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Abstract  For a function f € LP(R?), d > 2, let A;f(x) be the mean of f over the sphere of radius t
centred at z. Given a set E C (0,00) of dilations we prove various endpoint bounds for the maximal
operator Mg defined by Mg f(x) = sup;c g |A¢ f(x)|, under some regularity assumptions on E.

Keywords: spherical means; maximal operators

AMS 2000 Mathematics subject classification: Primary 42B25
Secondary 42B20

1. Introduction

For a function f € LP(R%), d > 2, we consider the spherical means

At = [ =)o), (1.1)

where do is the rotationally invariant measure on S?~! normalized so that o(S471) = 1.
We wish to study the question of pointwise convergence as ¢ — 0 where the radii ¢ are
restricted to a subset F of (0, 00). Pointwise convergence is established from boundedness
properties of the maximal function

Mg f(x) = sup | A f(z)]

telk

for f € LP(RY).
Stein [14] showed that for £ = R, the maximal operator Mg is bounded on L? if
and only if p > d/(d — 1), d > 3; the same result for the case d =2 was later proved
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by Bourgain [2]. The critical exponent p(E) for LP boundedness of Mg, for any set
E € (0,00), was determined by Seeger et al. [11]. It is computed using a dilation invariant
notion of Minkowski dimension. In order to describe the result we let N(E,J) be the
d-entropy number of E, that is the minimal number of intervals of length § needed to
cover E (we shall always redefine N((),5) = 1). Define

EF =[2"2"")nE

and

1 log N(Ek,Qk(S))
Ey=14+— (Su sup ——————=
P(E) d—1 6>Ig keg log §—1

Then Mg is bounded on L? for p > p(E) and unbounded on LP if p < p(E). Moreover,
various L? results were proven in [11] for the critical exponent p = p(E); however, these
results fell short of being necessary and sufficient.

For the case that our maximal operator acts only on radial functions sharp endpoint
estimates in almost all cases have been obtained in [12]. The relevant condition for
1< p<d/(d—1) turned out to be as follows.

Condition (Cp ). We have

1/q
sup<Z[N(Eﬂ'+”, 29))a/pg—m(d=1)a/p ) <oo if p<q< oo, (1.2)
I \u>o0
sup N (E*,2F6)1/P5@=D/P" < o6 if g = co. (1.3)
kEZ
5>0

It is shown in [12] that for Mg to map L? , to the Lorentz space LP9, 1 < p < d/(d—1),
p < ¢ < 00 it is necessary and sufficient that Condition (C, ) holds. The necessity can be
shown by testing M g on characteristic functions of small balls. Observe that (Cp, » ) is the
limiting case of (Cp4) as ¢ = 0o. For p = d/(d — 1) there are different characterizations
for LY ; — LP9 boundedness, at least when d > 2.

The main purpose of this paper is to prove analogues of the L? . — LP and
L? | — L endpoint estimates for general functions in L?, assuming, however, an addi-
tional regularity assumption (see Hypothesis (R,) below). The main general results for
1 <p<d/(d—1) are stated in Theorems I, II, III and IV below. The case where each
set BF = £ N [2% 281 is a convex sequence serves as a model case (see §8 below). In
particular we have the following result.

Theorem 1.1.

(i) Let 0 < oo < 00 and let
E(@)={2*0+v ) :keZ, velt} (1.4)

Then Mgy is of weak type (p,p) if and only if p > 1+ [(d — 1)(a + )]t
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(i) Let 1/(d—1) < 8 < oo and let
EB) ={2*0+log™’(2+v)): ke Z, veZ}. (1.5)
Then Mpg) Is of weak type (p,p) if and only if p > d/(d — 1).

Remark 1.2. Only the endpoint cases p=1+[(d —1)(a+1)]7! and p = d/(d — 1) are
new. When 3 < 1/(d — 1), Mg g4, fails to be weak type (d/(d —1),d/(d —1)). The case
8 =1/(d — 1) remains open.

Remark 1.3. For p = 1, a slight variant was obtained by Christ [4], who proved that
the lacunary spherical maximal operator (with E = {2* : k € Z}) maps the Hardy space
H' to LY°°. This can be deduced from a simple modification of the proof below, and in
fact the weak type estimates in §5 are extensions of Christ’s argument.

Remark 1.4. It is not known whether the lacunary spherical maximal function maps
L' to L1*°. The closest known result is a weak type L loglog L inequality proved by the
authors in [13].

We shall now formulate a technical result on LP boundedness for M g which is only a
minor improvement of the result in [11]. It gives a reasonably sharp but not yet definitive
estimate for general sets E of dilations. It will be applied, however, to sets which tend
to be much thinner than the original sets.

Proposition 1.5. Suppose that d > 2 and 1 < p < d/(d — 1). Suppose that {w;}32, is
a sequence of positive numbers satisfying
> wiP <1 (1.6)
J=20

and suppose that
sup Y W N(EFFI 2k)yg=i(d=Lr/v" < b, (1.7)
kEZ 7>0

Then M is bounded on LP(R%), with operator norm dominated by C Ay.
We now describe our regularity assumption and begin with the following definitions.

Definition 1.6. A set J C R* is equally spaced with width 6 and possible deviation
C > 1 if for all t € J the inequalities

C~1o < dist(t, J\ {t}) < C§ (1.8)

hold.

Definition 1.7. A family J = {J} of subsets of R is uniformly equally spaced if for
every J € J there is a 6 = §(J) > 0 so that (1.8) holds with §(J) and a constant C
independent of J.

Definition 1.8. Let J be an equally spaced subset of R*. Then we call a; = inf J and
by = sup J the endpoints of J.
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Definition 1.9. Let J be uniformly equally spaced family of subsets of R*. Then we
denote by D(J) the set of endpoints D(J) = J ¢ ,{as, b7}

Our regularity assumption will say that each E* can be split into ‘not too many’
equally spaced sets. This gives a large class of examples, since in general the sets D of
endpoints are often much thinner than the sets E*.

Regularity Hypothesis (R,). E satisfies Hypothesis (R,) if for each k there is a
collection J% = {J} of subsets of [2¥,2""] such that E* C |J,c s« J and the following
three conditions are satisfied.

(a) The family {J : J € ez J*} is uniformly equally spaced (with uniform possible
deviation C).

(b) There is a positive sequence w = {w;}32 with E;io wj_p/ < 1 so that the sets of
endpoints D = D(J*) = U ;e s1{as,bs} satisty

1/p
sup <Z N(D¥H 2k)2=i =1/ w§’> < Cp < 0. (1.9)
k20 Nj20

(c) Let jf denote the subfamily of all J € J* which are equally spaced with width
2k=1 and possible deviation C. Then we assume that there is C; > 1 such that

> card(J) < C1N(EF,28#) (1.10)
JeJk

for every k € Z, p € N.

Note that, by Proposition 1.5, Hypothesis (R,) insures that the maximal operator
associated to the set of endpoints, (J,- DF, maps LP to LP.
Our main results are as follows.

Theorem I. Suppose that 1 < p < d/(d—1) and suppose that E satisfies the regularity
hypothesis (R,,). Then Mg is bounded on LP(R?) if and only if Condition (C,,) holds.

Theorem II. Suppose that 1 < p < d/(d — 1), and suppose that E satisfies regularity
hypothesis (R,). Then Mg is of weak type (p,p) if and only if Condition (Cp ) holds.

It is well known that the weak type-(p,p) bounds imply pointwise convergence the-
orems. By the theorems of Calderén and Stein [15, Chapter X, §2] and the fact that
(Cp,o0) is necessary for the LP — LP*° inequality, these are sharp.

Corollary 1.10. Let {t;}32; be a sequence with lim; ,t; =0 and assume that
E = {t;} satisfies Condition (R,) for some p € (1,d/(d —1)). Let

A fe) = [ ety doty)
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(i) Suppose that E satisfies Condition (Cp o). Then lim; ;o A, f(x) = f(x) almost
everywhere.

(ii) If Condition (Cp ) is not satisfied then there is a non-negative function f € LP(R?)
such that limsup;_, . Ay, f(x) = oo almost everywhere.

Remark 1.11. It would of course be interesting to know whether some regularity
assumption is needed. As a typical example where the regularity assumption fails consider
the Cantor middle third set, translated by 1, so that

Ey = {1 +) 5,377 b, € {0,2}}

v=1

and let E = {J,cy Fo. Now the critical exponent is pe, = 1+ (d — 1)~ *log2/log 3. The
set Ey satisfies Condition (Cp,, p..) and the set E satisfies Condition (Cp,, o). However,
Ryp.. fails to hold and thus Theorems I and II above do not apply. It is not known
whether Mg, or Mg are of weak type (per,per) (see, however, a counterexample for a
closely related maximal operator in §8.2 below). A much easier result is that Mg is of
restricted weak type (see Proposition 1.12 below).

We now turn to the limiting case p = pg := d/(d — 1). There are sharp results, at least
for LP¢ boundedness, although Conditions (R,) and (Cp,p) are replaced by the following
different Conditions (R,,) and (C,,), respectively.

Regularity Hypothesis (’ﬁ’,p ). E satisfies Hypothesis (ﬁp ,) if for each k there is a
collection J* = {J} of subsets of [2¥,2¥+1] so that assumptions (a) and (b) in Hypoth-
esis (R,) hold but (c) is replaced by the following condition.

(¢) There is a Cy > 1 such that

27 Y card(J) < C127"N(EF, 28 (1.11)

pzn JeTgy
holds uniformly in n € N.

The analogue of Condition (Cp,) is the following.
Condition (Cp,). The discrete measure
Z Z N(Ek, 2k7n)27nn1/(d71)5k7n
kE€Zn>0
is a Carleson measure on the upper half-plane, i.e.
1
sup — Y N(EF, 28727/ <o, (1.12)

iz Ml S5y

where the supremum is taken over all intervals of length > 1 and T'(I) is the tent of I,
ie. T(I) ={(z,t):x eI, 0 <t ||}
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It was shown in [12] that for d > 3 Condition (C,,) is equivalent with the L4 bound-
edness of Mg on radial functions. For general LP functions we have a similar result
provided that Hypothesis (R,,) is satisfied.

Theorem III. Let d > 2 and py = d/(d — 1) and suppose that E satisfies the regulanty
hypothesis (R,,). Then M is bounded on Lpd (R%) if and only if Condition (C,,) holds.

Concerning a weak type-(pg4, pq) inequality in dimensions d > 3 one may conjecture
that the hypothesis

N(E* 2k5) < €6 log(1/6)) /(4D (1.13)

is necessary and sufficient for LP¢ — LP4°>° boundedness as this is shown to hold in [12]
on LP?,. For general functions f and under the regularity assumption (R,,) we prove the
following slightly weaker result.

Theorem IV. Let d > 3 and pg = d/(d — 1) and suppose that E satisfies the regularity
hypothesis (R,,) and suppose that

N(E* 2k5) < €6 log(1/6)] 4=V [log log(1/6)] (1.14)
uniformly in k € Z and § < e~2. Then Mg is of weak type (pa,pa)-

At present we do not know whether the same conclusion holds under the weaker
condition (1.13). This accounts for the as yet undecided weak type-(pg4,pq) estimate
for M) in the remaining case § =1/(d — 1) in Theorem 1.1.

We now briefly turn to the question of restricted weak type inequalities. Here no regu-
larity assumption is needed.

Proposition 1.12. Let 1 <p <d/(d—1),d >3 or 1 <p<2,d=2 and suppose that
E satisfies Condition (Cp o). Then Mg is ofrestricted weak type (p,p), i.e. it maps LP!
to LP*®

It remains open whether for the range 1 < p < d/(d — 1) the operator is of weak type
(p,p), under Condition (Cp ) alone, without the regularity assumption. Proposition 1.12
is much more straightforward than Theorem II above and we shall not give the details
of the proof here. For py =d/(d—1), d > 3, the result had been already proved by
Bourgain [1], and a variant of his argument applies for 1 < p < d/(d — 1) as well. Indeed
let AJ be the frequency localized operator as in (2.1) below and define the maximal
operator M; by M;f(x) = sup,cp |A] f(x)]. Then the estimates in [ 1] show that for
1 < g < 2 the operator M is bounded on L? with norm O(QJ(d D(/q = (p= 1)/Q)) and the
argument in [1] shows the restrlcted weak type estimate. The argument fails for p = d = 2
and in fact the question whether the full circular maximal function is of restricted weak
type (2,2) (i.e. maps L?! to L?°°) had been posed in [16]. We note that Leckband [7]
proved that for radial functions one has indeed Lrad — L?* boundedness. However,
a Besicovitch set construction can be used to disprove the restricted weak type-(2,2)
inequality for general functions. The argument (see §8 below) shows the following.
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Proposition 1.13. Suppose d = 2 and

sup sup N(EF 2%5)5logd! = 0.
k>048<1/10

Then Mg is not of restricted weak type (2,2).

The structure of the paper is as follows. In § 2 we shall review some essentially known
estimates for spherical means which are needed later. In § 3 we shall review atomic decom-
positions in LP. Section 4 contains a proof of the LP estimates as stated in Proposition 1.5
and Theorem I. The weak type-(p,p) inequalities (Theorem II) are proved in §5. The
necessary modifications for the proofs of Theorems IIT and IV are discussed in §§6 and 7,
respectively. In § 8 we discuss some examples and include the proof of Proposition 1.13.

2. Estimates on spherical means

We shall need to introduce regularizations of A; in (1.1) via dyadic frequency cutoffs.
Let (3 be a radial C§° function so that Gp(§) = 1if [{] < 1 and Go(§) = 0 if [§] > 2. For
J=1,2,... let B;(&) = Bo(279€) — Bo(2'77¢) and define A] by

—

ALf(€) = da(1€)8;(t6) f(€) (2.1)
so that

j=0

Let 8 be a radial Cg° function which is supported Whgre 276 < |¢] < 25 and equal to
1 when 27° < |¢] < 2°. Let P'f be defined by P!f(¢) = 5(271¢)f(€) and observe that

Alf=AIPI7Ff ift e EF. (2.2)

Clearly, the maximal function sup,- |.A]f(x)| is dominated by C;Mgryf(z), where
My, is the Hardy-Littlewood maximal function of f; in fact C; = O(27) (cf. Lemma 2.1
below). Therefore,

Mg f(z) < Muy f(x) + sup sup
kEZ tcEF

Y AIPf(x), (2.3)

Jj=10

and throughout this paper we shall assume that summations in j are extended over
j = 10.

Here we collect well-known estimates on spherical means and its regularization .A{
which were used in this or a related form in previous papers (in particular see [11] for
some of the more technical statements).

Lemma 2.1. Let Ai be as above and let Bg = (d/dt)A{. Suppose that 2F < t < 2kF+1,
j =210 and that 1 <p < 2.
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(i)

tfd
(1 + 29[z — y[/t = 1)

AL F ()] + 2794 B f ()] < Cn2? / 17 ()] dy.

(i) , o | /
A2 Lo e + 2577 || BY || Lo < 279001/

~

(iii) Let I C [2=1,2%+2] be an interval of length 287, Then

IIStlel?lA{fllle S 2D f

Sketch of proof. (i) | is a straightforward calculation, which also implies (ii) for p = 1.
It is well known that |do(¢)] < (1 + |€])~(@=1/2 and thus (ii) for p = 2 follows, and inter-
polation settles the case 1 < p < 2. (iii) follows by writing

. . t .
A =Ai0+/ Bi ds
to

for tg € 1. O

Definition 2.2. For a set £ of dilations and L € Z, let J1,(£) be a minimal collection of
dyadic intervals of length 2% covering £. For I € 31 (€) let r; denote the midpoint of the
interval I, and for a dyadic cube @, let 25(9) denote its side length. Then for n > 1, we
define

Von&) = |J {zeR?: (e —azq|—ri| <2M@T); (2.4)

IGjL(Q)(S)

for n =1 we also write V(&) = Vg,1(E).
Lemma 2.3. Let £ C [2F 2FH1].

(i) For1<p<2,

S N(E, 28/ md D £

sup | A7 f|
te&

Lr

(ii) Let @ be a dyadic cube, let fo be an L? function supported on @) and suppose
k—j<L(Q) < k—10. Then

< 2(—L(Q)+k—j)(d—1)/2N(g7 Qk—j)QL(Q)d/QHfQ”L2_
L1 (Vo ()

sup|A] fo
te€

(iii) Let Q be a collection of pairwise disjoint cubes of side length 2¥=7%7 where ¢ > 0.
Then, for o < j,

vy [Qgg fQ]

1/p
S 7oA (g, eI (S QR fol )
QeQ

sup
te&

Lp
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(iv) Let Q be as in (iii) and let V be an open set containing Uge g Vo,n(€). Then, for

n =1,
st Y o]
el Lgeo LrRN\Y) 1/
p
< CM(QUU)—M@/p—l)[N(&2k—])]1/p2—3(d—1)/p (Z fQ”’ip) ]

QeQ

(v) The estimates in (i), (ii), (iii) and (iv) remain valid if for t € £ the operator Al is
replaced by 287 B} = 2k=7(d/dt)A].

Sketch of proof. (i) is a rather straightforward consequence of Lemma 2.1 (iii). To
prove (ii) we use Cauchy—Schwarz to pass from an L! estimate on the exceptional set
Vo(€) to an L? estimate (namely Lemma 2.1 (ii) with p = 2), and for the estimate
off the exceptional set we use the explicit form (2.4). (iv) for p = 2 is a consequence
of (i), and (iv) for p = 1 follows from the explicit form of the kernel in Lemma 2.1 (i).
The general case is obtained by interpolation. (iii) for p = 2 is a consequence of (i), and
(iii) for p = 1 follows from (ii) and (iv). The general case is obtained by interpolation. O

A small variant is as follows.

Lemma 2.4. Let J C [2% 2K*1] be an equally spaced set with width 2¥~# (here,
= 0) and possible deviation B, and let ay < by be the endpoints of J. Suppose that
by —ay > 287 and u > j. Then the following statements hold.

(i)
< CpN(J, 28— 1) 1/po=ild=1/p"9G=m/P| f|| L.

sup [ A} f|
teJ Lp

(ii) Let Q be a collection of pairwise disjoint cubes of side length 2=7%7 where o > 0.
Then, for o < j,

A3 1o

sup
teJ QeQ Lp 1
p
< CBQ—U(d—l)(l/P—l/Q) Card(J)l/PQ—j(d—l)/p'Q(j—u)/p ( Z |Q|1—p/2||fQ||1£2> ]

QeQ

(iii) Let Q be as in (i) and let V be an open set containing Jge o Vo,n(€). Then, for

n=1,
[ 1]
teJ QeQ LP(RI\V) y
p
< CB,M(Qan)fM@/pfl) Card(J)1/p2(j*u)/p27j(d71)/p’ ( Z fQHip) )

QeQ
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Proof. We simply observe that if by — ay > 27 then
N(J,2F79) ~ 2971 N (J, 28 ") ~ 297+ card(J) (2.5)

and the conclusions (i)—(iii) follow from Lemma 2.3. O

3. Atomic decompositions

We give a decomposition of the maximal operator and also the function it acts on. This
is motivated by one of the proofs of the standard atomic decomposition (following [3,9])
based on square functions (used for example in the theory of Hardy spaces on product
domains).
For ¢y = 10V/d let
NEf(z)= sup [P"f(z+y)|

lyl<co2—F

and define the maximal square function

o 1/2
i@ = (3 WHPR)
k=—o00
Then
NSl % Il 1<p < oo, (3.)

and [N f|lz1 ~ ||f]lm1 (see, for example, [8,15]).

Consider the level sets 2, = {z : Nf(z) > 2"} and the expanded sets 2, =
{z: MuLxn(x) > %}, here, My, is the Hardy-Littlewood maximal function. Then
|2, < C|£2,]. Let R’ denote the family of all dyadic cubes and let R,, for n € Z,
denote the collection of all dyadic cubes R with the property that |R N £2,| > $|R| but
|RN 2y,41] < 3|R|. Then from these definitions one easily deduces

ST P Hxalie 2102 (3:2)
k=—o0 RENR,
L(R)=—k

(see, for example, Lemma 3.1 in [9]).
Let eg = (P'f)xr if L(R) = —I. Then from (2.2) we have

Alf = AIPITRE = A [ ) eR} (3.3)
L(R)=k—j

ift € EF.
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Now (2, is an open set with finite measure and we can form the Whitney decomposition
into dyadic cubes. Let 20,, be the set of Whitney cubes and observe that every R € ‘R,
is contained in a unique Whitney cube Q(R). This defines a function R — Q(R) for all
dyadic cubes.

For a dyadic cube @ we define now

Fy(= Y en (3.4

Q(R)=Q
L(R)=—1

Notice that F(lg =0if —I > L(Q).
From (2.3) and (3.3), we have the pointwise estimate

Mef() S M @) +swp s Y- 41 S0 @)
RELEEE 310! LL@)zk—
It is useful to introduce a space XP of vector-valued functions as follows.

Definition 3.1. Let X? be the space of vector-valued functions F' = (Fé) where the
dyadic cubes Q satisfy L(Q) +1 > 0, F(l;, is supported on @, and

1F e = (g Qe % ||Fé?|%2)p/2 )l/p (36)

LL(Q)+120

. (3.5)

is finite.
We first observe the following.
Lemma 3.2. For 1 <p <2,
IE(H)llxr S INFllze-
Proof. We write

IF() xe = (ZQ:IQIH’/Q( )

L(Q)+£20

>

2 )p/2 >1/p
QRr=qQ I*
L(R)=—1

<<§|@|1p/2( EDIDS ||eR%2>p/2)l/p-

GL(Q)+E=0 n RER,
Q(R)=Q
L(R)=—1

Now we use the imbedding /7 C ¢2 for p < 2 to estimate the last expression by

(;QP-WZ( DS ||eR||%z)p/2)1/p

n NEL(Q)+£320 RER,

Q(R)=0Q
L(R)=—¢
) ) ) p/2\1/p
< (Z S lorv ( ) ||eR||L2) )
n QeEW, ReR,

QIR)=Q
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and by (3.2) and several applications of Holder’s inequality this in turn is estimated by

((x @) (2 % ) )"

QeW, Q ReR,
Q(R)=Q

oy ) p/2\1/p
< (Zm 7/ (Z ||em) )

ReR,

. 1/p
< (Z fzn|1-P/2<22"fzn|>p/2)

n

1/p
< (S i)

n

S IV Slze-

This proves the lemma. (Il

We now return to estimate the second term on the right-hand side of (3.5). The part
where the sum extends over cubes @ with L(Q) < k is the most difficult to handle. In
the following lemma we shall first dispose of the remaining part which is dealt with by
straightforward L? estimates.

Lemma 3.3. Let 1 < p <2, ¢ > 0 and suppose that

sup N(E* 2kg)1/25(d=1=2)/2 < A
k

Let {xq, } be a family of measurable functions so that

sup|| Y xeul|| <1 (3.7)
l Q L2
and define
N, F(x) = sup sup A{[ Z XQ,;CFgQ_k] (). (3.8)
RERIEEM L@k
Then
19 FllLr < C27A||F| x», (3.9)

where C' is independent of the choice of the particular family {xqx}-

Proof. We shall verify (3.9) for p = 1 and for p = 2; the general case follows by
interpolation.
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For p = 2 we replace the sup in k by a square function and use Lemma 2.3 (i) to obtain

‘ 1/2
9% F|[z2 < (Z AJ[ > xowFh } )

sup
g llteB* Q:L(Q)>k
1/2
<CA2”‘(Z’ Y. xerF) " )
k NQL(Q)=k L2
4 1/2
<oar(S 5 IR
k Q:L(Q)>k

where for the last inequality we have used the assumption on the family {x¢g,;}. This
proves (3.9) for p = 2.

Now consider the case p = 1. Given a cube @ we let @* denote the cube with same
centre but tenfold side length. We then estimate (following standard procedure in esti-
mations of singular integrals acting on atoms)

19 F)| 1 <) (lg + o),

Q
where
Io = || sup sup |A4{[xosF5 "] ;
k teEk LY(Q*)
I = || sup sup [A] [xq.rF5 | :
k tepr L1(RIN\Q~)

Now for I we use the Cauchy—Schwarz inequality and the L? estimate above to deduce
that

Io S QY2

sup sup A7 [xqxFg |
k teEFk L2

' 1/2
< CA2I| Q[ (Z IIFékII%z) .
k

For Iy we use Lemma 2.1 (i). In that formula we use that if y € Q, z € Q*, L(Q) > k,
t <281 then [t~z —y| — 1| ® t~ |z — y| and thus for M >d > 2,

o527 > / 2’“(M’d)2’jM/ | =y M  (y)| dy da
|z [>2L(@)+2 Q
E<L(Q) ve

<2000 3 gt H@IM D EEE L
k<L(Q)

' 1/2
52](1_M)|Q1/2(Z ||Fé—k||%2> _
k

Now M can be chosen to be > 1+ ¢ and we obtain that ) ,(Ig + Ilg) is bounded by
CA27¢I||F||x1, thus proving (3.9) for p = 1. O
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For the remainder of the paper we will only have to deal with the part in (3.5) dealing
with the contribution k¥ > L(Q). Define, for a positive integer o,

> A [ > Fg;k] (2)|.

izo LQ:L(Q)=k—j+o

M, F(x) = sup sup (3.10)

k teEk

Our main reduction in this section is the following.

Proposition 3.4. Let 1 < p < 2, suppose that Hypothesis (Cp, ) is satisfied and suppose
that for some €y > 0 the inequality

Hi)ﬁUFHLm < 002_600||FHXp (3.11)

holds for all compactly supported F' (meaning that F(l2 vanishes for all but finitely many
I and Q). Then there is c(p,eo) > 0 so that

Mz fllLra < c(p,e0)Coll fllLr
for all f € LP(RY).

Proof. Let Fé(f) be as in (3.4). For 0 = 1,2,..., define Fél)(f) by

For 7 > 10, define Féz)(f) by

YT L) = -,
0 otherwise,

2
W%m:{
and let qul be the characteristic function of

U U =

nez ReER,
L(R)=—1—j
QIR)=Q
Then for every fixed j condition (3.7) is satisfied for the family {X]Ql}
From (3.5) we get

Mpf(@) € Minf(@) + 3 M [FV(A)(@) + Y- WIE (D)),
>0 §>10
Note that it follows from Lemma 3.2 and (3.1) that ||F{”(f)|lx» < Cplfll, and
HFJ.(Z)(f)HXp < Gl fllp for 1 < p < 2, uniformly in ¢ and j. From Hypothesis (Cp o) it
follows that the assumption of Lemma 3.3 holds with ¢ = (d — 1)(2 — p) which is positive
since we are assuming p < 2. Thus

STy EP ()]

j>10

e 2
<N 2N EP (llxe S 1l

Lpia §>10
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By our assumption we also have

> MAF ()]

o>0

S D27 ED (Nllxe Sl

Lr.a a>0

and the proposition is proved. O

4. LP estimates

We shall use Proposition 3.4 and in order to prove LP estimates we have to verify the
XP — LP estimate for M, in (3.10). We shall first prove Proposition 1.5 where no
regularity assumption is needed.

We shall also use the following definitions,

G (F)= >  Fb (4.1)
Q:L(Q)=—l+0o
and let G, (F) = {G'(F)}ez be the corresponding vector-valued analogue.
Proposition 4.1. Suppose that 1 < p < 2 and suppose that ), w;p, < 1. Let
Nk = N(E’f’Qk*j)l/pQ*j(dfl)/p’. (4.2)
Then
s 1/p
|9, F||p» < 270d-DO/p=1/2) 51l1p (Z |wn|p)\ﬁ’l+n> | F || xe-

n=0
Proof. We estimate using Holder’s inequality

oo o 1/p
> sup |AGHEI)
teEk

j=10

) 5 (3 M)
k
By Lemma 2.3 (iii) the L” norm of this expression is estimated as

, 1/p
190 F || p S 277000 /P71/2) (Z Sl S |Q|1-p/2||Fggk||22)

kg L(Q)=k—j+o

1/p
S 2oy <Z S w3y 2@ 4o PIQIP 2 FGTHD ||§2)
Q J

1/p
Srewih B (TS Sl

I Q:L(Q)=0—1 j
< 9—o(d=1)(1/p—1/2) | F |l xr.

O

Proof of Proposition 1.5. Immediate from Propositions 3.4 and 4.1 when 1 < p < 2.
The case p = 2 (and hence d = 2) follows as in the proof of Proposition 4.1 where now
we treat the whole operator Mg. O

We now turn to the proof of the LP estimates under the regularity hypothesis.
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4.1. LP estimates under the regularity hypothesis

For the remainder of this section we shall fix a choice of J k, Jlf as in the definition of

regularity assumption (R,).
Let o be a positive integer. Let

R, F(z) = sup sup sup Z AIGI=F(F)(z)

k Jegkted i>e:
b‘]—a‘]<2k7‘]
and, for m > 0,
SpoF(z) =sup sup sup sup |ALTGEEM R (F) ().
k pptm>o Jegk teJ

bJ—(lJ>2k7“7m

Next let
M, F(xz) = supsup sup sup Z AIGI=F(F)(x)|.
k p>o Jej;C teJ o<j<u
b‘]fa‘]>2k_j
Thus

Mo F(2) < RoF(2) + Y SmoF(x) + Mo F(x).
m
Finally, for ¢ > 0, let
Tt ={T € TF by —ay > 2"+

and define
My F(z) =sup sup sup sup|AL~{GE—EF(F)(z)
ko p>tto jeght ted
so that

M,F(z) < Z My o F(z).
£>0

(4.6)

(4.7)

(4.8)

(4.9)

The claim in Theorem I will be a consequence of the following Propositions 4.2—4.4, in

conjunction with Proposition 3.4.

The following result is essentially Proposition 4.1 applied to the set of ‘endpoints’,

ie. U, Dk,

Proposition 4.2. Suppose that 1 < p < 2 and E satisfies the Regularity Hypothe-

sis (R,), and let D* be as in (1.9). Assume that {w; '} € ¢¢" with norm < 1. Then

1/p
|RoF||Lr < 270" DA/P=1/2) mp(Z[ij(DJH,2l)1/p2_3(d—1)/17 ]p> | F|lxr. (4.10)

320
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Proof. Using Hélder’s inequality as above (with {w; '} € ') we may estimate
o 1/p
z) < (Z Zw? sup sup |A§Gf,_kF(;v)|p> :
k ]20_ J:bJ—a‘ngk*j teJ

Now if for fixed j, k we let £ = UJejk:bJ—aJ@k—j J, then N(&,287) < N(DF,2k9).
Hence by Lemma 2.3 (iii),

o 1/p
|RUFLP5<ZZw;’|| sup ,supAiGﬁ,’“(F)III’L’p)
k J

JeETk:byj—ay<2k—i teJ
5 2—0(d—1)(1/P—1/2) (Z Z w;’N(Dk7 2k—j)2—j(d—1)p/p

b 1—p/2y mi—k /P
< QIR ||’;2)

L(Q)=k—j+o

and from here on the proof proceeds exactly as in Proposition 4.1. (|

Proposition 4.3. For 1 < p < 2,

1/p
Sl 5 27007 9o 00/02172) g <Z N(BH 9l)-id-Dp/p > 1Pl

j=0
(4.11)
Proof. We have (using Lemma 2.3 (iii) for the sets J € jl’f and noting N (J, 2F—#—m)
card(J))
»\1/p
1Sm.o FllLr < H (Z Z [sup At Z F5+mfk ] >
teJ e

Jejk L(Q)=k—p—m+o

by— aJ>2k p—m

(Z S (2D 1 2 m D ()
k,p JEJk 1/p
- ( > |Q|1p/2||F5+mk”iz)> '

L(Q)=k—p-m+to

Now by (1.10) the latter expression is estimated by 2-o(d=1(1/p=1/2)9=m(d=1)/p" timeg
the quantity

1/p
R D DI T e T I

ko L(Q)=k—p—m+o

which is bounded by

1/p
S%D{Z N<E€+,u7 24)2—11,((1—1)]9/[7 } <Z Z Q|1_p/2||Fénl1£2> )
m

=l—-m+to

This gives the claimed estimate. O
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Proposition 4.4. Suppose that

S‘;PZ ij(dfl)p/p'N(EjJrk’ 2y < CP.
>0

Then for 1 < p < 2 we have the inequality
| Mo 1o < €127 0@ DA/p=1/Dg=L0=d/)| p|| o, (4.12)

Proof. This is a small (but crucial) variation of the proof of Proposition 4.3. We have
by Lemma 2.4 (ii),

1/p
My Pl < (z DS iggmﬂcg“mnzp)

k p>l+o JEJ:’e

< g-od-1)(1/p-1/2) (ZZ S card(J)2 (06 Dp/r

kop>t jeght

1/p
% Z |Q1—p/2||F5—€—k1£2>

QL(Q=0—p+etk

and this expression, by (1.10), is controlled by 9—t(1=d/p")9=o(d=1)(1/P=1/2) {imes the

expression
, . AL/P
<Z > QI PRI FG S Y N (B, 2m)27 K ”p/p)
n Q:L(Q)=c+n+L u>e
which is
AL/P
< sup (Z N(E"+#, gmyg—H(d-De/p ) IF |-
" u>L

Thus (4.12) follows. O
Proof of Theorem I. Immediate by Propositions 3.4, 4.2, 4.3 and 4.4. (I

5. Weak type-(p,p) estimates

In this section we shall mostly assume that p < d/(d — 1) and

supsup N(E*, 2k=7)1/po—ild=D/" < . (5.1)
k j>0

Some statements, however, will extend to the limiting case p = d/(d — 1).

The proof of Theorem II follows from Propositions 3.4, 4.2, equations (4.6), (4.9)
and estimates for the operators S, ,» and M, ,, stated in the following Propositions 5.1
and 5.2.
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Proposition 5.1. Let S, F be asin (4.4). Suppose that 1 < p < d/(d—1) ifd = 3, and
1<p<d/(d—1)=2ifd=2, and assume that (5.1) is valid. Then there is € = €(p) > 0
so that for all o,m > 0,

1m0 FllLree S 275+ F|x». (5.2)

Proposition 5.2. Let M;,F be as in (4.8). Suppose that 1 < p < d/(d — 1) and
that (5.1) holds. Then there is e = ¢(p) > 0 so that for o,¢ > 0,

1Mo Fl| o S 2750 F)l xo. (5:3)

5.1. Proof of Proposition 5.1
We have to show that for every a > 0,

meas({z : [Sy.o F(z)] > 3a}) < 275m+Po =P F|%, . (5.4)

Now fix o > 0 and let

1/2
CQ_|Q|1/p1/2( T ||Fé|%z) 7 (5.5)

LL(Q)+120

so that Y- cg) = || F|/%,. Fix a small g > 0 to be chosen later. We divide up the dyadic
cubes into two families,

1
G = {Q . Cpr < 250(U+m);0a10}, (56)
Q)
and complementary family I, so that {Q} = GU I and GN I = (). Define
g(F) = {Fég}L(Q)+l>0a B(F) = {Fé)}L(Q)+l>O~
Qeg Qer

For Sy,.,G(F) we use a straightforward L? estimate. From Lemma 2.3 (iii) (with
£ =J € JF) and inequalities (1.10) and (5.1) we deduce

1S, G(F)|72

ez 5 =

2

2>1/2

Ai”rm [ Z F5+mk}

k pu>0:p+m>o Jegk tes Qeg L2
b]—a]>257“77n L(Q)=k—p—m+o
SY D N(EF22rtemish R R,
k pn>0: QEeG

u=oc—m L(Q)=k—p—m+o

S md-DYY §T gopld-nE-) 3 IFST™ 7R3 .. (5.7)
k  p>0: Qeg
pn=o—m L(Q)=k—p—m+to
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From (5.5) and (5.6) we have, for Q € G,

IFST™ Fllze < cq/IQIVPH2 < 220t m|Q 0, (5.8)
By Cebysev’s inequality and (5.7), (5.8) we obtain

meas({z : |Sm,«G(F)(x)| > a})
< a7 S G(F)|[72
S

7227ndd71)j£: j{: 9—n(d=1)(2-p)

k u>0:
pzo—m

—k —k2—
x > (P2 A S [P

Qeg
L(Q)=k—p—m+o

< a—P9g00(2—p)9—m[(d—1)—e0(2—p)]

_ _ _ — o—L
XZ Z 9—H(d—1)(2-p) Z \Q|1 p/2||FQ (Q)Hfz2

k pu>0:p>0c—m Qeg
< amrre o R, (59)

for some ¢ > 0 if g > 0 is small enough.
We now concentrate on the family I" of dyadic cubes which do not belong to G. Define

AQ,7) = Ap.om(Q,T) = 27 Fm)c0p o pom(d=poL(Q)[1/p=(d=1)/p'lp, (5.10)

note that 7 — A(Q, 7) defines an increasing unbounded sequence for 7 > L(Q) and in

particular
A(Q, L(Q)) = 2letmzorp | (5.11)

so that for every Q € T, cg) > A(Q, L(Q)).

Definition 5.3. For every Q € I' we define 7(Q) to be the smallest integer 7 > L(Q)
so that A(Q,T) > cf.

For each @ € I" we then define k(Q,v) = (L(Q) +v7(Q))/(v + 1) and

w(Q) = U U {x e R : ||z — 2| —ri| < 2H@F42(@=R} " (5.12)
k(Q)<k<T(Q) I€TL(q)(EF)

where v < (d — 1)p and we note that

meas(W(Q) S 3 N(E, 2= (=L@ g L(@+k(d=1)o(r(@)=k))
k<T(Q)
S Y 2 @-RrgkmL@) (=1 /g L(Q) k(=)

k<T(Q)
< 9m(Q)(d=1)po L(Q)[1/p—(d=1)/plp_ (5.13)
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Let
W= J {2z eR?: |z —2q| < 2@V uW(Q)). (5.14)
Qer

By (5.10), (5.13) and the definition of 7(Q),

meas(W) < Z [28@4 | meas(W(Q))]
Qer
< 97(Q=1)poL(Q)1/p—(d—1)/p'lp

<Y 27 tmErarAQ, 7(Q))

Qer
< 9—(o+m)eop ,—p Z 0122
Qer
< 2_("+m)€°pa_p||FH§(,,.
It remains to be shown that

meas({x ¢ W : S0 (B(F)) > 2a}) < 27 (0tmeorq—p|| F|2 . (5.15)

We split Sy,.»(B(F)) =>.02__ I, where

§=—00

I, = sup sup sup sup |AFT™ E FgJFm*k
k  p+m—o>max{s,0} JE]:; ted Qer
bJ—&J}Qkiﬂim L(Q)=k—p—m+o
7(Q)=k—s

We shall prove

||]S||%2 < QfS(dfl)(%p)270(2717)(6171*60)Qfm[(dfl)(pfl)fso(%p)]Oﬂwnpng@’ s3>0,

and

1170 iy < Cag2” MEHDERImm@=DE=D PR, s <0, (5.17)

Note that for 9 > 0 small enough inequalities (5.16) and (5.17) imply (5.15) since

2 P
meas({x ¢ W : S, »(B(F)) > 2a}) < a2 le +a7? I
s>0 L2 s<0 NLP(RNW)
S 27t PR, (5.18)

for suitable € = ¢(p) > 0.
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Proof of (5.16). We use Lemma 2.3 (iii) for £ = J € Jf and inequalities (1.10), (5.1)

to obtain
2
m m—k
L7 < 7 |jsup Af™ >, EyF
o, J || T€7 Qer
m(Q)=k—s
L(Q)=k—p—m+o 2
<Y card()2-(Em@=D N k2,
o, J Qer
m(Q)=k—s
L(Q)=k—p—m-+o
<o DY g N Y gk
k,p Qer
m(Q)=k—s

L(Q=k—p—m+a
Ask=7(Q)+ s and p = 7(Q) — L(Q) + s + 0 — m this inequality can be rewritten as
L)1, < 27 ™1 Z 2(T(Q)—L(Q)+s+a—m)(d—1)(p—2)||F5*L(Q)||2L2. (5.19)
Qer
Now we use that, for Q € I,

o—L — _ _
1FS D257 < (cqlQ|H/P=1/2)2 P

< (7LD 4(Q,7(@))
< [@250(e+m) 9(d=1T(@)LIQ)(1/p~(d=1)/s' ~d(1/p-1/2) 2>
and combine this with (5.19) to obtain, after a little algebra,

p

||]S||2L2 < om((d=1)(1—=p)+e0(2—-p)) 9—0(d—1-c0)(2—p)9—s(d=1)(2-p) ,2—P Z |Q|1—IJ/2||FQHL27

Q
which is the desired bound.

O

Proof of (5.17). We use the estimate away from the exceptional set in Lemma 2.3 (iv),
with n = 2/*I" (y < (d — 1)p) and s = k — 7(Q). Then

p

" —k
HISHZL),II(]Rd\W) ,S Z sup Aé”r " Z F5+m
k,p teJ T(Q)=k—s
L(Q)=k—p—m+o Lo @IW)
S Z N(Ek, 2k7”)27(“+m)(d*1)?/?'27(0+’y|s\)M(27p)
k,p

— m—k
X > QI P2 FS T F I
7(Q)=k—s
L(Q)=k—p—m+o

< 97 md=Dp/p 9= M2=p)g=Ish2=p)| F||f .
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5.2. Proof of Proposition 5.2

This is similar to the proof of Proposition 5.1. We have to show that for every o > 0
meas({z : [Meo F(x)] > 3a}) S 27507 F|,. (5.20)

We indicate the changes in the proof of Proposition 5.1. Of course we systematically
replace Sy, » by My ». The definition (5.6) is the same except that 2™ has to be replaced
by 25°P; then the arguments up to (5.9) are similar; we have to use Lemma 2.4 (ii) instead
of Lemma 2.3 (iii). Similarly, the definition (5.10) is changed to

AQ,7) = Agos(Q, 1) := 200 T020p o7 (d=1)pg LQ)[1/p=(d=1)/p'lp,

and the further arguments up to (5.15) have obvious analogues. In the definition of
A(Q, ) we shall need to take gg so that eg(2 —p) <1 — (d —1)(p — 1) which is possible
since p < d/(d—1).

We then split My ,(B(F)) = >_1I,, where

Ily =sup sup sup sup\AfJGg;é_k(F)L
k pu>l+o JGJf'z tedJ

Gﬁ;Z*kF — Z F(S*E*k. (5.21)

Q:L(Q)=k—p+t+0
(Q=k—s

The inequalities (5.16) and (5.17) are replaced by

HHSH%,‘, < 2—8(01—1)(2—P)2—0(2—17)(11—1—60)2—4[(1—(11—1)(17—1))—50(2—19)}0[2—p”F”I;(p7 5> 0,

(5.22)
and

ITL,]| < 2—4(1—d/p/)pg—S(d—l)(l—pﬂ)2—(U+|5\7)Mpa2—p||FHP s<0, (5.23)

P
Lr(RIN\W) ~ Xps

from which we can as before conclude the assertion of the proposition.

Proof of (5.22) and (5.23). We prove (5.22) and use Lemma 2.4 to estimate

M7= <> > >

k pu>l+o JGJ;’;'Z

<Y Y card(g)2 (0@ 3 [V 7%

k p>lto jegkt Qer
T L(Q)=k—p+l+o
T(Q)=k—s

2

sup [ AL TGRSR (F)
teJ

L2

Now
> cardJ < N(EF,287#) < gnd=D=l)
Jeglk*t
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by assumption (1.10) and (Cp o). We also observe that p = 7(Q) — L(Q) + s+ o+ { in
the above sum and thus we obtain

I3 £ 2002 30 37 e D=2 S sk,
k pu>2l+o Qer
L(Q)(Zl)c—ngHa
< 9t(d—2) Z ||F5*L(Q) ||2L2Q(T(Q)—L(Q)+S+a+€)(d—1)(?—2)_
Qer

T(Q)—L(Q)=~—s
Now as before

||F5*L(Q)Hi;17 < [a2%0 o t02(d-17(Q) g L@)(1/p=(d=1)/p’ ~d(1/p=1/2))]2-p
and after doing the algebra we arrive at

HIIS ||§ 5 a27p22((d*1)17*d+60(2*17))Q*U(dflfso)@fp)27s(d71)(27p)

— o—L
< S QIPREGTH ).,
Qer

which is what we were aiming for.
Similarly, the proof of (5.23) is analogous to the proof of (5.17). O

6. LP estimates in the limiting case

We assume throughout this section that the regularity condition (R,,), pa = d/(d — 1),
is satisfied. We first give a reformulation of the Carleson-measure condition.

Lemma 6.1. Suppose that the Carleson-measure condition (Cp,) holds. Then the mea-

sure
Z Z Ok Z card(J)27#(1 + u)d/(d—l)

kEZ 120 JeTk

is also a Carleson measure.
Proof. We first observe that
N(E*,2879)2R=0 ~ |{t € [2F, 28 1)« dist(¢, E®) < 2879}

and thus
N(EF 28=9)271 < CN(E*,2"7277" if j/ < j. (6.1)
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Let I be an interval of length greater than 1 and I the interval with same midpoint
and double length. Then

Z Z card(J)27H(1 + p)®/ (4D

(k,)eT(I) JeTk

1+log, |1]
SN 2 N 9 N card()
keI  s=0 251 u<28 Jegy
1+log, |I|
< Z Z 2$d/(d—1)N(Ek’2k—25’1)2—2‘“’*1
kel s=0
1+log, ||

SO N )Y

kel s=0 2s—2gu<2s-1

S Y N(ER2ETm 2L 4 ),
(ko) ET(I*)

Here we have used the regularity assumption (1.11) for the second inequality and (6.1)
for the third inequality. O

The following is an even more elementary observation.

Lemma 6.2. Suppose that the Carleson-measure condition (C,,) holds. Then

supz Z card(J)27* < C. (6.2)

wogeghty

Proof. Let I;(r) = {z : |x —r| < 2°}. Then

> ) card(J)27H

Ko geghtr
< Zz—ed/(d 1) Z Z card(J (1+M)d/(d_1)
o<pL2s JGJ“JrT
SESTI s TS e
I
| ( ) (ksw)€T(Is(r)) JETS
and the last expression is bounded by Lemma 6.1. ]

The following Carleson-measure estimate is a standard consequence of the LP bound-
edness of the Hardy—Littlewood maximal operator (for the proof see [14, Chapter I1.2]).
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Lemma 6.3. Suppose the doubly indexed non-negative sequence {wy, ., (k, ) € ZxZ"}

satisfies
1
sup m Z wi < AP,
HIZL T G wyer

ie. Y w0k, is a Carleson measure. Then for {ai} € /7, p > 1,

1 p\l/p 1/p
(Sewa |z Zlaw] ) <o (Sar)

ko lil<n k

6.1. L? estimates in two dimensions

We are concerned with the L?(R?) estimates in Theorem III. The claim is a consequence
of the following estimates,

sup sup sup | > Af|| S fe (6.3)
k. Jegk teJd <u
bj—(LJ>2k7J L2
and, for m > 0,
sup  sup  sup [APTT| S 27 £ e (6.4)
k,p Jegk teJ
b‘]—aj>2k7“77” LQ
and finally
sup sup sup| > AJf||l S| (6.5)
k JeJgkted Jiby—a, <2k 12

x| =

To prove (6.3) we use Lemma 2.4 to see that the left-hand side is dominated by
k. Jegk Jsp

2\1/2
L2:| )
b(]fa,]>2k_j

it Card(]>2u(1+“)2{1i/v62||mkfmr)w

ko Jegk N

sup | A7 f]
teJ

and by Lemmas 6.3 and 6.1 the last expression is controlled by

k £(12 2 <
STIPEfIZ ) S Ifllze-

kEZ
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Concerning (6.4) we use Lemma 2.3 and bound the left-hand side by

1/2
(Z > sl )
ko Jegk L
beaJ>2k_j
1/2
< (X X weatmeiemprentyl, )
k. Jegk
/2
<27 /2 su < card(J)2 > < Pk )
Sup > (/) ZII 72

m JGJ;1+m 1

and by Lemma 6.2 the last expression is < 27™/2| f||2.
Finally, equation (6.5) holds in view of the assumption (1.9) (cf. the argument in the
proof of Proposition 4.1). We shall not repeat the details.

6.2. XP estimates and the proof of Theorem III

We use a similar decomposition as in § 4. However, instead of considering the maximal
operators M; , we shall not decompose in ¢ and work with M, in (4.5) directly. We shall
prove

1Mo F|pra S 270 @D B, (6.6)

This together with already-proved estimates in §4 implies the statement of Theorem III.
We argue as before and set

1/pa
w=( X lerrirg)

L(Q)=0—
Using Lemma 2.4 (ii) we get

| Mo F[| Lra

pa \ 1/pd

S PDIPIY DY

o Jegk e
bJ—aJ>2k7]

<ZZ Z { Z g-ol=D/pa=1/2) Card(J)l/PdQM/pdajk}pdj/pd

B Jegk F10<i<p

1 pa\1/pa
o(d—1)(1/pa—1/2) - .
< 9o/ (ZZ > a2 (g ¥ ) )

BoJeTk (AT

sup |A4{GJ " (F)|
tedJ

LPd

By Condition (C,,) and Lemmas 6.3 and 6.1 we obtain (6.6).
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7. Weak type-(p, p) estimates in the limiting case

Throughout this section we shall assume that d > 3 and that the regularity assumption
and condition (1.14) hold. Thus

sup 2 "N (EF 287 < O (n/ 4D logn) ! (7.1)
k

uniformly in n > 10. We follow the proof of Theorem II in § 5, using the same decompo-
sitions except we do not decompose M, in (4.5) further as in the proof of Theorem III.
We recall that Proposition 5.1 remains valid for the limiting case p = pg if d > 3, under
the weaker condition (Cp, « ). Therefore, the claim in Theorem IV will be a consequence
of the following result.

Proposition 7.1. Let M, F be as in (4.5). Suppose (7.1) holds. Then there is an € > 0
so that for all o, > 0,

meas({z : M, F(z) > 3a}) < 27=PiqPd| F|2s,, . (7.2)

Proof. Asin §5 we fix g9 > 0 and define G, I', A(Q, ), G(F), B(F) and W as before
except we replace 250(7+™P with 2509P4, In particular we have now, for 7 > L(Q),

A(Q, T)l/pd — 20600427((1_1).
We shall have to take eg so that 0 < £¢(2 — pg) < d — 2.

For M,G(F) we use an L? estimate. From Lemma 2.4 (ii) and the regularity assump-
tion (1.11), we deduce

1Mo G(F)]I7

2
L2)

sup A7 ( Z Fgg_ k)

Qeg

L(Q)=k—j+o
4 ' 1/212
<Y Yo Cardu)( ) 2—a<d—2>/2< ) ||Fg2_k||2L2> )
kopzo Jegk o <j<n Qeg
L(Q)=k—j+o
1/212
[Sup2 o’N Ek 2k 0' (22 j(d— 2)/2(2 IFgL(Q)||%2> >
o<j Qeg
o(d— o—L
< 9o(d-2) Z I @2, (7.3)
Qeg

For Q € G we have

||F5*L(Q)HL2 < co/|Q/Pi=1/2 L 9200 (2-pa) ||/ 20,
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and therefore, by Cebysev’s inequality and (7.3),

meas({M,(F) > a}) < o || M (F)||7-

<2- o[(d—2)—e0(2—pa)] —de|Q|1 pd/QHFa' L(Q )|

L2
Q

S 27 P,

for some € > 0.

Furthermore, the estimate for the measure of the exceptional set W in §5 is still valid.

Therefore, it remains to be shown that

meas({z ¢ W : M,B(F)(z) > 3a}) <

for some £ > 0. We may estimate
M,B

where

J

>, A
OSISH
b‘]—a‘]22k77

IIT = sup sup sup sup
k pzoJegkte]

IV =sup sup sup sup
k oSp<ets Jegh ted

>

oSISH
bJ—d])Qki]

Vs, =sup sup sup sup g
k ogu<estls! JGJIf teJ o<j<pu
by—ay>2k"

Here we may choose 0 < €1 <

M5, <

”V ||LPd (RA\W) ~

—o@=D0=pa/D 16g(2 4 0)|| F |3,
TV, |2, < 270220 (R-pa))g—s(d=2=2¢1) o 2=pa || p||Pa,

< 2~ MCpa)otvlsh | p||Bd,

2770 | P, (7.4)

III+ZIV + Z V.,

§=—00

>

Qer
L(Q)=k—j+o

j—k
Fg ,

ef1lE—T(Q)] <p

Al 5> 0,

J—k
> F
Qer
L(Q)=k—j+o
T(Q)=k—s

Al > FYMIL s<o
Qer
j L(Q)=k—j+o

(Q)=k=s

3(d — 2). We then prove

(7.5)
s =0,

s < 0. (7.7)

Equation (7.4) follows from (7.5)—(7.7) in the usual way. We remark that our assump-
tion (1.14) is needed for (7.5). For the error terms (7.6), (7.7) we can get away with just

the regularity hypothesis (1.11) and (Cp,,00)-
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In the proof we shall use arguments that occur in the proof of Hardy’s inequality
(see [5]).

Proof of (7.5). We further split IIl =3,  III,, where

IIL, = sup S;lp sup sup E Al Z Fg{k
kop22n geghk ted 2 M <2 71+1H Qer
byj— aJ>2k J L(Q)=k—j+o

es1lk=r@)1 ¢,

We replace various sups by ¢P¢ norms and use Lemma (2.3) (ii). We obtain

||TIL,, |24, < Z Z Z Z oi—w)/pag—i(d—1)/p}

k uz2m Jegk |2 mu<j<e-ntip XCard(J)1/pd270'(d71)(1/pd71/2)
1/pa P
_ ik
X > QI P 2| Fy T |1
Qer

L(Q)=k—j+o
|k—7(Q)|<e; " log

If we abbreviate

wy =27 Z card J, bo.o = QI pd/2||Fa L(Q)||L2, (7.8)
JeTk

this yields

(ITIL,, |54, < 9—0(d=1)(1-pa/2)

1/pa Pe
x Z > W > > bae
p=2m 2 np< L2ty Qer
L(Q)=k—j+o

lk—7(Q)|<er * log 1

< 9—0o(d=1)(1-pa/2) Z Z wk#upd—l Z Z bo.o
E u>2n 2-npu<gL2 . L(Q)=k—j+o
lk—7(Q)|<ey * log

<927° o(d=1)(1-pa/2)9—n(pa—1)

X Z > > Wiy P0G - (7.9)

k:lk—1(Q)I< 2" "N k—L(Q)+0)
ey Mlog(2™ (k—L(Q)+0)) <p<2" (k—L(Q)+0)
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Now by the regularity assumption (R,,) and by (1.14) we have

2 : -1
wk,,uﬂpd

2"~ (k—L(Q)+0)<pu<2™ (k—L(Q)+0)
< 2"(Pd_1)(k — L(Q) + o + )P+ IN(EF, Qk—2"(’C—L(Q)-i-a))2—2"(|k—L(Q)|+0)
< [loglog(2%" (IF=E(@)+a)y =1
and thus the expression (7.9) is controlled by

9—0(d=1)(1-pa/2)g—n(pa—1)

<3 b ) (1+n +log((k — L(Q)| + 7))
Q

k:|k—7(Q)|<eT F(ntlog(k—L(Q)+0))

S 270 W@mN0mPa/29 e (log(2 + 0) + 1) Y bg.o-
Q

Hence
L, |3, < 277 @ D0=Pa/29700a=D (log(2 + o) +n) | F 24,

which yields the asserted bound (7.5). O

Proof of (7.6). We estimate IV, <> yn IV n, where

. -
Vs, =sup sup sup sup E Al E F}
crs
k ospse1® Jegh ted 2 <2y, Qer
by—ay =287 L(Q)=k—j+o
Kor(Q)=s

We apply Holder’s inequality for the sum in j and apply Lemma 2.4 to get

WVenlZ= S>> Y 27"(u+1)

k o<p<est® Jegk

2
J j—k
X E sup |A] g Fp
t
2" <2y cJ Qer
by—ay>2k—7 L(Q)=k—j+o
k—7(Q)=s L2

<27 Z Z Z card(J)

k o<p<es1s Jegk

D S LD S

2—n#<j<2—n+1# Qer
L(Q)=k—j+o
k=T(Q)=s
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Now we use
2L(Q)d(1/pd_1/2)HFg;kHL2 < 900 97(Q)(d=1)

and the fact that k = 7(Q) + s, j = 7(Q) — L(Q) + s + o and derive

||IVs,n||%2 < 9—ngers Z ||F5—L(Q)H;z%2600(2*@1)2T(Q)(d*1)(2*pd)a2fpd

Qer
T(Q)—-L(Q)>—s

% 9~ (T(Q)=L(Q)+s+0)(d—2) > 274 > cardJ

o<p<et®

<2 (1(Q)—L(Q)+s+0)
p=2" N (T (Q)—L(Q)+s+0)

JGJ,I(QHS

The expression {---} is O(1) by (1.11). We compute that
(d—2)—d(1/ps— 3)(2—pa) = d(1 - 3pg) and (d—1)(2—ps) =d—2.
Thus the last estimate simplifies to

IVonl2e S27mests S0 2M@da-pa/2)) po L@ py

Qer
T(Q)-L(Q)>~s % 9800(2=pa) o, 2—Pag—(s+0)(d—2)

< 2~ Pag—n9g—o(d—2—eo(2—pa))9—s(d—2—-2e1) Z |Q|1—Pd/2||F5*L(Q)| 1212’
Q
which implies (7.6). O

Proof of (7.7). This LP¢ estimate away from the exceptional set follows by analogous
arguments; Lemma 2.4 (iii) is used. We omit the details. O

This completes the proof of Proposition 7.1. O

8. Examples and counterexamples

We consider a simple class of sets F to which Theorems I-IV can be applied. They satisfy
the following condition.

Convexity Assumption. For each k € Z the set E* is given by {tk1%2, where t&
is a monotone sequence contained in [2¥,2"T1] so that the sequence t& , —t* is also
monotone.

The following lemma shows that if (Cp o) holds for some p < d/(d — 1) and E satisfies
the Convexity Assumption, then it also satisfies the regularity assumption for all p > 1.
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Lemma 8.1. Suppose E satisfies the Convexity Assumption. Suppose that for some
B > 0 the estimate

271
(1+mn)s
holds uniformly in k € Z. Then E satisfies regularity assumption (R,) for all p >
1+ [(d—1)(B+1)]~t. Moreover, it satisfies regularity assumption (Rq/(a—1))-

sup N(E*,2F) < C (8.1)
k

Proof. We write E* as a sequence tff and let Jl’j consist of those t € E* where 28—+ <
th—tk . < 2P 1F1 (assuming without loss of generality that the ¢¥ are decreasing in v).
We clearly have card Jlf < N(EF, 2k=m).

Let aﬁ and bﬁ denote the endpoints of the equally spaced set J,lf. Let D* = U”{a,’j, bl’j}
be the set of endpoints. The assertion is implied by the estimate

N(DF,2k=7) < 21/(+8), (8.2)

Let L = L; be the smallest integer > 24/(1+6)  Note that the set ngLj Jl’j is contained
in an interval of length

S N(EF 2k=Liyok=Li < oli(1 4 L;)=P2k=1i < (14 L;) P2k

This interval can be covered by intervals of length 2¥~7 and we need at most (1 —l—Lj)_ﬁ 27
such intervals to do this. But (1 + L;)~#27 < 20/(1+6),

We still need to cover the points in D* which do not belong to U#>Lj JZf. But DF
consists just of the aﬁ' and the bﬁ and there are at most 2L; < 27/(1+8) points in D*
which are not yet covered. This implies (8.2).

In order to verify the condition (1.11) it suffices to show

> 27 Hcard(Jf) S 27 N(EF 26T, (8.3)

n>n

But if a* = inf, af = inf E* then the left-hand side of (8.3) is &~ 27%(b}; — a*). More-
over, every subinterval of length 28=" of [a¥,bF] contains points in E*¥ and therefore
bk —aF <2k N(EF, 28=m). Thus (8.3) holds. O

Proof of Theorem 1.1. The set
EF =021 +v ) v ez}

satisfies N(E*,2F§) < /(@1 and assertion (i) follows from Lemma 8.1 and Theorem II.
On the other hand, the set

EF = {21 +1log P24 v): v ez}

satisfies N(E* 2%5) < 6 !log(1/6)]7? and assertion (ii) follows from Lemma 8.1 and
Theorem IV. 0
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8.1. A counter-example to LP boundedness for a related maximal function

Let Eg be any set in [1,2] and define the modified maximal function

Mg, f(z) :== sup f*do(z +rep)
reFky
in R?, where e; is a unit vector. If E; satisfies the regularity assumption (Rp),
p <d/(d—1), then the condition C,, is necessary and sufficient for LP boundedness
of M E,; indeed a notational modification of the proof of Theorem I applies to show the
sufficiency. Note that for sets Ey supported in [1,2] the conditions Cp,, and Cp, o both
amount to the inequality N(Ep,d) < 6~ (@=D®=1 However, LP boundedness and indeed
the weak type-(p, p) property may fail if we drop the regularity assumption.

Let Ey be the middle-halves Cantor set consisting of all t =1+ Zjoil bj4=7 where
b; € {0,2}. Then the Minkowski dimension of Ey is 3 and Mg, is bounded on LP(R?)
for p > % and unbo~unded on LP(R?) for p < % Moreover, C, ,, holds for p = % We show
that nevertheless Mg, is not of weak type (3, 3).

Let N be large and define

N
flz) = Z 41‘X2061+B(0,a4*i) (z),

=1

where C' is the Cantor set
C= {chzrﬂ' j= 0,1}
J

and a is small. Note that || f||3/2 < N?/3 (each i contributes an L% norm of O(1), and
the contributions are mostly disjointly supported).

Now Ej + C fills out the interval [1,2] and thus the maximal function M B, f has size
about N on a fixed portion of the unit annulus, thus | Mg, f||;3/2. > ¢N. This shows
that MEO is not of weak type (%, %) A closer examination shows that f belongs to the
Lorentz space L3/ with norm O(N?) so that MEO fails to map the Lorentz space L3/23
to L3/2°° when s > 1. Unfortunately, this example is too rigid in order to apply to the

maximal operator Mg, considered in this paper.

8.2. Failure of restricted weak type (2,2) in two dimensions

We shall now turn to the counterexample mentioned in the introduction and give a
proof of Proposition 1.13.
Suppose that there is a large constant B so that there exists £ and n > 100 such that

N(EF,2k=27) > B2 /n,

We then show that [|[Mg| 21,72+ > ¢v/B for some absolute constant c¢. By rescaling
we may assume k =0 and n > 1.

We use the construction of a Kakeya set as given by Keich [6], rescaled to a square of
side length 27 ™. It gives us =~ 2" rectangles R; with side lengths 27”73 and 27276 5o
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that R; C [-27™,27"]2 and the longer side of R; is parallel to e; := (cos[27",sin[27"),
and the union A = |J R; has measure < 272"n =1, Thus |xallz21 =~ |[xall2 < 27 "n 2.

Let {I,})_, be a cover of the set E° by dyadic intervals of length 272" with dis-
joint interior so that N > B2?"/n. Let I, = [a,,b,], and assume a, < a,+1. We then
pick every tenth interval = Ijp,, moreover we pick every tenth rectangle Rip; in the
above Kakeya construction. Let ej- := (—sinl27",cosi27™) and let R;, be the translate
alo,,efm + Rio;. Then the rectangles R;, are disjoint; however, on a tenth fraction of
each of these rectangles we have that Mgxa(z) > ¢27". There are about ﬁN 2™ such
rectangles and thus

meas({x : Mpxa(r) >c27"}) > ¢ N2"27%" > Bn™;

but on the other hand |xall3/(272") <n~! so that the L?! — L*° operator norm
is > +/B. This proves the proposition.
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