generically. a

Proof of Proposition 6. The graph y = ¢ (8, X) oscillates from exponentially small
amplitudes at x = 1 to very large almpitudes near x = 0. We rescale each concave part
in this graph, scaling its width measured along the X-axis to an interval of size §, and
scaling its height measured along the y-axis to an interval of size one. Define

Ap=1{8 :1/2 < bi(8)] <2}

and
En={06,x):6,€Ayand x € [1 —35/8, 1 —5/8]}.
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It is straightforward to check that for each n > 1,
(5,x) €8, = (8, e "x) e B.
Therefore we may define, for (§, x) € &y,

Bn(8, x) = €™ P (8, e x) (37)
= 2 gs(log x — 7, (8, x)),

where 7, (8, x) = 7(8, e"® x). From Lemma 17 we obtain that:
1) (@, x)=0(bi1(d)D;
) ()8, x) = 0@ [b1(8)]); and
(3)  (t)ax(8, x) =02 [b1(5)]).
Combining (31) with (37), and noting that (37) is strictly positive and bounded away
from zero in its domain E,, one easily obtains, for (8, x) € &,

(8. 1) = yu(1 + o) sin(@)

where y, = —2nd b1(8), and 0, = 0, (8, x) together with its derivatives (o,,), and (0;,)xx
are small functions of order O(§). By (30) the factor y, is positive. Notice also that
_ 7 2n(l—x) 3m
b, x)eE, <& Z<T<T’

and the sine function is strictly positive and concave in the interval [ /4, 3w /4]. By the
definition of A,, as § goes through A, the factor y, runs across the interval [1/2, 2].
Therefore there exists some parameter value § = §, for which y;, is close to 1 and the
graph y = ¢,,(8,, x) is tangent to the diagonal y = x at some point (x;;, x;) near (1, 1).
Then, since ¢, is just a rescaling of ¢, the sequences §, and x, = e’”‘sx,;k satisfy items (1),
(2), (3) and (4) of Proposition 6. But if we choose §, to be the last value of § € A,, such that
y = ¢, (8,, x) has some tangency with y = x, then clearly (¢,)s(8, x,) > 0 for all § > §,
which are sufficiently close to §,. If (¢,,)s(5,, x) > 0, item (5) is obvious. If not, then by
analyticity of (¢y,)s its zeros are isolated and one must have (¢,)s(3, x,) > 0 for all § > §,
which are sufficiently close to §,. Thus item (5) follows anyway. O

7. Symplectic invariants

In this section we recall two symplectic invariants associated with homoclinic orbits. Given
a fixed point P of a symplectic map ¢ : M> — M?, with multipliers 0 < 1~! <1 <A,
assume that two separatrices y*(P) of W*(P) and y*“(P) of W"(P) intersect at some
homoclinic point Q. Take vectors vy and v, tangent to y*(P) and y“(P), respectively,
at point P. Consider the (unique) ‘linearizing’ maps y; : R — W%(P) € M? and y, : R
— W*(P) € M? such that:

(1) y5(0)= P and y,(0) = P;

(2 (7)'(0) = vy and (y,)"(0) = vy3

B) @) =y 1) and @y (1) = yu (A 1).

There are positive real numbers Ty, T, € RT such that Q = y,(Ty) = y, (Ty).
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The first invariant, the Lazutkin invariant, is the ratio

a)p((ys)/(Ts)» (Vu)/(Tu))
w[)(vSa Vy) '

0(Q) = (38)

The second invariant might be known by another name in the literature, but we call it the
homoclinic length of Q,

MQ) =T T - lop (v, T (W), (39)

Both of these numbers do not depend on the choice of the vectors vy and v, ; they both
remain constant along the orbits, and they are easily seen to be invariant under area-
preserving changes of coordinates.

The Lazutkin invariant is used as a symplectic invariant measure of the splitting angle
at some transverse homoclinic point. (Q) = 0 means that the two separatrices are tangent
or coincide.

The homoclinic length is always positive. Suppose we choose (area-preserving)
Birkhoff coordinates taking the map ¢ to its normal form around P, so that the coordinates
of Q are (c, 0) and (0, ¢). Then c is precisely the homoclinic length of Q.

In the case of Hamiltonian vector fields with a homoclinic loop, the length is defined
with respect to the induced flow maps ¢’, 7 # 0. Is not difficult to see that all points in
the loop have the same length, which is also the same for all flow maps ¢’. Assume now
that X is a Hamiltonian vector field in the surface M? which is reversible with respect
to some involution 7/, meaning that DI, - X (x) = —X (I (x)). Suppose we are given a
symmetric fixed saddle P = I (P), X (P) = 0, with multipliers —A < 0 < A, together with
a homoclinic loop cutting the fixed point set of / in some symmetric homoclinic point
Q. In order to compute the length of the homoclinic connection, we take a non-zero vector
v, €Tp(M 2) tangent to the unstable manifold at P, and then find a solution y,, : RT™ — M 2
to the following problem. For all ¢ > 0:

(D) At dyu/dt) = X (yu(1));

(2)  limyg yu(t) = P;

(3)  limy_o t™! (dyu/dt) = v.

The curve y, linearizes the unstable manifold of P and, by symmetry, y; =10y,
linearizes the stable manifold of P. Let T € R* be the time corresponding to the
symmetric homoclinic point, i.e. y,(T) = Q = (I o y,,) (T'). Then the homoclinic length
of the connection is given by \/T2 o (vy, 1(vy))].
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