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In this paper, the resonant characteristics of the rectangular microstrip patch antenna on uniaxially anisotropic substrates are
determined via spectral domain analysis. The anisotropic substrates are characterized by both permittivity and permeability
tensors. Green’s functions of the structure in Fourier transform domain are determined using the Galerkin’s technique. The
sinusoidal functions are selected as the basis function, which show fast numerical convergence. Numerical results concerning
the effects of electric anisotropy and antenna parameters on the resonant characteristics of rectangular microstrip antenna are
presented and discussed. Results are compared with previously published data and are found to be in good agreement.
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I . I N T R O D U C T I O N

Microstrip structures of various shapes have recently received
much attention due to the rapid growth in exploiting the
millimeter-wave frequencies. They are very important in
many commercial applications, such as mobile radio and
wireless communications systems [1, 2].

During recent years, great interests have been shown in
using a microstrip antenna deposited on the anisotropic sub-
strate since the substrate anisotropy could have important
applications for the operation of microstrip antennas [3–6].
With the increasing complexity of geometry and material
property, designing these antennas requires more and more
dedicated and sophisticated computer aided-design (CAD)
tools to predict the characteristics. The method of moments
(MoM) has been proven to be one of the most powerful
CAD tools for solving this class of problems. By now, a
number of microstrip antennas with the anisotropic substrate
have been investigated using the MoM-based spectral domain
analysis method [3–5].

In later studies on microstrip structures, anisotropic mate-
rials, especially the uniaxially anisotropic ones have been con-
sidered due to their advantages [7–12]. It is known that some
metamaterials exhibit uniaxial-type anisotropy both in per-
mittivity and permeability tensors [13]. In the following
designs of the rectangular and circular microstrips, metama-
terials and other uniaxially anisotropic substrates have been
used to obtain special operational characteristics.

In this paper, the effects of both electric and magnetic uni-
axial anisotropy, in the substrate on resonant characteristics of
the rectangular microstrip patch antenna are investigated.
This subject has not been reported in the open literature:
only the influence of the electric uniaxial anisotropy on the
complex resonant frequency and bandwidth has been
treated [4, 14, 15]. The present paper is organized as
follows. In Section II, the derivations of the electric uniaxial
Green’s function in the spectral form, the associated
moment method analysis of the complex resonant frequency
of the printed antenna are presented. The calculation is per-
formed by vector Fourier transforms, which gives rise to a
diagonal form of the Green’s function. The effects of the
antenna parameters on resonant characteristics of the rect-
angular microstrip antenna are investigated in Section III.
Variations in the permittivity perpendicular to the optical
axis of the dielectric and along this axis are considered.
Concluding remarks are summarized in Section IV.

I I . S P E C T R A L D O M A I N
F O R M U L A T I O N

The rectangular microstrip patch antenna is shown in Fig. 1,
along with the coordinate system used in the analysis. The
microstrip patch is printed on a grounded uniaxial anisotropic
dielectric slab with the optical axis normal to the patch. The
permittivity and permeability tensors in this anisotropic
region are given by
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where 10 and m0 are, respectively, the free-space permittiv-
ity and the free-space permeability. Equations (1) and (2)
can be specialized to the isotropic substrate by allowing
1x ¼ 1z ¼ 1r and mx ¼ mz ¼ mr. All fields and currents
are time harmonic with the eivt time dependence sup-
pressed. The analysis needs three steps to obtain the reson-
ant frequency and bandwidth of the rectangular microstrip
antenna.

A) Derivation of the dyadic Green’s function
The transverse fields inside the anisotropic region (0 , z , d)
can be obtained via the inverse vector Fourier transforms as
shown in [14]
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In equations (6) and (7), A and B are two-component
unknown vectors and
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kz
e and kz

h are, respectively, propagation constants for TM and
TE waves in the uniaxially anisotropic substrate characterized
by both permittivity and permeability tensors. They are
given by
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Writing equations (6) and (7) in the planes z ¼ 0 and d,
and by eliminating the unknowns A and B, we obtain the
matrix form

e(ks, d−)
h(ks, d−)

[ ]
= �T · e(ks, 0+)

h(ks, 0+)

[ ]
(10)

with
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[ ]
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−i�g · sin (�kzd) cos (�kzd)

[ ]
, (11)

which combines e and h on both sides of the anisotropic
region as input and output quantities. Now that we have the
matrix representation of the anisotropic substrate character-
ized by both permittivity and permeability tensors, it is easy
to derive the dyadic Green’s function of the problem. The con-
tinuity equations for the tangential field components at the

Fig. 1. Geometrical structure of a rectangular microstrip antenna.
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interface z ¼ d are

e(ks, d−) = e(ks, d+) = e(ks, d), (12)

h(ks, d−) − h(ks, d+) = j(ks), (13)

j(ks) in equation (13) is related to the vector Fourier transform
of J(rs), the current on the microstrip patch, as

j(ks) =
∫+1

−1

∫+1

−1

�F(ks, − rs)J(rs)dkx dky, J(rs)

= Jx(rs)
Jy(rs)

[ ]
. (14)

The transverse electric field must necessarily be zero on a
perfect conductor, so that for the ground plane we have

e(ks, 0−) = e(ks, 0+) = e(ks, 0) = 0. (15)

In the unbounded air region above the microstrip patch
(d , z , +1), the electromagnetic field given by equations
(6) and (7) should vanish at z �+1 according to the
Sommerfeld’s condition of radiation, yielding

h(ks, d+) = �g0(ks) · e(ks, d+), (16)

where �g0( ks) can be easily obtained from the expression of
�g(ks) given in equation (8) by allowing 1x ¼ 1z ¼ 1r ¼ 1
and mx ¼ mz ¼ mr ¼ 1. Combining equations (10), (12),
(13), (15), and (16), we obtain a j(ks) and e(ks, d) given by

e(ks, d) = �G(ks) · j(ks), (17)

where �G(ks) is the dyadic Green’s function in the vector
Fourier transform domain, which is given by

�G(ks) =
G11 0
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[ ]
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12( )−1−�g0

[ ]−1
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B) Integral equation formulation
The tangential electric field due to the surface current j can be
expressed as

E(rs, d) = 1
4p2

∫+1

−1

∫+1

−1

�F(ks, rs) �G(ks) j(ks) dkx dky. (19)

Enforcement of the boundary condition requiring the
transverse electric field of (19) to vanish on the area of the
microstrip patch yields the sought integral equation

∫+1
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(20)

C) Galerkin’s method solution of the integral
equation
The first step in the Galerkin’s method solution of equation
(20) is to expand the patch current J(rs) into a finite series
of the known basis functions Jxn and Jym

J(rs) =
∑N

n=1

an
Jxn(rs)

0

[ ]
+

∑M

m=1

bm
0

Jym(rs)

[ ]
, (21)

where an and bm are the mode expansion coefficients to be
sought. Substitute the vector Fourier transform of equation
(20) into (21). Next, the resulting equation is tested by the
same set of basis functions that was used in the expansion
of the patch current. Thus, the integral equation (20) is
reduced to a system of linear equations, which can be
written compactly in matrix form as [15, 16]
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(26)

In equations (23)–(26), J̃ xn and J̃ ym are the scalar Fourier
transforms of Jxn and Jym, respectively. For the existence of a
non-trivial solution of equation (22), we must have

det �Z v( )
[ ]

= 0. (27)

Equation (27) is an eigenequation for v, from which the
characteristics of the structure of Fig. 1 can be obtained. Let
v ¼ 2p( fr + ifi) be the complex root of equation (27). In
that case, the quantity fr stands for the resonant frequency,
the quantity BW ¼ 2fi/fr stands for the half-power bandwidth
and the quantity Q ¼ fr/(2fi) stands for the quality factor.
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I I I . N U M E R I C A L R E S U L T S A N D
D I S C U S S I O N

To check the accuracy of the spectral domain method
described in the previous section for electric anisotropic
case, our results are compared with an experimental and the-
oretical values presented in the previous work [17, 18]. The
convergent resonant frequencies for different substrate thick-
nesses are in an excellent agreement with the experiment
results (Table 1).

The resonant frequency and bandwidth of the patch
antenna against substrate thicknesses for different electric
anisotropy ratio (AR1 ¼ 1x/1z) are shown in Figs 2(a) and
2(b). It is observed that the resonant frequency shift to
higher values in the case of positive anisotropic (AR1 , 1)
and smaller in the case of the negative anisotropy (AR1 . 1).
Therefore, the effect of electric anisotropy is more pro-
nounced for the thick substrate than for the thin substrate.
This is attributed to the fact that for the thick substrates, in
addition to TM propagating waves, TE waves will also be
excited, which results in an increasing of dependency of the
resonant frequency on 1x and consequently on AR1. Thus, it
can be concluded that the effect of uniaxial electric anisotropy
on the resonant frequency of a rectangular microstrip patch
antenna cannot be ignored and must be taken into account
in the design stage.

From Fig. 2(b), it can also be observed that to increase the
half-power bandwidth, the electric anisotropy ratio must be
adjusted to a value less than unity. As an example, the decrease

of AR1 from 1 to 0.5 results in an increase in the bandwidth of
about 1.55%. With the aim of providing further increase in the
half-power bandwidth, the substrate thickness can be
increased. This method cannot, however, be extended too far
without the loss of the highly desirable low-profile character-
istics of the rectangular antenna. Another problem that arises
when the substrate becomes electrically thick is the surface
wave excitation, which affects the antenna performance.

Now, the effects of uniaxial magnetic anisotropy on the res-
onant frequency and the bandwidth characteristics are
determined as a function of the magnetic anisotropy ratio
(AR2 ¼ mx/mz). It is obvious that the magnetic anisotropy
ratio takes the value 1 for the isotropic case. In Fig. 3(a), reson-
ant frequency shift due to increase in substrate thicknesses for
different magnetic anisotropy ratios is shown. The value of
the relative permeability perpendicular to the optical axis is
fixed at mx ¼ 2.4. To adjust the magnetic anisotropy ratio, the
relative permeability along the optical axis (mz) is varied. The
dielectric permittivity of the substrate is taken as (1x ¼ 3.25,
1z ¼ 7.25). The parameters of the rectangular patch are
chosen to be identical to those considered in Figs 2(a) and
2(b). It is observed in the figure that in the cases of (AR2 ,

1), incremental shift is observed in the resonant frequency,
whereas in the case of (AR2 . 1) detrimental shift is observed.
Therefore, the effect of magnetic anisotropy is significant only
for the thick substrates.

In Fig. 3(b), the bandwidth of the patch antenna against the
substrate thicknesses for different magnetic anisotropy ratio is
shown. It is observed from this figure that to enhance the band-
width of the rectangular antenna, magnetic anisotropy ratio
must be adjusted to a value larger than unity (AR2 ¼ 1). To
provide an additional increase in the half-power bandwidth,
the substrate thickness can be increased. Note that, although
the enhancement of the bandwidth can be achieved by means
of the adjustment of AR1 or AR2, the adjustment of AR2 is
the best way since it allows a very significant improvement in
the bandwidth of the rectangular microstrip patch antenna.

The resonant frequency and bandwidth shifts of the
antenna with increasing patch length are shown in Figs 4(a)
and 4(b). In these figures, relative permittivity values along
the non-optical axes are taken equally as (1x ¼ 2.43) and the
substrate thickness as (d ¼ 1.59 mm). In this case, optical

Table 1. Comparison of calculated and measured resonant frequencies,
for a rectangular microstrip patch in a uniaxial electric anisotropic sub-

strate (1x ¼ 13.0, 1z ¼ 10.2).

Input parameters Resonant frequency (GHz)

d
(mm)

a
(mm)

b
(mm)

Measured
[17]

Calculated
[17]

Calculated
[18]

This
work

1.27 30 20 2.264 2.268 2.261 2.284
1.27 15 9.5 4.495 4.520 4.355 4.599
2.54 30 19.0 2.242 2.260 2.177 2.298

Fig. 2. Variation of the resonant frequency and half-power bandwidth of the rectangular patch versus substrate thicknesses for different values of the anisotropy
ratio, 1z ¼ 2.43, a ¼ 19 mm, b ¼ 22.9 mm, and mx ¼ mz ¼ 1, when 1x is changed.

786 mourad hassad et al.

https://doi.org/10.1017/S1759078714001093 Published online by Cambridge University Press

https://doi.org/10.1017/S1759078714001093


Fig. 3. Variation of the resonant frequency and half-power bandwidth of the rectangular patch versus substrate thicknesses for different values of the anisotropy
ratio, mx ¼ 2.4, a ¼ 19 mm, and b ¼ 22.9 mm, (1x ¼ 3.25, 1z ¼ 7.25), when mz is changed.

Fig. 4. Resonant frequency and bandwidth versus patch length for different electric anisotropy ratio values (AR1 ¼ 1x/1z), a ¼ 19 mm, 1x ¼ 2.43, d ¼ 1.59 mm,
mx ¼ mz ¼ 1, when 1z changed.

Fig. 5. Resonant frequency and bandwidth versus patch length for different magnetic anisotropy ratio values (AR2 ¼ mx/mz), a ¼ 19 mm, mz ¼ 2.4, d ¼ 1.59 mm,
1x ¼ 1z ¼ 2.43, when mx changed.
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axis permittivity is used for the adjustment of the anisotropy
ratio. It is observed in Fig. 3(a) that when the anisotropy
ratio is adjusted to 0.5 (AR1 ¼ 0.5), the resonant frequency
takes a smaller value with respect to the isotropic case
(AR1 ¼ 1) and slightly decreases with increasing patch
length. The opposite situation is observed when the anisot-
ropy ratio has increased to 2 (AR1 ¼ 2) by decreasing the
optical axis permittivity. In this case, the resonant frequency
value and its shift with respect to the isotropic case increase
in increasing the patch length. These results indicate that
the effect of increasing patch length on the resonant frequency
becomes more significant with respect to the isotropic case for
higher anisotropy ratio values.

The situation is similar for the bandwidth as observed in
Fig. 4(b). The results in this figure indicate that the bandwidth
of the rectangular patch microstrip antenna can be increased
several times with respect to the isotropic case depending on
the adjustment of the anisotropy ratio and patch length.

The resonant frequency and bandwidth shifts of the antenna
with an increasing patch length for different values of the mag-
netic anisotropy ratio (AR2) are shown in Figs 5(a) and 5(b). In
Fig. 5(a), the resonant frequency versus the length of rectangu-
lar patch is shown. In this figure, the relative permittivity value
is taken as (1x ¼ 1z ¼ 2.43), relative permeability values along
the optical axes are taken equally as (mz ¼ 2.4), and substrate
thickness as (d ¼ 1.59 mm). It is observed in the figure that
if the magnetic anisotropy ratio is adjusted to a smaller value
than one (AR2 , 1), the resonant frequency increases. The
opposite is true when the anisotropy ratio is greater than
the unity. These results indicate the main effect of the substrate
anisotropy and patch length on the resonant frequency of the
rectangular microstrip patch.

The results in Fig. 5(b) indicate that the bandwidth of the
rectangular patch microstrip antenna can be increased
several times with respect to the isotropic case depending on
the adjustment of the anisotropy ratio and patch length.

I V . C O N C L U S I O N

We have described an accurate analysis of rectangular micro-
strip antenna with anisotropic substrates. The uniaxially
anisotropic medium shows anisotropy of an electric type as
well as anisotropy of a magnetic type. The extended spectral-
domain integral equation with the Galerkin moment method
solution combined with the concept of the complex resistive
boundary condition have been used to solve for the resonant
frequency, half-power bandwidth of the antenna structure.
Both permittivity and permeability tensors of the anisotropic
substrate have been included in the formulation of the dyadic
Green’s function of the problem. The accuracy of the method
was checked by performing a set of results in terms of reson-
ant frequencies for various anisotropic substrate materials. In
all cases, very good agreements compared with the literature
were obtained. The results indicate that the effect of increasing
patch length on the resonant frequency becomes more signifi-
cant with respect to the isotropic case for higher anisotropy
ratio values. Computations show that uniaxial electric anisot-
ropy as well as uniaxial magnetic anisotropy affects the reson-
ant characteristics of the rectangular antenna and
consequently they must be taken into account in the design
stage. The effect of electric and magnetic anisotropy is more
pronounced for the thick substrate than for the thin

substrates. So the results indicate that the bandwidth of the
rectangular patch microstrip antenna can be increased
several times with respect to the isotropic case depending on
the adjustment of the anisotropy ratio and patch length.
This behavior agrees with that of discovered experimentally
for rectangular patches on the isotropic or electric anisotropic
substrates [18]. According to the results, it seems to be pos-
sible to maintain control of the resonant frequency and
obtain wide-band operation using uniaxial substrate having
properly selected both permittivity and permeability along
the optical and the non-optical axes combined with optimally
chosen structural parameters.
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A P P E N D I X

Although the full-wave analysis can give results for several res-
onant modes [14, 16], only the results for the TM01 mode are
presented in this study. The basis functions for the following
numerical calculations are selected to be sinusoidal functions of

Jxk(x, y) = sin
k1p

a
x + a

2

( )[ ]
cos

k2p

b
y + b

2

( )[ ]
, (A1)

Jym(x, y) = sin
m2p

b
y + b

2

( )[ ]
cos

m1p

a
x + a

2

( )[ ]
. (A2)

Note that the modes are now identified by the integer
doublet k1k2 (m1m2) instead of k(m). This type of basis func-
tion is very appropriate for the vector Fourier transform
domain analysis of rectangular microstrip patches for three
reasons: (1) they ensure a quick convergence of the
Galerkin’s method in the vector Fourier transform domain
with respect to the number of basis functions; (2) they lead
to vector Fourier transform domain infinite integrals, which
are amenable to asymptotic analytical integration techniques;
and (3) their vector Fourier transforms can be obtained in the
closed form [14–16].

The Fourier transforms of Jxn and Jym are

J̃ xk =
∫+1

−1

∫+1

−1

Jxk exp ( − ikxx − ikyy) dx dy, (A3)

J̃ ym =
∫+1

−1

∫+1

−1

Jymexp( − ikxx − ikyy) dx dy. (A4)

From equations (A1) and (A2), the basic functions from
the model of the cavity are

Jxk(x, y) = sin
k1p

a
x + a

2

( )[ ]
cos

k2p

b
y + b

2

( )[ ]
, (A5)

Jym(x, y) = sin
m2p

b
y + b

2

( )[ ]
cos

m1p

a
x + a

2

( )[ ]
. (A6)

Substituting (A5) into (A3) and (A6) into (A4) and after
some mathematical operations, we obtain the following
expressions for scalar transforms Fourier Jxk and Jym:

J̃xk = Ĩxx(kx) · Ĩxy(ky), (A7)

J̃ ym = Ĩyx(kx) · Ĩyy(ky) (A8)

with

Ĩxx = ia
2

[ exp ( − ik1p/2) · sin c(kxa/2 + k1p/2)

− exp (ik1p/2) · sin c(kxa/2 − k1p/2)],
(A9.a)

Ĩxy =
b
2

[ exp ( − ik2p/2) · sin c(kyb/2 + k2p/2)

+ exp (ik2p/2) · sin c(kyb/2 − k2p/2)],

(A9.b)

Ĩyx = a
2

[ exp ( − im1p/2) · sin c(kxa/2 + m1p/2)

+ exp (im1p/2) · sin c(kxa/2 − m1p/2)],
(A9.c)

Ĩyy =
ib
2

[ exp ( − im2p/2) · sin c(kyb/2 + m2p/2)

− exp (im2p/2) · sin c(kyb/2 − m2p/2)].

(A9.d)
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