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In memoriam Alfredo Lorenzi 1944-2013

We consider a diffuse interface model of tumour growth proposed by A. Hawkins-Daruud
et al. ((2013) J. Math. Biol. 67 1457-1485). This model consists of the Cahn—Hilliard equa-
tion for the tumour cell fraction ¢ nonlinearly coupled with a reaction—diffusion equation
for y, which represents the nutrient-rich extracellular water volume fraction. The coup-
ling is expressed through a suitable proliferation function p(¢) multiplied by the differences
of the chemical potentials for ¢ and y. The system is equipped with no-flux boundary
conditions which give the conservation of the total mass, that is, the spatial average of
¢ + . Here, we prove the existence of a weak solution to the associated Cauchy problem,
provided that the potential F and p satisfy sufficiently general conditions. Then we show
that the weak solution is unique and continuously depends on the initial data, provided
that p satisfies slightly stronger growth restrictions. Also, we demonstrate the existence of
a strong solution and that any weak solution regularizes in finite time. Finally, we prove
the existence of the global attractor in a phase space characterized by an a priori bounded
energy.

Key words: diffuse interface; tumour growth; Cahn—Hilliard equations; reaction—diffusion
equations; weak solutions; well-posedness; global attractors

1 Introduction

Modelling tumour growth dynamic has recently become a major issue in applied mathem-
atics (see, for instance, [11,25], cf. also [2,29]). The models can be divided into two broad
categories: continuum models and discrete or cellular automata models (however, see,
e.g., [11, Chap.7] for hybrid continuum-discrete models). Concerning the former ones, the
necessity of dealing with multiple interacting constituents has led to the consideration of
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diffuse-interface models based on continuum mixture theory (see, for instance, [10,28,34]
and references therein, cf. also [7,13,20]). Such models generally consist of Cahn—Hilliard
equations with transport and reaction terms which govern various types of cell concen-
trations. The reaction terms depend on the nutrient concentration (e.g., oxygen) which
obeys an advection-reaction-diffusion equation coupled with the Cahn—Hilliard equations.
The cell velocities satisfy a generalized Darcy’s (or Brinkman’s) law where, besides the
pressure gradient, there is also the so-called Korteweg force due to the cell concentration.
Numerical simulations of diffuse-interface model for tumour growth have been carried
out in several papers (see, for instance, [11, Chap. 8] and references therein). Nonetheless,
a rigorous mathematical analysis of the resulting systems of differential equations is still
in its infancy. In particular, to the best of our knowledge, the first related papers are con-
cerned with the so-called Cahn—Hilliard—Hele—Shaw system (see [24], cf. also [5,32,33]) in
which the nutrient is neglected. Moreover, a very recent contribution (see [8]) is devoted
to analyze an approximation of a model recently proposed in [21] (see also [22,35]). In
this model, velocities are set to zero and the state variables are reduced to the tumour cell
fraction ¢ and the nutrient-rich extracellular water fraction . The corresponding PDE
system is given by

@ = Au+ p(e)(yp — p), (1.1)
w=—4¢ + F'(p), (1.2)
v, = Ay — p(@)(p — ), (1.3)

in Q x (0,00), where @ < IR? is a bounded smooth domain. Here F is the typical
double-well associated with the Ginzburg-Landau free-energy functional, while p is a
proliferation function which must be nonnegative and may have, for instance, the form
p(s) = po(1 — s?)y-1.1)(s) for s € R, po > 0. Here, y[_1.1] represents the indicator function
of [—1,1]. However, in this paper we suppose p to be, at least, Lipschitz continuous, but
we allow it to satisfy a suitable growth condition (cf. (3.4)). Also, it is worth observing that
more general potentials F, possibly depending on y as well, might be taken into account
since they are relevant from the modelling viewpoint (cf. [21] and references therein). This
could be the subject of a future work.
System (1.1)—(1.3) is equipped with the no-flux boundary conditions

Onp = 0yu =0, =0 on 02 X (0,0), (1.4)
and initial conditions

®0) =0,  w(0) =1 inLQ. (L.5)

In [8], the authors consider a relaxed model in which the chemical potential u contains a
viscous term aq,, o > 0 and equation (1.1) has an additional term ou, which requires a
further initial condition. For this model, existence and uniqueness of a variational solution
is proven under very general conditions on F, while p is taken to be globally bounded
and Lipschitz continuous. Then, imposing substantial restrictions on F (e.g., polynomial
growth of order 4), the authors prove the existence of a sequence {o,} and a sequence
of solutions which converges to a weak solution to problem (1.1)—(1.5) as o, goes to 0.
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Such a solution is more regular than the weak solution to (1.1)—(1.5) and it is also unique,
provided that ¢( is smooth enough.

Here, we want to analyse problem (1.1)—(1.5) without any regularizing term. More
precisely, it is not difficult to check that system (1.1)—(1.3) with (1.4) is characterized by
the total energy balance law (see [21, (10)])

d
@)+ 1Vl + 1901 + [ plo)n— v =0 (16)

where the energy & is given by

1 1
8(o.0) = 310l + 31 + [ Flo) (17)

Therefore, it seems natural to find a solution assuming that the initial data have just
finite energy. This is our first result, namely, existence of a weak solution of finite energy.
The assumptions on F and p are more general than the ones in [8] for the case a = 0.
In particular, in the present contribution p can have a polynomially controlled growth.
Concerning F, we can take any C? and A;-convex potential satisfying |F'| < 1o F + 43 for
some non-negative constants Ay, 4, A3. For instance, F(s) = exp(s) or F with arbitrary
polynomial growth. Also, with a further restriction on the growth of p’ and assuming F
to have a polynomially controlled growth, we can establish the continuous dependence
on the initial data (and so the uniqueness of weak solutions).

The proof is obtained by suitably approximating the potential F with a coercive
quadratic potential F,, and finding an approximating solution of such a problem through
a Faedo—Galerkin scheme. The crucial point is then to obtain appropriate a priori estimates
to pass to the limit via compactness results with respect to m. In particular, a bootstrap
argument is used in order to derive the optimal regularity estimate for ¢, which is
necessary in order to prove the continuous dependence estimate as well as for the analysis
of the global longtime behaviour. For similar double approximation techniques the reader
is referred to, e.g., [12,15].

Then, we prove a regularity result which helps us to investigate the global longtime
behaviour of the solutions. Concerning this issue, observe that conditions (1.4) imply the
conservation of the total mass

/ (ol0) + (1)) = / (0o + o), Vi >0, (18)
Q Q

However, we are not able to obtain independent global bounds for the spatial averages of
¢(t) and y(t). On account of this fact, we can show that (1.1)—(1.4) generates a dynamical
system taking as phase space a bounded set in the finite energy space with a constraint
on the total mass. We can thus prove that such a system has a global attractor.

This is just a preliminary step towards the theoretical analysis of more refined models.
For instance, one may include the fluid velocity either given as a datum or satisfying a
generalized Darcy’s (or Brinkman’s) law. Also, one should take a logarithmic potential
F, which is physically more relevant, and non-constant (possibly degenerate) mobility in
the Cahn—Hilliard equation. On the other hand, the free energy functional may contain a
non-local spatial interaction in place of the usual term |V¢|? giving rise to a convolution
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operator acting on ¢ in place of A¢ in (1.2) (see, for instance, [34], cf. also [17,18]).
These are just some examples of challenging extensions of the simplified model expressed
by (1.1)—(1.3).

1.1 Plan of the paper

In Section 2, we define the notation and we recall a useful inequality. In Section 3, we
prove that Problem (1.1)—(1.5) admits a unique weak solution (which continuously depends
on the data) under proper assumptions on the nonlinearities F and p. In Section 4, we
establish a regularity result for Problem (1.1)—(1.5) that holds under the same condition
on p which ensures uniqueness. This result turns out to be crucial in order to eventually
prove the existence of the global attractor.

2 Notation and preliminaries

Let Q be a sufficiently regular, bounded domain in R?, let T > 0 and set Q = Q x (0, T)).
Then, we define H := L>(Q) and V := H'(Q) and denote by | - ||, (,-) the norm and the
scalar product in H, respectively. If X is a (real) Banach space, the notation (-,-) will be
used to denote the duality pairing between X and its dual X’, while (-,-)xy will denote
the scalar product in X. For every f € V', f will stand for the average of f over @, ie.,
f = 1Q|7'(f,1). Here, |Q| is the Lebesgue measure of Q.

Since it is convenient to rewrite the equations (1.1) and (1.3) as abstract equations
in the framework of the Hilbert triplet (V,H, V'), we introduce the Riesz isomorphism
A :V — V' associated to the standard scalar product of V, that is,

(Au,v) = (u,v)y = /Q(Vu “Vo+uv) YuvelV. (2.1

We notice that Au = —Au+u if u € D(A) := {p € H}(Q) : 3¢ =0 on dQ} and that the
restriction of 4 to D(A) is an isomorphism from D(A) onto H. We also remark that

(Au, A"y = (v*,u), YueVandv* €V,
WA W) = W0 )y, Yu',0t eV’

where (-,-)y: is the dual scalar product in V' associated to the standard one in V, and
recall that (v*,u) = [, v"u if v* € H and we have

d ® * — * *
Euu 12, = 200", A" Ww*), W' e HY(0,T; V).

Moreover, by a classical spectral theorem there exist a sequence of eigenvalues /; with

0< 21 <4 < and 4; — oo, and a family of eigenfunctions w; € D(A) such that
Aw; = A;jw;. The family of w; is an orthonormal basis in H and it is also orthogonal in
V and D(A).

We shall repeatedly use the following Gagliardo—Nirenberg inequality in dimension 3
(see, e.g., [4,14,16,27] for more details)
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Lemma 1 Let 1 <pj,pr <00, 0<r <l (r,l € N) and assume that

_3/m—=3/pi—r

Then

—0 0 l
lull ey < cllul oy Ul Gy gy Yu € WH2 A LPY(Q). (22)

3 Existence and uniqueness of weak solutions

In this section, we prove that Problem (1.1)—(1.5) admits a weak solution, provided that F
and p have polynomial growth with given orders p and ¢, respectively. The upper bounds
on p and g in Theorem 1 ensure the existence of a weak solution with optimal regularity
for @, ie., ¢ € L*(0, T; H3(Q)). Such assumptions can be relaxed if only existence of the
weak solution is required (cf. Corollary 1). An additional restriction on the proliferation
function p allows us to prove uniqueness as well as a continuous dependence estimate on
the initial data for weak solutions. In any case, our assumptions on F and p are more
general than those made in [21] (cf. also [8] when o = 0).

Let us begin with the existence result, which will be proven, for the case where
the growth p of F is greater than 4, by means of a double approximation procedure,
namely by first exploiting the Faedo—Galerkin scheme to prove existence for p < 4
and then by approximating F with a sequence of potentials having growth which is at
most 4.

The assumptions we need for the existence are the following

(F) F € C*(R) can be written as
F(s) = Fo(s) + A(s), 3.1)

where Fy € C*(R) and 4 € C?*(RR) satisfies |2”(s)| < o, for all s € R, and for some
constant o« > 0. Moreover, we assume

(14151772 < F(s) < a1 + [s]772), (3.2)
F(s) = c3ls| — ca, (3.3)

for all s € R, with ¢y, ¢s,¢3 > 0, ¢4 € R and with p € [2,6).
P)pe CO’l(]R) satisfies

loc
0 < p(s) < es(1+[s]?), (3.4)

for all s € R, with ¢5 > 0 and with ¢ € [1,9).

Before stating the existence result, let us introduce the definition of weak solution to
Problem (1.1)—(1.5).
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Definition 1 Let pg € V, o € H and 0 < T < oo be given. Then, a pair [@,y] is a weak
solution to (1.1)—(1.5) on [0, T] if

@ € L0, T; V)N L0, T; HX(Q)), ¢, € L(0,T;D(A7")), (3.5)
p=—A¢+F(p) € L*(0,T;V), (3.6)
w € L*(0, T;H)NL*(0,T;V), , € L'(0,T;D(A™")), (3.7)

for some r > 1, and the following identities are satisfied

(@i ) + (Y, Vi) = (p(@)(p — ). %), (3.8)
(w, &) + (Y, VE) = —(p(e)(p — ), ), (39)

for all x,& € D(A) and for almost all t € (0, T), together with the initial conditions (1.5).

Remark 1 Notice that the regularity properties of weak solution imply that
@ € Cu([0,T]; V), v € Cu([0, T]; H).

Hence, the initial conditions (1.5) make sense. Moreover, we point out that the required
regularity for 0Q in order to prove our theorems is at least C>!. For instance, we need
some regularity for the eigenfunctions (see proof of Theorem 1) as well as when we deduce
that ¢ € L*(0, T; H*(Q)) (cf. (3.5)).

Theorem 1 Assume that (F) and (P) are satisfied. Let ¢o € V and po € H. Then, for
every T > 0, Problem (1.1)—(1.5) admits a weak solution on [0, T such that

@ € L0, T; H(Q)), (3.10)
F(p) € L*(0,T;LY(Q)), +/pl@)(u—1w) € L*0,T;H), (3.11)

which satisfies the following energy inequality

t t
s+ [ (190 P)ie+ [ [ pon—vP <étoovo. ve>0. (12)
where & is given by (1.7). Furthermore, if q < 4, then we have
(pla 1Pt S LZ(O) Ta V/): (313)

and (3.12) holds with the equality sign. Moreover, in this case the weak formulation (3.8),
(3.9) is satisfied also for all y,& € V.

Remark 2 The bound p < 6 is required only to gain the optimal regularity ¢ €
L*(0, T; H*(Q)). Actually, we should only require p < 6. However, due to technical
reasons, we are not able to perform our bootstrap technique in the case p = 6 (cf. Step 11
in the proof of Theorem 1). Nevertheless, the existence of a weak solution (without this
optimal regularity) can be proven under more general assumptions on F (together with

https://doi.org/10.1017/50956792514000436 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792514000436

On a diffuse interface model of tumour growth 221

a slight restriction on g), in particular, for F with polynomial growth of arbitrary order
(see Corollary 1).

The following lemma will turn out to be useful in the proof of Theorem 1 (cf. Step II).
Indeed, it allows us to suitably approximate a regular potential having general p—growth
(in particular in the case of p > 4) and satisfying conditions (3.2), (3.3) with a sequence
of regular potentials having quadratic growth.

Lemma 2 Assume that F satisfies (F) with p > 2. Then there exists a sequence of F,, €
C*(R) satisfying
[Fin(s)] < o(1 + SZ)’ Vs € R,

for some constant o, = 0, such that F,(s) — F(s) pointwise for all s € R as m — +oo and
fulfilling, for every m € N, the bounds

|Fn(s)| < kolF(s), [Fy(s)| <ki|F'(s)l, [|Fn(s)] <kalF"(s)|, Vs€eR, (3.14)
and the equi-coercivity conditions

Fu(s) = kas> — kq, F!(s) > —ks, Vs€R, (3.15)

where k;, i =0,...,5 are some positive constants depending on F and p only.

Proof Without loss of generality, we set Fo(0) = F;(0) = 0 (this condition can always
be assumed by redefining the function A). Set Hy = F} and let Hy, be the Yosida
regularization of Hy defined by (cf, e.g., [6, p. 28])

—1
Hop(s) = m(s - Jm(S)), In(s) = (I + %HO) (s), Vs € R.
Introduce now
Fo,(s) = / Hy,,(0)do,
0

for all s € IR, and set
Fm(s) = FOm(S) + j~(S)

Let us check that the sequence of F,, satisfies all the stated conditions. We shall use
standard results from the theory of maximal monotone operators (applied to the single-
valued monotone function Hy defined on the whole of R).

First, notice that Hy,, is Lipschitz continuous with Lipschitz constant equal to m, and
then |Hy,(s)| < mls|, for all s € R, where we have used the fact that Hy,(0) = J,,(0) =0,
since Fj(0) = 0. Therefore,

1
[Fom(s)| < Emsz, Vs e R,

which implies that F,, has at most quadratic growth for each m.
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Moreover, we have |Hoy,(s)| < [Ho(s)| = |Fy(s)| and also Hou(s) — Ho(s) = Fy(s), for all
s € R as m — 4o0. Therefore, by the Lebesgue theorem, we deduce

Fom(s) — / Fy(o)da = Fy(s), as m — 4o
0

and this implies that F,,(s) — F(s) for all s € IR as m — +o0.
Next, the bound (3.14), is immediate, since, for all s € IR we have

Fon(9) < | [ 1Hontelds| < | [ 1Fy(ode] = R
Fip9)] = [Hon9)] < [Ha(s) = i)

Also, we can take the growth condition (3.2) into account. As far as (3.14); is concerned,
notice first that we have F{, (s) = Hy,,(s) = m(1 — J,,(s)). Moreover, from

1
r+ %Ho(r) =5 <=1 = Ju(s), (3.16)
we deduce
1
ITI(S)

L4+ LF (Jns)
Hence, we have

F(,), (Jm( ))
1+ mF” (J'”(S))
<e(l+ |s|”_2) < E—ZF(’)'(S), Vs € R.

1

F(,)/m(s) = < F(,), (Jm(s)) < 02(1 + |Jm(s)|p_2)

Bound (3.14); then follows from this last estimate and (3.2).
Furthermore, we have

FyUn) _ @

= . Vs € IR, Vm,
L+ F(Ju(s)) ~ 1+a

Fo(s) =

and this, together with the assumption on /, yields (3.15),. Let us finally check that also
(3.15); holds. To this end we first recall the following property: let § > 0 and y € R be
two constants such that

(s) = s> —, Vs € R.
Then, we have
FOm( ) ész -7 Vs € R,

and for all m = my(f). We give the proof for the reader’s convenience. Observe that

L R(5) + FolUn(s) > = HR(5) + BI2(s) — 7

FOm(S) = m .
! 4
oo Lot > o8- )
B
25 -
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provided we choose m = my(f) := 8p.
Using now (3.2) and the fact that p > 2, we can write

A

R 1
Fo(s) = &1(Isl” + 5%) = 35 — Cs,

where 6 > 0 will be fixed later. By employing the property recalled above and the fact
that we have A(s) > —as®> — &, we deduce

¢
Fuls) = Fonls) +2(5) > (55 — )5 = Ca,
which holds for all s € R and for all m > 8¢,/6. Let us choose, e.g., 6 = ¢1/2(1 4 a).
Therefore, we have

Fu(s) = s> —C, Vs € R, Ym = my,

where my = 16(1+a). Hence, (3.15), is proven and the proof of the lemma is complete. []

Proof of Theorem 1. Step I (case p < 4).

Let us first prove the existence of a weak solution with optimal regularity (3.10) under
the assumption that F has growth of power 4 at most. We shall use a Faedo—Galerkin
approximation method. Let us then take the family {w;};>; of the eigenfunctions of A4 as a
Galerkin basis in V, and let P, be the orthogonal projectors in H onto the n-dimensional
subspace #7, := (wi,...w,) spanned by the first n eigenfunctions. For n € N fixed, we
look for three functions of the form

n

Z%mea mebmu:Z%mk

k=1

that solve the following approximating problem

(@) + (Vit, Vwj) = (p(@n)(Wn — ) W;), (3.17)
(nswj) = (Vou, VW) + (F'(@n), wj), (3.18)
(Yo W) + (Vipu, Vi) = = (p(@n) (n — fa), W), (3.19)
®n(0) = @on,  Wu(0) = won, (3.20)

for j = 1,...,n, where ¢g, := P,po and g, := P,y (prime denotes the derivative with
respect to time).

It is easy to see that solving the approximate problem (3.17)—(3.20) is equivalent to
solving a Cauchy problem for a system of 2n ordinary differential equations in the 2n
unknowns aj, bj. Since F' € C!'and p € Clm, the Cauchy-Lipschitz theorem ensures
that there ex1sts T, € (0,00] such that this system has a unique maximal solution
a" = (dl,...,da"), b" := (b%,...,b") on [0,T;) with a",b" € C([0, T,);R"). Hence, the
approximate problem (3.17)—(3.20) admits a unique solution @y, yn, ity € CH([0, T,); W ).

We now deduce the basic estimates on the sequence of approximating solutions. In
particular, these estimates will guarantee that T, = oo for every n € N.
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Multiply then (3.17) by ¢}, (3.18) by a;?’, (3.19) by b} and sum the resulting identities
over j = 1,...,n. We get the following energy identity satisfied by the solution of the
approximate problem

d 1l 2 1 2 2 2 2

5 n A 1¥n F(o, n n n)\ln — WYn) =Y.

(1Yol + 310 + [ Fon) + 19 + 1901 + [ plon)n =" =0
(3.21)

By integrating (3.21) in time between 0 and ¢, using (F), (P) and the assumptions on the
initial data we immediately deduce the following estimates

lonllL=o.1) < C,  Nwall oo, r:m0020,7:7) < C, (3.22)
IVinll 20,0y < €, IV P(@n)(Wn — w)ll 20,70 < C, (3.23)
[F(@n)llLeo.1:L10) < C. (3.24)

where henceforth C = C (H(pQH v, llwo H) denotes a non-negative constant depending on the
norms of the initial data (and on F, Q).
Let us now control the sequence of the averages of u,. From (3.18) we get

(1t DI = [(F'(@n), D] < 6 (F(@n), 1) +¢7 < C, (3.25)

where cg, c7 are two non-negative constants depending only on F, Q and where we have
used assumption (F) and (3.24). Therefore, the sequence of i, is bounded in L*(0, T') and
this bound, together with the first of (3.23), yields

|l 20,70y < C. (3.26)

We now prove that the sequence of ¢, is controlled in L*(0, T; V)N L*0, T; H3(Q)).
Indeed, notice first that (3.18) can be written as

Un = —A¢n + PnF/((Pn)' (3.27)

Observe now that ||P,F'(¢,)| < ||F'(¢,)||. Thus, the sequence of ¢, is bounded in
L*(0, T; L%(Q)), we deduce from (3.2) the bound

IF' (@)l =0.7:00) < C. (3.28)

Hence, (3.27) and (3.26) give that the sequence of —A¢, + ¢, is bounded in L*(0, T; H)
and, on account of the homogeneous Neumann boundary condition for ¢,, a classical
elliptic regularity result implies

[ @nll L= 0,72 0,1:12(2) < C- (3.29)

By using inequality (2.2), we deduce from (3.29) that the sequence of ¢, is bounded in
L'°(Q) and moreover the sequence of V¢, is bounded in L*(0,T;H)N L*(0,T;V) <
L'93(Q). On the other hand, note that |A"?u|?> = (Au,u) = ||Vu|*>+|ul?, for all u € D(A).
Hence | A'?ul| > |Vu|| (which holds, by density, also for all u € V = D(4'/?)). Therefore,
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we have
IV (PuF (@) || < |AY*PuF (9n)|| = | PL A F (@) < [VF'(0u) | + | F'(00) ],

and hence (3.2) together with (3.28) and (3.22); give

IPoF' (@n)ll 120,720y < IF"(00)Vull120) + IIF'(00) | 12(0)
[F" (@)l L5 IV@n | o) + 1 F' (@)l 12¢0)
C( + Hq)nHilO(Q)) HV(PnHLIO/S(Q) + HF,((Pn)HLZ(Q)

C.

<
<
<
<

Using (3.26) and the elliptic regularity result again, we infer from (3.27) that

l@nll Leo@,7:9)n20,7:030) < C. (3.30)

We now deduce the estimates for the sequences of time derivatives ¢, and ). Take
1 € D(A) = L*(Q) and write it as y = 1 + 2, where yy = P,y € # 'y and o € (I —Py)y €
9L (recall that i, x> are orthogonal in H, V and D(A)). Then, from (3.17) we have

<90;v X) = <§D;19 X1> = _(V,una VXI) + (P(%)(Wn - ,un)s Xl)a (331)

and a similar identity follows from (3.19). Observe that

I(p(q)n)(wn - Nn),)m)\ < Hp((Pn)HLG/S(Q) lwn — tnll Lo 21 1= (@)
< cllp(@a)ll Lorsi) lwn — tnll Lo 21 peay-

The term (v, — u,) is controlled in L?(0, T ; L°(Q)), then we need to control the sequence
of p(p,) in L7(0, T; L%3(Q)) with some ¢ > 2 in order to get the control of the sequences
of @, y! in L'(0, T;D(A~")) with some r > 1. To this aim notice that from assumption
(P) it follows that

Hp((pH)HL“(O,T;L(’/S“(Q C(l + H(PHHLW (0,T; L6(1/5+fq(Q))) (332)

where ¢ > 2 and € > 0. On the other hand, we know that the sequence of ¢, is bounded
in L*(0,T; V)N L*0, T;H3Q)) (cf. (3.30)), and, thanks to inequality (2.2), we have the
following embedding

L*0,T; V)N L0, T;H Q) — L¥0=90, T;L%(Q)), for 6 <6 < 0. (3.33)
Hence, choosing 0 = 54/5, we obtain

l@nll Lisio, 1Ly < C- (3.34)

Recalling that ¢ < 9, we can then fix ¢ > 2 and ¢ > 0 such that g < 18 and
6q/5 + eq < 54/5 (both ¢ and e depending on g). Thus, we have L'¥(0, T; L**3(Q)) —
L0, T ; L%/5+<4(Q)). Therefore, on account of (3.32) and (3.34), we get the desired
control of p(¢,) in L7(0, T ; L%3(Q)) with some ¢ > 2. Summing up, we have proven the
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following bounds
lonllrorpuy < Co o lwpllrorputy) <C, for some r > 1, (3.35)

where we have used (3.32) and (3.23); in (3.31) to get the first bound and (3.32) and
(3.22), to obtain the second bound.

We now deduce from estimates (3.22), (3.26), (3.30) and (3.35) the existence of three
functions @ € L*(0,T;V) N L*0,T;H3Q)), v € L*0,T;H)NL>0,T;V) and u €
L2(0, T; V), with ¢@;,p; € L'(0, T; D(A")) which are the (weak) limits (up to subsequences)
of @u, Y, Uy and @), ), respectively. In order to pass to the limit in the approximate
problem, we first observe that thanks to the compact embedding

L0, T; V)N WY (0,T;D(A™")) > C([0,T]; L(Q)), 2<Kk<6

given by the Aubin-Lions lemma (see, e.g., [23]), we deduce that, up to a subsequence,
@, — @ pointwise almost everywhere in Q = Q x (0, T'). Then, since (yp, — u,) converges
weakly to (y — p) in L*(0, T; L%(Q)), in order to pass to the limit in (p(@n)(wn — pa), w))
on the right-hand side of (3.17) and (3.19) it is enough that p(¢,) converges strongly to
p(@) in L*(0, T'; L5(Q)) (up to a subsequence). But we know that p(¢,) — p(¢) pointwise
almost everywhere in Q and furthermore, from (3.32), (3.34) and the from embedding
L'3(0, T; L*3(Q)) — L°9(0, T; L%/3+<4(Q)) (with ¢ > 2 and e > 0 fixed as above), we
have p(¢,) — p(¢@) weakly in L?(0, T ; L%/3¢(Q)). Hence we deduce

p(@a) = p(e),  strongly in L*(0, T; L*3(Q)). (3.36)

This convergence, combined with the weak convergence (u, — v,) — (4 — ) in
L*(0, T; L)), allows us to pass to the limit in the non-linear term on the right-hand
side of (3.17) and (3.19) (recall that w; € C'(Q), assuming that 0Q is smooth enough, e.g.,
C>!). By means of the convergences deduced above we can therefore pass to the limit
in the approximate problem (3.17)—(3.20) and deduce that ¢, y, u satisfy (3.8)—(3.9). The
argument is standard and the details are left to the reader.

The energy inequality (3.12) can be proven by integrating in time (3.21) between 0 and
t and passing to the limit as n — oo in the resulting identity. The only non-trivial point is
the following inequality

/0 [ /9 p(@) (i — ) < lim inf /O [ /Q P(@n)(tn — ). (3.37)

We know from (3.33) written for 6 = 14, that the sequence of ¢, is bounded in L'#(Q) and
hence, on account of (P), the sequence of /p(¢,) is bounded in L?*/4(Q). Since ¢, — ¢

also pointwise almost everywhere in Q, then we have ,/p(¢,) — /p(@) strongly in L7(Q),
for every y < 28/q. In particular, we have ./p(¢,) — /p(¢) strongly in L3(Q). Therefore,
we have

VP(@n) (s —wa) = V/pl@)— ),  in LY3(Q),

and, due (3.23),, this last weak convergence is also in L*(Q). Hence, (3.37) follows.
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Moreover, if ¢ < 4 we can easily deduce the regularity ¢, 1, € L*(0,T;V’) by com-
parison in the variational formulation of (1.1) and (1.3). Indeed, estimating the term

p(@)(y — ) in V', we get
Ip(@)(p — Wy < cllp(@)ll sl — plls@)- (3.38)

But, since ¢ < 4 and ¢ € L*(0, T;L%)), then assumption (P) implies that we have
p(@) € L*(0, T; L3/*(Q)) and therefore, on account of (3.6) and of (3.7),, (3.38) gives

p(o)(p — 1) € L*0,T; V).

Hence, (3.13) follows immediately.

Finally, let us take y = p and ¢ = y in the variational formulation (3.8), (3.9) of
(1.1) and (1.3) (with test functions y, & now in V), respectively, and sum the resulting
identities. The choices for y and ¢ are allowed since we have pu,yp € L*(0,T;V). Next,
let us recall (3.13) for ¢, v, (3.10) and (3.7) for ¢,y, and the chain rule applied to the
product (¢, F'(¢)), noting that F'(¢p) € L*(0, T; V), to write the identities

d
(s = 55 1V0l+ 5 [ FloL  truw) = (3.39)

oy HwH
Here, we have used [9, Proposition 4.2] and the fact that (3.2) ensures that F is a quadratic
perturbation of a convex function. Observe that the first term on the right-hand side of
(3.39); can be justified by means of a regularization argument which employs the time
convolution of ¢ by a family of mollifiers (see, e.g., proof of [31, Lemma 4.1]). Summing
up, we obtain

d
2 (31v012 + nwuz+/QF(<p)) IV + 199+ [ o=y =0, (340)

By integrating the energy identity (3.40) in time between 0 and t we deduce (3.12) with
the equal sign for all ¢t > 0. This completes the proof of the theorem for the case p < 4.

Step 11 (case 4 < p <6).

In this case, we first approximate the potential F with a sequence of potentials F,, €
C*(R) satisfying the conditions stated in Lemma 2.

Let us now consider problem (1.1)—(1.5) with F replaced by F,, and call it Problem P,,.
Since F,, satisfies condition (F) with p < 4 (each F,, has quadratic growth on IR) then, for
each m € IN, Step I ensures the existence of a weak solution [¢,,, p,] to Problem P, such
that ¢,, € L*(0, T; V)N L*0, T; H*(Q)), w € L*(0, T; HYNL*0, T; V), um € L0, T; V)
and satisfying the energy inequality (3.12).

Due to (3.12) (written for each solution ¢, y, with F,, in place of F), assumptions
(F) and (P), (3.14); and (3.15), we can argue as for the Faedo—Galerkin approximating
solutions [¢,,p,] (cf. Step 1) and we can still recover the basic estimates (3.22), (3.26)
for the sequences of ¢,, and v, (notice that in Problem P,, the initial conditions are not
approximated).

We now show that the sequence ¢, is still controlled in L*(0, T; V) N L*(0, T; H3(Q)).
This bound will be achieved through an iteration argument.
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Notice first that the sequence ¢,, is bounded in L*(0, T; V)N L3(0, T ; H*(Q)). Indeed,
by multiplying the identity wu, = —4¢u, + F,,(¢m) by 4¢,, we obtain

HA(PmHz = —(ttm, AQp) + (Fl,n((Pm)a Apy)
1 1
< Sl + 3140017 = [ Fi(oniVoul
Q

By using (3.15),, this last estimate yields
| 4@l < [l tl|* + 2ks | Vo |- (341)

The desired bound of ¢,, in L*(0, T;V) N L*0, T; H*(Q)) then follows from (3.41) by
applying the basic estimates (3.22), (3.26) and elliptic regularity.

Using the obtained bound and interpolation (cf. (3.47) below), we see that the sequence
of @, is bounded in L>*=D(0, T ; LO~1/(»=3)(Q)) as well. Hence, (3.2) together with (3.14),
imply that the sequence of F/,(¢,,) is bounded in L*(0, T'; L%“=3)(Q)). Therefore, from (1.2)
and (3.26) we infer that the sequence of —4¢,, + @, is bounded in L(0, T; L%*=3(Q)).
Then, by using elliptic regularity theory (see, e.g., [1,19,26]) we get

l@mll, <C. (3.42)

6
©(0,T;V)NLA(O,T ;W53 (Q))

Thanks to inequality (2.2), we deduce from (3.42) that the sequence of ¢,, is bounded
in LX11=r)(Q). Moreover, V¢,, is bounded in L*(0, T;H) N L*0, T; W1o/(r=3)(Q)) —
L>11=0)/3(Q). Therefore, using (3.14); and (3.2) we get

”VF;n((Pm)HL’O(Q) < k2HF”((/)m)V(Pm”L‘O(Q)
< k2HF”((Pm)HLz(“*P’/W*Z‘(Q)|‘V§Dm|‘LZ(11w>/3(Q}
<

)

C(l + H(PmHiszp)(Q)) HV(PmH[}(”*n)/B(Q)
2(11 —p)

so= ———-.

gc’
p+1

In addition, we know that the sequence of F/(¢,) is bounded in L*(0, T ; L%*=3(Q)).
Let us now first consider the case 4 < p < 5. In this case we have sy € [2,14/5) and since
F) (o) is bounded in L2(0, T ; L*(Q)), we obtain

IFy(@m) | 120,7:v) < C.

By comparison in (1.2) and using (3.26) and elliptic regularity again, we deduce the
desired bound

@m0, 720,753 < C- (3.43)

On the other hand, if 5 < p < 6, then sy € (10/7,2). In this case, the sequence of F, (o)
is still bounded in L(0, T ; L*(Q)), but we have

HF;,n(ﬁom)”L*‘O(O,T;W'~"0(Q)) <C.
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By comparison in (1.2) and using (3.26) and elliptic regularity again, we now deduce

[ @ml L=0,7:v )L 0,7 w350 (0)) < C- (3.44)

In this case, we can repeat the argument above and improve the estimates for the sequence
of ¢, by means of a bootstrap procedure performed for a finite number of steps. Indeed,
observe first that, thanks to (2.2), we have (for any s € (1,2])

X, = L®(0, T; V)N L0, T; W*(Q)) — L™(Q), (3.45)
Y, := L0, T; H) N L*(0, T; W*(Q)) = L3%(Q). (3.46)

Taking (3.44)(3.46) into account, the sequences of ¢,, and V¢,, are bounded in L7(Q)
and in L7%/3(Q), respectively. Hence, by means of (3.2) and (3.14);, we have

HVF;,n(qDWI)HL“O/V’*”(Q) < k2HF/,((pm)VquHL7S0/(0+1)(Q) < C

On the other hand, F) (¢,,) is bounded in L*(0, T; L*()) and hence also in L% (Q), where
s1 = min{2,7so/(p + 1)}. We therefore deduce that

. 7
IEn(@mlroraviaay < € si=min {2, s .

If s; = 2, then by comparison in (1.2) and using (3.26) and elliptic regularity, we get the
desired bound for the sequence of ¢,, in L*(0, T; V)N L*0, T; H3(Q)). If s; < 2 then, by
comparison in (1.2) and using (3.26) and elliptic regularity, we infer

l@mll L=, 7:v )L 0,7 w31 @) < C-

Repeating the argument, we now have the sequences of ¢, and V¢, bounded in X,
and in Y, respectively, and hence ||[VF,,(@u)] 17110419, < C. Moreover, we know that the
sequence of F) (¢,) is bounded in L*2(Q), where s, = min{2,7s;/(p + 1)}. This implies

7 2
F/ m s T lsy < C, = i {2, (7) }
[ F(@m)ll L 2(0,T;W12(Q)) S2 min P S0

Again, if s, =2 we get the desired claim; otherwise, by using elliptic regularity we infer
that the sequence of ¢,, is bounded in X, and we repeat the previous argument. By
iterating the procedure k times we get

. 7 \k
IEn(omlxoraniaay < € s =min {2 (o2 ) s}

Since p < 6, after a finite number of steps, as soon as we get s, = 2, the bootstrap procedure
ends yielding the bound of the sequence of ¢, in L*(0,T;V) N L*0, T; H*(Q)) (which
cannot be improved since the regularity of ¢,, is related through (1.2) to w,, € L*(0, T; V).

As far as the estimates for the sequences of time derivatives ¢),, ¥, are concerned,
the argument is exactly the same as for the sequences of time derivatives ¢, ), of the
Faedo—Galerkin approximating solutions (cf. Step I). Hence, (3.35) still holds for ¢/,, .
Finally, the passage to the limit in Problem P, (notice that F, (¢,) — F'(¢) pointwise
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almost everywhere in Q), the proof of the energy inequality (3.12) for g € [1,9), the proofs
of (3.13) and of the energy identity for ¢ < 4 can be carried out along as done at the end of
Step L. O
The existence of a weak solution without the optimal regularity ¢ € L*(0, T; H3(Q)) can
still be ensured under a more general assumption on F, provided we impose a slight
restriction (i.e., ¢ < 7) on the growth of p. More precisely, we have the following

Corollary 1 Assume that F € C*(R) satisfies

(F)1 F'(s)

= —4,
(F)y |F'(s)| < 22F(s) + 73,

for all s € R, where 11,4,43 are some non-negative constants. Moreover, assume that
p € CM(R) satisfies (3.4) with q € [1,7). Let ¢o € V and o € H. Then, for every T > 0,
Problem (1.1)—(1.5) admits a weak solution on [0, T] satisfying (3.5)—(3.7), (3.11) and the
energy inequality (3.12). Finally, if q < 4, then we have (3.13) and (3.12) holds with the
equality sign.

Proof We can follow the Faedo—Galerkin approximation procedure in Step I of the proof
of Theorem 1, assuming first that ¢y € D(A) in order to control the sequence of fQ F(pon)
in the identity obtained by integrating (3.21) in time. Existence of weak solution in the
case @ € V can then be recovered by means of a density argument. The basic estimates
(3.22)—(3.24) still hold, as well as the controls (3.25), ensured by (F),, and (3.26). As far as
estimate (3.29) is concerned, this can now be recovered by using (F);. Indeed, multiplying
(3.27) by 4A¢, in H we get

HA(PnHZ = —(tn, 4y) + (PnF/((Pn)’ A(Pn)

= —(tn, A§0n) - /Q F”(@n)|V§0n|2,
which yields
14@ull* < lltall* + 221 [Veou >

Estimate (3.29) then follows from this last inequality by using (3.26), the first of (3.22)
and elliptic regularity.

Next, in order to get the control of the sequences of time derivatives ¢}, , in the
space L'(0, T; D(A™")), for some r > 1, and in order to pass to the limit in the approximate
problem (3.17)—(3.20) we can still argue as in Step I of the proof of Theorem 1, with the
difference that now we can only rely on the control given by (3.29), together with the
following embedding

L*0,T;V)NL*0, T;H*(Q)) — L*1=9(0, T; L"(Q)), for 6 <n < 0. (3.47)

Indeed, by using (3.47) with n = 42/5 we can easily see that, since g € [1,7), estimates
(3.35) and the strong convergence (3.36) still hold.
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As far as the energy inequality (3.12) is concerned, let us observe that the sequence of
¢, is now bounded in L'°(Q) (cf. (3.29) and (3.47) with n = 10). Hence, on account of
(3.4) and of pointwise convergence we have /p(¢,) — W strongly in L°(Q), for every
8 < 20/q. In particular we have ,/p(¢,) — /p(¢) strongly in L¥*(Q), which implies that

V(@) — wa) = V(@) — ), in L'°(Q).

Due to (3.23);, this weak convergence also holds in L?(Q) and still yields (3.37) and then
(3.12) as well.

Finally, assume that ¢ < 4. By arguing as in Step I of the proof of Theorem 1 we again
deduce (3.13). In order to prove that (3.12) holds with the equality sign, let us first observe
that from assumption (F) we have F”(s) > —c., for some ¢. € R, and therefore we can

write F as
2

F(s) = Gols) — ¢ 5.,

where Gy € C*(R) is convex. Introduce now the functional %, : H — R U {+o0} given by

Go(p) = /Q (;WI2 + Go((ﬂ)), if p € V and Gy(p) € L1(Q),

and %y(p) = +oo otherwise. Then, %, is convex and lower semicontinuous on H and we
have (see, e.g., [3, Proposition 2.8])

0%0(p) = =49 + Gy(9), Vo € D(0%,) = D(A).

Since 0%o(¢) = —A4¢ + Gy(¢) = p+ c.p € L*(0, T; V), then we can apply [9, Proposition
4.2] and write

d d
(i 1) = (90, 0%0(0) = o) = < Fo(0) - 2dt|\¢)\|2 dt/ (;V¢|2+F(¢)>~

This identity allows us to recover (3.40), and hence (3.12) with the equality sign, by arguing
exactly as at the end of Step I of the proof of Theorem 1. O

The next result is concerned with the uniqueness of weak solutions and their continuous
dependence with respect to the initial data. In order to prove this result, assumption (F)
still suffices, but we need to strengthen (P) as follows

(P1) Let p € sz (R) be such that p > 0 and
P'(5)] < es(1+ 15177,

for almost any s € IR, with 1 < g < 4.

Then we have

Theorem 2 Assume that (F) and (P1) are satisfied. Let o € V and o € H. Then, for
every T > 0 the weak solution to Problem (1.1)-(1.5) on [0, T] given by Theorem 1 is
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unique. Moreover, let [po;, woi] € V X H be two initial data and [@;,y;], i = 1,2 be the
corresponding weak solutions. Then, the following continuous dependence estimate holds

[@2() — @1 () v + [w2(t) — w1 v + 92 — @1l 20 + W2 — WillL200:m)
< A0 (lpo2 — @otllyr + llpor — worllyr), Ve e [0, T,

where A is a continuous positive function which depends on the norms of the initial data and
onF,p, Qand T.

Remark 3 Notice that the restriction 1 < g < 4 on the growth of p which is needed to
establish the uniqueness is exactly the same condition which ensures the validity of the

energy identity (3.40) which is proven in Theorem 1.

Proof Let us rewrite the chemical potential u and (3.8)—(3.9) in the following form

(@) + (Vi Vi) + (1) = (p(o)p — (p(@) — 1) 1), (3.48)
1= Ap + G (o), (3.49)
(Wi &) + (Y, VE) + (., &) = —((p(@) — 1) + p(@)u, £), (3.50)

for all z,& € V, where G(s) := F(s) — s
We now write system (3.48)—(3.50) for two weak solutions [¢;, y;], i = 1,2, and take the
difference of each equation. Setting ¢ := @2 — @, ¥ := w, —y; and p := py — py, we have

(@06 0) + (Vi Vi) + (1 2)

= ((p(@2) = p(@1)) (w2 — ) + pl@1)y — (p(@1) — 1)1, 1), (3.51)
w=A¢ + G (p2) — G'(¢1), (3.52)
(9, &) + (Vp, VE) + (v, &)

= —((p(92) — p(@1)) (w2 — 12) — (p(@1) — 1)y + p(p1)p, &), (3.53)

for all y,& € V. Let us take y = A~ in (3.51) and & = A~ !y in (3.53) and sum the
resulting identities. Taking also (3.52) into account, we get

1d 1d
2dt 2dt
= ((p(q)z) — (1)) (w2 — 12) + pe1)w — (p(1) — l)u,A’lq))

+ (= (p(02) = plon) (02 = 12) = (ploD) = v +plou A™'y).  (354)

l@li + lolly + (G'(92) = G'(@1), @) + 5wl + Il

We now need to estimate the terms on the right-hand side. Observe first that

(P(@)y — (p(@1) — D), A7 0) < (Ip(01)(w — Wy + llgelv) @y (3.55)

We have to estimate in V' the term p(¢;)(yp — p). Let us first estimate p(¢1)x in V. By
using assumption (P1) we get

Ip(en)Vll < e(1+ ll@1l 7o) VI (3.56)
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Moreover, we have

P (@0)Veoixl < 1P (@0Veil L)l xlLo@) < 1P (@) Verl e lxlv- (3.57)

However, Vo, € L¥(0, T;H) N L*(0, T; H*(Q)) — L%0, T;L3(Q)). On the other hand,
o1 € L7(0,T: V)N L0, T: HY(Q)) — L0, T;:L*(Q)) (cf. (3.33) with § = o). Thus,
thanks to assumption (P1), we also have p'(¢;) € L¥@=D(0, T ; L*(Q)). Hence, we find

P (@1)Ver € L¥9(0, T; L) (Q)). (3.58)
Moreover, observe that
Ip(@D)xll < clip(o)llLye)llxlv, (3.59)
and
P32 < (1 + lo1l7sq))- (3.60)

Observing that ¢; € L*(0,T; V)N L*0, T; H}(Q)) — L%/=2(0, T;L3(Q)) (cf. (3.33)),
then we have

p(o1) € LY42(0,T; LY (). (3.61)
By collecting (3.56)—(3.61) we get
Ip(e)xlly < a1 (@)llxlv,
where the function «; is given by
a(t) = C(HP(Cl)l(t)) L3 + ”qol([)H%%(Q) + HP/(<P1(I))V§01(I)HL3(Q) + 1),
and, since ¢ < 4, we have o; € L*(0, T). Therefore, we obtain
[{plen)(w — 1., 01 < 1((p — . ple)x)| < ca @y — el llxlv,
which yields
Ip(@1)(w — Wy < oa(O)lly — plly. (3.62)
By combining (3.55) with (3.62) we deduce
(P(@0w — (plo1) = ) A @) <@ (Iwlve + llv) lolv. (3.63)

For the estimate of u in V', by means of assumption (F) and using the continuous
embedding L%3(Q) — V’, it is easy to see that

Iy < lelly + 16" (92) — G'(@u)lly
|

2 2
lollv + c(l + llo1] ZB{;?—Z)D(Q) + HQDZHi;(pfz)/z(Q)) lollLsa)

NN
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<c(1+ 1ol + o257 lelly < Tlolly, (3.64)

since 3(p —2)/2 < 6, because p < 6. In the last inequality, we have used (3.5);. In
(3.64) and also in the estimates below, I' denotes a positive constant that depends on the
norms of the initial data of the two solutions, ie., I' = I' (|@oi v, [@o2llv, ot ll, lwoz )
(of course, I' depends also on F and Q). The value of I' may change even within the
same line. From (3.63) and (3.64) we get

[(p(e1)y — (p(@1) = ), A @) < s (VT (Ilplly + lolly) @l

SE\le\zvﬁ-Fa?(t)(Hszw-l-H(/)sz)- (365)
The next term on the right-hand side of (3.54) to be estimated is the following

|((p(92) — p(@1)) (w2 — 1), A7 )| < [l(p(@2) — p(@1)) (w2 — ) v @Iy (3.66)

Let us first control the term ((p(¢2) — p(1)) (w2 — p2) in V'. We have, for every y € V,

Ip(@1) — pl@2) |l w2 — pall a1l s
cl[p(@1) = pl@2) w2 — wall sl v- (3.67)

((p(@1) = p(2)) (w2 — p2), 1)) | <
<

On the other hand, thanks to (P1), we obtain

1p(2) — pl@))]| < c(1+ [91]4tg) + 021500 0]
2 2
<c(1+ loil8ig) + lo2 8o ol ol . (3.68)
Moreover, by using (2.2) and the interpolation inequality | u, || < Huzl\]/ 2\| Mn;/z, we get
1/2 4 3 4 3 4
ol gy < el 2y < el < Tl (3.69)

where in the last estimate we have exploited the inequality ||y < T'(1+ ||@allv) < T
which can be deduced by arguing as in (3.64). Hence, from (3.67)—(3.69) we infer

1/2 1/2

(3.70)

I(p(@2) — p(@1)) (w2 — )|y < (D)@l lolly

where
3/4
oy(t) = c(1 4 H<P1(t)|\L/(g) + \|€02(t)|\p(9))(Hw(l)HU(Q)"i‘F l2(0)]1). (3.71)
Observe that oy € L¥3(0, T) since ¢ < 4. Indeed, both factors in (3.71) are in L%3(0, T),

recalling that ¢, @, € L*(0,T;V) N L*0, T; H}(Q)) — L0, T;L*(Q)) and properties
(3.5)-(3.7) (in particular we have y, € L'%3(Q)). Hence, from (3.66) we get

[((p(g2) — p(1)) (2 — 12), A" 0) | < ()0l o137

1
< gololy + " Wleli. (3.72)
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We now estimate the following term (cf. the right-hand side of (3.54))

[(—=(p(@2) — p(@1)) (w2 — ), A ') | < (p(92) — p(1)) (w2 — ) v A Iy
=[(p(@2) — p(@1)) (w2 — ) Iy Iy | v
<a®lel ol

lolyllyly

< —uqonz + a5 Ol vl
4/3 2 2
—Ouwnvwz O(lel3 +lvld),  (3.73)

where, in the third inequality, (3.70) has been used. We now estimate the last term on the
right-hand side of (3.54)

< (Ipte0w — v + 1wl ) 1wl
< (ally = pellvr + Il ) Iyl
<A +a)lply +eal lolvivlv

(= (p(@1) — D) + p(o1), A 'p))|

1
< gglloly + I +advl. (3.74)

where we have used (3.62) in the second inequality and (3.64) in the third inequality.
Moreover, setting f := o« + 1 — ¢y, we have

’ ’ p 1
(G'(@2) = G' (1), @) = —PBlol* = —EIWH% —clloli (3.75)

Finally, plugging estimates (3.65) and (3.72)—(3.75) into (3.54) yields the following
differential inequality

L (1ol + 1w 1) + ol + 1wl < 5 (Il + v 13, (3.76)
where
9 =T (2 +a5" +1) e L'(0,T).
An application of Gronwall’s inequality to (3.76) ends the proof. O

4 Strong solutions and the global attractor

Here, we establish a regularity result for Problem (1.1)—(1.5) that holds under the same
condition on p which ensures uniqueness (cf. (P1)). This result will be used to deduce
some uniform in time higher-order estimates which will be crucial in order to prove the
existence of the global attractor.

Theorem 3 Suppose (F) and (P1) hold. Let oo € H3(Q) and o € V. Then, for every
T > 0, the solution [@,y] to Problem (1.1)—(1.5) on [0, T] given by Theorem 1 satisfies
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@ € L*(0,T;H (Q)), ¢, € L*0,T;V),
we€ L7, T;V),
w € L0, T;V), v, €L*0,T;H).

Proof The proof is carried out by deducing formally some higher-order identities and
estimates which can be justified rigorously by means of a suitable approximation procedure
(see the proof of Theorem 1).

Testing (1.1) by u, in H and using (1.2), we find

31V 190+ [ P10t = (o) =)
whence

S IV + Vel + [ Fowgd + 3

1
57 zfi(qo)u2 = E/Qp’(w)cotﬂ”r (p(@)p, e).

(4.1)

Test now (1.3) by v, in H to get

1d T
Il = =5 V0l = 55 [ pow? +5 [ v+ (pomn). @2

By summing (4.1) with (4.2) we obtain

1d
2 " 2
IV 190+ [ P+ 55 [ plom

2dt
1 d , 1 ) .
/p(q))w + - /p(w)w—/p(qo)wzwu+f/p(<p)qotw,
—2 dt o 2 Jo

1d
il + 5 1V + 55 [ plow?

so that

d "

335 (V1 + 19912+ [ p(o)=w?) + Va2 + [ P10} + il
Q Q
L[,

= E/Qp(q))(p,(u—w)z. (4.3)
Observe now that

1 ! 2 1 2

’5 Qp(q))q)f(u—w) ‘Si\lp( Mol o)l —wlisg < clp(@lledlvlu—wli. (4.4)
Moreover, we have (using (1.1) and (1.4))

lpcllv < (1+ca)llVou| + 121 [p,]

1
<1+ c)lVoul + i3] [ podu—v)
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< (T+co)Vorl + IP(@) | Lorsay 4 = Wl L), (4.5)

1
‘Q|1/2

where co is the constant appearing in the Poincare—Wirtinger inequality. Hence, by
combining (4.4) with (4.5), we get, applying, in particular, the Young inequality with
exponents 4 and 4/3 in the last line,

(@i — )| < clp (@) (Ve + 1P syl e = wllv) (sl + lwll5)
gy

< 31Vl + el ()2l + 1) + €l @) (o) s (113 + 11})
1
< SIVe + (1 + 1P @I2) (Il + 10]1F) + 1P @)1 [P0} s o) (46)

Thanks to (P1) and to (3.5); we can see that p'(¢) is controlled in L*(0, T ; H). Moreover,
we know that ¢ is bounded in L'®(0, T;L**/3(Q)) (cf. (3.34)) and ¢ is also bounded in
L¥(0, T; L%/3(Q)) since g < 4, Thanks to this bound, assumption (P1) entails that p(¢)
is controlled in L*(0, T'; L%>(Q)). Thus, we have

1P (@) le=o.r:m < T (@)l sor.rosay < T (4.7)

where henceforth I' =T (H(pOHV, Hlpo”) will denote a positive constant that depends on
the norms of the initial data (and on F, p, Q).
Furthermore, we have

luly < (14 o)Vl + Q12| < (14 co) IVl + T, (4.8)
lpllv < Vel +1T. (4.9)

By plugging estimate (4.6) into (4.3) and using (4.7)—(4.9) and (3.3), we get

_ 2 - 2
3 31 (R4 1991+ [ po)u— ) + 5190107 + Il <l
+ T (I3 1VRI + 31V 1) + T (nm\% 1wl +1p@) o). (410)

We now need an estimate for the L?>-norm of ¢, in (4.10). This can be obtained by testing
(1.1) by ¢, in H, integrating by parts in Q and using (1.2). This yields

1> = (1, 400) + (p(@)(w — 1), 91

1d
= _55“"‘/’”2 /QF”(q))V(p Vo, + (p(@)(w — 1), ¢1).

o

Hence, we have

1
2 2 < 2 2
331408 + 300 < | [ F@¥0- Vo + 310000 1= vl

< F" (@) ey IVl sy Vel + ¢l p(e) 73y (11l + 117

1
< g Vol + €lF" @)Vl un oy + elplo) ey (Il + Iw1). (411
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Recalling that ¢ is bounded in L'%(Q) (cf. (3.30) and (3.33) with 0 = 14), (F) implies that
F"(¢) is bounded in L7/?(Q) (note that p < 6). Moreover, V¢ is bounded in L'*/3(Q) (cf.
(3.30) and (3.46) with s = 2). Therefore the second term on the right-hand side of the last
inequality in (4.11) is bounded in L'(0, T)).

Furthermore, ¢ is also bounded in L¥(0, T; L*(Q)) (cf. (3.30) and (3.33) with 0 = «)
and, for g < 4, (P1) implies that p(¢) is bounded in L*(0, T ; L*(Q)).

By combining (4.10) with (4.11), also on account of (4.8) and (4.9), we obtain the
following differential inequality

1d 1
335 (VR + 199 1P + 2634012 + [ plo)oe— ) + 3190l + P
2dt 0 4
<o (IVul + 1V9P) + oo, (4.12)
where
a1 = clp(@)lisgy 02 = clF" (@) 0 IVOl @) + T 1P(0) 130 (4.13)

Notice that
lotlpory <T, lo2lporn <T.
Using Gronwall’s lemma and recalling the assumptions on the initial data (in particular,
@0 € H3(Q) implies that u(0) € V) from (4.12) we get that Vu and A¢ belong to
L*(0,T;H), p € L*(0,T;V), Vo, and y, belong to L*(0, T ; H). Also, thanks to (F), we
have that F'(¢) € L*(0, T ; H). Therefore, p € L*(0, T ; H) so that
weL*0,T;V). (4.14)

Moreover, due to elliptic regularity result for homogeneous Neumann problems, we deduce
@ € L*(0, T; H*(Q)). From this property and (4.14) we infer we have also

@ e L*0,T;H}(Q)). (4.15)

Indeed, since ¢ € L*(0, T; H*(Q)), we have F'(p) € L*(0, T; V). From (4.14) we then get
Ap € L*(0, T; V) and (4.15) follows by standard elliptic regularity.

Finally, as far as ¢, is concerned, by integrating (4.11) in time between 0 and ¢ we get

¢; € L*(0, T;H) and this bound together with the bound for V¢, deduced above imply

@i € L0, T; V). O

We now show that (1.1)—(1.4) define a dynamical system on a suitable phase space.
Let M > 0 be given. Set

Wy ={w=[p,p]leVxH: &w)< M}
and endow "), with the metric

dy, (wa,wp) = lloa —@illv + w2 —will, Ywi:=[p,p]l € W'y, i=12,
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so that it is a complete metric space. As a consequence of Theorems 1 and 2, assuming
that (F) and (P1) are satisfied, we can define a semigroup {Sy(t)}=o of closed operators
on ¥y (cf. [30]) by setting

[o(0), p(D)] = Sm(D)[@o, wo], Vi =0,

where [¢, ] is the unique (weak) solution to Problem (1.1)—(1.5).
Notice that we have the total mass constraint

[@(6) + ()] = [ + Vol < Q(M), Vi

\%

0’

where henceforth by Q = Q(M) we denote a non-negative continuous monotone increasing
function of M (which may also depend on F, p and Q). Such a function may change even
within the same line.

Theorem 4 Let (F) and (P1) be satisfied. Then the dynamical system (W u, {Sm(t)}=0)
possesses the global attractor.

Proof The proof is carried out by showing the existence of a compact (in #");) absorbing
set Zy for the semigroup {Sy(¢)};>0. This fact will allow us to apply a general result on
the existence of global attractors for semigroup of closed operators proven in [30].

Let us first write (4.12) in the form

o 1
T+ IVel + wlP <10+ o (4.16)

where

1 1 1
@ = | Vull* + 5 |Vy|* + cs] do|* + */p(w)(u—w)z,
2 2 2 Jo

and o1 and o, are defined as in (4.13). Notice that, since I' = I (H(pOHV, Hlpo“) and since
[®0, 0] € # u, then the constant I' that bounds the L!'—norm of ¢, will depend only on
M.

Integrating the energy identity (3.40) between t and t + 1, we get, for all t > 0,

t+1 +1 t+1
/ 1Vul2de < M, / 1V |2de < M, / /Q p@— P <M. (417)
t t t

Recalling that ¢ < 4, we deduce from (P1) that

t+1
2,
[ oo < 1+ 101 o)
t

2 2
< ('(1 + HQDHL‘L(I,I-"-I;V) + ”('DHLz(t,t-&-];H3(Q))) < Q(M) (418)
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Moreover, on account of (F) and (P1), we obtain

t+1
/ ox(t)dt < C|‘F/,(§0)‘|i7/2(,,[+1;L7/2(g)) HVQDH%‘MB([,H_];L14/3(Q)) + Q(M)

t

< (U4 11 sr e m) uw\|il4/3(t,t+1;w(g)) +0(M)
2p—2
C( + ”(PHL(f ”11 V) + H(P”Lz zz+1 H3(Q )(HV(/)H%@(L[H;H) + ”V(P|‘i2(z’z+1;1—12([2)))
+OM) < c(1+ @l ey + H(PHi(zanrl Hiay) T QM) < Q(M). (4.19)
In (4.18) and (4.19), we have used the fact that the L*(t,t+1; H}(2))—norm of ¢ can be
controlled, uniformly in time, in terms of ||@g| v, [[ywo] and hence of M, when 4 < p < 6.
Indeed, we can use the iteration argument outlined in the proof of Theorem 1 (cf. Step

IT; if p = 4 no iteration is needed).
Therefore, we have (see (4.17))

t+1 41
[ owir< v [ 1o < 00 (420

Thanks to (4.18)—(4.20) we can now apply the uniform Gronwall’s lemma to (4.16) and
obtain

P(t) < QM), Vt=1. (4.21)
On the other hand, the definition of the phase space # ) and (3.3) yield
lo()l@ < QM),  [w@)| <Q(M), Vi=0. (4.22)
Hence, we deduce from (4.21) and (4.22) that
lo(O) 2 < QM), Vi=1. (4.23)
Moreover, (4.21) and (4.23) give
lu@®ly < QM), Vi=1.
Also, using (4.23) once more, we have
IVF ()| < IF"(@(0))Vo(t)] < Q(M), Vi > 1.
The last two bounds, (1.2) and elliptic regularity imply
I3 < QM),  Vi=1. (4.24)
Finally, from (4.21) and (4.22),, we get

lp(@)y < Q(M), Vi=1. (4.25)
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Thanks to (4.24) and (4.25), we have thus proven that there exists 4 = A(M) > 0 such
that

By = {w = [p,p] € H(Q) x H(Q) : lol ) < A, Iwllpie <4, E(w) < M}

is an absorbing set for the semigroup {Sy(t)}>0 in # u. Since %) is also compact in
W m, the conclusion follows from [30, Theorem 2]. O

5 Conclusions

We provided some theoretical results for a thermodynamically consistent phase field
model of tumour growth proposed in [20]. The same contribution contains a numerical
scheme as well as some numerical simulations. A formal asymptotic analysis is carried
out in [22] to identify the corresponding sharp interface problem. The first theoretical
results concerning existence and uniqueness of solutions are proven in [8]. Our first main
result is a well-posedness theorem for weak solutions which are just energy bounded. The
growth assumptions on the potential F and the proliferation function are more general
than the ones in [8]. We point out that the existence of a solution is obtained through
an approximation scheme which might be helpful also for numerical approximations. A
further main result is based on the dissipative nature of the model, namely, the fact
that the total energy decreases in time. More precisely, we demonstrate the existence of
a global attractor in a suitable phase space with bounded total energy. This requires,
in particular, to show some regularity property of the solution itself. We think that
establishing the well-posedness of this model is a step towards its validation. Moreover,
our rigorous results on the dissipative longterm dynamics can play a role in designing
more appropriate numerical schemes and/or in understanding numerical simulations.
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