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Abstract

On the basis of the Lorentz equation the analytical solution of the equations of motion of a charged particle in the
electromagnetic~EM! waves combined with constant electric or magnetic fields has been found. The possibility of
controlling of the parameters of motion in velocity and spatial spaces is discussed as follows.

1. INTRODUCTION

The propagation of charged particles in the EM waves also
in the presence of uniform and constant magnetic or electric
fields is the problem which has occupied a great deal of at-
tention for many years~Laird, 1968; Woolley, 1973; Kawata
et al., 1989; Husseinet al., 1992; Quesnelet al., 1997!. An
understanding of the conditions of the motion of a particle is
interesting in a number of problems, for example, in investi-
gation of interaction of the laser radiation with plasma~Malka
et al., 1997; Quesnelet al., 1997!, motion, and acceleration
of particles in the EM waves~Hauseret al., 1991; Kawata
et al., 1990!, propagation of particles in the magnetosphere
~Woolley, 1973; Wodnickaet al., 1997! and others. In the
majority of papers, the analysis of the problem has been made
by a direct numerical integration of the equations of motion.
In this paper, on the basis of a simple model and mathemat-
ical formulas obtained in an analytical way, we have been
able to find a qualitative and in many cases, quantitative
description of the behavior of a particle in EM waves and E,
B fields. The presented results can be useful also in chem-
istry, biophysics, and quantum computation~Cirac et al.,
1995!. Considerations presented in the paper regard the mo-
tion of a particle in the field of the EM wave described by
the Lorentz equation of the form:

V
dm

dt
1 m

dV

dt
5 q@E 1 ~V 3 B!# 1 G 2 D, ~1!

where

m 5 mass of the particle,

q 5 a charge,

E 5 electric field strength of the EM wave,

B 5 magnetic induction of the wave,

V 5 velocity of the charged particle,

G 5 gravity, and

D 5 dissipation term.

In the case of nonrelativistic motion of a particle~Meyer-
hofer et al. 1996!, in the linear-polarized EM wave with
components:

E @Ex 1 Ex
c, Ey 1 Ey

c, Ez 1 Ez
c# ,

B@Bx 1 Bx
c,2By 2 By

c, Bz 1 Bz
c#

and forD 5 0 andG 5 0 it is possible to obtain the differ-
ential equations of motion of a particle in the form:

dVx

dt
5

q

m
@~Ex 1 Ex

c! 1 Vy~Bz 1 Bz
c! 2 Vz~By 1 By

c!# ,

dVy

dt
5

q

m
@~Ey 1 Ey

c! 1 Vx~Bz 1 Bz
c! 2 Vz~Bx 1 Bx

c!# ,

dVz

dt
5

q

m
@~Ez 1 Ez

c! 1 Vx~Bz 1 Bz
c! 2 Vy~Bx 1 Bx

c!# , ~2!
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where

Ex
c, Ey

c, Ez
c 5 components of the vector of constant elec-

tric field,

Bx
c, By

c, Bz
c 5 components of the vector of constant

magnetic induction,

2Vx,Vy,2Vz 5 components of a particle velocity,

x, y, z 5 spatial co-ordinates

2. ANALYSIS OF MOTION OF A PARTICLE
IN THE TWO EM WAVES WITH PHASE
SHIFT w

For a plane and homogeneous EM waves with components:

E @Ex
1 1 Ex

2,0,0# ,

B@0,2By
1 2 By

2,0# ,

where

Ex
1 5 Eo

1 sinf,

By
1 5 Bo

1 sinf,

Ex
2 5 Eo

2 sin~f 1 w!,

By
2 5 Bo

2 sin~f 1 w!,

Bo 5
Eo

c
,

f 5 vSt2
z

c
D

and

Eo, Eo 5 amplitudes of electric field of EM waves,

Bo, Bo 5 amplitudes of magnetic fields of the EM waves,

c 5 speed of light in vacuum,

w 5 phase shift between the waves,

v 5 angular frequency of the EM waves,

t 5 time

the equations of~2! can be reduced to the form:

dVx

dt
5

qEo

m
S12

Vz

c
D @sinf 1 sin~f 1 w!# ,

dVz

dt
5 2

qEo

m

Vx

c
@sinf 1 sin~f 1 w!# . ~3!

After integrating the equations of~3! ~to simplify the analy-
sis, at initial conditions for which the integration constant is
equal to zero! it is possible to obtain the solution in the form:

Vx 5 2a@cosf 1 cos~f 1 w!# ,

Vz 5 cH12 !11
a2

2c2 @cos 2f 1 cos 2~f 1 w! 1 2 cos~2f 1 w!#J
~4a!

where

a 5
qEo

mv
. ~4b!

For the nonrelativistic case~after approximation of the re-
lation in Eq.~4b! by two first terms of the series of expan-
sion of the root! one can obtain the equation in the form:

Vz > 2
a2

4c
@cos 2f 1 cos 2~f 1 w! 1 2 cos~2f 1 w!# . ~5!

Integrating equations~4a! and~5! it is possible to obtain the
solution given by:

x 5 2
a

v
@sinfo 1 sin~fo 1 w!# ,

z > 2
a2

8cv
@sinfo 1 sin 2~fo 1 w! 1 2 sin~2fo 1 w!# ~6!

fo 5 vSt2
zo

c
D,

where

zo 5 the parameter

The equation of~6! for several different values of the phase
shift are illustrated in Figure 1. From the Figure 2 follows
that in the analyzed case the particle is trapped into a closed
trajectory. By changing the value of the phase shiftw, it is
possible to control the parameters of motion and dimensions
of the trajectory of a particle. Putting different values of
frequencies into each of the waves and for different phase
shift w between them, we can obtain many other types of the
trajectories and values of the parameters of motion of a par-
ticles in the controlled manner.

3. MOTION OF A CHARGED PARTICLE IN EM
WAVE IN PRESENCE OF CONSTANT
MAGNETIC FIELD

It can be shown that for the EM wave, combined with con-
stant magnetic field, of the components:

E @Ex,0,0# ,

B@Bx
c,2By,0# ,
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the equations of~2! can be reduced to the form:

dVx

dt
5

qEo

m
S12

Vz

c
D sinf,

dVy

dt
5 2

qBx
c

m
Vz,

dVz

dt
5

q

m
~BoVx sinf 2 Vy Bx

c!. ~7!

Integrating the equations of~7!, ~after an approximation of
Vz by two first terms of the series of expansion of the root! it
is possible to obtain solution in the form:

Vx 5 2a cosf,

Vy 5 2
qBx

c

m
z,

Vz > 2
q2Bo

2c

4m2v2 cos 2f 2
q2~Bx

c!2

m2 Szt2
z2

2c
D . ~8!

ForBx 5 Bo, after integration of the equations of~8! we can
obtain the parametric equations of trajectory of a particle
given by:

x 5 2
a

v
sinv~t 2 to!,

y 5 a{v{to{t,

z > 2
a2

8cv
@sin 2v~t 2 to! 2 4v3to~to

2 t 2 to t 2!# , ~9!

whereto 5 parameter.
The trajectories of the particle described by the equa-

tions of ~9! are presented in Figure 2. It results from the
above that a charged particle is accelerated along an oscil-
lating trajectory and undergoes changing from trapped state
into the transporting state. The motion is characterized by
a rapid fluctuation inVz combined with two times slower
one inVx and constant in time inVy. The parameters of the
motion depend on value and orientation of a constant mag-
netic field. For example, when:

E @Ex,0,0# ,

B@0,2By 2 By
c,0# ,

Fig. 1. Example of the trajectory of a charged particle in two EM
waves for different values of the phase shift between them, whereX 5
~v0a!{x; Z 5 ~8v{c0a2!{z.

Fig. 2. Example of the trajectory of a charged particle in EM wave
in presence of theBx constant magnetic field, forto 5 0.25, andX 5
~v0a!{x; Y 5 ~a{to!21{y; Z 5 ~8v{c0a2!{z.
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where

By
c 5 a

Eo

c

a 5 parameter

for the velocities of a particle, the analogy to the equations
~8! solutions has the form:

Vx 5 2aSav
z

c
1 cosfD,

Vz >
a2zv

c2 Fa2vS z

2c
2 tD1 a cosf 1

c

4zv
cos 2fG, ~10!

and in analogy to the equations of~9!, equations for the tra-
jectory are given by:

x 5 2
a

v
@av2to t 1 sinv~t 2 to!# ,

z >
a2

c
F 1

2
a2v2~to

2 t 2 to t 2! 1 atosinv~t 2 to!

1
1

8v
sin 2v~t 2 to! G. ~11!

The calculated trajectories are presented in Figure 3. It can
be noticed that orientation of the vectorBc in the analyzed
cases has a strong influence on the character and direction of
propagation of a particle in space.

Fig. 3. Example of the trajectory of a charged particle in EM wave in presence of theBy constant magnetic fieldX 5 ~v0a!{x; Z 5
~v{c0a2!{z.
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4. MODIFICATION OF PARAMETERS
OF THE MOTION OF A CHARGED
PARTICLE IN THE EM WAVE
IN PRESENCE OF A STATIC
ELECTRIC FIELD

For the field given by:

E @Ex, Ey
c, Ez

c# ,

B@0,2By,0#

where:

Ey
c 5 Ez

c 5 2Eo

for the components of the velocities of a particle, the solu-
tion of the equations of~2! has a form:

Vx 5 2a cosf

Vy 5
qEo

m
t

Vz > af 2
a2

4c
cos 2f, ~12!

and for the parameters of the trajectory are given by:

x 5 2
a

v
sinfo,

y 5
1

2
av{t 2,

z >
1

2
av{t 2 1

a2

8cv
sinfo.

The trajectory is presented in Figure 4. As we can see this
trajectory has the same character as presented in Figure 2 for
constant magnetic field combined with EM wave. So, from
this point of view both methods of controlling of the param-
eters of the motion are complementary.

5. CONCLUSIONS

It has been shown the possibility of changing and control-
ling the parameters of the motion of charged particles in the
two EM waves which are propagating in the same direction,
by changing their phase shift. By the introduction of con-
stant magnetic or electric fields to an EM wave on a proper
manner it has shown the possibility of changing the trapped
state of a particle to the accelerated one. The analysis was
done on the basis of the simple mathematical model and
formulas which were obtained from it in the analytical way.
Presented model can be also useful for evaluation of condi-
tions of the motion of charged particles in other configura-
tions and types of the EM waves and constant magnetic and
electric fields and for other parameters of the charged par-
ticles. In particular it can be useful for evaluation of the hot

electrons parameters in the presence of the magnetic field as
it appeared under interaction of the laser light with matter
~Kawataet al., 1990!, understanding of the mechanism of
generation of the high energy electrons from laser plasma
~Malka et al., 1997; Quesnelet al., 1997!, investigation of
the conditions of cyclotron heating~Jaegeret al., 1972! and
in all these problems where transport, transformation and
visualization of information contained in charged particles
moving in the EM fields are considered~Grover, 1997!. Fi-
nally it is worth remarking that many new interesting effects
can be obtained after including to equations of motion, for
example, a dissipation term and for the cases when the par-
ticles are propagating in EM waves in the matter.
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