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In this paper we focus on the existence of a weak solution to a system describing a
self-propelled motion of a single deformable body in a viscous compressible fluid that
occupies a bounded domain in the three-dimensional Euclidean space. The governing
system considered for the fluid is the isentropic compressible Navier—Stokes equation.
We prove the existence of a weak solution up to a collision.
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1. Introduction

This paper is devoted to the self-propelled motion of a body S in a viscous com-
pressible fluid that is contained in a bounded domain 2 C R3.

Self-propelled motion, or self-propulsion, is a common means of locomotion of
macroscopic objects. Typical examples are motions performed by birds, fishes, aero-
planes, rockets and submarines. In the microscopic world, many minute organisms,
such as flagellates and ciliates, move by self-propulsion; these have been studied
by many authors. Even though the hydrodynamical mechanisms of self-propulsion
may be different for macroscopic and microscopic bodies (see [32]), the self-propelled
motion of a body in a viscous liquid is essentially due to the interaction between
the boundary of the body and a liquid. Hence, the boundary of the body serves
as the driver, and the distribution Vj of the velocity on the boundary of the body
serves as its thrust. The thrust can be generated by muscular action, as in animal
locomotion, or by mechanical device, as in an aeroplane.

In a famous experiment by Taylor [33], a mechanical fish can happily swim in
water but makes no progress in a very viscous liquid, e.g. corn syrup. The fish
consists of a cylindrical body with a plane tail that flaps to and fro. Due to the
reversibility of flow in a liquid with no inertia or, mathematically, due to the lin-
earity of the equations, whatever impetus the fish achieves by one tail flap, it will
immediately lose with the next flap. In a commonly accepted model of ciliata, the
layer model, the motion of the cilia produces a velocity distribution on a surface
enclosing the layer of cilia, which serves to propel the animal [1,23]. A principal
characteristic of ‘flight’ is that a significant part of the aerodynamic force is needed
to cancel the weight of the organism. Thus, certain features of flying apply to
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buoyant fish. In forward flight such a force can be obtained by creating horizontal
vorticity, this being the main purpose of the lifting surface of the body. The soaring
and gliding of birds provides a familiar example, where the classical aerodynam-
ics of fixed-wing aircraft can be applied at once. The observations of birds led to
the Lanchester-Prandtl wing theory (the notion of circulation and induced drag of
wings). For more detail see [4].

The system relating to a swimming or flying creature can be considered as a
fluid-structure system. In recent years, many mathematical works have been pub-
lished in the field of fluid—structure interaction problems, many of them tackling
the well-posedness of the corresponding equations of motion. The main difficulties
in obtaining the well-posedness of such systems are the nonlinearity from the fluid
(Navier-Stokes or Euler) equations, the coupling between the equations of the fluid
and the equations of the structure and the fact that the spatial domain of the fluid
is moving and unknown. The latter problem is simplest in the case of a rigid body
structure, since in this case the motion of the structure is completely described by
its rotation and translation. In the case where the structure is deformable, e.g. for
an elastic structure, the existence of weak solutions could be very difficult to obtain:
if the displacement of the structure is not regular, neither is the domain of the fluid.
In [2,5,7] some approximated models are considered for the motion of an elastic
structure in a viscous incompressible fluid. More precisely, the equations for the
elasticity are modified in order to gain some regularity for the elastic deformation.
Note that in the case of plate equations it is possible to obtain the existence of
a weak solution without these approximations [19] (see also [3]). For the case of
non-Newtonian fluids with elastic structure see [22].

Concerning the mathematical theory of compressible fluids, the fundamental
results in the Newtonian case have been obtained in the last two decades by
Lions [24] (the barotropic case with p(p) = p7) and Feireisl et al. [13] (the general-
ization to a larger class of exponents, ), Feireisl [10] and Feireisl and Novotny [11]
(heat conductive fluids, singular limits). Based on the entropy inequality, the con-
cept was further generalized to the notions of dissipative solutions and weak—strong
uniqueness (see [12,15]).

The case of two dimensions was studied, for example, in [28]. Except for an exis-
tence result, San Martin et al. prove the uniqueness of the solution and provide
some numerical simulations. For three spatial dimensions, Starovoitov [31] studies
the motion of several rigid bodies, whereas Necasova et al. [25] provide an exis-
tence result of the equation describing the self-propelled motion of a body in an
incompressible fluid. The existence problem of the strong solution of self-propelled
motion was studied by both Galdi and Silvestre: in [29] Silvestre studied the Stokes
approximation of the self-propelled motion of a rigid body in a viscous liquid fill-
ing all the three-dimensional space outside the body. Precisely, the existence and
uniqueness of the strong solution to the coupled systems of equations describing
the motion of the body-liquid system were proved for any time and any regular
distribution of velocity on the boundary of the body. In [30] Silvestre investigated
the motion of a self-propelled rigid body through a Navier—Stokes fluid filling the
whole exterior domain. The existence of a weak solution that is defined globally in
time, provided that the net flux across the boundary, for the prescribed boundary
values for the velocity, is zero. The works of Galdi [16,17] were devoted to the self-
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propulsion of a rigid body at vanishing Reynolds number. Galdi considered that the
shape of the body is constant during the motion; the thrust is produced because the
body generates a non-zero momentum flux through its boundary and/or because it
moves portions of its boundary. As already mentioned, in the limit of zero Reynolds
number the importance of inertia in determining the motion of the fluid, and con-
sequently the motion of the body, becomes negligible. The motion of the body is
therefore completely determined by its geometry and by the distribution of the
velocity on its boundary. In fact, it was shown in [16] that, in the steady case, the
motion of the body can be completely decoupled from that of the liquid, and the
method used in [17] can also be extended to unsteady self-propelled motion in order
to separate the motions of the body and the liquid.

The main aim of this paper is to provide a similar result to that in [25] for the case
of a compressible fluid surrounding a body. In order to prove our main theorem, we
use a method presented in [9]. This is based on an approximate system with a high-
viscosity limit that simulates a rigid body. Many parts of the proof are similar to
those in [9], and thus they are only sketched without any rigorous details. However,
there are some problems that appear to be due to the self-propelled motion and
coupling with the compressible fluid. In this paper we focus on the differences
coming from the non-rigid motion rather than on the problems solved in [9)].

REMARK 1.1.

e It is more natural to consider the incompressible case than the compressible
in case of flying birds or insects. Our problem can be seen as a preparation
for the singular limit and rigorous justification of the model described in [25].

e In [9] the existence of a global weak solution up to collisions was proven, which
means only a local solution, similarly to [25].

e Note the differences in the case of collisions in compressible and incompressible
cases: collisions can occur only in the case of slip-boundary conditions for
incompressible fluids (see [18]), and in the compressible case collisions can
occur even with Dirichlet conditions [9]. In the incompressible case it was
proved that collisions cannot occur with Dirichlet conditions [20, 21].

This paper is organized as follows. In §2 we introduce the setting and a gov-
erning system. The main theorem is presented in §3. Furthermore, we introduce
an approximate system in §4. The deformable body in an approximate system is
treated as a part of a fluid that has tremendous viscosity. In § 5 we deal with limit-
ing processes in order to obtain the main result. In the appendix we include some
useful lemmas.

2. Setting

We consider a flying body with a deformable structure that occupies a bounded
open connected set S; at an instant ¢ € [0, T]. The body is surrounded by a viscous
compressible fluid in a bounded domain {2 C R3, i.e. the fluid fills a domain F; :=
2\ S at an instant t. A function pg,: S; — (0,00) stands for the density of the
body. We consider that S; and {2 are locally Lipschitz domains in R3.
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The motion of the body consists of three elements: a translation described by
a € R3, a rotation represented by @ € SO(3) and a smooth deformation A: R3
R3, i.e. A is a smooth orientation-preserving diffeomorphism that is prescribed and
stands for the self-propelled motion. Thus, the domain &; can be described using a
function n[t]: R® — R3 as follows:

St - n[t]S()a
i.e. every point € S; can be expressed as
x =n[t](y) = a(t) + Q1) Ai(y),
where y € Sy (Sy is the initial position of the body). The velocity of a point x is
a'(t) = ' [t)(n " [t)(x))
=a/(t) + Q' (1) A(y) + Q(t) 0 Ar(y)
=d(t)+wt) x (x—a(t) +w(t,z)
= 'U,S(t7$)7 (21)

where w(t, ) = Q)0 A:(A; 1 (QT (t)(x — a(t)))) and

0 —Wws3 w2
S(w) = | ws 0 —w |, S(w(t) = Q' (1)Q™ (1)
—W9 w1 0

In what follows, we use overlined letters for quantities related to the body, which
is considered without any rotation and translation, i.e. in a deformed configuration.
Namely,

St = -/41‘, (80)7
9
ot

Moreover, there exists a smooth function A that coincides with @ on a set S
and is supported on a neighbourhood of &, i.e.

A(A N (=) VE €S

w(t, &) =

At @) = w(t,x) forxc S,
0 if dist(z,S;) > o,

where ¢ is sufficiently small.
We define

A(t,z) = QA(L, (QT (1) (= — a(1))))-
We denote the density of a deformable structure at an instant ¢ € [0,T] by ps :=
ps(-,t): S — (0,00). This is given by
polt) = —PSUAT Qe —a()])
det (VA (A (Q(1) [z — a(t)])))
Consequently, the density in a deformed configuration may be expressed as

_ _ PSo (A;l(j))
PS(ta :B) - det(v_At(A;l(ii))) .

(2.2)
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In what follows, we assume that A; is prescribed, and establish equations for a(t)
and Q(t). Moreover, we assume that 4, satisfies the following hypotheses, presented
in [25).

(H1) For every t > 0, the mapping y — A(t,y) is a smooth diffeomorphism from
R3 onto R3. Moreover, for every y € R3, the mapping ¢ — A(t, y) is smooth.

(H2) The total volume of the body remains constant, i.e.

[Stl = |Sol-

(H3) The centre of gravity and the angular momentum of the body cannot be
changed by interior forces:

For € 2 and t € [0,T], we set!
U’(tv :13) = Xftu}-(tv CL’) + Xstus(tv :13)7
p(t,x) = xF,pr(t,x) + xs,ps(t, ),

where ur and pr are the velocity and density, respectively, of the surrounding fluid.
We assume that the following equations hold.

e Balance of mass:
Opr +div(prur) =0 on Fi. (2.3)

e Balance of linear momentum:
O(prur) +diviprur @ ur) + Vp=divT(ugr) + prg on F, (2.4)
where g is the exterior force.
The stress tensor T is given via
T(ur) = 2uDur + A divur, (2.5)

where 2D = V + V7T is the symmetrical part of the stress tensor, p € (0,00), A € R
and 4+ A > 0, 4 and A are constant coefficients of viscosity. A pressure p is given
by

p=apr, a>0, (2.6)

with v € R restricted below. We consider the following boundary conditions:

0, x € 042,

at)+w(t)x (x—a(t) +w(t,z) =us(t,xz), xecdS. @7)

’Ll,]:(t,w) - {

1'We denote by x s the characteristic function of a set M.
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Since the motion A, is prescribed, we have to introduce equations for the unknowns
a(t) and w(t) that describe the movement of the body. Before we write down the
equations, we set

M = ps dx,
St

J(t) = /S ps(t, )|z — a(t)? - (x — a(t) ® (@ — a(t)) dz.

Finally, the functions a(t), w(¢) should satisfy

Ma”(t):—/ (T—pI)ndF+/ psgdz,
Sy St

(2.8)
(Jw)'(t) = — /ast(w —a(t)) x (T —plndl + /St ps(x —a(t)) x gd.
The initial state is described by
G(O) = 03 Q(O) = Iv AO = Ia PS(O) = PSo>s (2 9)
a'(0)=ao,  w(0)=wo,  pr(0)=pro, P(0)u(0)=m. '

For brevity, we set po = xz,070 + XS, 05, We define

Ho(S)) = {v € L*(22); v =00n 92, D(v) =0in S},
’CU(St) = Ho’(st) N H&(‘Q)7

where L" and H(], H" are the classical Lebesgue and Sobolev spaces. Furthermore,

Lg((z) = HJ(St)v H;(‘Q) = ’CJ(St)'

We set
ot ) = pr(t,x) ?f x € Fy,
ps(t,x) ifxeS,
u(t, x) ifx e F,
u(t,x) = .
a(t)+w(t) x (x—a(t) +w(tx) ifxcds.

DEFINITION 2.1 (weak solution). We say that a pair
(p,u) € L®(L") x L*(0,T; Ko (S:)), T >0,
is a weak solution of (2.3)—(2.9) if the following hold.
i) p=0.
(ii) The renormalized equation of continuity, i.e.
:b(p) + div(b(p)u) + (b'(p)p — b(p)) divu = 0, (2.10)

where b € C1(R), holds in a weak sense.
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(iii) The balance of linear momentum holds in a weak sense, i.e.

T
/ / ((pw)Orp + [pu @ u]: Dy + pdiv ) de dt
0o Jo

T
- / / (T(u): Dp — pgep) dwd + / (mow(0,))dz Vi € R(S)),
0 0 (9]
(2.11)
where

R(S:) = {¢ € C5°([0,T) x 2), Dp(z) = 0 on an open neighbourhood of S;}.
(2.12)

(iv) The energy inequality

1

,/ <p(r)|u(7)|2 + ap”(r)) dx +/ / (2u|Du|? + A(div w)?) da dt
2o y—1 0o Ja
< C(p(0),u(0),g)
holds for almost every (a.e.) 7 € [0, T].
(v) The movement of the body S is compatible with w in following sense:

uz(t,-) — us(t,-) belongs locally to the space W, *(£2\ S;). (2.13)

REMARK 2.2.

e The overall density and velocity satisfy this definition of the weak solution.
Indeed, (2.1)-(2.3) yield (2.10). This can be verified by a straightforward
calculation.

Furthermore, let ¢ € R(S;). We use this ¢ as a test function in (2.4). We get
T
/ / (0:(pu)p + div(pu @ u)p — pdiv ) de dt
T
= / / (—=T(u)Dy + pgy) de dt
0 Fe

-|-/0 /ast (T(u)pn — ppn)dldt, (2.14)

where n is a unit outer normal of S;.
Due to (H3) we have

/ pudx = Ma'(t), / (p(x —a(t)) x u)de = J(t)w.
St S
Furthermore, the transport theorem (see [26, theorem 1.22]) yields

O (pu) de —l—/ div(pu x u)dz = Ma' (t)

St S
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and

/ ((x — a(t)) x O(pu)) dx +/ ((x — a(t)) x div(pu x w))dz = (Jw)'(t).
St

St

Since Dy = 0 on &}, there exist 1,(t) € R? and £,(¢) € R3 such that p(x) =
l, + &, x (& — a(t)) for every € S;. Thus, according to (2.8),

/S (@r(pu)p + div(pu ® u)p) da = Ma" (1)1, + E,(Jw)' (1)

:_/ (T(u)—p[)gp’ndf+/ psgp dx.
BSt St
(2.15)

Consequently, (2.11) follows from (2.14) and (2.15). Let us point out that
the boundary integrals presented in (2.8) vanish in a weak formulation. For
more details about the weak formulation of system we refer the reader to [28,
proposition 2].

e There is no a priori reason to assume that the momentum (pu) is continuous
in time. We can only have that a function

t= | (pu) -1
R3

is continuous in a certain neighbourhood of a point ¢y provided i = Y(x) €
D(2) and ¢ = 0 on a neighbourhood of Sp.

e An alternative condition to the concept of compatibility of the velocity u with
the rigid objects was used in [6,27], namely

w € L*((0,T); Wy > N V*(£2),
where the sets V¥ = V*(t) are defined as

Ve = {u e W'2(02) | Dups(t) = 0}

3. Main result

THEOREM 3.1 (main result). Let 2 be a C*™ domain, v > 0, let v > 2 and let
So CC 12 be a bounded open connected set. Let there exist ¢1,co > 0 and initial data

po, My be such that

po =0, poXs, € [c1,cal,s po € L7(92),
2

mg = 0 almost everywhere on the set {x € 2| py = 0}, my ¢ LY (),
Po

and let g be a bounded measurable function in L>((0,T) x R3).
Then there exists T, € (0,00) such that there exists a weak solution (p,u) of
(2.3)-(2.9) on the interval (0,T).
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REMARK 3.2. The approximation of the problem (2.3)—(2.9) is constructed in the
following way.

e d-approrimation: we approximate the continuity equation by adding the term
dAp, and we also add the term dVpVwu to the momentum equation.

e (B-approzimation: we introduce the artificial pressure by adding a term bp?,
(3 > 2, to the constitutive equation.

e n-approzimation: we use the penalization method introduced by Starovoitov
et al. [27] to consider the viscosity coefficients dependent on the distance to
the boundary.

o N-approximation: we use Galerkin approximation in order to obtain the exis-
tence of a solution to an approximate problem. Since this method is standard
(see [13,26]), we skip it here, and the existence result to the approximate
problem is given directly by lemma 4.1.

Letting n — oo, d — 0 and 8 — 0, we get the existence of the weak solution of the
problem.

4. Approximate problem
4.1. Approximation (d, 3,n)

We use an approximation scheme that is proposed in [25, remark 11] (i.e. we suppose
that the viscosity of a compressible fluid rapidly increases on the body S;) together
with a known approximation scheme [13]. The part of the velocity that is zero on a
‘fluid domain’ is denoted by u, and that which grows rapidly on a ‘body domain’
is denoted by \,. These viscosities are defined precisely later (see §5.2). Now, it is
enough to assume that functions y,: R x R* — R and A, : R x R® — R obey

Py 20, Ay +py+p+A=0, (4.1)

where the variable x depends on w and will be specified in §5.1.
The approximate problem consists of the following equations.

e A continuity equation together with Neumann condition:

Op + div(pu) = dAp, d >0, (4.2)
Vp . ’I’L|59 =0. '
e A momentum equation (we define v = u — A):
O(pu) + div(pu @ u) + Vp(p) + dVpVu
= div(uDu + p, (D)) (4.3)

+ div(A div u + A\ I divv) + pg,
uloo =0,

where A := A, : [0,T] x £2+— R™ is a given function depending on wu.
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e A constitutive relation for a pressure:
p=plp) =ap” +bp’, a,b>0, B> max{4,~}. (4.4)

e The initial data, which complete this system:
p(0) =po,  (pu)(0) = mo, (4.5)
where pg € C**7(£2), 0 < ca < po < €3, Vpo -l = 0 and mg € C?(12).

LEMMA 4.1 (existence of a solution to an approximate system). Let 2 C R3 be a
bounded C*TV, v > 0, domain, let Sy C £2 be a bounded open connected set and let
g € D((0,T) x 2) be given. Let (4.1) hold and let > max{4,v}, v > £. Moreover,
let Ay, satisfy
10: AwllL2(0,7, L (2)) < C(1+ |lullz2(0,1,02(2))))
| Awll Lo 0,70,L (2)) + [V AullLoo(0,7,25(2))
HIA A Lo (0,7, (L) (2)) < C,
Aulon =0,

and let j1,, and X, be defined as in § 5.2.

Then there exists a weak solution, (p,w) € L>®(0,T, L#(£2)) x L*(0, T, W,*(12)),
to the problem (4.2)-(4.5).

Proof. The proof is similar to that in [13]. The presence of the two unknowns A
and x does not cause any significant problems. O
5. Proof of the main theorem

5.1. Average rigid motion

Let S; be a set defined for all times t. Hereafter, we simply write x instead of xs,:

My, = / pdz,
supp x

ol
Apyp) = —— p(x)x de,
ol My ) Jsupp x

T = [ pl@)lle = ap = @ = ap) © (@ = ag) da.
supp x

1
l[ ol = 7/ pude,
e M[X,p] supp x

hepa = T) ™ [ pl@)(@ — aty) x ulw) de.

supp x

The quantities [ , and wp, ,.) express an average transition and rotation of
S;, respectively. Thus, an average rigid motion of a body S can be described by a
function ITj, , ), which is defined as follows:

Iy o) () = Ly p,u] + Wixopou) X (T = Gy )
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Furthermore, we define a function Q[y,, . : R — R"*™ as a solution to the fol-
lowing ordinary differential equation:

Qfx#hu] (t) = S(w[x,p,u])Q[X,p,u] (t), Q[X,p,u] (0) = I>

and a function ¢fy , 4j: R — R? as a solution of

cixwm] (t) = wix,pu) (1) X € pu) () + Uy p (t),  €(0) = 0.
We set
A[X7p7u] (t7 w) = Q[X,p,u] (t)/i(t7 QE{)@pfu] (x - C[X,p,u]))'

Let Sy € 2 and u, pg be given with pg(x) € [c1, o] for all & € Sy. We prescribe
the movement of body S; by the following system of equations:

Ocp + div (A1 p.u) + Apypu))) =0 on 3“} (5.1)

Ogx + diV(X(H[X,ﬁ,u] + A[X,ﬁ,u])) =0 onS;,
where S; = supp x(t). We complete (5.1) with the following initial conditions:
p(0) =poinSy and x(0) = xs,- (5.2)

According to lemma A.4 a solution to (5.1), (5.2) exists. Moreover, since IT[, 5 .+
Ay ;. s solenoidal and p € [Cq, Cy], we use lemmas A.2 and A.3 in order to obtain

M1y pll L= (2) < cllullz(o), (5.3)
10: Ay 5l L2 (0,7, 050 (2)) < (1 + |lullz2(2)), (5.4)

| A5l Lo (0,7, 2 (2)) + IV Ay pu) | Lo 0,7,25 (02))

N

HIAA 5l Lo 0,7, 000 (2)) < € (5.5)

Furthermore, IT is a linear function; thus, we get V,IT = S(w). One may derive
that

IVoII| 120,10 (2)) < cllullr20,7,02(2))- (5.6)

For details we refer reader to the proof of [25, lemma 4].
From (5.3) one may also derive that there exists 7' > 0 such that A, 5 .(t)[se =
0 forallt <T.

PROPOSITION 5.1. For every w € L'(0,T, L') it holds that
= Iy pout Agy o)

Consequently,

A[X?ﬁ»u] = A[Xﬁﬁ7u+A[x‘ﬁ,u]] :

Proof. The first identity follows from the definition of IT and from hypothesis (H3).
The second identity is an easy consequence of the definition of A. O
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5.2. High-viscosity limit: approximation n
Let {puy, }o, and {\,, }°2; be sequences of viscosities specified later. Let wu,,
and p, be corresponding weak solution to (4.1)-(4.5), where A, := A, ;. ] and
II, := II},, 5., arve constructed as in §5.1. Furthermore, we define a set S, as
Snt = supp xn(t, ). We set u,, = v, + A,,. In what follows, we assume
Unlon = vnlon = Anlan =0,

at least on some time interval (0,7),). In order to proceed to the limit (letting
n — 00), we have to estimate norms of solutions independently on n. We integrate
(4.2) over {2 in order to get
lpnll o< 0,7,21 (2)) < C-
We multiply (4.3) by v and we integrate over {2 and time interval (0,t). We get

1 a b
| o Olun ) + 00 + 5700

t
b [ 2 ) Do + O ldiv o P
0 (9]

< Clp(0), w(0).ma A.9.2) +C [ t | el +cto) [ t | o
(5.7)

Using Gronwall’s inequality we obtain

vnllz2 7 w12(2)) + lonltnl* L 0,7,01(2)) + 1100 0,7, (2))
< C(T, p(0), w(0),m0, A, g, £2), (5.8)
where the constant on the right-hand side is independent of n and d. Furthermore,
from (5.8) and (4.1), we get
IVoall3 < C, (5.9)
where again the right-hand side does not depend on n and d. According to (5.3)—

(5.5) the quantities A,, and IT,, are estimated uniformly and thus there exists T, > 0
such that

An(t)]oe =0

for all t € (0,T%) and for all n € N. From now we will work on this time interval
unless stated otherwise.
We define viscosities p,, := py, and A, := Ay, by the following formula:

An = fin = NXn-
We also define the distance
dbs(x) = dpzig(®) — ds(x),

where dg () = minyex | — y|, provided K - R™ is a closed set. We use dbs to
define the convergence of sets. We write S+ LN S; if and only if dbs,, — dbs, in
Cloc( )
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We proceed to a limit as n tends to oo (passing to a subsequence if needed). Since
the limiting process is the same as in [9], we present here only conclusions without
detailed proof. From (5.7)—(5.9) it follows, passing to a subsequence if necessary,
that

pn—p  in LP((0,T,) x ),
Vp, — Vp weakly in L*((0,T,) x £2),
v, — v  weakly in L*(0,T,, W, *(£2)),
Pty — pu  weakly in L2((0,T.) x £2),
PnUn @ v, — P weakly in L2N/CN=D((0,T,) x ).

From (4.2) one may derive

lon Wiy +2d [ [ 1¥0ul2 == [ [ divenloul? + ool
0 0] 0 2

and also

()2 + 24 / / IVpl? = — / / divaulf? + [lpo 20,
0 0 0 0

Thus, | VpullL20,7.,02(2)) = [IVpllL2(0,7.,12(02)), and since L? is a strictly convex
space we get Vp,, — Vp strongly in L?((0,7T.) x £2). Consequently,

Vv,Vp, = VoVp inD'((0,T,) x 2).

According to (5.3), (5.5) and (5.6), IT,, + A,, is bounded in L?(0, Ty, W1°°(£2))
independently of n. Thus, the hypotheses of lemma A.1 are satisfied and one may
derive that

I, + Ay — Iy 50 + Ay p) 0 Cloc(R?) uniformly in t,

and also ,
Spt =S¢  uniformly in ¢.

We define
P ={(t,x), © € S},
PT = ([0,T,] x 2)\ Ps.

Both P* and P/ are open. Thus, for a point (¢,x) € P/ there exist the open
intervals J C [0,7] and U C P/ such that

(t,xg)e JxU CJxUc P,

We have 0;p,, bounded in L(J,W~54(U)) for some ¢ > 1, k > 1 (see [13,
lemma 2.4]) and, consequently,

(putn) = (pu) i C(J, L2/C+D()),
Due to a compact embedding L2%/(3+1) « =12 we get

Pty @ Uy — pu @ u  weakly in LS/5(J x U).
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Thus, P = pu ® u on P/. Moreover, since pp, and Ay, tend to infinity on every
compact K* C P?, we derive from (5.7) that Dv,, — 0 in L?(K?*). Therefore,

T.
/ / ((pu)0rp + [pu @ ul: D + pdivp + dVuVpp) dz dt
o Jo

T,
:/ /(uDuDgo—&—)\divudivcp—i—pgcp) d:cdt+/ mop(0,-) de
0o Jo Q

whenever ¢ € R(S;) (see (2.12) for a definition).
This proves the following lemma.

LEMMA 5.2. Let 2 C R? be a bounded C*>*V domain with v > 0. Let p be given
by (4.4) with 8 > max{4,~v}, v > % Let (4.5) hold and let So C 2 be a bounded
open connected set. Then there erxist a time T, and functions p € L>(0,T,, L"),
w € L2(0,T., Wy *)NL®(0,T. L?), p € L>°(0, T, L) and x € Char(0, T\, R?) such
that

e p,u satisfy (4.2), (2.11) and initial condition (4.5) in a weak sense for p €
c([0,T.], LY),

e p and x satisfy (5.1).

5.3. Vanishing-viscosity limit

In this subsection, we proceed to a limit with the parameter d. Let d,, — 0 and let
u, and p, be corresponding weak solutions to (4.2)—(4.5) that are constructed as
in lemma 5.2. Furthermore, let S,,; be bodies with corresponding motion described
by IT,, = I}y, 5. w, and A, = Ap, 5. 4.1 From estimates (5.8) and (5.9) we get
following convergences:

d,Vu,Vp, — 0 in L'((0,T.) x £2),
dnApn — 0 in L2(0,T,, W 12(02)),
pn — p in C([0,T], Lfvcak)7

w, —u  weakly in L2(0,T,, W,?),
and, consequently,
(pnten) — (pu) weakly* in L>(0,T,, L**/ BTV ().

Thus, p and w satisfy the continuity equation in D’((0,7Ty) x §2) and, using the
same regularization procedure as in [8], we can derive that p and u also satisfy the
renormalized continuity equation.

According to lemmas A.2 and A.3, it holds that

I L1y, pouin] + A pmuni 220y + IV (T, p ] + Al un)) | 22 () < C.

It follows from lemma A.1 that

S 2 S,
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and
H[memun] + A[memun] — H[x,ﬁ,u] + A[x,ﬁ,u] weakly* in LQ(O,T, Wl’oo((l))
Furthermore, we define

P ={(t,x), © € S},
PF = ((0,T,) x 2)\ P°.

Similarly to the result of the previous subsection (see also [9, §8]) we have
Pty @ u, — P in LY2((0,T) x 2)

and
P=pu®u on P/

Following the procedure in [9, §8] step by step, we derive that p(p,) — p(p)
weakly in L3+D/B(KT) for any compact K/ ¢ Pf.

Precisely, we claim that the pressure p(p,,) is locally bounded in Ll(fjl)/B(Pf).

One may derive the following lemma in a similar way to that in [9].

LEMMA 5.3. For any compact Kf C P’ there exists a constant c independent of
d, such that

lonll o1 (acsry + ol xry < e(KY).
This implies that
plpn) — pp) weakly in LHV/B(K ;) for any compact K¥ ¢ PY.

Then we can pass to the limit

T, _
| [ oo+ o ul: Do + o) div ) dz

-/ " [, (@w: Do)~ pa) dwa.

Our final aim is the strong convergence of density. Similarly to [9], we apply the
following result.

LEMMA 5.4. Let 3 > 7. Then

n—oo

T.
lim / d(p(prn) — (A + 2u) divu,)p, dae dt
o Jrr
T,
= /0 . d(p(p) — (A + 2u) divu)p de dt
for any ¢ € D(QF).

We can conclude that (pdivu) < pdivu, where (pdivu) := lim p,, div u,, in, say,
LY(02 x (0,T.)).
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Furthermore, (5.4), (5.5) and the Aubin-Lions lemma yield divA4, — divA
strongly in LP(L?) for any p,q € (1,00). Thus, for any K C S; compact, it holds
that

pn divu, = p,divA, = pdivA = pdive = pdive on K.

It follows that
pdivu > pdivu  on (0,T,) x R3.

This, together with renormalized continuity equation, yields that
pn— p in L'((0,Ty) x )
and, consequently,

p(p) =p(p) on P’
(see [13, §4.6]).

Thus, the functions w and p satisfy (2.10) and (2.11).

We are now in the best position to prove ux = (I, ] + Apy,p,u))X- We point
out that Dvyxy = 0 almost everywhere, and thus v is a rigid velocity on a body
S. According to considerations in [25, §3.1], it holds that vx = (IT, ;.))Xx. By
proposition 5.1 we have

ux = (v + Appa)X = (Ui po) + Appu)X = (Hiypul + Appu)X-

Moreover, from the uniqueness of a solution to the transport equation, we get
px = px. To conclude this subsection, we formulate all results into the following
lemma.

LEMMA 5.5. Let £2 C RY be a bounded C*t domain with v > 0. Let p be given by
(4.4) with B > max{4,~v}, v > 2. Then there exist a time T, and functions

pe L=(0,T,, L), we L*0,T.,, Wy?) N L%0,T,, L), x & Char(0,T,,R?)
such that p and w solve (2.10), (2.11) and the compatibility condition (2.13) is
satisfied.

5.4. Limit in pressure and domain

Our final task is to prove an existence of a solution for a pressure given by (2.6)
and for a general domain (2. We take a sequence of real numbers b,, — 0, a sequence
of domains (2, 2, C 2,41, 2, L 2 and the sequence of weak solutions w,, p,
constructed in lemma 5.5. This idea is summarized in the following lemma.

LEMMA 5.6. Let 2,2 C R3 be bounded domains such that
2, C 2py1, Qngﬁ as n — oo.
The pressure p = p, s given by

pn(p) = ap” + bnpﬁ

with
’y>%, 6>1, b, =0 asn— .

Let p,, and u,, be solutions to (2.3)-(2.5) and (2.6)—(2.9), respectively.
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Then there is a subsequence such that

pn —p in C([0,T.], L*(2)),
wn, —u  weakly in L2(0, T, Wy (£2)),

where p and w are weak solutions to (2.3)—(2.9).

Proof. The proof is similar to that of [9, theorem 9.1], since there is no difficulty
arising from a self-deformation of the body. O

Proof of theorem 3.1. We approximate a general bounded domain {2 by a sequence
of smooth domains (2, £2,, — §2, £2,, C £2,,41. This approximation exists according
to [14, lemma 7.1]. According to lemma 5.5 there exist solutions p,,, u,, on §2,, that
satisfy the hypothesis of lemma 5.6. In order to prove the main result, it suffices to
proceed to a limit with n — oo. O

Appendix A.

LeEMMA A.1 (Feireisl [9, proposition 5.1]). Let u, (¢, ) be a family of functions such
that t — w,(t,-) is continuous from [0,T] to R®, * — u,(-,x) is measurable from
R3 to R® and
t = [lun(t, )| Lo sy + [[Vun(t, )l L= (rs)
is bounded in L?(0,T).
Let m,[t]: R® — R3 be the solution of the problem

%nn[t](w) = un(t,mult](z), na[0](x) =z, e R

Let also B, C R3 be a sequence such that By, LN B, and denote by B,(t) =
M [t](By) the image of B, by the flow w,.
Then, passing to subsequences,

Malt] = n[t]  in Cloe(R?) as n — oo uniformly in [0, T],
where M[t] solves

Conll(e) = u(t. @), n0)() = 2, @< R,

and u, — u weak‘ly*b in L?(0,T; WL (R?)).
Moreover, By, (t) — B(t) uniformly in [0,T], where B(t) = n[t](B).

LEMMA A.2 (Necasovd et al. [25, lemma 4]). Assume that 1o is the characteristic
function of So. Then, there exists a positive constant C = C(§2,8y, C1,Ca, A) such
that, for all p € L>((0,T) x 2), v € L=(0,T; L*(2)) and p(t,-) € [Cy, Ca] for a.e.
t € [0,T], we have

My p,0] |2 (2) < Cllvl22(02),

where x is the solution of (5.1).
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LEMMA A.3 (Necasova et al. [25, lemma 5]). Assume that 1o is the characteristic
function of Sg. Then, there exists a positive constant C = C(£2,8y,C1,Ca, A) such
that, for all p € L>((0,T) x £2), v € L*>(0,T; L?(£2)) such that p(t,-) € [Cs3,C4] C
(0,00) for a.e. t € [0,T], we have

H aA[w,p,v]

o1 SO+ z20,152(02)))

L2(0,T;L(£2))

and

| A, p,0] I Loe (0,720 (2)) + IV A p 0] | Lo (0,72 (2))
+ HAAWanU]”L‘X’(O,T;LOO(Q)) < C.

LEMMA A.4 (Necasova et al. [25, lemma 8]). Assume u € L°°(0,T; L?(02)), po- €
C>(R3), po. € [C1,C3] C (0,00) for a.e. x € R3, 1y € char(R?), and S(1g) is
bounded and of non-empty interior. Then the problem 5.1 admits a unique solution

(p,) € L=((0,T) x R3). Moreover, for a.e. t € (0,T),
p(t) € [C3,Cy]  for a.e. x € R3. (A1)
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