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1. Introduction

Let L/Q, be a finite extension with ring of integers 0 = o0, and denote by K D L a
completely and discretely valued extension of L (whose absolute value extends that
of L). This paper is about admissible locally L-analytic representations of the group
G = GLy(L) on K-vector spaces, cf. [38]. By the theory of Schneider and Teitelbaum,
the category of these representations is (anti-)equivalent to the category of modules M
over the locally analytic distribution algebra D(G, K) of G which are coadmissible when
considered as modules over the locally analytic distribution algebra D(H, K), for any
compact open subgroup H C G. Let V be an admissible locally analytic representation of
G and put M = V' := Hom@"(V, K), which is then a D(G, K)-module. In [14] Emerton
has highlighted the role played by the subspaces Vyge_an C V of rigid-analytic vectors
for certain rigid-analytic subgroups H° C Gerl’gL, where the latter is the rigid-analytic
group associated to the algebraic group GL, 1 over L. The rigid-analytic groups which
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we consider here are the wide open principal congruence subgroups G(k)° which have
the property that G(k)°(C,) =1+ zzrkMz(m(cp)7 where mc, is the maximal ideal of the
valuation ring of C, and @ € o is a uniformizer. Following the work of Emerton we show
in Lemma 5.2.4 that the continuous dual My = (Vgyo—an)' is then a finitely presented
module over the analytic distribution algebra D*™(G(k)°, K) = (O(G(*k)°)®.K)'.

The first main result of this paper is a localization theory for finitely presented
modules over the rings D*™(G(k)°, K). For technical reasons we actually restrict our
attention to modules on which the universal enveloping algebra of gl 1 acts via the
character 6y which is the central character of the trivial one-dimensional representation.
We therefore consider here the central reduction D*(G(k)°, K)g,. Now, in order to
develop the localization theory, we make use of certain semistable integral models X, of
the projective line Xg = IP"Ij over o'. Denote by X, the formal completion of X, along

its special fiber. In §3, we define and study sheaves 5%{) (for k > n) of differential
operators on X,. When m = 0 the sheaf 15,50,)( is generated by the pull-back of p*Tx, and
the structure sheaf, where Tx, is the relative tangent sheaf of Xy over S = Spec(o). By
p-adic completion, the sheaf 5,(1’",3 gives rise to a sheaf of p-adically complete differential
operators on X, which we denote by ér(l",? Then we consider the inductive limit

o7 — 1im M)

@n,k - 11_1’1)1 @n,k

m
and we put é;k Q= éjk ®z Q. The main result of §4 is that X, is @;k Q—afﬁne. By
this we mean that every coherent éjyk’(@—module M is generated (over @;’k’(@) by its
global sections, and that H'(X,, #) =0 for all i > 0, cf. [3]. In particular, the global
sections functor HO(X,, —) gives an equivalence of categories of coherent 9; k Q—modules
and finitely presented modules over HO(}C,,, éfi x Q)' Moreover, and this is where the
connection with representation theory is made, the latter ring is canonically isomorphic
D (G (k)*)gy- B
This D-affinity result for the sheaves _@; £.Q partly generalizes the work of Huyghe

in [23], where she shows @é—aﬁinity for all projective spaces, and, moreover, considers

differential operators with coefficients. The sheaf of arithmetic differential operators
considered in [23] is identical to our sheaf _@g 0.@ on the smooth model Xo. The proofs

which lead to _@;k -affinity of X, are in general easy variations of the proofs given
by Huyghe in the case when (n, k) = (0,0). In many cases we follow her strategy and
arguments word for word, and we do not claim any originality here. In some cases we
have chosen to slightly expand her arguments. And we have decided to first discuss
properties of the sheaves of rings “@,(f;() (in §3) and then discuss coherent modules over
these sheaves (in §4), whereas in [23] this is often done in a more parallel way.

In §5 we pass to the limit over all n and come back to representations of the
non-compact group G = GLy(L). The sheaves @;{,n,(@ assemble to a sheaf of infinite order

differential operators @;O g on the space X = 1<i1_nn X,. The space X has a natural

I'When L = Qp these schemes had already been studied in [33].
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GL,(L)-action extending the GL,(0)-action on any of the formal schemes X,;, and .@;Q
is equivariant with respect to this action. In this situation, the above equivalences of
categories for each X, assemble to an equivalence of categories between admissible locally
analytic GLy(L)-representations with trivial infinitesimal character and a full subcategory
of equivariant @T Q" -modules.

We remark at thls point that some of our constructions are related — in the case of
the smooth formal model — to the work of Ardakov and Wadsley, cf. [2], and the work of
one of us, [34]. Indeed, the family of sheaves of completed differential operators @(0,2 oL
as defined here, is essentially the same family of sheaves as considered in these papers.
Furthermore, the sheaf @T is a kind of Arens—Michael completion of the sheaf of
algebraic differential operators and as such closely related to the work of Ardakov and
Wadsley, cf. [1]. We would also like to point out that our constructions made here, and the
arguments used in proofs of the main results, carry over to more general, not necessarily
semistable, models, and also to general reductive groups and their flag varieties [24].

In §6 we compute the equivariant @T Q-modules for a class of examples including
smooth representations, principal series representatlons and representations coming from
the p-adic upper half plane.

In §7 we give an application of our methods and show that representations coming
from certain equivariant line bundles (the structure sheaf and the sheaf of differential

forms) on Drinfeld’s first étale covering X N X, cf. [13], of the p-adic upper half
plane Xy are admissible. Here is a sketch of the arguments for the case of the structure
sheaf. Our aim is to show that M := H%(X, O) is a coadmissible D(GLy(07))-module. A
crucial step toward this goal is to show M = lim M,, where M, is a finitely generated
D (G(n)°)-module. Together with some additional compatibility property, cf. §7.5,
Emerton’s reformulation of ‘admissibility’ in terms of analytic distribution algebras, cf.
[14], will then ensure that M is a coadmissible D(GL;(o0z))-module.

There is a natural admissible covering X(0) C Xo(1) C Xo(2) C ... of Xy by affinoids
XYo(n), and an induced covering of X by the preimages X1 (n) = f~'(Zo(n)). We let M,, =
HY(X1(n), ©)" be the space of overconvergent rigid-analytic functions on X (n). Our aim
is to ‘sheafify’ this space in a suitable way. A key role is played by specialization maps
sps; ¢ X — fi (i =0, 1) to formal models fo and fl of Xy and X, respectively, and the
fact that the covering map f extends to a morphism f between the formal models. If v, :
5l n) — 5| is the open embedding, then Berthelot has defined in such a setting a sheaf
v O on X, cf. [6, §4], which is supported on X (n). We then consider the sheaf .4, =
f*((spfl)*v;g(’)). This sheaf is supported on the closure fo(n)g of fo(n)s = sps, (Zo(n)).
This closed subset, with its induced reduced subscheme structure, is isomorphic to the
special fiber of X, (after base change to ). More is true: we show that ./, carries the
structure of a coherent @T -module. This is proved by making use of results of Caro
[8], Noot-Huyghe /Trihan [28] Shiho [39] and Tsuzuki [43] on the coherence of the direct
image in crystalline cohomology. The upshot is then that, by our localization theory,
HY(X,, #,) = H(Z|(n), ©)" = M, is a finitely generated D* (G (n)°)-module.

We therefore see that, in this instance, techniques and results from the theory of
crystalline cohomology and arithmetic Z-modules can be successfully applied in the
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context of locally analytic representation theory, and we hope that this develops into a
systematic and fruitful interaction between these fields.

Notation. L is a finite extension of Q,, with ring of integers o, uniformizer . We let g
denote the cardinality of the residue field o/(w) which we also denote by IF,.

2. The integral models X, and their formal completions X,

2.1. Construction via blowing up

The integral models X,, have been discussed in detail in [33] in the case when o = Z,. Since
the generalization to the ring of integers o of the finite extension L/Q), is straightforward,
we only briefly recall the construction. Let A € L®? be a lattice, and let X = X = Proj(A)
be the smooth model of ]P’lL = Proj (L®?) associated to A. While it is eventually useful to
note that all constructions in §§2—4 can be done canonically for an arbitrary lattice A
we henceforth consider only the case when A = 0@ o is the standard lattice.

Blowing up Xo in the F,-rational points of its special fiber (i.e., blowing up the
corresponding ideal sheaf) gives a model X| whose special fiber has ¢ +2 irreducible
components, all of which are isomorphic to }P’ﬁ,q. Exactly one of these components
intersects transversely every other irreducible component, and we call it the ‘central’
component, whereas the other components are called the ‘outer’ components. The smooth
[F4-rational points lie only on the outer components, and blowing up X; in these smooth
[F,-valued points of its special fiber produces the model X;. In general, X4 is obtained
by blowing up the smooth F,-rational points of the special fiber of X,,. For n > n’ we
denote the blow-up morphism from X, to X, by

pr, - Xy — Xy

The morphism pr, o : X, - X=Xy is often denoted by pr when n is clear from the
context.

Let X, be the completion of X,, along its special fiber. X, has an open affine covering
by ’dumbbell’ shaped formal schemes of the form

1 1 A
Spf(o(x,z)|:xq_1 1 o 1] /(xz—zzr)),

(where ()" denotes the w-adic completion) together with formal affine lines &L =
Spf(o(t)) (which are only needed for the ‘outermost’ components). As above we denote
the blow-up morphisms by pr, ,,. Removing the smooth F,-rational points from X,
gives an open subscheme X; C X,. The morphism pr, o Xn+1 — X, induces then an

isomorphism from the preimage pr, i],n(%fl) to X, so that we can consider X, as an open

subscheme of X1, which is actually contained in X;_ ;. The inductive limit h_r)nn X, is a
formal model of the p-adic upper half plane over L, cf. §6.4.1.

2.2. Group actions on X,
2.2.1. The group schemes G(k). Put

1
G(O) = G = GLZ,O = Spec(o [aa ba ¢, d’ Z])’
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where A = ad — bc, and the comultiplication is the one given by the usual formulas. For
k > 1 let ax, by, ck, and dy denote indeterminates. Define an affine group scheme G(k)
over o0 by setting

1
OG(k)) = o|:ak, b, ck, d, A—i| where Ay = (1 + w*ap) (1 + @*dy) — @ bier,
k
and let the comultiplication

11
OG k) — OGKk)) ® OG(K)) = o[ak, bi. ck. di. al. by, c,. dj. e y]
k

be given by the formulas

ax — ap + a; + wkakali + wkbkcl/c,
by > bi + b, + wrarb), + whbid),
A e wkcka,/( + wkdkc,’(,
di — di + dj + wkdid], + wkeb;.

These group schemes are connected by homomorphisms G(k) — G(k — 1) given on the
level of algebras as follows:

ak—1 — wag, bi_1+—> @by, ck—1+> ek, dik—1 > wdy,
if k > 1. For k = 1 we put
ar—~> l14+wa;, b wb;, c+— wcy, d— 1+wd.
For a flat o-algebra R the homomorphism G(k) — G(0) = G induces an isomorphism of
G(k)(R) with a subgroup of G(R), namely

G (R) = {(i Z) € G(R)

a—l,b,c,d—leka}.

Of course, the preceding formulas defining the group schemes are derived formally from
this description by setting a = 1+ wkak, b= wkbk, c= wkck7 and d = 1 + wkd,.

2.2.2. The rigid-analytic groups G(k)"¢ and G(k)°.  Let @(k) be the completion of
G(k) along its special fiber G(k)p . This is a formal group scheme over Spf(o). Its generic
fiber in the sense of rigid geometry is an affinoid rigid-analytic group over L which we
denote by G(k)"€. We have for any completely valued field L’/L (whose valuation extends
the p-adic valuation)

GoE(L)) = {(j Z) € Gloy)

a—1,b,c,d—1 ewkoL/}.

Furthermore, we let ((A}(k)O be the completion of G(k) in the closed point corresponding to
the unit element in G(k)g,. This is a formal group scheme over Spf(o) (not of topologically
finite type). Its generic fiber in the sense of Berthelot, cf. [11, §7.1], is a so-called ‘wide
open’ rigid-analytic group over L which we denote by G(k)°. We have for any completely
valued field L'/L (whose valuation extends the p-adic valuation)

ab

Gk (L) = {(C ;

) € G(oy)

a—l,b,c,d—leznkmoy}.
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Proposition 2.2.3. (i) Fork > n the natural action of GLy, onP} extends to an action
of the group scheme G(k) on X,,.

(ii) Fork = n the formal group scheme @(k) acts on X,,. The action of the special fiber
G(k)s on the special fiber X, 5 of Xy is trivial if k > n.

Proof. (i) Since there is a morphism of group schemes G(k) — G(n) for k > n, we may
restrict to k = n. We use induction on n, the case of n = 0 being obvious. Suppose the
claim holds for n — 1. Let 7 : X;, — X,,_1 be the blow-up morphism and let ¥ C X,,_; be
an arbitrary open affine subscheme stable under G(n —1). Let I € O(Y) be the ideal
whose blow-up gives rise to 7~ 1(Y). Then @ € I. Let A = O(G(n)) and B = O(Y).
Denote by I, A; and B the reductions mod @ . Let ¢ : B — B ® A be the comorphism
corresponding to the G(n — 1)-action on Y and let ¢’ be its reduction mod @w. The
special fiber of the natural o-morphism G(n) — G(n — 1) factors through the unit section
Spec F; = G(n— 1)y of the group scheme G(n —1);. This means ¢/(b') =b'®1 for all
b’ € B’ and hence
c(I)CI®RA+m(BRA)=1IQ®A.

Since ¢ is a ring homomorphism, this implies inductively ¢(I"™) C I ® A for all m. This
yields an induced comorphism ¢ : R(/) — R(I) ® A where R(I) := @m>0 I'"" denotes the

blow-up algebra. Hence, the group scheme G(n) acts naturally on 7~ '(Y) = Proj(R(I)).
This implies the claim.
(ii) This follows from (i) by passing to formal completions. O

2.3. A very ample line bundle on X,

Let pr: X, = X = X be the blow-up morphism, and let Z, C Ox be the ideal sheaf that
is blown up. We have 7, ®7 Q = Ox ®7 Q from which we deduce the existence of some
N = N(n) € Z- such that?

pNOx c I, c Ox. (2.3.1)

Put § = @320 Zy, then X, is glued together from schemes Proj(S(U)) for affine open
subsets U C X. On each Proj(S(U)) there is an invertible sheaf O(1), and these glue
together to give an invertible sheaf O(1) on X, which we denote Ox,/x(1) (cf. the
discussion in [21, Ch. II, §7].) This invertible sheaf is in fact the inverse image ideal
sheaf pr=1(Z,) - Ox,, cf. [21, Ch. I1, 7.13]. From (2.3.1) conclude that

pNOXn C OX,,/X(I) COx, and Ok, C Oxn/x(—l) C p_NOXn. (2.3.2)
And for any r > 0 we get
prNOX” C OX”/X(1)®r COx, and Ok, C Oxn/x(—l)@)r C p_rNOXn. (2.3.3)

Lemma 2.3.4. Let 0 < n' < n.

(i) (pry,.)«(Ox,) = Ox,,.
(ii) For alli >0 one has R'(pr, ,)+(Ox,) =0.

2In fact, these inclusions hold for N(n) = n, but we will not need this.
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Proof. (i) The morphism pr, , : X, — X,/ is a birational projective morphism of
noetherian integral schemes, and X,/ is normal. The assertion then follows exactly as
in the proof of Zariski’s Main Theorem as given in [21, Ch. III, Corollary 11.4].

(ii) We note that R'(pr, ,)«(Ox,) vanishes when i > 1, by [21, Ch. III, 11.2]. So we
only consider the case i = 1 now. Using the Leray spectral sequence for the higher direct
images under the composite maps pr,_; ,_opr, ,_1, together with (i), we see that it
suffices to show that R 1(prn’n_l)*((’)xn) = 0. The sheaf in question certainly vanishes on

XD _ |, because the restriction of pr, ,_; is an isomorphism

P, ) (X)) — Xp .

The question is local, and by what we have just seen, it suffices to consider the stalk of
the sheaf Rl(prn’nfl)*(oxn) at a smooth F,-rational point P of the special fiber of X, 1.
Let x be a local coordinate at P, so that P corresponds to the ideal (x, @) C o[x]. Put

R=o[x], R =olx,z]/xz—w@), R’ =o[x, t]/(x—w1).
Blowing up Spec(R) in the ideal (x, @) gives a scheme which is covered by
Vo = Spec(R’) and Vi = Spec(R"),

where these schemes are glued together via the relation zt = 1. For f € o[x]\ (x, @) we
consider the open affine subset Dy = Spec(R ) C Spec(R), which is an open neighborhood
of P. The family of all Dy forms a fundamental system of open neighborhoods of P. The
preimage (prn,n_l)_l(Df) is then the same as the blow-up of Dy in P, i.e.,

(pr, 1)~ (Dy) = Spec(R’;) U Spec(R’).
We now compute Hl((prn’nfl)_l(Df), Ox,) as Cech cohomology. What we then have to
show is that the canonical map
R/GBR”—>R/1—R”1 ( ) _
f f fZ =570 f1, ) = fi— fa,

is surjective. An element in the group on the right-hand side can be written as a finite sum
def

- a;t! with a; € Ry. Then we have f; = ccaity =Y . _qa_izl € R, and fH =
jez 4j ‘ J f j<04j j>09—j f
-y i>0 ajt! € R;ﬁ. This shows the surjectivity of the map in question and the vanishing
of Hl((prn,n_l)*l(Df), Ox,)- This in turn means that the stalk of Rl(prn’n_l)*((’)xn) at

P vanishes, and hence Rl(prn,n_l)*((’)xn) =0. O
Lemma 2.3.5. There are ag, ro € Z~q such that the line bundle

Ly = Ox,/x(1) ® pr*(Ox(ao)) (2.3.6)
on X, has the following properties:

(i) L, is very ample over Spec(o), and it is very ample over X;
(ii) for allr 2 ro, alld € Z, and alli >0

R'pr, (LE" @ pr*(Ox(d))) = 0;
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(i) for allr > 1o, alld >0, and alli > 0
H' (X, L @ pr*(Ox(d))) = 0.

Proof. (i) Choosing ap. By [21, Ch. II, Example 7.14(b)], the sheaf
L, = Ox,/x(1) ® pr*(Ox(ao)) (2.3.7)

is very ample on X, over Spec(o) for suitable ag > 0. We fix such an a¢. By [19, 4.4.10(v)]
it is then also very ample over X, and hence (i) is fulfilled.
(ii) Finding ro. By [21, Ch. III, 5.2, 8.8] there is ro > 0 such that for all r > rg, and all
i > 0, one has
H' (X, L) = H' (X, L @ pr¥(Ox(—1))) = 0 (2.3.8)
and
Ripr (L") = 0. (2.3.9)

We fix an ry with the properties (2.3.8) and (2.3.9). By [21, Ch. III, Example 8.3] we
have for alli > 0

Ripr, (X, LE @ pr*(Ox(d))) = R'pr (LE) @ Ox(d). (2.3.10)

Hence (2.3.9) and (2.3.10) together give (ii) when i > 0.
(iii) Consider the exact sequence

0— Ox(=1) - 0%* — Ox(1) — 0, (2.3.11)
cf. [21, Ch. II, Example 8.20.1]. Tensoring with Ox(d) gives
0— Ox(d—1) - (Ox(d)® - Ox(d+1) - 0. (2.3.12)

Because the sheaves in this sequence are locally free, taking the pull-back to X, gives the
exact sequence

0 = pr*(Ox(d — 1)) = (pr*(Ox(d))® — pr*(Ox(d + 1)) — 0. (2.3.13)
Tensoring with £®" gives the exact sequence
0 — L2 ®@pr*(Ox(d — 1)) — (L @ pr* (Ox(d))®* — LE" @ pr*(Ox(d + 1)) — 0.

(2.3.14)
The proof of (iii) is now by induction on d, starting with d = 0 and using (2.3.8). O

3. The sheaves é,(l”,’() on X,

3.1. The sheaves 7:(",?)

Let g, denote the Lie algebra of the group scheme G(0) = GL, , over o. For k > n the
scheme X, is equipped with a right action of the group scheme G(k). This gives rise to a
map

Lie(G(k)) = kg, — H(X,, Tygox) (3.1.1)

from the Lie algebra w*g, of G(k) to the global sections of the relative logarithmic
tangent sheaf ,&log of X, [33]. Denote by 7, the Ox, -submodule of &log generated by

the image of (3.1%1). Denote by Tx the relative tangent sheaf on X = Xy over Spec(o).
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Lemma 3.1.2. (i) Tyt = (prn 0)*(Tx). More generally, for n’ < n one has

Tk = @ X r, )" (Twr i)
where the latter is to be considered as a subsheaf of &log ®o L

(ii) 7~;,,k is locally free of rank one over O, .

Proof. (i) We note that (prn’o)*(&log) is a subsheaf of 7x, and, in fact, we have inclusions
o"Tx C (an,o)*(&llog) C Tx,

where the inclusion on the left follows from [33, 5.2]. For k > n there is a commutative
diagram
Lie(G(k) = o*go —> HO(Xp, Tytor)
! !
LieGO) = go - H'X Tx)

with injective vertical arrows. The assertion follows.
(ii) Immediate consequence of (i). O

3.2. The sheaves 73%3

Let 5(()"76) be the sheaf of level m differential operators on the scheme Xo which is smooth

over o, cf. [5, 2.2.1]. This sheaf is filtered by the subsheaves DO 0.¢ of differential operators
of order less or equal to d. We then let ¢ be a variable and consider the Rees algebra
(m) =6 d>0 D(()”(l) dt which is a sheaf of rings on Xy with its obvious multiplication. For

any a € 0, sending ¢ to a gives a homomorphism of sheaves of o0-algebras Rt(m) — 5(%).

Given k € Z3( and setting a = @k, we denote the image of this homomorphism by 5(()"}().
In order to describe this and the sheaves to be introduced below explicitly, we fix an op’en
affine covering Xog = Uy U U with Uy = Spec(o[x]), U = Spec(o[y]), and where xy = 1 on
the intersection UyN U; = Spec(o[x, x~Ip = Spec(oly, y_l]). Then, if 0y and 9, denote
the derivatives with respect to x and y, respectively, then local sections of 58?}3 over

(m)
U C Uy are of the form Zé,vzo adq‘é—!!(wkax)d with a4 € Ox,(U). Here, q[(im) denotes the
quotient of the euclidean division of d by p™, cf. [5]. The same holds for local sections
over V C U; with 9, replaced by 0dy.
For any n € Z»¢ and k € Z3, we put

ﬁr(zr,’;c) = pr:,o(ﬁ(()’,rllc)) =0x, ®, (0%, 2 O(D(()”/lc))

While this is even defined — as an Ox,-module — when 0 < k < n, we claim that this sheaf
is a subsheaf of rings of pr;O(DXO ® Q) when k > n. To see this we use the formulas for
local coordinates on X, as given in [33, 4.3.5]. Arguing inductively and using the fact
that the blow-up morphism pr, ,_; : X;; — X, is an isomorphism over the open subset

x° (n)

n—1 on one of the ‘outermost’

cf. [33], it suffices to consider a local coordinate x,
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components ]D)gl ) The special fiber of the latter scheme is an affine line over F, all of

whose F-rational points have been removed except one, and this is the point where the

(n)

coordinate x, ~ vanishes. Because of the action of the group GL;(0) we may assume that

,5 " is related to the coordinate x introduced above by the equation x = w”xé"). (The

prime p has to be replaced by @ in the formulas in [33, 4.3.5].) It then follows that

(m), (m), (k—n)d (. (MNi—d .
I a0 oy = 11 @it d <
0 d>i,

and this shows that Oy, is stable under all differential operators in pr;%)(ﬁ(({';{)) when
k > n. This in turn proves that ﬁr(l";c) is indeed a sheaf of rings when k > n

The sheaf 5("2 is filtered by the subsheaves 5("1) k.q Of operators of order less than or
equal to d, and we denote the corresponding graded sheaf @, D, (m) /Dr(l”;(); d—1 by gr(D(m))

Proposition 3.2.1. (i) Forn' < n one has (prn‘n/)*(ﬁr(z’,'fl){) = 5%3
(ii) Forn' <n one has (pr,,!n/)*(ﬁ’(ﬁ)) = 755:,";{

(iii) There is a canonical isomorphism of graded sheaves of algebras

D = q;"! ~
gr(Dr(:,r;c)) ~ Sym(T,.0)"™ = @ Z_‘:];S}Cd.
a0 ¢

(iv) The canonical homomorphism of graded rings
gr(HO(Xn, D(m))) — HO(Xn, gr(D(m)))

s an isomorphism.

(v) The rings gr(HO(Xn, D(m))) and HO(X,, D(m)) are noetherian.

(vi) There is a basis of the topology Ll of X,,, consisting of open affine subsets, such that
for any U € Y, the ring H(U, D( )) s noetherian.

Proof. (i) This follows directly from the definition of 5("1)

(ii) The sheaves D( ™) Kea are locally free of finite rank, and so are the sheaves D(, k> by
(i). We can thus apply the projection formula, together with Lemma 2.3.4, and get

( )
(Prn,n’)*(Dnmk) d) D('/nk d:

The assertion follows because the direct image commutes with inductive limits on a
noetherian space.
(iii) We consider the exact sequence on X
0— Dy — D" Sym?(To.0)™ — 0 3.2.2
— Dy a1 — DPoga — Sym™ (To)™" — 0. (3:2.2)

Exactness is straightforward in this case.) Now we apply (pr, )* and use (i).
Pry0
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(iv) We start again with the case n = 0 and note that

(m) (m)
44 !7-®d _ 4y !
d Ok T

Now we use the exact sequence (3.2.2) and induction on d to conclude that the sheaves
5((;'}3 ; have vanishing higher cohomology. Hence applying H%(—) to the sequence (3.2.2)
gives an exact sequence and therefore the assertion when n = 0. Using point (ii) we reduce
the case for arbitrary n to the case when n = 0.

(v) We note that HO(X,, gr(ﬁfl"}())) = H(X, gr(ﬁ(({',’{))). Furthermore, by (3.2.3) we
have gr(ﬁ(()"';{)) ~ gr(?(%)). Because it is well-known that HO(X, gr(ﬁ(()f'(‘)))) is a finitely
generated H° (X gr(Dé%))—algebra, and because the latter ring is known to be noetherian

Sym? (To.0™ = w7 ~ Ox(2d). (3.2.3)

(isomorphic to o[x, y,z]/(xz —y?)), the ring HO(X, gr(ﬁ(%))) is noetherian, and so
is H O(X, gr(ﬁg”,’g )) Now we apply (iv) and can conclude that gr(HO(X,,, 25,(,”;() ) is
noetherian. But then H(X,, 5,(1"7;3 ) is noetherian as well.

(vi) Take U small enough such that ﬁ,kw is free over Opy. Then gr(HO(U, 5%3)) ~
SymO(U)(O(U)[T])(’”), which is known to be noetherian [23, Proposition 1.3.6]. It follows
that HO(U, 5%3) is noetherian too. O]

3.2.4. Twisting by £,. Recall the very ample line bundle £, from Lemma 2.3.5. In
the following we always use this line bundle to ‘twist’ Ox,-modules. If F is a Ox,-module
and r € Z we thus put F(r) = F Qoy, L2

Some caveat is in order when we deal with sheaves which are equipped with both a left

and a right Ox,-module structure (which may not coincide). For instance, if F4; = 5,(1";{) d

then we let

Fa(r) = Dy} qr) = Dy ®0y, L,
where we consider F; = 51(1”;() 4 @ a right Ox, -module. Similarly we put 1’52"? ®0x, £er
where we consider 131(1"2) as a right Ox,-module. Then we have 5,(:’;() r)= h_r)n ’ Fa(r). When
we consider the associated graded sheaf of 23,(1"}3 (r), it is with respect to the filtration by
the Fy(r). The sheaf 5,(1’",3 (r) is a coherent left 5,(1’",3 -module.

Proposition 3.2.5. (i) HO(Xn, Sym(pr:’o(wk(’)x(l)@z))(’”)) is a finitely generated
0-algebra, and in particular noetherian.
(ii) For any r € Z the HO(Xn, Sym(pr;’o(kaX(l)EBZ))(m))—module
HO(X,, Sym(pr’ o(@* Ox(1)®2)) ™ (r))

is finitely generated. _ _
(iil) For any r € Z the HO (X,,, Sym(’ﬁ,,k)(’"))-module HY (Xn, Sym(ﬁ,,k)(’")(r)) is finitely
generated.

Proof. (i) We note first that by Proposition 3.2.1

HO(X,, Sym(pr: (@ Ox (1)®2)) ™) = HO(X, Sym(a* Ox(1)#2)™).
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‘We also note that
Sym(z* Ox (1)®2)™ ~ Sym(Ox (1)®%)™.

The remaining arguments are exactly as in the proof of [23, 4.2.1].
(ii) We first note that

HO(X,, Sym(pr: (@ Ox (1)®2)) ™ (r))

is isomorphic to
HO(X, Sym(a* Ox(1)%2) ™ & (pr, o)+ (£5"))

which is in turn isomorphic to

HO(X, Sym(Ox()®)™ @ (pr, )« (£5")).
It follows from (2.3.3) that

(pry,0)+ (LZ") C Ox(r - ap).

Therefore,

HO(X, Sym(Ox()®)™ @ (pr, ) (£5"))
can be considered as a submodule of

HO(X, Sym(Ox(1)®2)™ © Ox (r - ap)).

By [23, 4.2.1], the latter is a finitely generated module over HO(X, Sym(OX(1)®2)(’”)). As
this ring is noetherian, cf. (i), the submodule considered before is finitely generated too.
(iii) We note first that by Proposition 3.2.1

HO(X,, Sym(Tn,0)™) = HO(X, Sym(To,0)™)

and
HO(X,, Sym(Tn,0)™ (1) = HO(X, Sym(To.)™ & (pr,, o)« (L")

We have obvious quotient maps coming from taking d = 1 in (2.3.12)
HO(X, Sym(a*Ox (D®) ™) — HO(X, Sym(To.0™)
and
HO(X, Sym(a* Ox ()®2)™ & (pr,, )« (LZ")) — HO(X, Sym(To.0™ & (pr,, 0« (L)),

and  the _ module structure  of  HO (X, Sym(%,k)(m) ® (Pr,, 0)« (L‘X” )) over
H° (X, Sym(’]f),k)(’”)) comes from the module structure of

HO(X, Sym(w* 02 (1)%%)™ & (pr, ). (£®))

over HO(X, Sym(kaX(1)®2)(m)) via these quotient maps. Assertion (iii) now follows
from assertion (ii). O
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3.3. Global sections of 5,(1"1,3, @é"}{), and éi,k,@

3.3.1. Divided power enveloping algebras. We denote by UZE_:';) (go) the
o-subalgebra of U(g) = U(g,) ®, L generated by the elements

k \vi h h (Z,U'kf)v“
(m)vﬂ Lk (P )y ks (P2} my NS
gy o gy, '@ by gy > ’s G, ! L (3.3.2)

We considered the same algebra in [33, 2.7] where it is denoted by U™ (pk 9z,) (there
we have w = p). Because this latter notation is potentially misleading, we have changed
it here. We denote by fj\g}() (go) the p-adic completion of Uz(:,'() (g0)- In the following the
subscript 6y indicates the same central reduction as in [33, § 3].

Proposition 3.3.3. There is a canonical injective homomorphism of 0-algebras

£ U (go)ey > H (X, DY), (3.3.4)

and H°(X,, 5%{)) s a finitely generated module over Ug? (go)e, via E,(l'f,l{). In particular,

the ring HO(X,,, 5,(1"2)) is noetherian. Moreover, coker(éﬂ?) is annihilated by a finite power

of p.

Proof. By Proposition 3.2.1 we have HY(X,, 5%‘)) = H(X,, 13(()”';()). The remaining

arguments are as in [33, 3.7]. O
Now let @;"i) be the p-adic completion of 5%(), which we always consider as a sheaf

on the formal scheme X,,. We also put .@r(l",?@ = é,(l",? ®z Q, and

Py =1im 7", (3.3.5)
’ m '
and 5 B N
Tiva=9r i ®2Q= 11_@25”;?@ (3.3.6)

m
Recall the analytic distribution algebra D*"(G(k)°) of the rigid-analytic group G(k)°
in the sense of Emerton, cf. [14, Ch. 5]: the space G(k)° admits a countable increasing
admissible covering by affinoids and so the vector space of global sections O(G(k)°) has
a natural Fréchet topology. The continuous linear dual

D*(G(k)°) := HomP"(O(G(k)°), L),
equipped with the strong topology and the algebra structure coming from dualizing
the comultiplication in O(G(k)®), is then a topological L-algebra. For example, a group
element g € G(k)°(L) gives rise to the linear form f — f(g) in D*™(G(k)°) as does any
Lie algebra element ¢ € g via f +— % f(exp(tr))|s=0- In fact, the latter map identifies the
distribution algebra with the direct limit of noetherian rings

D™(G(0)°) =lim U (go)g
m
with flat transition maps. The ring D*(G(k)°) is therefore coherent (cf. [14, Proposition
5.2.3/Corollary 5.3.12] where our Ug,'c) (go) is denoted by A™).
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Proposition 3.3.7. (i) There is a basis of the topology L of X,,, consisting of open affine
subsets, such that for any U € A, the ring HO(U, (m)) s noetherian.

(ii) The transition map é(m) — @(mH) is flat.

(iii) The sheaf@ k.q s coherent.

(iv) The ring HO(%H,@’E,{Q) is canonically isomorphic to the noetherian L-algebra
0" @0)0.0-

(v) The ring HO(%,, nk(@) is canonically isomorphic to the coherent L-algebra
D*™(G(k)*)gy -

Proof. (i) Let U be open affine and such that 7, k|U is free over Opy. Then use that
HOU, Q(m)) is the p-adic completion of HO(U, D(m)) (The proof is similar to the
one given in Proposition 4.2.1.) Because the latter is noetherian, cf. Proposition
3.2.1, the former is noetherian as well.

(ii) Can be proved as in [5, §3.5].

(iii) Follows from (i) and (ii).

(iv) Follows from Propositions 4.2.1(iii) and 3.3.3. (Note that using Proposition 4.2.1
here does not introduce a circular argument.)

(v) Follows from (iv) and the discussion preceding the proposition. O

4. Localization on X, via @;k Q

The general line of arguments follows fairly closely [23]. The numbers k > n > 0 are fixed
throughout this section, and pr = pr,  : X;; = X = X is the blow-up morphism.

4.1. Cohomology of coherent 5%{)-modules

Lemma 4.1.1. Let £ be a quasi-coherent Ox,-module on X,,. Then, for alli > 2 one has
H (X,, & =0.

Proof. Since £ is the inductive limit of its coherent Ox,-submodules, and because
cohomology commutes with inductive limits on a noetherian space, we may assume that
£ is coherent. Let f : X,, — Spec(o) be the structure morphism. The sheaves R/ f,(€) are
coherent on Spec(0), cf. [21, Ch. III, 8.8], and have thus vanishing cohomology in positive
degrees. But since the fibers of f are one-dimensional one has R/ f,(£) = 0 for j > 2, cf.
[21, Ch. III, 11.2]. We can now conclude by the Leray spectral sequence for f. O

Proposition 4.1.2. Let ro be as in Lemma 2.3.5. Then, for allr > ro and all i > 1 one
has

H' (X, D) () = 0. (4.1.3)

Proof. Note that
gro(D (n) = Folr) = L& (4.1.4)
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For d > 0 we consider the exact sequence

0— Fgo1 = Fg— grd(ﬁiﬁ)) -0 (4.1.5)
from which we deduce the exact sequence
0 — Fao1(r) = Fa(r) — grg(DVY)r) — 0 (4.1.6)
because tensoring with a line bundle is an exact functor. It thus follows that
m)
gry (DI () ~ d' 9 ok (5 ® L ~ pr*(Ox(2d)) ® L.

Hence by Lemma 2.3.5 we find that the higher cohomology of this sheaf vanishes for all
d > 0. Using the sequence (4.1.6) we can then deduce by induction on d that for all i > 0

H' (X, Fa(r)) = 0.

Because cohomology commutes with inductive limits on a noetherian scheme we obtain
the asserted vanishing result. O

Proposition 4.1.7. Let £ be a coherent D( k “module.
(1) There is ri(€) € Z such that for all r > r1(E) there is s € Z>o and an epimorphism
~(m)
of D, -modules
(13,(:'}3(—0)@3 — E.
(ii) There is ry(E) € Z such that for all r = ry(E) and alli > 0
H (X, E(r)) =0.

Proof. (i) As X, is a noetherian scheme, & is the inductive limit of its coherent subsheaves.
There is thus a coherent Ox,-submodule F C £ which generates £ as a 75,(1'?2)—module,
i.e., an epimorphism of sheaves D( )®Ox F- &, where D( is considered with its
rlght Ox,-module structure. Next, ‘there is r1(€) such that for all > r;(€) the sheaf

F(r) =F ®oy, LZ" is generated by its global sections. Hence there is s > 0 and an
epimorphism (9% —» F(r), and thus an epimorphism of Ox,-modules (Ox, (—r))® — F.

From this morphism get an epimorphism of 52”;()—modules

(D (=)™ =D @0y, (Ox, (=N = DY) @0, F —> €.

(ii) We prove this by descending induction on i. When i > 1 there is nothing to show,
cf. Lemma 4.1.1. We now deduce it for i = 1. Using (i) we find an epimorphism of
Dr(l”';c)-modules

B (D) - £ri(E)).

By Proposition 3.2.1, the kernel R = ker(8) is a coherent 5,(1”;{)—module and we have an
exact sequence

0—>R—> (5%2)695 — E(r1(£)) — 0,
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which gives for any ¢ € Z the exact sequence
0— R — (DY) — G +r1(E) — 0. (4.1.8)

Now choose r(€) = max{rg+ri(£), rn(R)}, where ry is as in Proposition 4.1.2. Then we
can conclude from the long exact cohomology sequence associated to (4.1.8) that for
r=ra€)

H'(X,, E(r)) = 0. .

Proposition 4.1.9. Fizr € Z.
(1) There is c; = c1(r) € Zxo such that for all i > 0 the sheaf Ripr, (73,(1"2) (r)) on X is

annihilated by p'. Furthermore, it is a skyscraper sheaf, and it is a coherent module
~(m)
over DO, £
(ii) There is ¢y =ca(r) € Zxo such that for all i >0 the cohomology group
H (X, 5,(1"2) (r)) is annihilated by p°2. Furthermore, it is a finitely generated module
over HY(X,,, 5%3).
(iii) Let £ be a coherent 53’?—m0dule. There is c3 = c3(€) € Zxo such that for alli > 0

the cohomology group H' (X, &) is annihilated by p®. Furthermore, it is a finitely
generated module over HO(X,,, D%{)).

Proof. (i) The direct image functor commutes with inductive limits, and we thus consider
the sheaves

7 (m) 7~ (m)
Dnr,';c;d(r) = Dnr,’;c;d ®Oxn L;?r’

where, as before, we consider Dr(t”;c) 4 as a right Ox,-module. Because the fibers of pr are
of dimension zero or one, we have

Ripr, (5,(,[7,3; L) =0

for i > 1, by [21, Ch. III, 11.2]. Now let i = 1. Using the projection formula and
Proposition 3.2.1 we deduce that

R'pr, (D0 4(1) = Diy ® R'pr(L7")
= Dy 4 ® Ox(r - ap) ® R'pr, (O, x()®"). (4.1.10)

By (2.3.2) and Lemma 2.3.4 we can conclude that R'pr, (Oxn/x(l)@’) is a torsion sheaf,
and because it is coherent, it is thus annihilated by a p°!' for some c; = ci(r) = 0.
Furthermore, because pr is an isomorphism from pr—!(X\ X(IFy)) to X\ X(Fy), the sheaf

R'pr, (5;(1’,72)@(")) is supported on X(F,). It follows from (4.1.10) that
R'pr, (D) (1) = DY) ® Ox(r - ap) ® R'pr,(Ox, x (D),

which shows that it is a coherent 23(()";{)—module.
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(ii) By Lemma 4.1.1 there is nothing to show for i > 1. In order to compute H! we
consider the exact sequence of low-degree terms for the Leray spectral sequence for the
morphism pr and the sheaf Dr(zmk); 4 () on Xy

0— H'(X. Dy}, @pr (L) — H'(X,. D) ()

— HO(X, Dy, ® R'pr, (L") — 0. (4.1.11)

In order to show the first assertion in (ii) we use (i) and are thus reduced to showing that
( D(m) ® pr, (£®r))

is annihilated by a power of p. We first show that it is a finitely generated o-module,
and then use the fact that coherent D(() Q" -modules have vanishing higher cohomology,

by [3]. We put Fy = D(()",?. 4 and
]:a',r = ﬁ(()’,r]l(),d ®OX Pr*(ﬁ;?r),

where, as before, we consider 5(()”]:3 4 as a right Ox- module?. More generally, when G is a
Ox-module, we put G, = G @ pr, (LZ"). We let d, e > 0 and consider the exact sequence

0 — Fyu — Fute —> Faye/Fa — 0. (4.1.12)

Because the sheaves in this sequence are locally free, tensoring with pr, (L®") gives an
exact sequence
0 — Far —> Fater —> (Faye/Fa)r — 0. (4.1.13)

and thus an exact sequence
00— (]:d+e/]:d)r — (]:d+e+l/]:d)r — (]:d+e+l/]:d+e)r — 0. (4~1-14>
It follows from (4.1.12), together with Proposition 3.2.1, that the sheaf on the right of
(4.1.14) is isomorphic to
(m)

(m), |
qq - d+e+1 qq - d+e+1
dd' 76"8}(( +e+ )®pr*(£§r) — a;i' w.k(d+€+1)7;§’( +e+ )®pr*(£§i‘)

[

Ox(2(d+e+ 1)) @ pr (LY.

Let do be such that for all d > dy the sheaf Ox(2(d + 1)) ® pr, (LZ") is acyclic. Using
this fact and (4.1.14), we see by induction on e that all sheaves Fyyie r/Fdyr, Where
e >0, are acyclic as well. The long exact cohomology sequence associated to (4.1.13)
shows that, for all e > 0, the canonical map

H' (X, Fap.r) —> H' (X, Fater) (4.1.15)
is an isomorphism for i > 2 and surjective for i = 1. This proves that

H' (X, 23(({’,? ®pr, (LE"))

3We note that, with the convention introduced above, the sheaf F;(r) is not the same as F; ,.
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is a finitely generated o-module, as cohomology commutes with inductive limits on a
noetherian scheme, and Fy, is coherent over Ox.

By Proposition 3.2.1 the sheaf D(m) ®pr,(LE") is a coherent D —module which is

quasi-coherent as Ox-module. By [3], coherent D(() k)Q—modules Wthh are quasi-coherent
as Ox g-modules have vanishing higher cohomology. This implies that

H' (X, Dy} ®pr,(£E"))
is annihilated by a power of p. Analogous to (4.1.11) we have an exact sequence
0— H'(X, Dy} ®pr (LE")) — H'(X,. D) (r)
— H(X, Dy} ® R'pr, (L") — 0.

As we have just seen, the cohomology group on the left is a finite group of p-power order.
Now we consider the cohomology group on the right. Because Rlpr* (L2") is a skyscraper
sheaf, the canonical homomorphism

HO(X, D)) @ HO(X. R'pr, (LE")) — HO(X. DYy ® R'pr, (£LE").
is easily seen to be surjective. This shows that H%(X D(m)®R pr,(L2M) is a
finitely generated module over HO(X, D(()”]’()), but the latter is equal to HO(X,,,D('")),

by Proposition 3.2.1. Therefore, ( D(m)(r)) is also a finitely generated

HO(X,, D(m)) module.
(iii) The proof proceeds by descending induction on i. For i > 2 there is nothing to
show by Lemma 4.1.1. Using Proposition 4.1.7 we obtain a surjection of D(m)—modules

B: (D(m)( r))@s —» & for suitable s and r. The D( )—module R = ker(B) is coherent
too, by Proposition 3.2.1. Because the statement is true for i =2 (for all coherent
D,%()—modules, hence for R), we get from the exact sequence

H' (X, (DY (=1)®") — H (X4, &) > H* (X4, R) =0,
together with part (ii), that the assertion is true for i = 1. O
Proposition 4.1.16. Fizr € Z.
(i) The canonical injective homomorphism
0 ) 0 ') 0 S
HO (%0, Dy () [ HO (K By (1) —> HO (K e (B} 1)

is an isomorphism for d > 0.

(ii) The canonical map of graded abelian groups
gr(HO(X,,, D(m)(r))) — HO(X,,, gr(ﬁl(:}()(r)))

1s injective and its cokernel is finitely generated over o.
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Proof. The arguments are similar to those used in the proof of Proposition 4.1.9 (ii). As
there, put

]:d,r = 5(()}:7()# ®OX Pr*(ﬁ,?r)

Note that HO(Xn, 551"2-(1(”)) = H(X, F,.,), by Proposition 3.2.1. From (4.1.13) we see
that there is a map of exact sequences

0— ]:d—l,r — ]:d,r — (]:d/fd—l)r — 0

2 \: \:
0~ Far — Farrr =~ (Far1/Fa), = 0

where the vertical arrow on the right is the zero map. From this we get a map of long
exact sequences

00— H'(Fy_1,) —— H (Fu,) — H(Fa/Fu-1)r) —= H (Fs-1,,)

l | 2 |-

0 ——— H(Fy4,) — H*(Fas1,)) — H'(Fa1/Fa)r) — H' (Fa,r)
(4.1.17)
(We write H(—) for H' (X, —) here.) There is dy such that for all d > dy one has

H'(X, (Fa/Fa=1)r) =0

and the map H](]:d—l,r) — Hl(]-'d’,) is thus surjective for d > dy. Hence Hl(]-'do_l’r) —
H! (Fa.r) is surjective for d > dy. For d > dy consider the submodules

N, = ker(Hl(]:dO—l‘r) — Hl(]:d,r))

and

Ng = ker(H' (Fa,) = H' (Fas1,0))-
The submodules N/, form an increasing sequence, and since H ! (]:do—L r) is noetherian, this
sequence must be stationary, i.e., there exists d; > dp such that N/, = N[/H_1 foralld > d;.
But then N; = 0 for all d > dj, and the maps Hl(}'d,r) — Hl(]-"d_H,r) are isomorphisms
for d > d;. Now we consider the map 74 in (4.1.17). For d > d; + 1 the map 74 is an
isomorphism, by what we have just seen. Since the map oy in (4.1.17) is the zero map,

we conclude that the map HO((fd/]:d_l),) — Hl(]-'d,,) is the zero map for d > d;| +1,
and the sequence

0 —> HY(Fuo1,) — HY(Fur) — H(Fa/Fa1)r) —> 0

is therefore exact. This proves (i), and (ii) follows immediately from (i). O

Corollary 4.1.18. Let £ be a coherent ’5;"2 -module. Then H°(X,,, &) is a finitely generated
module over HY(X,,, ﬁ%g),
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Proof. Using Proposition 4.1.7 we get an exact sequence of coherent 73%()—modules
0— R — (DM (-r)® — & — 0,
passing to the long exact cohomology sequence gives
0 — HOX, R) = HO (X, (DM (=r)®*) > HOK,, €) = H'(X, R).

By Proposition 4.1.9 the group on the right is a finitely generated H?(X,, 5%3)—module.

Because HO(Xn,ﬁ,(lf';()) is noetherian, cf. Proposition 3.2.1, it follows that im(§) is
also finitely generated over this ring. We are_ therefore reduced to showing that
HO (Xn, D(m)( r)) is a finitely generated H°(X,, D,, r)-module. This is the case if

gr(HO (X, DY (=)
is a finitely generated gr(H O(Xn, 5%3))—module. We know that
HO (%, gr(D,7) (=)

is a finitely generated HO(X,,, gr(ﬁfﬁ)))—module7 by Propositions 3.2.5 and 3.2.1.
By Proposition 3.2.1 we have HO(Xn,gr(ﬁr(ﬁ))) = gr(HO(Xn,ﬁr(:';())), and the injective
canonical map
gr(HO(Xn, D(m)( r)) — HO(XH, gr(ﬁ%())(—r))
is a homomorphism of gr(H%(X,, D%{)))—modules. Because the latter ring is noetherian,
we conclude that gr(HO(X,,, ﬁ,(:;()(—r))) is a finitely generated gr(HO(Xn, ﬁ%g))—module.
O

4.2. Cohomology of coherent @;%)Q-modules
Proposition 4.2.1. * Let £ be a coherent 5%2—module on X, and &= l<i£1j E/pItIE its

p-adic completion, which we consider as a sheaf on X,.
(i) For alli >0 one has H (%,,€) = 1<iI—nj Hi(X,, &/ piTLE).

(ii) For alli > 0 one has H (X,,&) = H (X,,, £).
(iii) HO(%,, &) = lim HO(X,,, &)/ p/ TV HY (X, £).

Proof. (i) Put &; = E/pITIE. Let & be the subsheaf defined by & (U) = E(U)or, where
the right-hand side denotes the group of torsion elements in £(U). This is indeed a
sheaf (and not only a presheaf) because X, is a noetherian space. Furthermore, &
is a D( )—submodule of £. Because the sheaf D( ) has noetherian rings of sections
over open affine subsets of X,,, cf. Proposition 3. 2 1 the submodule & is a coherent
D( )—module & is thus generated by a coherent Ox, -submodule F of &. The submodule
f is annihilated by a fixed power p¢ of p, and so is &. Put G = £/&;, which is again

4Statement and proof are as in [23, 3.2).
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a coherent 73%3—module. Using Proposition 4.1.9, we can then assume, after possibly
replacing ¢ by a larger number, that

(@ p°& =0,

(b) foralli > 0: pHI(X,, &) =0,

(c) foralli > 0: pH (X,,G) =0.

Let j, £ be integers which are greater or equal to ¢. Denote by v, : G — &£ the map induced

by multiplication by pf*!, so that we have an exact sequence
0—G—5E—>&—0, (4.2.2)
where £ = £/p/ +1€. Consider the morphism of two such sequences
0 g ¢ o 0
j o lid l (4.2.3)
0 G——>¢ & 0

We get hence a morphism of long exact sequences

. H' ; . ; . .
H (%, G) — . i, €) — 2 o H (%, 604 ) ——— HH(X,, G)
lp.i lid l)»u_j,g lp./
H (X0, ) — ) B (X, &) — o B (X ) — = HIL(X,. )

(4.2.4)
Because we assume j > ¢ the vertical map on the right is the zero map, and hence
Beoietje =0, which means that im(Aey; ) is contained in im(e). Since Agqj o0 =
a¢, we find that im(Aeq;¢) =im(ae) for all j > c. Therefore, the projective system
(Hi(Xn,Sj))j, with the transition maps given by the A ; with j’ > j, satisfies the
Mittag—Leffler condition for any i > 0.

We now want to apply the proposition [20, Ch. 0, 13.3.1]. The transition maps
of the system (£;); are obviously surjective, which gives the third condition of that
proposition. Moreover, if U C X, is an open affine subset, then we have H!(U, £i)=0
for i > 0, because &; is quasi-coherent over Ox,. This implies the second condition of
that proposition. It follows that the exact sequence

Jj
0— &5 & — & —0

stays exact after taking sections over U. Hence the system (HO(U, & 7)) satisfies the
Mittag—Leffler condition, which, together with the vanishing of higher cohomology on U
observed before, means that the first condition of [20, Ch. 0, 13.3.1] is fulfilled. Because
we have proven above that the system (H! (X, £ 7)) satisfies the Mittag—LefHer condition
for any i > 0, it now follows from [20, Ch. 0, 13.3.1] that for all i > 0

H' (X, &) = lim H' (X, £/p/*'E).
J
Hence we have proved the first assertion.
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(ii) For the second assertion we consider again the diagram (4.2.4) and notice that the
maps H'(vy) are zero maps for i > 0 and £ > ¢, and thus «; is an isomorphism onto its
image, for these i and ¢. Therefore, the projective limit of the (H!(X,, £ 7)) is equal to
H (X,,E) when i > 0.

(iii) As above, we let £, j > ¢ be integers, and we consider the exact sequence

p£+l
0—-&E—>E— & — 0.

This sequence splits into two exact sequences
05& >G>0 and 0G5 E— & — 0.
The long exact cohomology sequences to these sequences begin as follows:
0 — HX. &) — H' & — H'(X,.0) — H'(%,,6)

Ve

0> H'X,,G) — H'X,, &) — H'X,, &) — H'(X,, 0).

From the second of these exact sequences and the morphism of exact sequences (4.2.3)
we obtain the following morphism of exact sequences

00— HY(X,. 0) —L o HOX,, &) — s HOX,, ) — H'(X,,. Q)

TR T

0— HOX,, §) — = HO(X,, &) — 2 HO(X,., &) — P H'(X,, §)

(4.2.5)
The composition vgou is equal to the multiplication by p*!, and we get therefore a
canonical surjection

o0t H'X,, £)/pT HO(X,,, £) = HO(X,, &) /ve(HY (X, ).

The homomorphisms o, form a morphism of projective systems. Because vy is injective,
we have a canonical isomorphism

ker(og) = ve(H (X, )/ p* T HO(X,, €)
= v (H' (X, §))/ve(u(H (X, £)))
~ HY(X,, §)/u(H(X,, €)) = coker(H (u)),

and coker(H%(u)) embeds into H'(X,, G) which is annihilated by p¢. Furthermore, the
morphism of exact sequences

plritl
0 g, £ Eosj 0
RN O T
lerl
0 & & £ & 0
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induces a morphism of short exact sequences

0 — coker(H(u)) — H(X,,, £)/p* PV HO (X, €) — HO(Xy, €)/vesj (H* (X, G) — 0

| l |
0 — coker(H"(u)) —= H(X,,, &)/ p* T HO(X,y, &) — H (X, £)/ve(H (X, G) —= 0
The projective limit l(ir_nlZ ker(og) vanishes thus, and the system (op)y induces an
isomorphism
lim HO(X,,, £)/p"T HO(X,,, ) —> lim H(X,, €) /ve(HO (X, §)
4 4

and, by looking at (4.2.5), we see that the right-hand side is in turn canonically isomorphic
to 1(1an HO(X,, &) = HY(X,,, £), by assertion (i). O

Corollary 4.2.6. The ring HO(%,, @r(l",?) is noetherian.

Proof. This follows from (iii) of the preceding proposition together with Proposition
3.3.3. O

Proposition 4.2.7. Let & be a coherent é(m)-module.

(1) There is ri(&) € Z such that for allr > r1(&) there is s € Zxo and an epimorphism
of Q,E’k)—modules
(Z5 ) =&
(ii) There is r(&) € Z such that for all r = ry(&) and alli > 0
H' (X,, () = 0.

Proof. (i) Because & is a coherent @( )—module and because H(U, @( )) is a noetherian
ring for all open affine subsets U C %n, cf. Proposition 3.3.7, the torsion submodule
& C & is again a coherent @é”,?—module As X, is quasi-compact, there is ¢ € Zxq such
that p€&; =0. Put 4 = &/&; and % =¥ /p¥. For j > ¢ one has an exact sequence

pitl
0% — &1 — & — 0.

We note that the sheaf ¢ is a coherent module over @(m)/ pg(m) Because the canonical
map of sheaves of rings on X,

DU D" — G 1T ") (4.2.8)

(note that the source is a sheaf on X, which is supported on the special fiber and thus
considered a sheaf on X,) is an isomorphism, % can be considered as a module over the
sheaf on the left-hand side of (4.2.8), and thus as a D%g—module. It is then automatically

a coherent 5%3—module. Hence we can apply Proposition 4.1.7 and deduce that there is
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(%) such that for all r > (%) one has H' (X, %/(r)) = 0. The canonical maps
HO(X,, 6j41(r)) — H (X, &(r)) (4.2.9)

are thus surjective for r > (%) and j > c. Snnllarly, &, is a coherent module over
D(m) / pCD(m) module, in particular a coherent D —module By Proposition 4.1.7 there
is r1(<§’) such that for every r > r1(&;) there is s € Z>0 and a surjection

L (DRI DT ).

Let r1(&) = max{r, (%), r1(&.)}, and assume from now on that r > ri(&). Let el, .
be the standard basis of the domain of A, and use (4.2.9) to lift each A(e;), I <1 <, to
an element of -

lim H(X,, 6(r)) = H® (X0, (1)),

J
by Proposition 4.2.1(i). But E(r) = &E(r), and & = &, as follows from [5, 3.2.3(v)]. This
defines a morphism (@Xll{))@S —> &(r) which is surjective because, modulo p€, it is a

surjective morphism of sheaves coming from coherent .@n(f',?—modules by reduction modulo
pe, cf. [5, 3.2.2(ii)].
(ii) We deduce from Propositions 4.1.2 and 4.2.1 that for all i > 0

H (X0, 2% () = 0,

whenever r > rg, where rg is as in Lemma 2.3.5. We prove the statement in (ii) by
descending induction on i. When i > 2 there is nothing to show because X, is a
one-dimensional noetherian space. We now deduce it for i = 1. Using (i) we find an
epimorphism of Z,",’-modules

B (TIN — &(r(&)).
The kernel Z = ker(B) is a coherent @Z’Q—module and we have an exact sequence
0> % — (é,ﬁ',i))@s — EF (&) = 0,
which gives for any ¢ € Z the exact sequence
0= Z(1) — (Z7 )" — £t +r1(8)) — 0. (4.2.10)

Now choose (&) = max{rg +ri(&), rn(#)}, where rg is as before. Then we can conclude
from the long exact cohomology sequence associated to (4.2.10) that for r > ry (&)

H'(%,, &) = 0.

Proposition 4.2.11. Let & be a coherent @rgﬁ)-module.

(i) There is ¢ = c(&) € Lo such that for alli > 0 the cohomology group H(%X,,&) is
annihilated by p¢. Furthermore, it is a finitely generated module over HO(%,, (m))

(i) HO(Xy, &) =lim HO(X,, 6)/p! HO (X, &).
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Proof. (i) There is nothing to show for i > 2. We now deduce the case i =1 from the
case i = 2. Use Proposition 4.2.7(i) to find a surjection of Qéﬁ)-modules

B (Z0 ()P — 6.

Let # =ker(B8) which is again a coherent @fl'f,?-module. Applying the long exact
cohomology sequence to the exact sequence

0— X% —> (ér(:']?(—r))@s — & —0
we find that H!(X,, @g’,?(—r))ges surjects onto H'(X,, &). By Proposition 4.2.1 we have
H' X0, 2 (—1)) = H' (X, DI (=1)),

and this is annihilated by a finite power of p, by Proposition 4.1.9. Furthermore,
H'(X,, Dl(:;()(—r)) is a finitely generated H(X,, D,(li';())-module, by Proposition 4.1.9, and

hence a finitely generated H(X,,, @r(l"}{))—module.

(i) Let & C & be the subsheaf of torsion clements and & = &/&. Then the discussion
in the beginning of the proof of Proposition 4.2.1 shows that there is ¢ € Z>( such that
p¢& = 0. Part (i) gives that p H' (X,, &) = p H'(X,,9) = 0, after possibly increasing c.
Now we can apply the same reasoning as in the proof of Proposition 4.2.1(iii) to conclude
that assertion (ii) is true. O

Proposition 4.2.12. Let & be a coherent @rgf',?-module. Then HO(%,,&) is a finitely
generated HY(%,, .@r(:',?)—module.
Proof. By Proposition 4.2.7 there is an exact sequence of coherent ég’;{)—modules
0— Z— (" (=) — & — 0.
The long exact cohomology sequence begins as follows
0— H'Xy, ) — H' (X, (2% (=1))®") = HOXy. &) — H'(X,, 2).

By Proposition 4.2.11 the group on the right is finitely generated over H(X,, @Z'}()).
Because HO(X,,, @,E'f,?) is noetherian, cf. Corollary 4.2.6,

im(H(X,,, &) — H'(X,, Z))

is finitely generated over HO(X,, “@%{)) as well. It follows from Corollary 4.1.18 and
Proposition 4.2.1 that the group

HO (X, (27 (=) ™)

is finitely generated over HO(X,, ég’,’()), and so is then HY(X,, &). O
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4.2.13. Let Coh(@ ) (respectively Coh(@( Q)) be the category of coherent
@(m)—moduleb (respectlvely @( g-modules). Let Coh(_@,(:'}())(@ be the category of coherent
@X'}g—modules up to isogeny. We recall that this means that Coh(@r(l"';{))Q has the same
class of objects as Coh(éﬁ'f}()), and for any two objects M and N one has

HomCOh@ﬂ))Q (M, N) = HomCoh@’%))(M, N)®7 Q.

Proposition 4.2.14. (i) The functor M > Mg =M®zQ induces an equivalence

between Coh(é(m))@ and Coh(_@( Q)
(ii) For every coherent .@ kg module A there ism = 0 and a coherent 9( k,g-module

My, and an isomorphism of @ Q" -modules
FON @kQ®j(m) % —)%

If (m', My, &) zs another such triple, then there is £ > max{m,m’'} and an
isomorphism of@ %0 -modules

gn(k@‘g’ﬁi’,’? M = B3 0 @y Mo

,D(m’)

such that €' o (1d~ ® 84) =

k,Q

Proof. (i) This is [5, 3.4.5]. Note that the sheaf _@( k) satisfies the conditions in [5, 3.4.1],
by Proposition 3.3.7. We point out that the formal scheme X in [5, § 3.4] is not supposed
to be smooth over a discrete valuation ring, but only locally noetherian, cf. [5, §3.3].
(ii) This is [5, 3.6.2]. In this reference the formal scheme is supposed to be noetherian
and quasi-separated, but not necessarily smooth over a discrete valuation ring. O

Corollary 4.2.15. Let & be a coherent @%{{Q-module. Then H®(%,,&) is a finitely
generated HO(%,, @XQQ)-module.

Proof. By Proposition 4.2.14 there is a coherent 9( k) module .% such that % ®7Q ~ &.
Now we can apply Proposition 4.2.12 to F. O

Theorem 4.2.16. Let & be a coherent éyg",?@—module (respectively _@; i Q-module).

(i) There is r(&) € Z such that for allr > r(&) there is s € Z>o and an epimorphism
of .@,(lf',l())@-modules (respectively .@;,k’(@-modules)

(i)™ 6 (respectively (7], o) = 6).

(ii) For alli > 0 one has H' (%X,, &) = 0.
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Proof. (a) We first show both assertions (i) and (ii) for a coherent @r(l”;(),(@—module &. By
Proposition 4.2.14(i) there is a coherent @r(:';{)—module Z such that .7 @7 Q = &. We use
Proposition 4.2.7 to find for every r > ri (%) a surjection

( <m)( r))GBY — F,

for some s (depending on r). Tensoring with Q gives then the desired surjection onto &
Hence assertion (i). Furthermore, for i > 0

H'(X,.6) = H (X, 7)®2,Q =0,
by Proposition 4.2.11, and this proves (ii).
(b) Now suppose & is a coherent DZkQ—module. By Proposition 4.2.14(ii) there is

m > 0 and a coherent module &, over @r(l”]?@ and an isomorphism of éj: k Q—modules

n,

QT £.Q ®@~r(:;()(@ En — &.

Now use what we have just shown for &, in (a) and get the sought for surjection after
tensoring with @; £.Q" This proves the first assertion. We have

¢ = 9nk@®@“’§»f;>@<fm—gl>riln@ k@®9(”’) gm:zh;)n;&’

where & = @( *0Q ®@(m) &, 1s a coherent @( * Q-module. Then we have for i > 0

H' (X, &) = lim H' (X, £1) =0,
>m

by part (a). And this proves assertion (ii). O

4.3. X, is @y’,’()(@-afﬁne and éTk Q-afﬁne
Proposition 4.3.1. (i) Let & be a coherent Zm n.k.Q -module. Then & is generated by its

global sections as ‘@(k(@ module. Furthermore, & has a resolution by finite free
.@r(:',?@—modules.

(ii) Let & be a coherent .@Tk(@—module Then (9 is generated by its global sections
as 9 50" -module. H(%X,,&) is a H° (%n, kQ) -module of finite presentation.

Furthermore, & has a resolution by finite free @n « Q—modules.

Proof. Using Theorem 4.2.16 we can argue exactly as in [23]. O

4.3.2. The functors foc;mk) and focjl ¢ Let E be a finitely generated
HO%,, .@,(l",?@)—module (respectively a finitely presented HO%,, .@; kyQ)—module). Then
we let . ocflmk) (E) (respectively £ oc}; «(E)) be the sheaf on X, associated to the presheaf

U @(m)Q(U) ®H0(3€ j(m) )E (respectively U +—> @ kQ(U) ®pox, @‘k(@) E).
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It is obvious that .Z ocflmk) (respectively £ ocl ) is a functor from the category of
finitely generated HO(%,, @rgnl?Q)—modules (respectively finitely presented H%(%,, @; k)
-modules) to the category of sheaves of modules over @I%)Q (respectively _@; X Q)'

Theorem 4.3.3. (i) The functors focf:’"k) and HY (respectively focjl’k and H°)
are quasi-inverse equivalences between the categories of finitely generated
H(%,, @(",?Q)-modules and coherent Qi?,i)@-modules (respectively finitely presented

n

Ho(i‘n, @;’k@)—modules and coherent @;’k’Q—modules).

(ii) The functor Eoc,([,”k) (respectively .i”oc;k) is an exact functor.

Proof. The proofs of [23, 5.2.1, 5.2.3] for the first and the second assertion, respectively,
carry over word for word. O

5. Localization of representations of GL,(L)

5.1. Finitely generated modules over compact type algebras

A space of compact type is an L-vector space V = limnEN Vin equal to a locally convex
inductive limit over a countable system of Banach spaces V,,, where the transition maps
Vim = Viut1 are injective compact linear maps [14, Definition 1.1.16]. Any space of
compact type is Hausdorff. A compact type topological algebra (for short, a compact
type algebra) is a topological L-algebra A = li_r)nm A, equal to a locally convex inductive
limit of Banach algebras A, with injective, continuous, compact linear and multiplicative
transition maps A, — A4 [15, Definition 2.3.1]. We have the following generalization
of [38, Proposition 2.1]. All modules are left modules.

Proposition 5.1.1. Let A = 1'11)1”! A be a compact type algebra with noetherian Banach
algebras A, .

(i) Each finitely generated A-module M carries a unique compact type topology (called
its canonical topology) M = h_r)nm M,, such that the A-module structure map A X
M — M becomes continuous; each M,, can be chosen to be a finitely generated
A -submodule of M.

(ii) every finitely generated A-submodule of M is closed in the canonical topology;
(iil) any linear map between finitely generated A-modules is continuous and strict with

closed image for the canonical topologies;

(iv) if M admits a finite presentation A®S — A®" —f> M — 0, then the quotient topology
on M >~ A% /ker(f) coincides with the canonical topology.

Proof. (i) Let x1, ..., x, be generators for M and put M,, := ) _; Amx;i C M. According to
[38, Proposition 2.1] the A,,-module M,, has a unique structure as Banach module and the
natural injection M,, — M,,+ is continuous. Moreover, the latter injection is a compact
linear map as follows from the compactness of A,, — A+ along the lines of the proof
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of [38, Lemma 6.1]. Hence, the inductive limit topology on M = limm M,, is as claimed
and it remains to show uniqueness. However, if M has a second such topology, say t,
then each inclusion M, — M?T is continuous. The identity map M — MT is therefore
a continuous bijection. By the open mapping theorem, in the version of [14, Theorem
1.1.17], it is therefore strict. Thus, it is a topological isomorphism. This shows (i).

(ii) If N € M is any submodule of M, then N, := M,, NN is a submodule of the
Ap-module M, and hence closed by [38, Proposition 2.1]. The inductive limit topology
on N' = lim N, makes the natural map N " — M a closed embedding [14, Proposition
1.1.41]. However, if N is finitely generated, then N = N’ which proves (ii).

(iii) Given a linear map f: M — N between finitely generated modules, we have
f(M,;) € Ny, for all large enough m. For such m, the induced map f,, : M, = N, is
continuous, cf. [38, Proposition 2.1], and hence, so is f = lim =~ fn. The image im(f) C N
is closed by (ii). Moreover, f : M — im(f) is a continuous surjection and therefore strict
by [14, Theorem 1.1.7]. This proves (iii).

(iv) According to (ii) the submodule ker(f) € A®" is closed and the quotient topology
on M >~ A®" /ker(f) is therefore of compact type, cf. [37, Proposition 1.2]. Since it makes
the A-module structure map A x M — M continuous, it must coincide with the canonical
topology by the uniqueness part in (i). O

Remark 5.1.2. Suppose there is a central ideal I, C A,, for each m with 1,11 = Ajpy1ln
and I,+1NA,; = I,. This yields a central ideal I C A with A/l = h_n)lm Am/In. The
algebra A/I is then a compact type algebra.

We need the following lemma which justifies the replacement of completed tensor
products which occur in certain situations when working with weak Fréchet—Stein
structures, cf. [14, Definition 1.2.6], by ordinary tensor products. The key point here
is that we consider finitely presented modules over compact type algebras A =lim A,
with noetherian defining Banach algebras A,. Recall that, if A is a locally convex
topological algebra and M is a locally convex topological module, then M is said to
be a finitely generated topological module, if there is an A-module map A®" — M, which
is a continuous and strict surjection [14, Definition 1.2.1]. In this situation, the module
is called a finitely generated free topological module if the map A®" — M is additionally
injective, i.e., a topological isomorphism. Finally, given a continuous homomorphism
between locally convex topological L-algebras A — B and a locally convex topological
A-module M, the completed tensor product B&4M will always be understood as in
[14, Lemma 1.2.3], i.e., by regarding B®4 M as a quotient of B ®; , M°, giving it the
quotient topology and then forming the Hausdorff completion.

Lemma 5.1.3. Let A’ and B’ be compact type algebras with noetherian defining Banach
algebras. Let further A’ C A (respectively B’ C B) be a topological algebra which is a
finitely generated free topological module over A’ (respectively B'). Let A — B be a

continuous homomorphism. Suppose M is a finitely presented (abstract) A-module. Giving

5The symbol ®;, ; refers to the projective tensor product, cf. [14, (0.9)].
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M its canonical topology as finitely generated A’-module, the natural map B®a M =
B®aM is bijective.

Proof. We choose a finite presentation of the A-module M

R) A% a4 Loy

This is a finite presentation of M as A’-module, so that the map f is in fact strict
by Proposition 5.1.1. This shows that M is a finitely generated topological A-module.
According to [14, Proposition 1.2.5], the natural map B ®a M — B®&4M is surjective
and the map B ® f occurring in

BoR) B* > B¥ " pe,M >0

is strict. It remains to see that B ® 4 M is Hausdorff. But B ®4 M is a finitely presented
B-module and therefore has its canonical topology as finitely generated B’-module. Since
B ® R is a finite presentation of B ®4 M as B’-module, the map B ® f is a strict surjection
for the canonical topology, again by Proposition 5.1.1. Hence the original topology on
B ®4 M coincides with the canonical topology and hence, is Hausdorff. O

5.2. Modules over D*(G(n)°)g,

We apply these considerations to the algebra of global sections HO(%n,§; n@).
Recall that it is canonically isomorphic to the coherent L-algebra D*(G(n)°)g,, cf.
Proposition 3.3.7.

Lemma 5.2.1. The algebras D*™(G(n)°) and D*(G(n)°)g, are compact type algebras with
noetherian defining Banach algebras.

Proof. The discussion in [27, 5.3] applied to the smooth and affine o-group scheme G(n)
shows the property for D*(G(n)°). According to the remark after Proposition 5.1.1 the
property then passes to the central reduction D*"(G(n)°)g,. O

We consider the locally L-analytic compact group Go = GLy(0) with its series of
congruence subgroups G,+1 = G(n)°(L). The group Gg acts by translations on the space
CS(Gy, L) of continuous L-valued functions. Following [14, (5.3)] let D(G(n)°, Gy) be
the strong dual of the space of G(n)°-analytic vectors

D(G(n)°, Go) := (C*(Go, L)G(me—an)}-
It is a locally convex topological L-algebra naturally isomorphic to the crossed product
of the ring D*(G(n)°) with the finite group Go/Gp+1. In particular,
DG, G= P D" Gm°) 5, (5.2.2)
8€Go/Gny1
is a finitely generated free topological module over D*(G(n)°). Denoting by C%(Gy, L)

the space of L-valued locally analytic functions and dualizing the isomorphism

lim C(Go, L)ge—an —> C*(Go, L)

n
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yields an isomorphism of topological algebras

D(Gy) — l(ir_nD(G(n)c’, Go).
n
This is the weak Fréchet—Stein structure on the locally analytic distribution algebra
D(Gy) = D(Gy, L) as introduced by Emerton in [14, Proposition 5.3.1]. In an obviously
similar manner, we may construct the ring D(G(n)°, Go)g, and obtain an isomorphism
D(Go)gy — lim D(G(n)°, Go)g,-

We consider an admissible locally analytic Gg-representation V. its coadmissible
module M :=V, and its subspace of G(n)°-analytic vectors Vguye—an € V. The latter
subspace is naturally a nuclear Fréchet space [14, Lemma 6.1.6] and we let (Vgne—an))
be its strong dual. It is a space of compact type and a topological D(G(n)°, Gg)-module
which is finitely generated [14, Lemma 6.1.13]. According to [14, Theorem 6.1.20] the
modules M, := (Vgmyo—an) form a (D(G(n)°, Go))nen-sequence, in the sense of [14,
Definition 1.3.8], for the coadmissible module M relative to the weak Fréchet—Stein
structure on D(Gy). This implies that one has

M, = D(G(n)°, Go)®pGyM (5.2.3)

as D(G(n)°, Gg)-modules for any n. Furthermore, there are natural isomorphisms
D(G(n—1)°, GO)®DGn)»,Go) My —> My_1,

of D(G(n—1)° Gp)-modules for any n. Here, the completed tensor product are
understood in the sense of [14, Lemma 1.2.3] as we have explained above. We have
the following slight refinements of these results.

Lemma 5.2.4. (i) The D(G(n)°, Go)-module M, is finitely presented.

(ii) The natural map

DG —1)°, Go) @D Gnye.Gy) Mn —> D(G(n — 1)°, Go)®p(Gnye.Goy M
1s bijective.

Proof. (i) Let (M))nen be any (D(G(n)°, Go))nen-sequence for the Fréchet—Stein
structure of D(Gy) exhibited in [14, Corollary 5.3.19]. Fix a number n. The space
M), is a finitely generated module over the noetherian Banach algebra A equal to the
crossed product of D*™(G(n)°)) | the level-m, part of D*(G(n)°), with the finite group
Go/Gp+1. Here, m, is a sequence of natural numbers with m, — oo for n — oco. In
particular,

M,/l =AQpGy M = A®D(G0)M. (5.2.5)

The algebra A is naturally contained in B := D(G(n)°, Go) as shown in [14, equation
(5.3.20)]. By (5.2.3) and (5.2.5) we have M, = B&®sM,. However, M/ is a finitely
presented A-module and the topological algebras A and B satisfy the assumptions of
Lemma 5.1.3: take A’ = A and B’ = D*(G(n)°), cf. (5.2.2). Hence, the natural map

B®a M, —> B&, M is bijective. This proves (i).
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(ii) The D(G(n)°, Go)-module M, is finitely presented according to (i). As we have
indicated above, M, is a space of compact type and a topological D(G(n)°, Gg)-module.
By the uniqueness part in Proposition 5.1.1 its topology therefore coincides with
the canonical topology as finitely generated D*"(G(n)°)-module. The assertion follows
therefore from Lemma 5.1.3. O

Remark: These results have obvious analogues when the character 6y is involved.

5.3. The functor Loc'

For every n > 0 we put @;Q = é;n o and we denote the functor focjm by focz in
the following. The group Go = GL,(0) acts on the formal scheme X,, and there is an
induced (left) action of Gy on the sheaf @T Given g € Go and a local section s of

.@ Q! there is thus a local section g.s of .@T We can then consider the abelian category

Coh(@ oL Go) of (left) Gop-equivariant coherent .@T Q—modules Furthermore, the group
G,+1 is contained in D*(G(n)°) ab a set of delta distributions, and for & € G4+ we
write 8, for its image in HO(X,, 2 A Q) = D*™(G(n)°)g,. For g € Go, h € G,41, we have

8-8n = Bgpg-1, and for a local section s of @n,Q we have then the relation

g:(51) = (2:5)(2:81) = (8581 (5.3.1)

We denote by pr, :=pr, ,_; the blow-up morphism X, — X,_;. There is a natural
morphism of sheaves of rings

(Prn)*é,];@ — é;_l,(@ (5.3.2)
which is Gg-equivariant. Given a coherent éj Q-module M, the éj—l Q-module
7l
T80 ®. 1, PEl
is Go-equivariant via g.(s®m) = (g.s) ® (g.m) for local sections s,m and g € Gy.

Consider its submodule R, locally generated by all elements s, @ m —s ® (h.m) for
h € G,. Because of (5.3.1) the submodule R,_; is Go-stable. We put
73
Z1-1,0 ®pr, . 5! 3G (P Yoln = (7, Q®0r. 7, P tln) [ R

Definition 5.3.3. A Gg-equivariant coadmissible module on X := lim X, consists of a

family .# := (My,;)nen of objects A, € Coh(@ Q Go) together w1th 1somorph1§ms
n— 1Q®(pr ) @IQ G (pl"n)*.ﬁ _> %}’l 1 (534)
of Gog-equivariant é:{_l@—modules for all m > 1.

A morphism .Z — .4 between two such modules consists of morphisms .#, — .4, in
Coh(@l Q G) compatible with the isomorphisms above.
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Let .# be a Gg-equivariant coadmissible module on Xs. The isomorphisms
(5.3.4) induce morphisms (pr,)«.#, — #,—1 having global sections HY(X,, #,) —
HO%,_1, #,_1). We let

HO(Xoo, M) = lim HO (X, 4y).

On the other hand, we consider the category of coadmissible D(Gg)g,-modules. Given
such a module M we have its associated admissible locally analytic Go-representation
V = M, together with its subspace of G(n)°-analytic vectors Vgm)e—an. The latter
is stable under the Gyg-action and its dual M, = (VG(n)"—an);, is a finitely presented
D(G(n)°, Go)g,-module, cf. Lemma 5.2.4.

According to Theorem 4.3.3 we have the coherent @; Q—module

.,%OC;(M;,) = .@:l’(@ ®Da"(G(n)°)90 Mn
on X,. Using the contragredient Gg-action on the dual space M,, we put

g-(s®@m) = (g.5) ®(g.m)

for g € Go,m € M,, and a local section s. In this way, ,Zocl (M,) becomes an object of
Coh(Z] . Go).

Proposition 5.3.5. (i) The family ﬁocZ(Mn),n eN, forms a Go-equivariant
coadmissible module on Xoo. Call it Loc'(M). The formation of Loc' (M) is
functorial in M.

(ii) The functors ZLoc' and H*(Xso,-) are quasi-inverse equivalences between the
categories of coadmissible D(Go)g,-modules and Go-equivariant coadmissible
modules on X .

Proof. We let H, := G, /G,+1 and we denote a system of representatives in G, for the
cosets in H, by the same symbol. For simplicity, we abbreviate in this proof

D(n) := D*"(G(n)°)q, and D(n, Go) := D(G(n)°, Go)g,-

We have the natural inclusion D(n) < D(n, Gp) from (5.2.2) which is compatible
with variation in n. Now suppose M is a D(n, Gp)-module. We then have the free
D(n — 1)-module
D(n — 1)®M>xHn

on a basis e, indexed by the elements (m,h) of the set M x H,. Its formation is
functorial in M: if M’ is another module and f: M — M’ a linear map, then e, , —
efm),n induces a linear map between the corresponding free modules. The free module
comes with a linear map

fu: Dn— D . D — 1) @puy M

given by
@ )\m,hem,h = ()\m,hah) ®m — )\m,h ® (h-m)
(m,h)
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for A.p € D(n—1) where we consider M a D(n)-module via the inclusion D(n) —
D(n, Gg). The map is visibly functorial in M and gives rise to the sequence of linear
maps

D(n— 1Mt I b 1y @p MY D~ 1, Go) ® .oy M — 0

where the second map is induced from the inclusion D(n) < D(n, Gg). The sequence is
functorial in M, since so are both occurring maps.

Claim 1: If M is a finitely presented D(n, Go)-module, then the above sequence is exact.

Proof. We show ker(cany;) C im(fyr), the rest is clear. Choose a finite presentation of
the D(n, Gg)-module M. Since the sequence is functorial in M, we obtain a commutative
diagram with exact columns. The 3 x 3-lemma reduces us to the case of a finite free
module M = D(n, Go)®". Since it suffices to see that ker(canys) lies in the submodule

generated by the images of the elements ey, j, for generators my, ..., m, of M and h € H,,
we are further reduced to the case r = 1. In this case the statement follows directly from
(5.2.2). O

Claim 2: Suppose M is a finitely presented D(n)-module and let A = focj; (M). The
natural morphism

3062_1(0(11 - 1) ®pm M) = @Ll (pr,)) st

0 ®r,). 71
is bijective.
Proof. We have the equality of sheaves on X,_;

R (pr,)« 7™ = R (pr,), D™ = 0 (5.3.6)

for any m. Indeed, it suffices to verify this over affine open neighborhoods U of points
PeXM (Fy). A Cech cohomology argument as in the proof of Lemma 2.3.4 shows that

H (pr, ' (U), T3 =0
for any d > 0. The cohomology sequence associated to the exact sequence of sheaves over
pr, ' (U)
= (m) S 44 s
m m *
0—D =D~ o T2 — 0,
cf. Proposition 3.2.1, shows by induction on d that
Lo —1 Dm) N\
H' (pr; '), D™ ) =0
for any d > 0. Passing to the inductive limit over d gives
H'(pr,'(U), D) = 0. (5.3.7)

In particular, Rl(prn)*ﬁ,(ﬂ,) =0.Let V = prn_1 (U) and let V; be the reduction of U modulo
p/T1. We may now argue as in the proof of (i) and (ii) of Proposition 4.2.1: using (5.3.7)
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together with a commutative diagram similar to (4.2.4) shows that the projective limit
of the system

(H'(v;, D)/ pI D) >0
is equal to H'(V, D(m)) and that the system

(HO(V;, D)/ p T DIY) 0
satisfies the Mittag—Leffler condition. The latter condition allows us to apply [20, Ch. 0,
13.3.1] where we use a base for the topology of V consisting of open affines. This yields
a bijection between the projective limit of the Hl(Vj, 5,(1@,)/pj+1’D(m)) and H'(V, @,2”,’,))
This completes the proof of (5.3. 6) We conclude by inverting p and passing to the
inductive limit over m that R! (pr,)« .@ Q= 0. Moreover, since X,, is a noetherian space of
dimension one, we have R?(pr, )& = 0 for any abelian sheaf & on X, by Grothendieck’s
vanishing theorem. According to Theorem 4.3.3, we therefore have R!(pr,).& =0 for
any coherent @T -module &, in other words, the functor (pr,). is right exact on such
modules. Choosmg a finite presentation of M reduces us now to the case M = D(n) which
is obvious. ]

Now let M be a finitely presented D(n, Gg)-module. Let my, ..., m, be generators for
M as a D(n)-module. We have a sequence of D(n — 1)-modules

f/
P D — Demn = Dn—1)@puy M =¥ D(n—1,Go) ®p.cp) M —> 0.
i,h

where f;, denotes the restriction of the map fj to the free submodule of D(n — 1)®M > Hy
generated by the finitely many vectors e, n,i=1,...,r, h € H,. Since im(f},) =
im( fy) the sequence is exact by the first claim. Since it consists of finitely presented
D(n — 1)-modules, we may apply the exact functor .i”oc;_ | to it. By the second claim,
we get an exact sequence

D1 ™"™ > Ty 10 B pr,. 5 o Prn)etl = Zoc_|(D(n—1,Go) @b, M) = 0,

where 4 =% ocl (M). The cokernel of the first map in this sequence equals by definition

7l -
@n 1,Q (prn)*QJVQ,G,, (pr")*%

whence an isomorphism

7

1-1.0 ®pr,), 5 .G, Pl —> ZLoc)_|(D(n—1,G0) ®pw.Go M)-

This implies both parts of the proposition. O

5.4. The functor focio and GL,(L)-equivariance

Let G := GLa(L). Denote the canonical projection map Xo, — X, by sp, for each n. We
define the following sheaf of rings on X. Assume V C X, is an open subset of the form
spj_\,1 (U) with an open subset U C Xy for some N. We have that

sp, (V) = pr, (V)
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for any n > N and so, in particular, sp,(V) C X, is an open subset for these n. Moreover,

pr, 1 (sp,_1 (V) = sp, (V)

for all n > N. The morphism (5.3.2) induces the ring homomorphism

7} o Pa(V)) = (01, - )+ D) (D1 (V) = D} o (sp,_1 (V) (5.4.1)

for all n > N and we form the projective limit

T o(V) = lim Z] (sp, (V)
n>N

over all these maps. The open subsets of the form V form a basis for the topology on
Xoo and _@T 0 is a presheaf on this basis. We denote the associated sheaf on X by the

symbol .@T as well. It is a Go-equivariant sheaf of rings on X.

Suppose /// (M) is a Gy-equivariant coadmissible module on X as defined in the
previous subsection. The isomorphisms (5.3.4) induce Gog-equivariant maps (pr,,)«.#, —
My—1 which are linear relative to the morphism (5.3.2). In a completely analogous manner
as above, we obtain a sheaf #, on X. It is a Go-equivariant (left) @;O’Q—module on
X~ whose formation is functorial in .Z .

Proposition 5.4.2. The functor # — Moo from Go-equivariant coadmissible modules on
Xoo to Go-equivariant 2 %0.Q -modules is a fully faithful embedding.

Proof. We have sp,(Xs) = X, for all n. The global sections of M, are therefore equal
to

I (Xoo, Moo) = UM T (X, M) = H (X, M)

in the notation of the previous section. Thus, the functor Loc’ o'(Xso, —) is a left
quasi-inverse according to Proposition 5.3.5. O

We tentatively call the abelian subcategory of all Gg-equivariant (left) @T —modules
equal to the essential image of the functor (-)eoc the coadmissible Go equlvarlant
.@T Q—modules We denote by .,ZﬂocT the composite of the functor ZLoc’ with (-)eo.

5.4.3. The Go-action on the space X admits a natural extension to an action of the
full group G. Indeed, let 7 be the Bruhat—Tits tree for the group PGL, (L) with its natural
G-action. Its vertexes correspond to the homothety classes of lattices A ¢ L®2. Given a
vertex v € T we denote by |7 (v)|<, C T the set of points whose distance to v is less or
equal to n. There is a unique maximal compact subgroup G, C G fixing the vertex v.
We denote by v the vertex corresponding to the class of the standard lattice Ag = 0 @ 0.
In this case Gy, = Go. As mentioned in §2.1, all constructions in §§2-4 are associated
to the standard lattice Ay but can be done canonically for (the homothety class of) an
arbitrary lattice A ¢ L®2. We distinguish the various constructions from each other by
adding the corresponding vertex v = [A] to them, i.e., we write X, (v), X,(v), @Z’}()(U)
and so on.
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An element g € G induces a morphism
Xo(v) = Proj(A) —> Proj(gA) = Xo(gv)

which satisfies (gh). = (g.)o(h.) and 1. =1id for g, h € G. By the universal property of

blow-up, this induces a morphism X, (v) N X, (gv) compatible with variation in n. These
morphisms pass to the formal completions X, (v). Given an inclusion

I TWl<n S IT O <w

the space X, (v') equals the blow-up of X, (v) in the Fy-valued points of X, (v)*™ which
correspond to the vertexes in the complement of |7 (v)|<, in [T (v')| <. The action of G is
compatible with the blow-up morphism. The same holds for the formal completions. We
obtain thus a G-action on the projective limit over all X, (v). Since a given set |7 (v)|g, is
contained in |7 (vo)|<, for large enough n’, this projective limit equals X« by cofinality.
We thus have indeed a natural G-action on X.

We note that, by definition of the action, there is an equality

SPn,gv(8-V) = &8P, (V) (5.4.4)

in X, (g.v) for any subset V € X and the specialization map sp,, , : Xoo = Xn(v).

Proposition 5.4.5. The Go-equivariant structure on the sheaf .@;LOQ extends to a
G -equivariant structure.

Proof. Let g € G. The isomorphism X, (v) —> X,(gv) induces a ring isomorphism
I} o) <> T (gv)(5.U) (5.4.6)

for any open subset U C X,,(v). In particular, for an open subset V C X of the form
V= sp&lv (U) with U € Xy (v) open, this gives a ring homomorphism for n > N

D} WP, (V) <> T (80)(8:5p, ,(V)) = T (80)(5P,, 0 (V) (5.4.7)
where we have used (5.4.4). Given an inclusion |7 (v)|<, S |7 (V)| the blow-up
morphism

Pro v, (n,v) - :{n’(v/) — X, (v)
induces a morphism of sheaves of rings
(Pr v, (.0 Dy 0 —> D} () (5.4.8)

in a manner analogous to (5.3.2). Indeed, let G, denote the smooth affine Bruhat-Tits
group scheme over o associated with the vertex v and let g, be its Lie algebra. From the
commutative diagram

Lie(Gy(n)) = @" gy —> HO (X (), T, uryie)

l !
LieGy(n) = w"gy —> HO(X, (), Ty, uyor)
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we deduce a morphism

(pr(n ), (n, v))* ,m,(v ) — T(m)(v)

for any m. Passing to differential operators yields the claimed morphism.
Given V C Xy of the form V = spr{]f)(U) with an open set U C X;(v), the morphism
(5.4. 8) induces a ring homomorphism

F, 0@ Y6 (VD) = 0T 1y 0. T )P0 (VD) = T o (@) (5P, (V) (5.4.9)
whenever there are inclusions
IT@<i SITWI<n ST
and we may form the projective limit

(lg_m) 7} o) (sp, (V).

However, again by cofinality, this projective limit equals égo Q(V). Since the
homomorphism (5.4.7) is compatible with variation in n we deduce for a given g € G
a ring homomorphism

Tl oV) = 1im Zf o @)(sp, o (V) 5 im G 0 (80)(5p, ¢, (8V)) = T o(8V).
(n v) (n gv)

It implies that the sheaf .@;o Q is G-equivariant. It is clear from the construction that the
G-equivariant structure extends the Go-structure. O

A pair consisting of a coadmissible Gg-equivariant .@T -module M together with a
G-action on M which extends its Go-action will be called a coadmissible G-equivariant
.@;Q—module In the following we simply write M for such a pair, the G-action being
understood.

Theorem 5.4.10. The functors foclo and T'(Xs0, ) are quasi-inverse equivalences
between the categories of coadmissible D(Go)g,-modules and coadmissible Go-equivariant
@;O Q—modules. They lift to quasi-inverse equivalences between the categories of

coadmissible D(G)g,-modules and coadmissible G-equivariant .@T Q -modules (also

denoted by .foclo and I'(X oo, ) ). We thus have a commutative diagram of functors

~

coadmissible Locl, coadmissible G — equiv.
> ot
D(G)g, — modules @oo@ — modules

| |

coadmissible Locl, coadmissible Go — equiv.
D(Go)g, — modules @ZO,Q — modules

~

where the left-hand wvertical arrow is the restriction functor coming from the
homomorphism D(Go)g, — D(G)g, and the right-hand wvertical arrow is the forgetful
functor.
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Proof. We only need to show the second statement. It is clear that a coadmissible
D(Gg)g,-module which comes from a coadmissible G-equivariant .@;YQ—module is a
D(G)g,-module. For the converse, we consider a vertex v € 7 and the corresponding
localization functor ‘Zocl’@(v) which is an equivalence between finitely presented

D" (Gy(n)°)g,-modules and coherent @;Q(v)—modules on X,(v). Here, G, denotes the
smooth affine Bruhat—Tits group scheme over o associated with the vertex v. The adjoint
action of G on its Lie algebra induces a ring isomorphism
D™(Gy(n)°) & D™ (Gyy(n)°) (5.4.11)
for any g € G. Now consider a coadmissible D(G)g,-module M with dual space V = M’.
We have the family () n,v) Where
My = ZLoc) o (0)(Myy) = D () ®Dan (&, m2)5, Mn.v

and My, = (Vg,my°—an)’- Let g € G. The map m + gm on M induces a map M, , —
M, ¢, which is linear relative to (5.4.11). We therefore have for any open subset U C X, (v)
a homomorphism

MUY 5 My 00 (8.U)

which is induced by the map
s@mi— (g.5) ® gm

for s € @;Q(v)(U), m € M, , and where g. is the ring isomorphism (5.4.6). In particular,

for an open subset V C X of the form V = sp;,’lv(U) with U € Xy (v) open, this gives
a homomorphism for n > N

%n,v(spn)v(v)) i) %H,gv(g'spn,v(v)) = %n,gv(spn)gv(gv)) (5412)

which is linear relative to the ring homomorphism (5.4.7).
Now for every inclusion

ITWl<n ST I<ws

we have a morphism
(pr(n/‘v/))(n’v))*///,,/,vr —> .ﬂn’v (5413)

compatible with the morphism of rings (5.4.8) as follows. First of all, one has
(P 0y, )5 (L0CS WYMo 1)) = ((OF 1y (005D o (0))) @D (G 15, M

which can be proved along the lines of claim 2 in the proof of Proposition 5.3.5. Moreover,
we have inclusions G, (n") € G,(n) and thus

VGU(n)(’fan - V(Gv/(n’)"—an-
The dual map M,y — M, , is linear relative to the natural inclusion
D (Gy (n')°) = DGy (m)°).

The latter inclusion is compatible with the morphism of rings (5.4.8) via taking global
sections. Hence, we have a morphism (5.4.13) as claimed. We now have everything at
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hand to follow the arguments in the proof of the preceding proposition word for word
and to conclude that the projective limit .#4 has a G-action which extends its Gg-action
and which makes it a G-equivariant @;Q—module. This completes the proof of the
theorem. O

Remark. Let L C K be a complete and discretely valued extension field. If we consider
tbe K—algebrgs D(G(k)°)QLK, D(Gy)®LK etc. as well as the sheaves of K-algebras
@r(:yllc),(@@L K, .@Zyk Q®LK, then there are obvious versions 'over K’ of the Theorems 4.3.3
and 5.4.10.

6. Examples of localizations

6.1. Smooth representations

If V is a smooth G-representation (i.e., the stabilizer of each vector v € V is an open
subgroup of G), then Vgmo—an equals the space of fixed vectors VGnt1 in V under the
action of the compact subgroup Gp+1. Suppose V is admissible (i.e., the vector space
VGntl is finite-dimensional). Since gV = 0, one finds

ZLock(VI1Y) = Ox, g @1 (VO (6.1.1)

where G acts diagonally and éjz  acts through its natural action on Ox, q.

6.2. Representations attached to U(g)-modules

In this section, we compute the Go-equivariant coadmissible module Zoc’(M) on Xs0
for a class of coadmissible D(G)-modules M related to the pair (g, B). Here B € GL, 1,
denotes the Borel subgroup of upper triangular matrixes and B denotes its group of
L-rational points. Let b be its Lie algebra. Let T C B be the subgroup of diagonal
matrixes with Lie algebra t.

Let L C K be a complete and discretely valued extension field. To simplify notation, we
make the convention that, when dealing with universal enveloping algebras, distribution
algebras, differential operators etc. we write U(g), D(Gy), .@T’k’(@ etc. to denote the

n
corresponding objects after base change to K, i.e., what is precisely U(gg), D(Go)&®r K,
é;’k’Qé)LK and so on (compare also final remark in §5).
The group G and its subgroup B act via the adjoint representation on U (g) and we
denote by
D(g, B) := D(B) Qu(p) U(9) (6.2.1)

the corresponding skew-product ring. The skew multiplication here is induced by
By ®x") - (85 @ x) = 8pyp ® 81 (x")x

for b, b’ € B and x, x’ € U(g). If A denotes a locally analytic character of B, then we have
a canonical algebra isomorphism

D(g, B)/D(g, B)I(») = U(g)/U(@)I(dA) (6.2.2)

where I (L) respectively I(dA) denote the ideals equal to the kernel of D(B) 2K
respectively b A K. Replacing B by Byp= BN Gp, we obtain a skew-product ring
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D(g, Bog) with similar properties. Given a D(g, B)-module M one has
D(G) ®p(g,5) M = D(Go) ®p(g,By) M (6.2.3)
as D(Go)-modules [35, 4.2]. We consider the functor
M= M:=D(G)®p,p M

from D(g, B)-modules to D(G)-modules [32]. If M is finitely generated as U (g)-module,
then M is coadmissible by [35, 4.3]. From now on we assume that M is a finitely generated
U(g)-module. We let V := M be the locally analytic G-representation corresponding to
M and denote by

M, = (VG(H)O—'AH);)
the dual of the subspace of its G(n)°-analytic vectors. According to Lemma 5.2.4 the
D(G(n)°, Gg)-module M,, is finitely presented and has its canonical topology.

Lemma 6.2.4. The canonical map
D(G(n)°, Go) ®p(Gy M —> M,

s an tsomorphism.

Proof. It suffices to show that the left-hand side is complete. We have
D(G®)°, Go) ®piGy) M = D(G(n)°, Go) ®p(g,By) M,

according to (6.2.3). The group By is topologically finitely generated. As in the proof of
[35, 4.3] we may write the module D(G(n)°, Go) ® p(G,) M as the quotient of the finitely
presented module D(G(n)°, Go) ®u(g) M by a finitely generated submodule. By (ii) of
Proposition 5.1.1, this quotient is complete. O

Recall the congruence subgroup Gp+; = G(n)°(L) of Go. Put Bu+1 := G,+1 N By.
The corresponding skew-product ring D(g, B,+1) is contained in D' (G(n)°) according
to (5.2.2). Let C(n) be a system of representatives in Gg containing 1 for the
residue classes in Go/Gp+1 modulo the subgroup By/B,+1. Note that for an element
g € Go and a D (G(n)°)-submodule N of D(Go), the abelian group §,N is again
a D (G(n)°)-submodule because of the formula xd8, = SgAd(g_l)(x) for any x €
D" (G(n)°).

Lemma 6.2.5. The natural map of (D™ (G(n)°), D(g, By))-bimodules

Y P 8. (D" (G)°) ®pig.5,.1) P(@. Bo) — D(G(n)°, Go)
geC(n)

is an isomorphism.

Proof. Since Lie(B,+1) = Lie(Bp) = b, the definition (6.2.1) implies that D(g, Bp) equals
the direct sum over By/Bp4+1 copies of D(g, By+1). Hence, (5.2.2) implies the claim. O
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The two lemmas allow us to write
M, = D 8D G @50 M) = P 8M;"
geC(n) geC(n)
as modules over D (G(n)°). Here
M;" == D" (G(n)°) ®p(g,B,s1) M,

a finitely presented D*(G(n)°)-module. If M has character 6y, so has M". As explained
above, the ‘twisted’ module §; M " can and will be viewed as having the same underlying
group as MJ" but with an action of D (G(n)°) pulled-back by the automorphism
Ad(g™1). Since the adjoint action of Gq fixes the center in U(g), the character of the
module §g M" (if existing) does not depend on g.

If M has character 6y, then the @T —module .,SﬂocT (BgM7") on X, can be described
as follows. For any g € Go let g denote the direct image functor coming from the
automorphism g of X,. If N denotes a (coherent) @; -module, then g, N is a (coherent)

.@I’Q—module via the isomorphism .@JQ = g*.@rl’@.

Lemma 6.2.6. One has
Locl (6 MI") = 8. Loch(MI™) = 8u(7] o ®D(g.By1) M)

n,
Proof. The second identity follows from the definition of foc by contracting tensor

products. The automorphism QTQ N g*.@*(@ equals Ad(g~!) on global sections.
The 1dent1ty map is a D“"(G(n) )-linear isomorphism between the global sections of
Locl(8,MI") and g.Loc) (M. Since both sheaves are coherent .@n’ -modules, the
isomorphism extends to the sheaves by Theorem 4.3.3. O

Since Loc] commutes with direct sums the lemma implies

ZociMn) = P 87} o ®p.5,11) M)
geC(n)

as @;’Q—modules. Of course, XOCZ(M,,) is Go-equivariant and the collection of the

,Zoc;:(Mn) for all n, is equal to the Gg-equivariant coadmissible module on X
corresponding to M by the equivalence Proposition 5.3.5.

6.3. Principal series representations

6.3.1. A general formula. Let A be a locally analytic K-valued character of T,
viewed as a character of B. Let

M) = U(g) Quw) Kax

be the induced module. Then M (1) is a D(g, B)-module [35]. Let M()) be the coadmissible
D(G)-module associated with M (A). Its dual equals the locally analytic principal series
representation

=d§(0."Y = {f € C'(G, K) : f(gh) =r(b)f(g) forall g € G,b € B)
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with G acting by left translations. Here, C'(-, K) denotes K-valued locally analytic
functions. We now choose n large enough such that the restriction of A to T NGy
is T(n)°-analytic. Denote by U~ the unipotent radical of the Borel subgroup scheme
opposite to B. Restriction of functions induces an isomorphism

Veme-am > @ C"U ), K)
8€Go/Gnt1Bo

where U™ (n)>¢ = gU~(n)°g~! and where C*(-, K) denotes K-valued rigid-analytic
functions. Indeed, it is not difficult to see that, as G,i-representations, one has

_ Gn+l —l,g
Vig,,= P Ind g 07,
8€Go/Gn11Bo

where B§ = gBog™! and where A8 denotes the character of B§ defined by A8(h) =

A(g~'hg). Now the G(n)°-analytic vectors in V, := Indg"“mBg (A=18) are the preimage of
n+l1 0

V, under the (injective) restriction map
CM(Gm)°. K) > C*(Gup1. K),
so that
(Ve)Goye—an = {f € C(GM)°, K) : f(hb) = A5(b) f (Wfor all h € Gui1, b € Guy1 N B ).
Our assertion follows now from the rigid-analytic (Iwahori) decomposition
Gn)° =U"(n)>$ xTm)*% xUm)>*

together with the fact that A% is T(n)>&-analytic for all g.
We have

M) = D(g, Buy-1)/D(9, Bpy1) In1(2)

as a D(g, B,11)-module where I, ;1 (1) denotes the kernel of D(B,11) 2, K, cf. (6.2.2).
Let D' (B(n)°) be the analytic distribution algebra of B(n)°. By our assumption on
n, the character diA extends to a character of D" (B(n)°) whose kernel is generated by
I(d)) C U(b). It follows that

M@)," = D"(Gm)°) /D" (GM)°) [ns1(M) = D (G()°) u(g) M (A).

Let DPIL be the sheaf of usual algebraic differential operators on the algebraic variety
IP’}‘. The Beilinson—-Bernstein localization [3] of a finitely generated U (g)-module M with
character 8y is a coherent ’D]PlL -module Loc(M). Let ]P’}"ng be the rigid-analytic space

associated to ]P’IL with its canonical morphism p : ]PlL’ﬁg — IP’}‘. Let

1,ri
spx, : Py £ x,
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denote the specialization morphism®. Then (spx,)«p*Loc(M) is an Ox, g-module with an
action of the sheaf (spx, )« p*DplL . We denote its base change along the natural morphism

(5px)+p"Dp — 7 g

by Loc(M )jl, a coherent é; Q—module. Suppose now that dA is associated by the
Harish-Chandra isomorphism to the central character y. We then have
Loc(M (L) = ZLocl (M)
by the above. We can thus conclude
ZLoct M(L),) = EB g«Loc(M ()] . (6.3.2)
geCn)

6.3.3. The cases when A =1 or A = p~2.  Here we consider the character p=2 : T =

T(L) — L* defined by
2 1 0 . f_2
p 0 1% o 51 ’

i.e., the negative root. Then dp~2 and 0 = d1 are associated to 6y by the Harish-Chandra
homomorphism. Next we consider the well-known exact sequence of U (g)-modules

0— M(p~2) — M(1) — Ly —> 0, (6.3.4)

where Lo denotes the one-dimensional trivial U(g)-module. The functor ]—'g of [32]
associates to the sequence (6.3.4) the exact sequence of locally analytic representations

0 —> ind§ (1) — Id§ 1) — Ind§(p*) — 0, (6.3.5)

where indg(l) denotes the smooth induction of the trivial character 1 of B. Passing
in (6.3.5) to G(n)°-analytic vectors, and then to the continuous duals of the spaces of
G(n)®-analytic vectors, furnishes an exact sequence of D(G(n)°, Go)-modules

0 — M(p™ %), — M(1), — @ g+Lo —> 0, (6.3.6)
geC(n)

where we denote the extension of Ly to the D*(G(n)°)-module corresponding to the
trivial one-dimensional representation of G(n)° by Lo, too. The Beilinson—Bernstein
localization of M(p~2) is a skyscraper sheaf supported at the fixed point of B on IP’IL, cf.
[22, §12.3], whereas the Beilinson—Bernstein localization of the trivial one-dimensional
representation is the structure sheaf of ]P’IL. Applying focz and (6.3.2) to (6.3.6) gives
then the following exact sequence of sheaves of .@Z’Q—modules on X,:

0—> @ gLlocM(p™?); > P gelocM®)] - @ £:0x,0—0. (63.7)
geC(n) geC(n) geCn)
The sheaf on the left is a skyscraper sheaf whose support is the set X;™(F,) of smooth
F,-rational points of X,, a set which is naturally in bijection with Pl(oy /(w"1)).
6Note that the specialization morphism factors into the three canonical maps IP’IL’rig — IP’IL’ad, [P’lL‘ad — Xoo
and sp, : Xoo —> X;;, where the adic space PlL’ad is homeomorphic to the projective limit over all formal

models of IP]L’rig.
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6.4. Two representations furnished by the p-adic upper half plane

In this section we consider the GL,(L)-equivariant line bundles O, the structure sheaf,
and €2, the sheaf of rigid-analytic differential forms, on IF’}"ng and their restrictions to
the p-adic upper half plane Xy ;. Their global sections over Xy ; furnish coadmissible
D(GLy(L), L)-modules, which are closely related to the coadmissible module M(p~2)
considered in the previous section. As this material is not used later on, we only give
indications of the proofs. We also note that one can treat all line bundles O(k) in a similar
way, but only when k € {—2, 0} do the corresponding coadmissible modules have central
character 6y, which is why we restrict to these cases.

6.4.1. The p-adic upper half plane. Let ]P’;’rig be the rigid-analytic space attached
to the scheme ]P’lL over L. It is well-known and not difficult to prove that the subset

L
o =P, "\ PL(L)

is an admissible open subset of IE”IL’rig, and is hence a rigid-analytic space in its own right,
called the p-adic upper half plane over L. The inductive limit of the formal schemes X,
furnishes a formal model Xy ; for Xy r:

Tor =lim Xy,
n
cf. [7].
Proposition 6.4.2. (i) There is a canonical exact sequence of locally analytic
G-representations
00— Indg(pz) — O(Xp) —1— 0,
and hence an exact sequence of coadmissible D(G, L)-modules
0— Lo — O(Xo,1) — M(p_2) — 0.
(ii) There is a canonical exact sequence of locally analytic G-representations
0 —> St — Q(Zo.1) —> Ind§(p?) — 0,

where St denotes the smooth Steinberg representation (realized on an L-vector
space). Dually, there is an exact sequence of coadmissible D(G, L)-modules

0 — M(p %) — Q(Zo.1) — St — 0.

Proof. We deduce the exact sequences of locally analytic representations from the
description given in [31] and [32, §7] (see also p. 4 of the introduction of [32]). The
exact sequences of D(G, L)-modules follow immediately from these, by duality. Let
L=0or L=9. Put L(Xo1)" = H"(Zo 1, L) and L(Zo.r)! = HO(P!, £). Then there
is a canonical exact sequence of locally analytic G-representations

0 — St®, H' (P}, £) — (L(Z0,0)"/L(Z0,1)") —> Ind§(p*) —> 0. (6.4.3)

For £ = O (respectively £ = Q) this is equivalent to the exact sequence in (i) (respectively
(ii)). O
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For n € Z3¢ put
O(Zo,0)n = ([O(Z0,0) Nemyo—an)’s  2(Zo,0)n = (R(Z0,2) 1Gm)°—an)’,

and denote by St, the space of G, -invariant vectors in St.

Corollary 6.4.4. Let n be a non-negative integer.

(i) There is a canonical exact sequence of Go-equivariant sheaves of @Z’Q—modules on
Xn

0 — Ox,.0 — Locy(O(Zo.L)n) — P geLoc(M(p™?))] —> 0.
geC(n)

(ii) There is a canonical exact sequence of Go-equivariant sheaves of @ZQ—modules on
Xn

0— P geloc(M(p™2)) — Loch(Q(Zo,L)n) — St, ®L Ox,.0 — 0.
geC(n)

Proof. This follows from Proposition 6.4.2 together with (6.3.2). O

Remark 6.4.5. As was pointed out in the previous section, the sheaf on the right
(respectively left) of the first (respectively second) exact sequence in Corollary 6.4.4
is a skyscraper sheaf whose support is the set Zo, := X;™(F,) of smooth F,-rational
points of X,,. Using [9], one can show that

O(Zo.L)n = O

is the space of overconvergent rigid-analytic functions, i.e., the space of rigid-analytic
functions on

:{Z,rig = sp;rll (:{2)

which converge (to an unspecified extent) into the residue discs of the points in Z,.
It follows from this that the sheaf focl(@(ﬂo,ll)n) is equal to the sheaf (’)(TZ(),H) of
functions on X, which are regular on X; and have overconvergent singularities along the
closed subset Zp,. This is an overconvergent isocrystal on X,. Similarly, one can show
that _

Q(Zo.L)n = Q&

is the space of overconvergent rigid-analytic differential forms on X,;"'. The sheaf of
differential forms Q("Zp,) on X, which are regular on X; and have overconvergent
singularities along Zp, is not an isocrystal, however. Otherwise the localization of the
space of global sections (on %,) of this sheaf, namely focl(Q(%fllg)T), would have to
be equal to Q(TZ(),”). But it follows from the second exact sequence in Corollary 6.4.4
that the restriction of foc; Q&5 to X; is locally free of rank (¢ +1)¢" — 1, and not

locally free of rank one.
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7. Representations furnished by an étale covering of the p-adic upper half
plane

The theory in § 4 might be useful when one tries to decide whether certain modules M over
D(GL5(0)) are coadmissible, especially if M ‘comes from geometry’ in a way that makes
it accessible to the techniques used here. In this section we show how the techniques from
the theory of arithmetic differential operators can be used to prove that some particular
locally analytic representations are admissible. The representations considered here are
those furnished by the structure sheaf of the first Drinfeld covering of the p-adic upper
half plane.

7.1. The first Drinfeld covering

7.1.1. Denote by L™ the completion of the maximal unramified extension of L, and

consider the base change X ; Xsp(r) Sp(i“r) which we will from now on denote by X.
This rigid space has a natural semistable formal model

o = lim X5, xspro) SPF(E™),
n

where 6™ is the ring of integers of L™, cf. §6.4.1. By [13] (cf. also [7]) the formal scheme
fo represents a deformation functor of a particular two-dimensional formal group F
over 0™ /(w) which is equipped with an action of the maximal compact subring Op
of a quaternion division algebra D over L. Let @wp C Op be a uniformizer. Denote by
F— fo the universal deformation of F, and let § [w)t/)] C § be the finite flat group scheme

of w,{)—torsion points. Denote by S[w{,]dg the associated rigid-analytic space. Note that
§[1] is just the zero section of §, which is isomorphic to Xy. Then

21 = §loplie\ F[11"¢ = Flwp]ie\ .

Multiplication by @wp is a map §F[@wp] — §[1] and hence induces a morphism f : X¥| —
X which is an étale covering space with Galois group (Op/(wp))* ~ FZZ. ‘We henceforth
write F*, for this covering group.

q

Remark 7.1.2. The group GL2(L) acts on Xy ;. by fractional linear transformations, and
therefore also on Xy = Xy 1 Xsp(1) Sp(ﬁnr), and on the formal model fo. However, this
action, which is 0™-linear, is not the action which is induced by the modular interpretation
of X as a deformation space, cf. [7, 1.6]. However, the group

GLy(L)? = {g € GLy(L) | det(g) € o} }
does act 6™-linearly on fo, and L™-linearly on X, and the action of this group lifts to
X|. But in this section we will anyway only consider the action of Go = GL;(0y).
The subspaces Xo(n) and X1 (n). There is a map

r:Xo— |T|
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from Xy to the geometric realization |7 | of the Bruhat—Tits tree T of PGL,(L). We refer
to [7, 1.2.2] for the definition of this map (it is denoted by A in this paper). Let vg € T
be the vertex which is fixed by GL2(0), and we denote by |7 |, C |T| the set of points
whose distance to vg is less or equal to n. For instance, |7 |<o = {vo}. Then

Zo(n) = r~ (T <n),

is an affinoid subdomain of Xy, and is equal to the generic fiber of fo(n) = X, XSpf(o)
Spf(a™). We also put

Zin) = £~ (Zom)),
and we let f, : X1 (n) > Xy(n) denote the restriction of f.

7.1.3. A semistable model for X|. In [42] Teitelbaum has shown that there is
a finite (tamely ramlﬁed) extension K of L™ such that X,k = X1 Xspr) Sp(K) has a
semistable formal model X over Spf(og). It follows from [42 p. 72] that X1 ¢ has ¢ — 1
connected components, which are transitively permuted by the action of the covering
group, and each of these is an étale covering of ¥y x of degree g + 1. Consequently, the
formalscheme 5| has g — 1 connected components, each of which is finite of degree g + 1
over Xo Xspf(a;) Spf(ok).

As a general convention, we consider from now on the rigid spaces Xy, Xo(n), X1,
X1(n), etc., as rigid spaces over K (i.e., we perform a base change to Sp(K)), and we
consider the formal schemes fo, fo(n), etc., as formal schemes over Spf(og) (i.e., we
perform a babe change to Spf(og)). The morphism f : X} — Xy extends to a finite flat
morphism f Z‘] — Z‘o which is étale over the complement of the smgular points of the
special fiber of Z‘o. The irreducible components of the special fiber of 5| are isomorphic
to

C={lx:y:z]eP? | xy? —xy = z4%1}, (7.1.4)

According to [12, § 2], it was Drinfeld who proved that the discrete series representations
of SL,(IF,) are furnished by the £-adic étale cohomology of the affine curve xy? —x9y = 1.
Each of these projective curves C lies over a unique irreducible component of the special
fiber of fo, isomorphic to P!, and there are ¢ — 1 such curves C over each irreducible
component of the special fiber of Xy. The induced morphism from C to P!, considered
as an irreducible component, is given by the formula [x : y : z] — [x : y].

The formal scheme

i) = % X5, Zo(n)

is then a formal model for X'; (n), and it is an open formal subscheme of 5,. The morphism
f restricts to a morphism

fo s Zi(n) — Zo(n)

which is simply the projection from b)) (n) = 5 x 5 fo(n) to the second factor. Denote
by fl (n)€ the formal completion of ) 1 along the closure of ) 1(n). Similarly, let fo(n)c be
the completion of fo along the closure of fo(n). The morphism fAn extends uniquely to a
morphism ]‘;C ) 1(n)¢ — fo(n)c such that one has a commutative diagram of morphisms
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of formal schemes
(1) ——= S () ——= 5 (7.1.5)

The special fiber of a formal scheme will always be denoted by the subscript ‘s’, e.g.,
f] (n)s denotes the special fiber of f] (n). When it is clear from the context that it is
only the special fiber of a given formal scheme ) which matters, we may drop the index
‘s’ ind write ) instead of ). Put Z, = 21 (m)$\ fl (n)s. This is a finite set of points
of El,s'

7.1.6. Sheaves of overconvergent functions. Let
sps, 1 21— fl
be the specialization map, and let
Uyt fl(n)s — fl,s

be the open immersion. Associated to this morphism is the sheaf vj,(’);l on Xy, cf. [6,
4.0.1], and we consider the sheaf

Z, & (Spfl)*vZOgl (7.1.7)

on 2\1, s which is supported on ) (n)$. Another way to describe %, is as the sheaf of
rigid-analytic functions on X' (n)¢ which are regular on (the tubular neighborhood of)
X1(n) and have overconvergent singularities along Zj ,:

yn == Ofl(n)C,Q(Tzl»”)'

By its very definition, the space of global sections of .%, on s equal to the space of
overconvergent functions on X (n), which we denote by Ho(X(n), O)F, i.e.,

H(Z1, #,) = HY (21, ) = HY(Z1(n), O)".

7.2. Main result: coadmissibility of the space of global functions

Recall that G¢ denotes the group GL;(0y). Let D*(G(0)°)™ be the completed tensor
product over L of D*™(G(0)°) with the finite extension K of Lo, Similarly, denote by
D(G(n)°, Go)™ respectively D(Gy, K) the completed tensor product of D(G(n)°, Go)
respectively D(Gg) with K over L.

Theorem 7.2.1. (i) For every ne€Zxy the space H(Zi(n),0)" is a
D™ (G(n)°)™-module of finite presentation.

(ii) For every ne€Zso the space HY(Z(n),O)" is a finitely generated
D(G(n)°, Go)™-module.

(i) For every n € Zx the restriction map

HY(Z1(n), 0)" — HY(Zi(n— 1), 0)"
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induces an isomorphism of D(G(n)°, Go)™-modules
D(G(n—1)°, GO)™ ®pGye.cor H'(Z1(n), 0)F —> HO(Z1(n—1), 0)7. (7.2.2)

(iv) The space H(X1, O) is a coadmissible D(Gy, K)-module.

Proof. (i) This will be shown in the following § 7.3, where we treat first the case when
n =0, and in § 7.4, which deals with the case of general n.

(ii) This follows from (i) because D(G(n)°, Go)™ contains D*(G(n)°)™.

(iii) This will be shown in §7.5.

(iv) This is a consequence of (ii) and (iii), by [14, 6.1.20]. O

Consider a character x : IE‘Zz — K* of the covering group sz and denote by
HO(X1, 0)X the yx-isotypic component of HO(X, ©). As Go commutes with the action
of F(’;z, this is a D(Go, K)-submodule of H%(X, ©), and we have the decomposition of
D(Gg, K)-modules

HO(21,0) = P H(Z1,0)%,
x

where x runs over all characters of IF:;Z.

Corollary 7.2.3. For every character x :F*, — K* the space HOZ|, O is a
q
coadmissible D(Gg, K)-module.

Proof. The projection map

1
HY(Z1,0) = HY(EL0 [ g ), x@)- @),

{EIF:Z

is continuous and has as section the natural inclusion. Hence each isotypic component
HO(X1, ©)X is the quotient of a coadmissible module by a closed submodule, and is thus
coadmissible too. O

Remark 7.2.4. Consider the de Rham sequence
0— K — H(Zy,0) — H(Z),Q) — HR(Z1/K) — 0.

It is exact because X is a Stein space (as is Xp). One can show that the de Rham
cohomology on the right is the (algebraic) dual space of a finite number of irreducible
smooth representations of GLy(L)©® (cf. Remark 7.1.2 for the notation)7. It follows from
[38, 3.2] that the category of coadmissible modules is closed under extensions. Therefore,
Theorem 7.2.1 implies that HO(X1, Q) is a coadmissible D(Gg, K)-module, and the same
is true for the isotypic components HO(X, Q).

7As far as we know, a proof of this has not been written up so far. It should be possible to do so by
using the work of Grosse-Kloénne on Hyodo—Kato cohomology for such spaces as X.
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Remark 7.2.5. Denote by X)' and %nr’o the fiber products X, xspf) Spf(og) and
K X Spf(0) Spf(ok), respectively. Making thlb base change is necessary later on to relate
%nr to Z‘o Indeed, in the following we often consider certain sheaves on Z‘o(n)c as sheaves
on the special fiber X}'; of XJ. This will in fact be one of the key features of the arguments
which will be employed in Proposition 7.3.1 and § 7.4.11 below. We elaborate here on this
relation.

According to our conventions set up in §7.1.3, we have, by definition, fo(n) =X"°
It therefore suffices to consider only points in fo (m)$\ 20 (n)s.

Let us consider the blow-up morphism pr,,; , : %2;1 — X)'. This morphism induces

(X2"°) — X,°°. The closure of So(n)s = Xp in Z‘o ¢ is the same

as the closure of pr, +1 L(Xn) in XM " 1€, it is the strict transform of X7

In order to describe the situation locally, we let A = Spf(ok (x)) C X" be the smooth
locus of an outermost component of X]". We consider the point in the special fiber where
x vanishes. Blowing up 2! in this point leads to a formal scheme 21" which is glued together
from Spf(ok (x, y)/(xy —@)) and Spf(ok (x,z)/(x —@z)). These two formal schemes are
glued together along the open subsets where y and z, respectively, are invertible, according
to the relation yz = 1. Denote by k the residue field of K (it is an algebraic closure of
the residue field Fy of L). It is easy to see that the strict transform of the special fiber
As = Spec(k[x]) in 2 is the closed subscheme of 2! defined by the ideal (w, y), which is
Spec(ok (x, y)/(xy —w)/(y, w)) = Spec(k[x]). Completing 2" along this closed subscheme
gives the formal scheme 2A¢ := Spf(og (x)[[y]]/(xy —@)) (which is not a p-adic formal
scheme). The upshot is then that the open immersion 2(° := Spf(ok (x, %)) — 2 factors
as follows: 2° < 2A¢ — 2, and the morphism 2 — 2l corresponds on affine coordinate
rings to the ring homomorphism og (x) — ox (x)[[y]]/(xy — @). The induced morphism
on the special fibers of these formal schemes (modulo their largest ideals of definition) is

an isomorphism pr, +1 "

an isomorphism: A = .

The induced morphism of rigid-analytic spaces 2¢"€ — M€ corresponds to the
inclusion of the semi-open annulus {|@| < |x| < 1} into the disc {|x| < 1}. Moreover,
the family of strict neighborhoods of °1i& = Spf(oK(x ))ng {]x| = 1} in the annulus
ACNE ~ (|| < |x| < 1} is cofinal in the family of strict neighborhoods of A°f€ in
AMe ~ {|x| < 1}, because AN is itself a strict neighborhood of A*ME. We summarize
the local situation by the following diagram in which the upper horizontal arrows are
open immersions of rigid-analytic spaces, and where the vertical arrows are specialization
morphisms

mo,rig Q[C’rig mrig

T e

2% = Spec(k[x, x1]) 20¢ 2

12

From this local description we deduce the following. Firstly, the open immersion
Xo(n) = %Er ® < X' factors as follows: Xo(n) < Xo(n)¢ — XI. Moreover, the morphism
induced by Z‘o (n)¢ — X' on the special fibers of these formal schemes is an isomorphism:

Zo(n)y — X5
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Let ]fo(n)g[ be the tubular neighborhood of fo(n)g in Xy, i.e., ]fo(n)f[z sp%(l) (fo(n)g).
This rigid-analytic space is canonically isomorphic to the rigid-analytic space associated
to the formal scheme fo(n)c And the morphism of formal schemes fo(n)c - X
induces an open embedding of rigid-analytic spaces ]Eo(n)c[<—> (.’{m)“g ~ ]P’1 rig . Finally
the system of strict neighborhood of Xy(n) in ]Eo(n) [ (or Xp) is cofinal in the system of all
strict neighborhoods of Xy(n) in (.’{“r)rlg because ]Eo(n)‘[ is 1tself a strict neighborhood
of Xy(n). This is why an overconvergent sheaf on (Eo(n)s, Eo(n) ) is the same as an
overconvergent sheaf on (X%, X3's). We summarize the situation by the following
diagram in which the upper horlzontal arrows are open immersions of rigid-analytic
spaces, and where the vertical arrows are specialization morphisms

Zo(n) ——— 1 Zo(n)S[ —— (X00)rie

T T e

Zo(n)s

So(n); ——— X1,

7.3. The starting point: the affinoid X (0)

The case when n = 0 is somewhat easier to deal with because 1(0)¢ is smooth, since
it is a disjoint union of ¢ — 1 copies of the curve in (7.1.4). Moreover, the morphism
Jfo.s : Z1(0)s = Xp(0)s is smooth too. It is because of these simplifications that we treat
this case beforehand. Let @xm be the sheaf of arithmetic differential operators on the

smooth formal scheme X{.

Proposition 7.3.1. The space H*(X1(0), O)' is a finitely presented D*™(G(0)°)™-module.

Proof. Recall the sheaf %y = (spfl)*vgoxl introduced in (7.1.7). This sheaf on X (0)§
depends only on 51(0); which is a disjoint union of affine Deligne-Lusztig curves xy? —
x?y = 1. By [18, §2], % is an overconvergent F-isocrystal on the pair (fl’s 0), =, 0)9),
where we use here the notation of [43]. It is overconvergent along Z; o = b5) 1(0)$\ b3) 1(0)s.
Consider the diagram

21(0)y — Z1(0)¢ — 3

lfo,x lf lf (732

Z0(0)y —— 5p(0)¢ —— X

cf. (7.1.5). By [43, Theorem 4.1. 4] the direct image ( fo )«ZFo is an overconvergent
F-isocrystal on the pair (20(0)5, 20(0) ). The precedlng diagram (7.3.2) corresponds to
the diagram in [43, Theorem 4.1.1]. Note that 20(0)§ is isomorphic to the special fiber of
Xy, which is projective line over the residue field of o g (compare the discussion in Remark
7. 2 5). We can thus consider ( f0 )«F( as an overconvergent isocrystal on (Xgrvo, ff“r - In

particular, it carries the structure of a module over @xnr Q"
0 ’
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By [8, Theorem 4.3.5] or [28, Proposition 3.1], the 2. m g module (fo) Fo on Xp', is

holonomic, and, in particular, coherent. By the main result of [23] (or by Theorem 4.3.3),
the space of global sections of this sheaf, namely

HO(XE, (f$)+F0) = H(21(0), 0)',

is a finitely presented HO(%{)“Y, D Q)—module. Using Proposition 3.3.7 we see that it is
0 9
a finitely presented D**(G(0)° )eo—module. O

7.4. Extending the arguments to X(n) for all n

In this section we prove Theorem 7.2.1 for all n. To snnphfy notation we occasionally write
@;{ 0 instead of @ nQ" We recall that the special fiber Eo(n)c of Zo(n)° is canonically
1som0rph10 to the spec1al fiber of X)), cf. Remark 7.2.5.

7.4.1. Three types of closed points. We want to show that (]/‘:f)*Jn is a coherent

@T Q—module on XI'. Once we have this result at hand we can apply Proposition 4.3.1 to
deduce that

HOX S, (F)+Fn) = H(Z1(n), 0)F
is a coheregt Da“(G(n)")gO-module and we are done. In order to show that (j/”;f)*ﬁn isa
coherent @ ' —module7 we distinguish the following types of closed points on X' :

(a) POlntb x which lie on the smooth locus of X',

but not in X, ([F,).
(b) Points x which lie on the singular locus of X]'.

(c) Points x which lie on the smooth locus of X}'; and in X, (F;). These are exactly

the smooth Fy-rational points of X,, the set of which we denote by X;™(IF,).

For any open subscheme U of X,, we let D denote the usual sheaf of logarithmic

Ulog
arithmetic differential operators of level m on U as considered in [26, 33]. We write 91(1’70)2
for its p-adic completion and 7 for the union of the 2 We use the same

Ulog Q Ulog Q

notations for an open formal subscheme U of X, that is, we write D! ]3g for the usual

sheaf of logarithmic arithmetic differential operators of level m on U etc. Finally, we
denote the Ox,-module given as the base change of D%{) along the morphism of ringed

spaces X, C X, by the same symbol 551"2), when no confusion is likely. It is a sheaf of
rings on X,,.

Proposition 7.4.2. Let U be an open formal subscheme of X, and let & bea 5,(,'?1")|U—module
which is coherent as an Oy-module. Then:

(i) & is coherent over ﬁ,(,'ﬁl)ly;

(ii) the canonical homomorphism
& — @,Enl?h/ ®5}(ml)|U &

given by a — 1 ®a is an isomorphism.
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Proof. We follow the arguments of [6, Proposition 3.1.3]. We may assume that U is
affine and such that the ring D,%,)(U) =T, D,(,"’Z)) is noetherian, cf. Proposition 3.2.1.
Since & is coherent over Oy, there is a surjection (’);‘?’ — & and hence a surjection

(5,(,'",,) |0)® — &. Let A be its kernel. The subsheaf 75,(1’",,) lu C Dg’,’(?g has the induced order

filtration F,'(ﬁ,(,’,';l)m), i > 0 which is a filtration by coherent Opy-submodules. Letting N;
be the kernel of the morphism (F; (5,(,"2)|U))®r — éa it follows that A has a filtration by
coherent Oy-modules. Since D(m)(U ) is noetherian, there is a surjection (D(m)(U NS
(U, N). Since I'(U, .) commutes with inductive limits, one obtains from this a surjection
(D,(,m,,) [0)® — N. The D(m) |y-module & has therefore a finite presentation. Since 5,%,)IU
is a sheaf of coherent rings [5, (3.1.1)], any module of finite presentation is coherent. This
shows (i).

The map in (ii) is injective, since the module structure on & extends by continuity

from ﬁr(,mn) lu to 9?,%)|U. We put 0 := @9, where x is the standard coordinate on Xy, so
(m)

that 5,(171,,)|U is generated over Oy by 9@ R ad for d 0. In particular, F,(ﬁ,(,mn) lv) =
ng agd'? with local sections ag of Oy . Put 8’ := 3'P"). Given an integer r < p™, one

has 979 = uq,ra<ﬂ’"q+’> where u, , is a p-adic unit. This implies that any operator
P e @,%)IU can be written in the form P =", Byd’* where By € 5,(1',",,)|U is an operator
of order < p™ and By tends p-adically to zero for k — oco. Let e be a local section of é.
Since & is coherent over Oy, the Oy-submodule generated by the elements 8’%.e for k > 0
is generated by finitely many of those elements. Thus, there is a number £ and sections
ap, ...,a¢—1 of Oy and a relation

<B’Z - Zaja’j>.e =
j<t
It follows as in the proof of [6, 3.1.3] that for any element By there are operators Ry €
D,(,r)'my of order < p"™¢ and Qy € D('")|U such that

Bid* = Qk(a/é > ajd ,) + Ry
j<t
with QO and Ry tending p-adically to zero if By tends p-adically to zero. It follows that
PRe=1®(Q ; Ry).ein @%MU ®5,(1"i.)|u & which proves the surjectivity in (ii). O

Corollary 7.4.3. Let U be an open formal subscheme of X, and let & be coherent
(’)U—modyle. Put & :=&®Q. Then:
(i) If & is a D,({T'n)m—module for some m then the canonical homomorphism

&= G gluego | &

is an isomorphism and & is coherent over @,2 )Q|U

(ii) Ifzf’ s a ’D(m)|U module for any m then the canonical homomorphism

& ;> @n,n,Qh] ®5r(z(,):¢.Q|U &

s an isomorphism and & is coherent over @ Q|U
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Proof. Since D(m) and D( a.n agree upon tensoring with @, the isomorphism in claim (i)
follows from tensoring the isomorphism in part (ii) of Proposition 7.4.2 with Q. Taking
the limit over m gives the isomorphism in claim (ii). It remains to prove the assertions
about coherence. According to part (i) of Proposition 7.4.2, the module & is coherent
over 23,(,'",1) |u. Passing to an open subspace of U we may therefore assume that there is a
finite presentation

(D(m)lU) (D(m)|U) — é% — 0.

Tensoring with Q gives a presentation of & over 5(0) Q|U Tensoring the latter with

:@(m)Qlu or @n " Qlu and gives a finite presentation of & over 9( )Q|U or 9 @|U Since
the latter sheaves are sheaves of coherent rings, any module of finite presentatlon is
coherent. This completes the proof. O

Let R C o be any system of representatives for o/@wo and put Re = RU{oo}. Let
1 < v < n. Each vector a € R X RV~1 determines an outermost component of X,, and
each a, € R determines a smooth IF,-rational point in this component. Proceeding as in

the case 0 = Z, [33, 4.3] we may construct the analogous open subscheme X% of X,
endowed with a local coordinate x§ ]), and the smooth open subscheme DE,; in the
outermost component of X,, belonging to a, endowed with a local coordinate x . The

latter component intersects the remaining components in a unique singular pomt given
locally by an equation x(v D, (U) = p where z( ") is a local coordinate on the component.

The open sets X((lv)[ (Vlfl)] together with the ]D),(;zn form an open covering of the smooth
a 3T a

locus of X,,.

Lemma 7.4.4. Suppose U 1is an open subspace of X, which is smooth. The inclusion

D;/Wllo)s C Dg") s an equalily.

Proof. The logarithmic tangent sheaf &log is generated on X(V) freely by x£v71)8 Tk It

therefore coincides with the usual tangent sheaf on X(a‘))[ (Vl ]. Similarly on Da - Hence
- X,

a

Tyoe = Ty which implies the claim. O

Lemma 7.4.5. One has ’53’2 C pm

10u
; (n)
equality over each Dy g, .

for any k > n. For k = n this inclusion becomes an

Proof. By definition one has 7~;,,k C T0g and this implies D(m) - D™ Now suppose

X, log

(m)|
k=nand U = ]D)Zzn. Since U is smooth, Dg'fzg = D(m) is generated over Oy by q‘fi! 8‘1(”)

whereas the subsheaf D,(l n) |y is generated over Oy by d"ad where x is the standard
coordinate on Xy. But according to equation (24) in the proof of [33, Proposition 5.2(a)],

we have 9 = = @w"0,. This implies the claim. O

Xa,an
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7.4.6. Coherence at points of type (a). By definition of the sheaf (]/‘:f)*ﬁn we
have for its restriction to the open subset ﬁ’o(n) s C X} that

(7)) Z0)] gy = SP 5+ )05y )

where f;, is the restriction of f to Xi(n) = f~ (Z‘o(n)) The points of type (a) lie in the
smooth locus U := Xo(n)*™ of Zo(n). Let V := f 1(U). The morphism

fu:V—U

induced by fn is smooth and proper. Under these assumptions, the coherent Oy g-module
& :=Q® (fn)«Oy is a convergent isocrystal over (the closed fiber of) U [29, 3.7].
According to [6, 3.1.2], there exists, for every m, a 9( "_module & which is coherent
over Oy together with an 9( ) —hnear isomorphism Q ® & ~ &. Via the natural inclusion

é,ﬁf’,?lu - @((,m), cf. Lemmas 7.4.4 and 7.4.5, we may endow & with a @,(,,n)—module
structure and apply part (ii) of Corollary 7.4.3. Thus, & is a coherent @; " Q—module.

It follows that ((ﬁ)*ﬁn)h is a coherent @J n,Q-module, too. This proves our claim for
points of type (a).

7.4.7. Coherence at points of type (b). We have

((};C)*"@n”jo(n) = (Spfo(n))*(fn)*ozl(n)

as explained above. Since points of type (b) are singular, we make use of logarithmic
structures. Let k be the residue field of og equipped with the trivial log structure. The
morphism A

fas 1 Z1(n)s — Zo(n)s

is a finite flat morphism of degree |Fj|. We equip source and target with their fine log
structures coming from the singular loci [25, 3.7(2)]. In particular, source and target are
log smooth over k and f, s is a log morphism. The target Xy(n); is covered by (the base

change to k of) the reductions of the X(V) for 1 v < n and @ € Roo x RV"!. On the

reduction of X( ") we have local coordinates x,g ) and z ) and a unique double point at

(U b (v) = 0. The log structure is therefore given by the monoid formed by the powers

(xév l))"l(z,(lj))"2 with n; € N. We now use the notation introduced in the discussion
around (7.1.4). So let [x : y] be projective coordinates on the xév_l)—component such

that x;v D=z ertlng s = it follows from this discussion that

€Ny #0p = {7 = (1= (7))

)

A similar description holds on the z( -component. Hence there is an étale chart for fn s

over the reduction of Xg) in which the corresponding map of monoids (or rather of their
group completions) is given by multiplication with (¢ 4+ 1) on Z®2, cf. [16, p. 477]. The
latter map is therefore injective and the order of its cokernel is prime to p. According to
25, 3.5] and [25, 4.1(1)iv], the morphism f, ; is therefore log smooth and integral.
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In the following we make use of the work of Shiho on the logarithmic version of the
convergent topos in characteristic p [30]. To make the comparison easier for the reader,
we adapt some notation. Let V := ok and equip Spf V with its log structure coming from
the closed point of SpecV. Let X; be X;(n); for i =0, 1. Following [40, 2.1.3] we denote

by (X; /V)log the log convergent site of X; over Spf V with respect to the Zariski

conv,Zar

topology and by Ky, ;v the isocrystal
THTI(T,O0reQ

on (X/ V)IC(:)%W,ZM. Since X is log smooth over k, the morphism fn,s has even log smooth

parameter in the sense of [39, 3.4]. We may therefore apply [39, 4.10] to fn s and

Kx,,v. Hence, for each number g > 0, there is a unique isocrystal 77 on (Xo/ V)COnv Zar

whose value on the enlargement Yo(n) is given by the relative log analytic cohomology
RIS x, ) $00m.anx ©F Kxi/v (as defined in [39, 4.1]). By definition, the latter analytic
cohomology is computed on the level of rigid-analytic generic fibers via the log de Rham
complex. Since the rigid-analytic morphism f is étale, one finds FO(Zo(n)) = £, O =)
and F4(Xy(n)) = 0 for qg > 0.

The isocrystal FO admits an interpretation via tubular neighborhoods, as in the
non-logarithmic setting [4, 2.2.5]. In particular, F° induces a convergent logarithmic
connection V on fiOx ) and & := (spg, ;) fxOx ), cf. [39, 2.2.7] and [39, p. 67]. We
claim that the actions of the logarithmic derivations induced by V extend to an action

of the sheaf of logarithmic arithmetic differential operators 17 oz on &. Since sections
O

of 7' locally admit convergent power series expansions [26, 2.3.2.C.], it suffices to

& log

verify the appropriate convergence condition for the Taylor series of V [6, (3.0.1.1)]. But
this convergence condition follows from the fibration lemma [39, 2.31] applied to the
pI‘OJGCthH p1, as in the non-logarithmic setting [4, 2.2.13].

The 2" -module & is coherent over O ¢ Fo(m).Q and therefore coherent over &' , cf.

lng & log @

(J

[10, 3.1]. It follows from the proof of [10] that there is for every m, a 2" -module & which

log

is coherent over O ¢ Soln) together with an 2™ _linear isomorphism Q@ & ~ &. Via the

& log
O

natural inclusion @,Effh . € 9™ cf Lemma 7.4.5, we may endow & with a é,%)—module

log )

structure and apply part (ii) of Corollary 7.4.3. Thus, & is a coherent .@;{ n,Q-module.
This proves our claim for points of type (b).

7.4.8. An alternative argument valid when the ramification index is small.

Suppose the ramification index of L/Q, is < p — 1. The fact that (ﬁ)*ﬁn is a coherent
érzn@—module at points of type (a) and (b) can then be seen explicitly as follows. The
open subset Z:'o(n) is covered by open formal subschemes U equal to (the base change to
ok of) the formal completions Xg) for 1 <v<nandaé€ Re X RY~!. Over U the sheaf

D,(, n is generated by wd” 8)‘(1 where x is the standard coordinate on Xy. According to
[5, 2.4.3] any element P € @;n has therefore a unique expression over U as infinite series

in the form P = Zd>0 ag(w"9,)? /d! where the coefficients ag € O(U) have the property
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that there exist real constants ¢ > 0,7 < 1 (depending on P) with |lag| < cn? for all
d. Here |.|| denotes some Banach norm on the affinoid algebra A := O(U)g. We denote
by ||.|| also a Banach norm on the finite A-module B := &(U). We write A := O(U) and
B:=¢& (U). Making U smaller if necessary we may assume that B is a finite free A-module
of rank r = |IF;2|. More precisely, there is a unit IT € A* such that B = A[X]/1 — X'T1

[42]. The powers I/ for j =0,...,t—1 induce a decomposition
—1
B~ AG)
j=0

as A-modules where A(j) equals A. Similarly for the A-module B. Since the morphism
f is finite étale, we have the Gauss—Manin connection on the étale A-algebra B. A
short calculation along the lines of [18, 2.(I)] shows that it respects the direct sum
decomposition B >~ P ;AU and is given on the jth summand as

[ d(f) = ji~! fdlog(I)
for f € A. Here, d: A — Q4 g is the canonical derivation of the K-algebra A and
dlog(IT) := d(IT)/I1. The induced action of a derivation d € Derg(A) on the jth factor
A(j) is therefore given by
fi>0.f:=a(f)— jt~ ' Fa(In)/ 1. (7.4.9)

To obtain from this an action of an infinite sum like P on B, it suffices to verify for any
f € B and any n < 1 the convergence property

(=3,

for d — oo [6, 3.1.1]. The GL3(0)-equivariance of the situation allows us to assume that
the affinoid Sp(A) = sp~1(U) C ]P’}(’a" equals

leeP™ <1} = |J  (Bi)UBiyq(gi) — Biyg(0),

n¢ =0 (7.4.10)

where Bs(zo) is the open ball of radius § centered at zg and where the affine coordinate z on
]P’}("m is induced by xév_l) [41, p. 649]. According to the Mittag—Leffler decomposition [17,
Proposition 2.2.6], we may assume that f is a holomorphic function on the complement
in IP’}(’”" of one of the above open discs. We may assume that the radius of the open
disc is 1 (otherwise we work with the coordinate z = zg)) and may thus write f(z) =
ano an(z —z0)" with a, € K such that lim,_, |a_,| = 0. Moreover, || f|| = max,<o |ax|
and so [|3;()Il < || f]l. According to the proof of [42, Corollary 6] we may assume that
IT is a polynomial in z with coefficients in ox and so ||3,(IT)| < ||TT||. All in all, this
implies [|9;. f|| < || || according to (7.4.9). On the other hand, by the equation (5.1.3) in
the proof of [33, Proposition 5.1.2], we have 9, := 8x{5v71) = w" 13, and therefore w"9, =

awd, with a p-adic integer a. The convergence property (7.4.10) follows now from the

d L
fact %nd — 0. The latter fact holds since |@w|n < p~ »-T (it is here where we use the
assumption on the ramification index of L).
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7.4.11. Coherence at points of type (c).  We recall that the special fiber of So(n)*
is canonically isomorphic to the special fiber of X', cf. the discussion in Remark 7.2.5.
Let fo,s(v) - fo(n)g ~ X's be one of the ‘outermost’ irreducible components of X, ;.
These are indexed by the vertexes v of 7 which have distance n to vg. Let 2/7\0,S(v)c>
be the smooth locus of f(),s (v). Then i(),s (v)° is isomorphic to an affine line over the

residue field of og. Let fi\o,s(v)oo C fo,s (v)° be the complement of the F,-rational points

of fo’s(v)o. Put PP
1) = 17 (spg) (Z0.()%%))-
The étale covering _
flzw : Z1@) — spg (Zo.s(0))

is isomorphic to the covering X (0) — Xy(0). Let flgs(v) C fl,s be the image of X (v)
under the specialization map. Denote here by the superscript ‘c’ the topological closure®.
Note that fo,s(v)c is equal to [foys(v)"o]c and is isomorphic to a projective line over the
residue field of 0g. Then we have a commutative diagram

Z1s() —= Z1 (1) —— 5

lfms lf(wg L 7 (7.4.12)
S0.5(0)° —— T (1) ——= %

where the vertical morphisms on the left and in the middle are those induced by f This
diagram is analogous to the diagram (7.3.2). By [43, Theorem 4.1.4], the sheaf (f (v)°).%,
is an overconvergent F-isocrystal on the pair

(Zo0.5s(0)%°, Zo 5 (v)°).

By [8, Theorem 4.3.5] or [28, Proposition 3.1], the @;AO ) @—module (F)9)Fy is

holonomic, and, in particular, coherent. Here, 9%0 .0 is the usual sheaf of arithmetic

differential operators on fo, s(V)€.
We now use the fact that the sheaf .@J nQ On X,, when restricted to Xos(v) C

fo(n)":ffm is isomorphic to (728 , cf. Lemmas 7.4.4 and 7.4.5. Therefore,
$ n.s 20,s(1),Q

(f(v)c)*(ﬁnﬂfovs(v)t- is a coherent module over @ln’@go‘s(v)g. In particular, if x is a
smooth F,-rational point of X,,, which necessarily lies on Xy ;(v) for some vertex v which
has distance n to vy, the sheaf (]/‘;c)*(fn) is coherent over .@; n.Q 8t X. This proves our
claim for points of type (c). O
7.5. G(n— 1)°-analytic vectors in the dual of H°(X|(n), O)"
We abbreviate

R := D(Gy, K), R, :=D@G°®n),Gy)™ and E,:=H’%(Z|(n),0)".

The rigid-analytic space X is quasi-Stein with defining affinoid covering given by the
X1 (n). This implies that the restriction map E, — E,_{ has dense image. Hence, the

8Earlier, when we considered the formal scheme fo (n), we denoted by fo(n)c the completion along the
topological closure of X(n) in Xy. The special fiber of Xy(n)¢ is simply the closure of the special fiber
of XYy(n) in X . In this sense the notation here is consistent with the earlier notation.
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induced homomorphism of finitely generated R,_i-modules
hp: Ry—1 ®r, En —> Ey

has dense image. On the other hand, this image is closed by Proposition 5.1.1, and so
hy is surjective. We now show that A, is injective. To start with, the restriction map
E, — E,_1 is injective. Since the natural ring homomorphism R — R, is flat, the map

Ry 1®rEy — Ry—1 QrEn_

is injective. Hence, the injectivity of &, follows if we can show that, for each n, the natural
map
Wy Ry QrE, — E,

is a bijection. Since wy, is obviously surjective, we prove its injectivity in the following.
Since the group G,41 acts G(n)°-analytically on the strong dual (E,)), we may dualize
the isomorphism in [14, 3.4.5] and obtain the isomorphism

D*™(G()°)®D(Gpy1) En — En.
The latter factors through the natural surjection
W Rn®REn — E,

which must then be an isomorphism, too. It therefore remains to see that the natural
map
t: R, ®r E, — R,QrE,

is injective (and hence bijective). Fix a set of generators ey, ..., e; for the R,-module E,.
Consider the topological R,-module M := R, ®k . E,. Its underlying topological space
is Hausdorff [36, 17.5] and has a completion which is of compact type [14, 1.1.32]. Let
N be its closed R,-submodule generated by the finitely many elements 1 ® ,e; — 8, ®¢;
where g runs through a finite set of topological generators for the group Gg. There
is a natural quotient map g : M/N — R, ®g E,,. On the other hand, the natural map
/:M/N — A7/7V of M/N into its Hausdorff completion is injective. Arguing as in [35,
3.4], the completion 1\7/7\7 is the same as R, Qg E,,. We obtain an injective map ¢’ : M/N —
R,®rE, which is seen to equal ¢ og. Hence ¢ must be injective, too.

Acknowledgements. We thank Christine Huyghe and Elmar Grosse-Klonne for some
interesting discussions related to the material of this paper. Parts of this paper were
written at MSRI in Fall 2014. We are grateful to MSRI and its staff for providing excellent
working conditions. We would also like to thank the anonymous referee for the thorough
reading and very valuable comments which helped to significantly improve the exposition
in a number of places.

References

1. K. ARDAKOV, D-modules on rigid analytic spaces, in Proceedings of International
Congress of Mathematicians, 2014, Volume III, pp. 1-9 (Kyung Moon Sa co. Ltd., Seoul,
Korea).

https://doi.org/10.1017/51474748016000396 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748016000396

186

10.
11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

D. Patel et al.

K. ARDAKOV AND S. WADSLEY, On irreducible representations of compact p-adic analytic
groups, Ann. of Math. (2) 178(2) (2013), 453-557.

A. BEILINSON AND J. BERNSTEIN, Localisation de g-modules, C. R. Acad. Sci. Paris I
Math. 292(1) (1981), 15-18.

P. BERTHELOT, Cohomologie rigide et cohomologie rigide & supports propres (premiere
partie), Preprint. Available at: http://perso.univ-rennesl.fr/pierre.berthelot/.

P. BERTHELOT, D-modules arithmétiques I. Opérateurs différentiels de niveau fini, Ann.
Sci. Ec. Norm. Supér. (4) 29 (1996), 185-272.

P. BERTHELOT, Cohomologie rigide et théorie des D-modules, in p-Adic Analysis (Trento,
1989), Lecture Notes in Mathematics, Volume 1454, pp. 80-124 (Springer, Berlin, 1990).
J.-F. BoutoT AND H. CARAYOL, Uniformisation p-adique des courbes de Shimura: les
théoremes de Cerednik et de Drinfeld, Astérisque 196-197 (1991), 45-158.

D. CARro, Fonctions L associées aux Z-modules arithmétiques. Cas des courbes, Compos.
Math. 142(1) (2006), 169-206.

B. CHIARELLOTTO, Duality in rigid analysis, in p-Adic Analysis (Trento, 1989), Lecture
Notes in Mathematics, Volume 1454, pp. 142-172 (Springer, Berlin, 1990).

R. CrREw, Arithmetic D-modules on a formal curve, Math. Ann. 336(2) (2006), 439-448.
A. J. DE JONG, Crystalline Dieudonné module theory via formal and rigid geometry, Publ.
Math. Inst. Hautes Etudes Sci. 82 (1995), 5-96. (1996).

P. DELIGNE AND G. LuszTiG, Representations of reductive groups over finite fields, Ann.
of Math. (2) 103(1) (1976), 103-161.

V. G. DRINFEL'D, Coverings of p-adic symmetric domains, Funkcional. Anal. i PriloZen.
10(2) (1976), 29-40.

M. EMERTON, Locally analytic vectors in representations of locally p-adic analytic groups,
Mem. AMS. (to appear) Preprint.

M. EMERTON, Jacquet modules of locally analytic representations of p-adic reductive
groups. I. Construction and first properties, Ann. Sci. Ec. Norm. Supér. (4) 39(5) (2006),
775-839.

G. FALTINGS, The trace formula and Drinfel’d’s upper halfplane, Duke Math. J. 76(2)
(1994), 467-481.

J. FRESNEL AND M. VAN DER PUT, Rigid Analytic Geometry and its Applications, Progress
in Mathematics, Volume 218 (Birkhauser Boston Inc., Boston, MA, 2004).

E. GROSSE-KLONNE, On the crystalline cohomology of Deligne-Lusztig varieties, Finite
Fields Appl. 13(4) (2007), 896-921.

A. GROTHENDIECK, Eléments de géométrie algébrique. II. Etude globale élémentaire de
quelques classes de morphismes, Publ. Math. Inst. Hautes Etudes Sci. 8 (1961), 222.

A. GROTHENDIECK, Eléments de géométrie algébrique. III. Etude cohomologique des
faisceaux cohérents. I, Publ. Math. Inst. Hautes Etudes Sci. 11 (1961), 167.

R. HARTSHORNE, Algebraic Geometry, Graduate Texts in Mathematics, Volume 52
(Springer, New York, 1977).

R. HottA, K. TAKEUCHI AND T. TANISAKI, D-Modules, Perverse Sheaves, and
Representation Theory, Progress in Mathematics, Volume 236, (Birkhduser Boston Inc.,
Boston, MA, 2008). Translated from the 1995 Japanese edition by Takeuchi.

C. HuYGHE, 2%-affinité de I'espace projectif, Compositio Math. 108(3) (1997), 277-318.
With an appendix by P. Berthelot.

C. HUYGHE, D. PATEL, T. SCHMIDT AND M. STRAUCH, Qf—aﬂinity of formal models of
flag varieties, Preprint, 2015, arXiv:1501.05837.

K. Karo, Logarithmic structures of Fontaine—Illusie, in Algebraic Analysis, Geometry,
and Number Theory (Baltimore, MD, 1988), pp. 191-224 (Johns Hopkins University Press,
Baltimore, MD, 1989).

https://doi.org/10.1017/51474748016000396 Published online by Cambridge University Press


http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://perso.univ-rennes1.fr/pierre.berthelot/
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
http://www.arxiv.org/abs/1501.05837
https://doi.org/10.1017/S1474748016000396

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

Locally analytic representations of GL(2, L) via semistable models of P! 187

C. MONTAGNON, Généralisation de la théorie arithmétique des Z-modules a la géométrie
logarithmique. Thesis, Université de Rennes, 2002, available at: http://tel.archives-ouver
tes.fr/tel-00002545 /en/.

C. NoOT-HUYGHE AND T. ScHMIDT, D-modules arithmétiques, distributions et
localisation, Preprint, 2013.

C. NooT-HUYGHE AND F. TRIHAN, Sur I’holonomie de Z-modules arithmétiques associés
a des F-isocristaux surconvergents sur des courbes lisses, Ann. Fac. Sci. Toulouse Math.
(6) 16(3) (2007), 611-634.

A. Oaus, F-isocrystals and de Rham cohomology. II. Convergent isocrystals, Duke Math.
J. 51(4) (1984), 765-850.

A. Ogus, The convergent topos in characteristic p, in The Grothendieck Festschrift, Vol.
III, Progress in Mathematics, Volume 88, pp. 133162 (Birkhduser Boston, Boston, MA,
1990).

S. ORLIK, Equivariant vector bundles on Drinfeld’s upper half space, Invent. Math. 172(3)
(2008), 585—656.

S. ORLIK AND M. STRAUCH, On Jordan—Hoélder series of some locally analytic
representations, J. Amer. Math. Soc. 28(1) (2015), 99-157.

D. PATEL, T. SCHMIDT AND M. STRAUCH, Integral models of P! and analytic distribution
algebras for GL(2), Miinster J. Math. 7(1) (2014), 241-271.

T. ScuMmIiDT, On locally analytic Beilinson-Bernstein localization and the canonical
dimension, Math. Z. 275(3—4) (2013), 793-833.

T. ScHMIDT AND M. STRAUCH, Dimensions of some locally analytic representations,
Represent. Theory 20 (2016), 14-38.

P. SCHNEIDER, Nonarchimedean Functional Analysis, Springer Monographs in
Mathematics (Springer, Berlin, 2002).

P. ScHNEIDER AND J. TEITELBAUM, Locally analytic distributions and p-adic
representation theory, with applications to GLp, J. Amer. Math. Soc. 15(2) (2002),
443-468. (electronic).

P. SCHNEIDER AND J. TEITELBAUM, Algebras of p-adic distributions and admissible
representations, Invent. Math. 153(1) (2003), 145-196.

A. SHIHO, Relative log convergent cohomology and relative rigid cohomology I, Preprint,
2008, arXiv:0707.1742.

A. SHIHO, Crystalline fundamental groups. II. Log convergent cohomology and rigid
cohomology, J. Math. Sci. Univ. Tokyo 9(1) (2002), 1-163.

J. TEITELBAUM, On Drinfel’d’s universal formal group over the p-adic upper half plane,
Math. Ann. 284(4) (1989), 647-674.

J. TEITELBAUM, Geometry of an étale covering of the p-adic upper half plane, Ann. Inst.
Fourier (Grenoble) 40(1) (1990), 68-78.

N. Tsuzuki, On base change theorem and coherence in rigid cohomology, Doc. Math.
(Extra Vol.) (2003), 891-918. (electronic). Kazuya Kato’s fiftieth birthday.

https://doi.org/10.1017/51474748016000396 Published online by Cambridge University Press


http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://tel.archives-ouvertes.fr/tel-00002545/en/
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
http://www.arxiv.org/abs/0707.1742
https://doi.org/10.1017/S1474748016000396

	LOCALLY ANALYTIC REPRESENTATIONS OF GL(2,L) VIA SEMISTABLE MODELS OF P1
	Introduction
	The integral models Xn and their formal completions Xn
	Construction via blowing up
	Group actions on Xn
	A very ample line bundle on Xn

	The sheaves D(m)n,k on Xn
	The sheaves T(m)n,k
	The sheaves D(m)n,k
	Global sections of D(m)n,k, D(m)n,k, and D†n,k,Q

	Localization on Xn via D†n,k,Q
	Cohomology of coherent D(m)n,k-modules
	Cohomology of coherent D(m)n,k,Q-modules
	Xn is D(m)n,k,Q-affine and D†n,k,Q-affine

	Localization of representations of GL2(L)
	Finitely generated modules over compact type algebras
	Modules over Dan(G(n))θ0
	The functor Loc†
	The functor Loc∞† and GL2(L)-equivariance

	Examples of localizations
	Smooth representations
	Representations attached to U(g)-modules
	Principal series representations
	Two representations furnished by the p-adic upper half plane

	Representations furnished by an étale covering of the p-adic upper half plane
	The first Drinfeld covering
	Main result: coadmissibility of the space of global functions
	The starting point: the affinoid Σ1(0)
	Extending the arguments to Σ1(n) for all n
	G(n-1)-analytic vectors in the dual of H0(Σ1(n),O)†

	References


