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This work examines the impact of the inverse chirp z-transform (ICZT) for frequency-to-
time-domain conversion during image reconstruction of a pre-clinical radar-based breast
microwave imaging system operating over 1–8 GHz. Two anthropomorphic breast phantoms
were scanned with this system, and the delay-multiply-and-sum beamformer was used to
reconstruct images of the phantoms, after using either the ICZT or the inverse discrete
Fourier transform (IDFT) for frequency-to-time domain conversion. The contrast, localiza-
tion error, and presence of artifacts in the reconstructions were compared. The use of the
IDFT resulted in prominent ring artifacts that were not present when using the ICZT, and
the use of the ICZT resulted in higher contrast between the tumor and clutter responses.
In one of the phantoms, the tumor response was only visible in reconstructions that used
the ICZT. The use of the ICZT evaluated with a time-step size of 11 ps resulted in the reduc-
tion of prominent artifacts present when using the IDFT and the successful identification of
the tumor response in the reconstructed images.

Introduction

Breast microwave radar imaging has emerged as a potential modality for breast cancer screening
[1] due to its use of non-ionizing radiation and relatively low cost. This modality interrogates the
breast with an ultrawideband microwave signal, and measurements of the resultant field can be
used to reconstruct an image of the breast. Due to the higher dielectric properties of malignant
tissues [2], breast microwave imaging (BMI) systems are capable of tumor detection [1, 3].

While radar-based BMI systems perform measurements in the frequency-domain (FD) [4],
typically using a vector network analyzer (VNA), or in the time domain (TD) [5], many radar
image reconstruction algorithms utilize TD representations of the radar signals, as in the
delay-and-sum (DAS) beamformer [6].

BMI systems that perform measurements in the FD require a method for FD-to-TD con-
version to utilize TD-based reconstruction algorithms. The inverse discrete Fourier transform
(IDFT) and the inverse chirp z-transform (ICZT) are two methods that have been used in the
literature [4, 7]. Both are special cases of the more general z-transform, but the ICZT allows for
an arbitrarily-fine representation of the signal in the TD, while the IDFT does not [8].

This work explores the impact of using the ICZT for FD-to-TD conversion in a radar-based
BMI system operating over 1–8 GHz. The delay-multiply-and-sum (DMAS) beamformer [9]
was used to reconstruct images of two anthropomorphic breast phantoms scanned by a pre-
clinical BMI system, and the effects of using the IDFT and the ICZT in the reconstructed
images were examined.

Methods

Experimental BMI system and breast phantoms

A pre-clinical radar-based BMI system was used to perform experimental scans of two anthro-
pomorphic breast phantoms. The system uses a VNA (Planar 804/1, Copper Mountain
Technologies, Indianapolis, IN, USA) to generate a stepped-frequency continuous-waveform
microwave signal at 1001 frequency points over the bandwidth of 1–8 GHz. The system oper-
ates in air, without a coupling medium. A complete description of the system can be found in
[10]. While the system is capable of bistatic operation, the results presented herein were
obtained using a monostatic configuration.

During an experimental scan, the antenna is moved along a circular scan trajectory and the
S11 scattering parameter is measured at 72 positions along this path. The system measures the
scattering parameter in the FD.

Two 3D-printed breast phantoms, representative of the BI-RADS Class I and Class III
density classes, were scanned in this investigation [11]. These phantoms were derived from
the repository of MRI-based numerical models provided by the University of Wisconsin-
Madison [12]. Photographs of the two phantoms used herein are displayed in Fig. 1.
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A complete description of the phantom manufacturing process
is detailed in [11]. Each phantom consists of a fibroglandular shell
and an adipose shell. When in use, the fibroglandular shell is
inserted into the adipose shell, and both are filled with tissue-
mimicking liquids [11]. A 15 mm radius spherical glass bulb filled
with saline solution was used as the tumor analog [11].

Signal processing and image reconstruction

The BMI system measures the complex S11 scattering parameter
in the FD at 1001 points over the range of 1–8 GHz. The DAS
beamformer and its derivatives reconstruct an image using TD
radar signals. The DMAS beamformer is one such derivative
[8], which first performs signal-pair multiplication before synthet-
ically focusing the signals to reconstruct an image,

I(r) =
∑M−1

m=1

∑M
n=1+m

sm(tm(r)) · sn(tn(r)), (1)

where sm is the mth antenna TD signal, tm(r) is twice the
time-of-flight of the signal from the mth antenna position to
the synthetic focal point r, and where the image is displayed as
the square of the intensity map I(r). The DMAS beamformer
was used to reconstruct images of the two scanned phantoms.

The BMI system measures in the FD, and the signals must be
converted to the TD for reconstruction via the DMAS beamfor-
mer. For FD-to-TD conversion, either the IDFT or ICZT can
be used. The IDFT is defined as

s(n) = 1
N

∑N−1

k=0

S(k) exp
j2pkn
N

( )
, (2)

where s(n) is the discrete TD radar signal, S(k) is the discrete FD
measured signal of length N, and n = 0, 1, …, N− 1 [8]. This con-
version results in a TD signal with step-size Δt = 1/Fspan, where
Fspan is the frequency span of the FD signal [8]. For the experi-
mental system used in this study (operating over 1–8 GHz), this
results in a TD radar signal with step-size Δt≈ 0.143 ns. In air,
this corresponds to a distance step-size of approximately 43 mm.

The IDFT is a special case of the z-transform, evaluated at par-
ticular values of z, evenly spaced along the unit circle in the
z-plane. The ICZT is also a special case of the z-transform and
can be generally evaluated at any point in the complex z plane,
but for the purposes of FD-to-TD conversion will only be exam-
ined along the unit circle. In this special case, the ICZT is defined
(within a scaling factor) as

s(n) = 1
N

∑N−1

k=0

S(k) exp
(
ju0k

)
exp

(
jf0kn

)
, (3)

where the parameters θ0 and f0 allow for the selection of the
time-span of the signal s(n) and n = 0, 1, …, L− 1, where L can
be selected as an arbitrary integer. The ICZT produces a TD sig-
nal s(n), represented by L points along the arc starting at angle ωi

= θ0 and ending at the angle ωf = (L− 1)f0 + θ0. These angles ωi

and ωf can be converted to true time values ti, tf that describe
the start and end points of the TD signal s(n) [8].

The ICZT allows for an arbitrarily-fine representation (because
of the parameter L) of the FD signal S(k) in the TD over a speci-
fied time-span (because of the parameters θ0 and f0). Figure 2

displays sample measured signals from an experimental phantom
scan when the FD-to-TD conversion is performed using the IDFT
and the ICZT.

In a stepped-frequency continuous-waveform system, a dis-
crete measurement is made in the FD. In a TD radar system
[5], a continuous signal is sampled and stored as a discrete TD
signal. Just as the sampling frequency in a TD system determines
the time-step size, the choice of the parameter L determines the
step-size of the TD representation of the signal obtained using a
FD system. As the sampling frequency becomes large, TD mea-
surements approach the continuous representation of the signal,
and as L→∞, so too does the s(n) signal obtained by the ICZT.

Image quality metrics

While a comparison between the impact of the IDFT and ICZT in
the sinogram-space is ideal (as such a comparison would be inde-
pendent of the choice of image reconstruction algorithm), the

Fig. 1. 3D-printed MRI-based breast phantoms used in this investigation.
Fibroglandular (left) and adipose (right) shells used to create a Class III phantom
in (a), and a Class I phantom in (b).

Fig. 2. TD radar signals obtained using the IDFT and ICZT (evaluated at 1024 points
between 0 and 6 ns response times). Signals obtained from one antenna position
from an experimental scan of the Class III breast phantom.
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sinograms created via either the IDFT or ICZT have dimension-
alities determined by the number of time-steps. Although com-
parisons in the image-space are dependent on the choice of
reconstruction method, image-based comparisons overcome the
different dimensionalities in the sinogram-space. For this reason,
this work presents an analysis using the reconstructed images pro-
duced using a widely used DAS-based beamformer.

Two image quality metrics were used to quantitatively com-
pare the contrast in the reconstructions produced by the DMAS
beamformer after using the ICZT or the IDFT for FD-to-TD con-
version. The signal-to-mean ratio (SMR) was defined as

SMR = 20 log10
Smax

Cmean

( )
, (4)

where Smax is the maximum response in the known tumor region,
and Cmean is the mean response in the clutter region (defined to
be the region of the image belonging to the phantom but not to
the tumor). The signal-to-clutter ratio (SCR) was defined as

SCR = 20 log10
Smax

Cmax

( )
, (5)

where Cmax is the maximum response in the clutter region. The
uncertainty in Cmean was assumed to be zero, the uncertainty in
Smax was defined to be the standard deviation of the intensity of
the 75th percentile of pixels in the tumor region, and the uncertainty
in Cmax was defined to be the standard deviation of the intensity of
the 95th percentile of pixels in the clutter region. The SMR and SCR
provide a measure of the contrast between the tumor response and
the clutter response in the reconstructed images.

To evaluate the accuracy of the tumor response in the images,
the localization error l of the tumor response was determined for
each reconstruction, defined as

l = |rmeas − rimg |, (6)

where rmeas is the measured location of the tumor and rimg is the
location of the maximum response within the image.

Results

The DMAS reconstructions of the BI-RADS Class I phantom are
displayed in Fig. 3(a) when using the IDFT for FD-to-TD conver-
sion and in Fig. 3(b) when using the ICZT evaluated using 1024
time points.

The tumor response is prominent in both reconstructions.
However, ring artifacts are present in the images obtained after
using the IDFT for FD-to-TD conversion. These ring artifacts
are absent in the ICZT-obtained images. While these artifacts
do not completely obfuscate the presence of the tumor response
in the case of the Class I phantom in Fig. 3(a), they do distort
the tumor response when compared to the ICZT-obtained
image in Fig. 3(b).

The reconstructions of the Class III phantom are displayed in
Fig. 4. The tumor response in the IDFT-obtained image in Fig. 4
(a) is completely obfuscated by the clutter responses outside of
the known tumor position. For this phantom scan, only the
ICZT-obtained reconstruction displays the tumor response. The
prominent ring artifacts observed in the IDFT-obtained recon-
struction of the Class I phantom are also present in Fig. 4(a).

The SMR of each image is displayed in Fig. 5, while the SCR is
displayed in Fig. 6. While no significant difference in either con-
trast metric was observed for the Class I images (obtained after
using either the IDFT or the ICZT for FD-to-TD conversion),
the SMR of the ICZT-obtained Class III image was significantly
greater than that of the IDFT-obtained image. The negative
SCR of the IDFT-obtained image of the Class III image indicates
that the tumor response was not identifiable in the reconstruction
because the largest response in the image occurred outside of the
known tumor region. This can be observed directly in Fig. 4(a).

While the use of the IDFT did not significantly affect either
contrast metric in the low-density Class I phantom, the negative
SCR in the IDFT-obtained Class III reconstruction demonstrates
that the use of the IDFT can be detrimental to image-based tumor
identification in a BMI system.

Discussion

Optimization of ICZT parameters

The results in Fig. 4 indicate that tumor detection is dependent on
the choice of the time-step size used to represent the TD radar
signals. To examine the minimum time-step size required for
tumor detection in the case of this Class III phantom, the local-
ization error for reconstructions produced using several time-step

Fig. 3. DMAS reconstructions of a 15 mm radius lesion in a Class I phantom using (a)
the IDFT and (b) the ICZT. The solid green circle indicates the tumor location, the dot-
ted white circle indicates the approximate phantom boundary, and the dotted black
circle indicates the antenna trajectory during the scan. Each image is normalized to
its maximum intensity value.

850 Tyson Reimer et al.

https://doi.org/10.1017/S1759078720000379 Published online by Cambridge University Press

https://doi.org/10.1017/S1759078720000379


sizes were determined and are displayed in Fig. 7. The localization
error can be used as a tumor detection criterion, where the tumor
is defined to be detected if the localization error was less than the
radius of the tumor, indicating the maximum response in the
image did occur within the known tumor region.

The results in Fig. 7 indicate that for time-step sizes less than 4
ps, the localization error in the image is unchanged, and for time-

step sizes smaller than 20.1 ps (corresponding to 300 time-points
used in the ICZT over 0–6 ns), the change in localization error is
less than 1 mm. For time-step sizes smaller than 142.9 ps, the
localization error is smaller than the radius of the tumor, indicat-
ing the largest response in the image occurred within the known
tumor region. Given this, from Fig. 7, all time-step sizes Δt <
142.9 ps allow for an identifiable tumor response in the recon-
structed image. These results set an upper-bound on the size of
the time-step required for tumor detection. However, these results
do not contain any information regarding the ring artifacts
observed in the reconstructions.

The use of the ICZT, evaluated using a time-step size of 5.9 ps,
is sufficient for tumor-detection for the Class III phantom and
does not contain ring artifacts, as displayed in Fig. 4. To evaluate
the impact of time-step size on the reconstructed image, Fig. 8
displays images of the Class III phantom for four choices of time-
step size, varying from 142.9 ps (equivalent to the IDFT) to 10.9
ps. The reconstructions in Figs. 8(a)–8(c) contain prominent ring
artifacts, but these artifacts are indiscernible in Fig. 8(d), as they
are in Fig. 4(b).

These ring artifacts are present in reconstructions of both
the Class III phantom (as in Fig 4) and the Class I phantom
(as in Fig 3). To quantify the relative prominence of these arti-
facts, the total absolute-difference between images produced
using various time-step sizes (greater than 5.9 ps) and the
image produced using 5.9 ps time-step size were determined.

Fig. 4. DMAS reconstructions of a 15 mm radius lesion in a Class III phantom using (a)
the IDFT and (b) the ICZT. The solid green circle indicates the tumor location, the dot-
ted white circle indicates the approximate phantom boundary, and the dotted black
circle indicates the antenna trajectory during the scan. Each image is normalized to
its maximum intensity value.

Fig. 5. SMR of the DMAS reconstructions produced after using either the IDFT or the
ICZT (evaluated at 1024 time-points between 0 and 6 ns response times).

Fig. 6. SCR of the DMAS reconstructions produced after using either the IDFT or the
ICZT (evaluated at 1024 time-points between 0 and 6 ns response times).

Fig. 7. Localization error of the Class III reconstructions as a function of the time-step
size. The dotted line indicates the radius of the tumor.
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This total absolute-difference D is defined as

D =
∑
i,j

|star
i,j − s

ref
i,j |, (7)

where star
i,j is the intensity of the pixel at index (i, j) in the target

image and s
ref
i,j is the intensity of the pixel at index (i, j) in the

reference image (the image reconstructed after evaluating the
ICZT at 1024 time-points over 0–6 ns).

While this metric does not specifically quantify the ring arti-
facts in the images, it is clear from Fig. 8 that the most prominent
differences in the DMAS reconstructions of the Class III phan-
tom, produced using different time-step sizes, are due to the pres-
ence of ring artifacts. Given that the image produced using a
time-step size of 5.9 ps has the least prominent artifacts, the
total absolute difference provides a measure of the relative impact
of the ring artifacts on the image.

If the difference metric D is determined by the width of the
ring artifacts, then D should exhibit a linear relationship with
respect to the time-step size used in the ICZT (equivalently, an
inverse relationship to the number of time-points used). The
ring widths wring are hypothesized to be proportional to the time-
step size used in the ICZT,

wring = vavgDt, (8)

where vavg is the estimated average propagation speed used in the
reconstruction method. Because DAS-based beamformers back-
project the radar signals onto the image-space using the
time-of-flight to determine the localization of a radar response,
the spatial arcs (assuming uniform propagation speed) that cor-
respond to a particular time-of-response t of a measured radar
response from one antenna position correspond to the positions
r such that

vavg t − Dt
2

( )
≤ |r| ≤ vavg t + Dt

2

( )
. (9)

The width of these arcs is therefore determined by the param-
eter Δt, and Δt∝ 1/N where N is the number of time-points used
in the ICZT over a specified time-window. If the ring artifacts in
the images are caused by Δt, as is hypothesized, and if the total

absolute difference metric D is primarily determined by the differ-
ences in the ring-artifacts between images, then D will also be
inversely proportional to N.

To determine the variation of this difference metric D across
scans of the same phantom, ten scans of the Class III phantom
were performed. The average values of the metric D across the
reconstructions of the ten scans are displayed in Fig. 9. The
hypothesized inverse relationship between D and N was evaluated
by fitting the relationship

D = a
N
+ b (10)

to the measured values, where a and b were the fit parameters.
The fit is displayed in red in Fig. 9, with the 99.7% confidence
intervals displayed in the transparent shaded red region.

The results in Fig. 7 indicate an asymptotic relationship
between the number of time-points used (inversely proportional
to the time-step size) and the total absolute difference between
the reconstructed image and the reference image (produced
using the 1024 time-point ICZT). The hypothesized relationship
agrees with all but the first measured point in the figure,

Fig. 8. DMAS reconstructions of a 15 mm radius lesion in a Class III phantom using (a) the IDFT, (b) the ICZT with 100 time-points from 0 to 6 ns (60.6 ps time-step
size), (c) the ICZT with 200 time-points (30.2 ps time-step size), and (d) the ICZT with 550 time-points (10.9 ps time-step size).

Fig. 9. Average total absolute-difference of images produced using time-step sizes
greater than 5.9 ps and the image produced after using the ICZT for FD-to-TD conver-
sion with a time-step size of 5.9 ps, for 10 scans of the Class III phantom. Standard
deviations of the average total absolute-difference over the images from the 10 scans
are the displayed uncertainties. The shaded red region indicates the 99.7% confi-
dence intervals on the fit.
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indicating the width of the ring artifacts is caused by the time-step
size used in the ICZT.

These results indicate that the circular artifacts are caused by
the time-step size used to represent the TD radar signals, and
because the ICZT allows for manual selection of time-step size,
the choice of an appropriately small time-step eliminates these
artifacts (as in Fig 8(d)).

The image reconstructed using 550 time-points (equivalent to
a time-step size of 10.9 ps) was the image produced with the lar-
gest time-step that produced a difference metric D that agreed
with the difference metric of reconstruction produced using
1000 time-points, within the reported uncertainties. This result
indicates that the artifacts are not significantly different between
these reconstructions. This can be seen by comparing Figs. 4(b)
and 8(d). A time-step size of Δt < 10.9 ps is therefore sufficient
for artifact reduction.

The results in Fig. 7 indicate that reducing the time-step size
from that obtained via the IDFT is sufficient for tumor detection,
and the results in Fig. 9 indicate the prominence of the ring arti-
facts is reduced after using N≥ 550 time-points (corresponding to
10.9 ps). For the BMI system used in this work, operating over 1–
8 GHz, the use of a 10.9 ps time-step size is sufficient for both
tumor-detection and artifact-reduction in the reconstructed
images presented herein.

Relation to other BMI systems

The ICZT has been used in other radar-based BMI systems [7]
and was also found to have increased the SCR in reconstructed
images (using the DAS beamformer, as described in [13]). The
system used in [7] operated over the frequency range of 50
MHz to 20 GHz, resulting in a time step of Δt≈ 50 ps. The clinical
BMI system used in this work operates over the narrower band-
width of 1–8 GHz, resulting in a larger time-step of Δt≈
142.9 ps. The larger time-step size of the system presented herein
causes the ring artifacts to be more prominent in the reconstruc-
tions (due to the larger width of the artifacts). The ring artifacts
produced using the IDFT in the larger bandwidth system in [7]
are expected to be ≈ 1

3 as wide as those obtained with our system.
Those artifacts are less prominent than those obtained with our
system in Fig. 8(a) but are similar to the reconstruction in
Fig. 8(c), where the prominence of the ring artifacts has been
reduced.

While this investigation examined the effects of the ICZT on
image reconstruction when using the DMAS beamformer, the
results obtained in this work may apply when using other
DAS-based methods that synthetically focus the measured radar
signals. Previous work in [14] proposed the use of an iterative
reconstruction algorithm for breast microwave radar and used
the IDFT for FD-to-TD conversion. The impact of using the
ICZT with the algorithm proposed in [14] is expected to have a
similar effect to that observed in this work when using the
DMAS method, as both are derivatives of the DAS beamformer
and rely on synthetically focusing the measured radar signals.

Conclusion

This work examined the impact of using the IDFT and ICZT for
FD-to-TD conversion in a radar-based BMI system on image recon-
struction. Two anthropomorphic phantoms were scanned with a
clinical radar-based BMI system operating over 1–8 GHz, and the
DMAS beamformer was used to reconstruct images of the

phantoms. The use of the IDFT resulted in lower SMR and SCR
than when using the ICZT in reconstructions of both phantoms
and resulted in the presence of prominent ring artifacts in both
images. In the reconstructions of the Class III phantom, the
image produced using the IDFT did not display the tumor response,
while the use of the ICZT allowed for more accurate synthetic focus-
ing of the radar signals, resulting in a prominent tumor response.
Reconstructions produced after using the ICZT with a time-step
size of 10 ps had less prominent artifacts than those produced
with the IDFT, and resulted in an identifiable tumor response.
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