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Abstract. We consider C? Hénon-like families of diffeomorphisms of R? and study the
boundary of the region of parameter values for which the non-wandering set is uniformly
hyperbolic. Assuming sufficient dissipativity, we show that the loss of hyperbolicity
is caused by a first homoclinic or heteroclinic tangency and that uniform hyperbolicity
estimates hold uniformly in the parameter up to the bifurcation parameter and even, to
some extent, at the bifurcation parameter.

1. Introduction and statement of results
Our aim in this paper is to study the boundary of hyperbolicity of certain families of two-
dimensional maps.

1.1.  Hénon-like families. We say that a family of C? plane diffeomorphisms is called a
Hénon-like family if it can be written in the form

fapn, ¥) =1 —ax?* +y, bx) + o(x, y, a)

where a € R, b #0 and ¢(x, y, a) is a C? ‘perturbation’ of the standard Hénon family
hap(x,y)=(1— ax® + y, bx) [Hén76] satisfying

”(p”CZ(x,y,a) <.

In this paper we consider |b|, n > 0 fixed sufficiently small and investigate the dynamics as
the parameter a is varied. For simplicity we shall therefore omit b and 1 from the notation
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and denote a Hénon-like family by { f,}. For future reference we remark that the inverse
of f, is given by an equation of a similar form:

7, y) = /b, x — 1 +ay* /b?) + §(x, y, )

where [|@llc2x y.4
generality that

y = 0 as gl y = 0. We shall suppose without loss of

(x,y.a

||¢||C2(x’y’a) =n.
1.2.  The boundary of hyperbolicity.

1.2.1. Basic background. Hénon and Hénon-like families have been extensively studied
over the past 30 years or so. One of the earliest rigorous results on the subject is [DN79], in
which it was shown that the non-wandering set €2, 5 is uniformly hyperbolic for all » > 0
and all sufficiently large a (depending on b). On the other hand, for small 5 # 0 and a $ 2
there exists positive probability of ‘strange attractors’ which contain tangencies between
stable and unstable leaves. This was first proved in [BC91] for the Hénon family and later
generalized in [MV93] to Hénon-like families, see also [WY01, LV03]. Owing to the
presence of tangencies, these attractors cannot be uniformly hyperbolic, but do turn out to
satisfy weaker non-uniform hyperbolicity conditions [BY93, BY00, BV01].

1.2.2.  Complex methods. More recently Bedford and Smillie have described the
transition between these two regimes for Hénon families by identifying and describing
some of the properties of the boundary of uniform hyperbolicity [BS06]. In particular, they
show that, for small |b|, the non-wandering set is uniformly hyperbolic up until the first
parameter a at which a tangency occurs between certain stable and unstable manifolds.
Combining this with the statements contained in [BS02], their results also imply uniform
bounds on the Lyapunov exponents of all invariant probability measures at the bifurcation
parameter [Bed05]. Their methods rely crucially on previous work [BS04], which in turn
is based on the polynomial nature of the Hénon family, a feature that allowed Bedford
and Smillie to consider the complexification of the family and to apply original and highly
sophisticated arguments of holomorphic dynamics.

1.2.3.  Real methods. In this paper we develop a new and completely different strategy
of approaching the problem, based purely on geometric ‘real’ arguments, which have the
advantage of applying to general C? Hénon-like families. We also obtain the analogous
uniformity results by showing that the hyperbolicity expansion and contraction rates are
uniform right up to the point of tangency, and that even ar the point of tangency some
strong version of non-uniform hyperbolicity continues to hold: all Lyapunov exponents of
all invariant measures are uniformly bounded away from 0.

THEOREM 1. For all |b| > 0 and n > 0 sufficiently small we have the following property.
For every Hénon-like family { f,} 4cr of plane diffeomorphisms, there exists a unique a*
such that:
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(1) forall a > a* the non-wandering set Q2 is uniformly hyperbolic;

(2) for a =a* the non-wandering set Q,+ contains an orbit of tangency but is ‘almost
uniformly hyperbolic’ in the sense that all Lyapunov exponents of all invariant
probability measures supported on Q2 are uniformly bounded away from 0.

Moreover, the bounds on the expansion and contraction rates for all a > a* are

independent of a and of the family.

1.2.4. Singular perturbations. We remark that this is not the only existing definition of
Hénon-like in the literature. One standard approach is to consider ‘singular’ perturbations
of the limiting one-dimensional map corresponding to the case b = 0:

falx, y) = (1 —ax?,0) + @ (x, ).

This formulation has some slight technical issues, however. For example, one cannot
assume that [l¢]lc2 is small on all of R? since that would violate the requirement that
f. be a global diffeomorphism of R2. This can be dealt with by restricting our attention
to some compact region, say [—2, 2] x [—2, 2], and supposing only that [|@,|l-2 <7 in
this region. Our arguments apply in this case also and yield a more local result on the
hyperbolicity of the non-wandering set restricted to [—2, 2] x [—2, 2].

1.3.  Basic definitions.

1.3.1. Non-wandering set. We recall that a point z belongs to the non-wandering set Q
of f if it has the property that for every neighbourhood U/ of z there exists some n > 1 such
that f"(U) NU # . The non-wandering set is always invariant and closed (and thus, if
bounded, also compact).

1.3.2.  Uniform hyperbolicity. We say that a compact invariant set Q2 is uniformly
hyperbolic (with respect to f) if there exist constants C*, C* > 0, A\* > 0> A* and a
continuous decomposition Q2 = E* @ E* of the tangent bundle such that, for every
x € , any non-zero vectors v* € E} and v* € E and every n > 1, we have

IDFI ()| < CSe*™ and | DfI (") = Che* ™. (1)

By standard hyperbolic theory, the stable and unstable subspaces E7, EY are tangent
everywhere to the stable and unstable manifolds. In particular, uniform hyperbolicity is
incompatible with the presence of tangencies in €2 between any stable and any unstable
invariant manifolds associated to points of 2.

1.3.3.  Non-uniform hyperbolicity. ~A weaker notion of hyperbolicity can be formulated
in terms of invariant measures. For simplicity, we restrict our discussion to the two-
dimensional setting, as relevant to the situation we consider in this paper. Let p be an
f-invariant ergodic probability measure with support in some compact invariant set 2.
By Oseledec’s ergodic theorem [Ose68], there exist constants A* > A% and a measurable
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decomposition 72 = E* @ E" such that, for pu-almost every z and any non-zero vectors
v® € EJ and v" € EY, we have

1 1
lim —log |[Df(w*)|=2" and lim —log ||Df]'(v")| = A". 2)
n—oo n ’ n—>o0o n '

The constants A® and A* are called the Lyapunov exponents associated with the measure .
We say that u is hyperbolic [YP76, Pes77] if

A >0> A%,

Clearly the estimates (1) imply the limits (2) for any . The converse, however, is false in
general: the measurable decomposition may not extend to a continuous one on all of €2,
and the exponential expansion and contraction in (2) implies only a limited version of (1)
in which the constants C*, C* are measurable functions of x and not bounded away from
0. This definition of hyperbolicity in terms of Lyapunov exponents is sometimes called
non-uniform hyperbolicity and is consistent in principle with the existence of tangencies
between stable and unstable manifolds.

1.3.4.  The boundary between uniform and non-uniform hyperbolicity. In general, there
may be many ergodic invariant probability measures supported in €2, of which some
may be hyperbolic and some not. Even if they are all hyperbolic, the corresponding
Lyapunov exponents may not be uniformly bounded away from 0. The situation in which
all Lyapunov exponents of all ergodic invariant measures are uniformly bounded away
from zero is, in some sense, as ‘uniformly hyperbolic’ as one can get while admitting
the existence of tangencies. This situation can indeed occur, for example in the present
context of Hénon-like maps. A first example of a set satisfying this property was given
in [CLRO6].

1.4. A one-dimensional version. After completing the proof of the Theorem 1 we
realized that much simpler versions of our arguments yield an analogous, new and non-
trivial result in the context of one-dimensional maps. We explain and give a precise
formulation of this result. We consider first the quadratic family

ha(x)=1 —ax?.

We choose this particular parametrization for convenience and consistency with our two-
dimensional results, but any choice of a smooth family of unimodal or even multimodal
maps with negative Schwarzian derivative would work in exactly the same way. It is
well known that for @ > 2 the non-wandering set €2, is uniformly expanding, although we
emphasize that this result depends crucially on the negative Schwarzian derivative property.
As the negative Schwarzian property is not robust with respect to C2 perturbations,
standard methods do not yield this statement for such perturbations.

THEOREM 2. There exists a constant n >0 such that if a family {g.} of C* one-
dimensional maps satisfies

lga — hallc2 <,

then there exists a unique parameter value a* such that:

https://doi.org/10.1017/50143385707000776 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000776

Boundary of hyperbolicity for Hénon-like families 1053

(1) forall a > a* the non-wandering set Q2 is uniformly hyperbolic;

(2) fora = a* the Lyapunov exponents of all ergodic invariant probability measures are
all positive and uniformly bounded away from 0.

Moreover, the rates of expansion and the bound on the Lyapunov exponents are uniform,

independent of the family and of the parameter.

The proof of this result is exactly the same as that of Theorem 1 but vastly simpler, as
all the more geometrical arguments concerning curvature etc become essentially trivial.

We emphasize that the uniform expansivity of 2, for a particular parameter value a > 2
is of course robust under sufficiently small perturbations of f,, by standard hyperbolic
theory. However, this approach requires the size of the perturbation to depend on the
parameter a and, in particular, to shrink to zero as a tends to 2. The crucial point of our
approach, in both the one-dimensional and two-dimensional settings, is that the size of the
perturbation does not depend on the parameter.

1.5.  Overview of the paper. 'We have divided our argument into three main sections. In
§2 we analyze the geometric structure of stable and unstable manifolds of the two fixed
points and define the parameter a* as the first value of a for which a tangency occurs
between some compact parts of these manifolds. We also identify a region D which we
show contains the non-wandering set. In §3 we define a ‘critical neighbourhood” A,
outside of which our maps are uniformly hyperbolic by simple perturbation arguments.
However, A, does contain points of €2 and thus we cannot ignore this region. To control
the hyperbolicity in A, we introduce the notions of ‘hyperbolic coordinates’ and ‘critical
points’ which form the key technical core of our approach. Finally, in §4 we apply these
techniques to prove the required hyperbolicity properties.

2. The non-wandering set

In this section we define the parameter a* that appears in the statement of our main
theorems, and show that for a > a* the non-wandering set is contained in the closure of
the unstable manifold of a hyperbolic fixed point restricted to a certain compact region
of R

2.1. The parameter a*. Below we will define the bifurcation parameter a* as the first
value of a for which there is a tangency between certain compact parts of the stable and
unstable manifolds of the fixed points. This does not immediately imply that a* is a first
parameter of tangency, although this will follow from our proof of the fact that the non-
wandering set is uniformly hyperbolic for all a > a*.

2.1.1. Fixed points and invariant manifolds for the one-dimensional limit. For the
endomorphisms /1, = h, o With a > 2, there are two fixed points

=1+ V144a —1—+1+4a

2 and ¢, = 2a (Pa > qa)»

Pa
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FIGURE 1. First two ‘generations’ of W¥ (g«) and W* (p).

which are both hyperbolic. For the special parameter value a = 2, to simplify the notation
we write fi = h3 o and denote the two fixed points by p. = (1/2, 0), g« = (=1, 0).

Since ¢* and p* are repelling in the horizontal direction, their stable sets are simply
their preimages:

Wig = £ and W (=] 0.

n>0 n>0
In particular, these sets contain the following curves:
£ @) =10 »): fule, =1 =207 43,00 = (1,00} = {y=2x" -2}
and
[P0 =0, ) Lo, =1 =2 43,00 = (1,0} = (y=2+7).

The first preimage of ¢* is a parabola with a minimum at (0, —2), intersecting the x-axis
at x = %1 and having slope equal to —4 at the point g, = (—1, 0); the second is a parabola
with a minimum at (0, 0). Similarly we can compute

NP =10, ) fulx, ) = (1= 2x7 + 3,00 = (1/2,0)} = {y=2x* —1/2)

which is a parabola with a minimum at (0, —1/2), intersecting the x-axis at x = £1/2 and
having slope equal to 2 at the point p, = (1/2, 0); and

L2 () =1, ) fulr, ) = (1 = 2x7 + 3,00 = (=1/2,0)} = {y =2x* —3/2}

which is a parabola with a minimum at (0, —3/2). See Figure 1 for plots of

f*il (q*)s f*ﬁz(q*)» f*il (p*) and f*ﬁz(p*)
The unstable manifolds W*(g,) and W*(p,) can be defined and computed in a similar
way and are easily seen to be horizontal.
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FIGURE 2. Fixed points and their local stable and unstable manifolds for the orientation-reversing (b > 0) and the
orientation-preserving (b < 0) cases (dashed curves indicate negative eigenvalues).

2.1.2. Fixed points for Hénon-like families. Consider first the Hénon family
hap(x,y)=01— ax? + y, bx). For b #0, h, p, is a diffeomorphism. The hyperbolicity
of the fixed points implies that there exists a neighbourhood of the set {(a, 0) : a > 2}
corresponding to pairs of parameters for which there are analytic continuations qq p, Pa.p
as hyperbolic fixed points of /, 5. Considering n small, we also have that the analytic
continuations g, and py, are also well defined and hyperbolic. For simplicity we shall
often just refer to these two points as ¢ and p, leaving implicit their dependence on f.

Explicit formulas for ¢, 5, pa.» can be easily derived from the equation (1 — ax” +
v, bx) = (x, y) but these would not be particularly useful. Instead, we just observe that
the fixed points must lie on the line {y = bx} and so, for a 2 and b Z 0, the vertical
coordinates of g, and p, , are negative and positive, respectively, and the opposite is
true for b < 0. Clearly the same holds for ¢ = gy, and p = py, if n is sufficiently small.
Moreover, the determinant of %, p is given by

—2ax 1
det Dh, p = det( b 0) =—b,

which is constant and negative if b is positive, positive if b is negative. We thus refer
to the case b > 0 as the orientation-reversing case, and the case b < 0 as the orientation-
preserving case. Recall that the determinant of a matrix is the product of the eigenvalues,
and thus the sign of the determinant has implications for the signs of the eigenvalues which,
as we shall see, in turn have implications for the geometry of the stable and unstable
manifolds of the fixed points. For b =0 the fixed points p, and g, have derivatives 4
and —2, respectively; thus, for b # 0 and n small, the expanding eigenvalues of p and ¢
are ~4 and ~—2, respectively. This implies that for the orientation-reversing case b 2, 0,
the contracting eigenvalues of ¢ and p must be less than and greater than O respectively,
while for the orientation-preserving case b < 0, they must be greater than and less than 0
respectively. The two situations are illustrated in Figure 2, with dashed lines showing the
invariant manifolds corresponding to negative eigenvalues.

2.1.3. Analytic continuation of stable and unstable manifolds. By classical hyperbolic
theory, compact parts of the stable manifolds depend continuously on the map (see,
e.g., [PdM82]). Therefore, for small » and small 5 the analytic continuations ¢, p
of the fixed points g, and p, have stable and unstable manifolds which are close to
those computed above for the limiting case. Elementary calculations show that the
actual geometrical relations between these continuations depend on whether we consider
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(a) (b)

FIGURE 3. Invariant manifolds for a > a*.

the orientation reversing (b > 0) or the orientation-preserving (b < 0) case, and are as
illustrated in Figure 3. We let

Ly(p) CWi(p), Ti(q) CWi(q), Tyq)CWi(q)

denote the compact parts of the stable and unstable manifolds as shown in Figure 3 and note
that since for » = 0 and a > 2 the unstable manifolds of p, and g, extend to the whole of
the line, for each @ > 2 and b > 0 sufficiently small we have that W} .(p) crosses W, loc (p)
four times, and for each a > 2 and b < 0 sufficiently small W} (g) crosses lOc(q) four
times; we can also ensure that the compact parts defined above and in Figure 3 intersect
transversally. Again this continues to hold also for a Hénon-like family for sufficiently
small 7.

2.1.4. Definition of a*. We are now ready to define the parameter a*. Fix b # 0.
For an orientation-reversing (b > 0) Hénon-like family f,,, let
=inf{a : '} (p) and I} (¢) intersect transversally}.
For an orientation-preserving b < 0 Hénon-like family f,, let
a* =inf{a : ') (q) and '} (¢) intersect transversally}.

We also define a parameter g as the infimum of values a for which Wil (p) crosses W, loc (p)
four times (when b > 0) or W}! (g) crosses W, loc (g) four times (when b < 0). Clearly these
are weaker conditions than those defining a* and thus a* > a. Notice that a* and a both
converge to a =2 as b and 7 tend to 0.

2.2.  Localization of the non-wandering set. In this section we carry out a detailed
geometrical study aimed at showing that the non-wandering set is contained in a relatively
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FIGURE 4. The region D.

restricted region. To prove hyperbolicity we then only need to focus our efforts in this
region. For the moment we restrict ourselves to the orientation-reversing case. At the end
we shall remark how the orientation-preserving case follows by identical arguments with
a few minor changes of notation. First of all we let D denote the closed topological disc
bounded by compact pieces of W*(p) and W*(q) as shown in Figure 4. The main result
of this section is the following.

PROPOSITION 1. For all a > a we have

Q C Wi(p) NDN{[-2, 2] x (—4b, 4b)}.

Remark. In this paper we are interested in parameters a > a*(> a), but it is worth
observing that from Proposition 1 it follows that for all a € (a, a*), and so in particular for
a certain range of parameter values which may contain multiple tangencies, the recurrent
dynamics is captured to some extent by the dynamics on W*(p). This includes all complex
dynamical phenomena associated with the unfolding of the tangency at the parameter
a* (indeed, it includes the range of parameters considered by Benedicks and Carleson
in [BC91)).

We split the proof of Proposition 1 into several lemmas. Once again we deal first with
the case b > 0, and at the end of the proof indicate the modifications needed to deal with
b < 0. We first define a relatively ‘large’ region R and show that 2 C R; we then show in
separate arguments that 2 C D and Q2 C W¥(p), and finally refine our estimate to obtain
the statement in Proposition 1. Let

R=(-2,2) x (—4,4b) C R=(-2,2) x (-4, 2).
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FIGURE 5. Regions V7 to Vg.

We also define the following six (overlapping) regions (see Figure 5):

Vi={(x,y):x <=2,y <|x|},
Vo={(x,y):x <2,y <-4},
Vi={(x,y):x>2,y<2},

Va={(x,y):x>-2,y>2},
Vs ={(x,y):x <=2,y > [x]},
Vo ={(x, y): x| <2,y >4b}.

Then
R=R>\(VjU---UVs) and R=R*\(V;U---UVg)

and we prove the following lemmas.
LEMMA 1. Q CR.

Proof. We show that the orbit of every point (x, y) e V;, i =1, ..., 6, is unbounded
in either backward or forward time. This implies that no such point is non-wandering.
For n € Z, let (x,, y,) = f}}(x, y). We shall use repeatedly the fact that a ~ 2 and b ~ 0.

For (x,y)eV; we have x <—-2 and y <|x|, therefore x;=1— ax? + y 4+
o1(x,y,a) <1 —ax?+ x| +n<-2and yi =bx + @ (x,y,a) <—-2b+n <|x1], as
long as 7 is sufficiently small. Thus (x1, y1) € Vi, and |x| > ax? —|x|—1—n=>2|x|.
Repeating the calculation we have |x,| > 2"|x| and so |x,| — oo.

For (x,y)eV, we have x;=1—ax>+y+¢;(x,y,a)<—2 and y; =bx +
¢ (x,y,a) <2b+n < |x1|. Thus (x1, y1) € V7 and so |x,| — oo.

Similarly, for (x, y) € V3 wehave x; =1 —ax?> 4+ y+¢1(x, y,a) <1—-2-22 42+
n<-2and y; =bx 4+ ¢y(x,y,a) <2b+n < |x1|. Thus (x1, y;) € Vi and we argue
as above.

For (x, y) € V4 we consider backward iterations of f,. Note that (x_1, y_1) =
(y/b, x — 1+ ay?/b*) + @(x, y,a). Thenx_; >2/b—n > —2and y; > —2 + 4a/b*> —
n>2. Thus f~'(x, y) € V4 and y; > y/b. Therefore y_, > y/b" and so |y_,| — oc.
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FIGURE 6. Regions Ry,

For (x, y) € V5 we have y > |x| >2. Thus x; > y/b—n>2 and y| > y?/b* > 2.
So f‘l(x, y) € V4, and we argue as above.

For (x,y)e Ve we have x_1 =y/b+ @2(x,y,a)>2 and y_; >2. Therefore
fa(x, y) € V4 and again we argue as above. O

LEMMA 2. D C R.

Proof. The arguments used above have implications for the locations of the stable and
unstable manifolds of the fixed points. Indeed, the stable manifolds of the fixed points
cannot intersect Vi U V, U V3 since all points in this region tend to infinity in forward
time, whereas, by definition, points in the stable manifolds tend to the fixed points under
forward iteration. Similarly, the unstable manifolds of the fixed points cannot intersect
V4 U Vs since all points in this region tend to infinity in backward time. By definition, D
is bounded by arcs of stable and unstable manifolds of the fixed point as in Figure 4, and
therefore D C RZ\ (V] U---U Vs5) = (=2, 2) x (—4, 2). |

LEMMA 3. Q CD.

Proof. To show that Q C D we refine the strategy used in the proof of the previous lemma,
and show that the orbits of all points outside D are unbounded in either backward or
forward time. Since we have already shown that Q2 C R, we need only consider points
in the region R \ D.
Subdividing. We write
R\D=RyUR{URyUR3

where the regions Ry, Ri, R», R3 are defined as follows. Consider the points A, B of
intersection between W*(p) and W¥(g) and the points C, D of intersection between
W3 (g) and y =4b; see Figure 6. We let Rg denote the closed region bounded by the
arcs of manifolds AC, AB, BD and the line segment CD. Similarly, let R; denote the
region bounded by the arcs of manifolds HF, FA, AC and the line segment HC. We let
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FIGURE 7. Regions R; to R3 and R3.

R be the region bounded by the arcs of W¥(p) and W*(q) between the points E and F,
as in Figure 6; see also Figure 7. Then let R3 = R\ (D U Ry U R; U Ry). We also define

R3CR3

as the region satisfying —2b — n <y < 2b + n at the left-hand side of the arc of W*(g)
between the points / and J of intersection of that manifold with the lines y = —2b — 5 and
y = 2b + n, as shown in Figure 7.

Points of Ry escape in backward time. Since b is small, we have that all the points
(x, ¥) € Ro satisfy x > 0.2. Notice that for the unperturbed Hénon map %, ,(x, y) = (1 —
ax® + y, bx), any piece of curve y with slope less than 1/10 contained in the region where
|x| > 0.2 is mapped to another curve with slope less than 1/10. Indeed, letting (vi, v2)
denote a tangent vector to y with |va]/|vi| < 1/10, we have (v}, v}) = Dhg p(v1, v2) =
(—2axvy + v2, bvy) whose slope is [v)|/|v]| = |b/(—2ax + (v2/v1))| < 1/10, provided b
is small and « is close to 2. For future reference, note that if |x| > 0.5, we also have that the
norm of (vy, vz) is uniformly expanded. So, since f; is close to /1, in the C? topology,
we can assume that f, also has this property in Ry.

Now denote by «;, the successive images of the segment C D intersected with Ry. Since
these images cannot intersect each other, and C D has a point of the stable manifold of p,
the curves o, determine a system of ‘fundamental domains’ in Ry: they cross Ry from one
stable boundary to the other, and they converge to the arc of unstable manifold AB. Let
Ré be the region of Ry between «;_1 and ¢;, with g = C D (see Figure 6), and notice that
FN(RE) € Ri'. We also have that f~!(Ro) falls outside R. This implies that Ry \ AB
does not intersect €2, and any point which has an iterate in Ry \ AB is not in 2.

Points of Ry map to R3. We show that f(R;) N R C R3. Indeed, the unstable eigenvalue
of p is positive and therefore f(R;) must remain on the same side of W®(q) as Rj.
Also, since f(R) C R x [-2b — n, 2b + n], we have that f(R;) does not intersect any
of D, Ry, Ry, R;.

Points of Rz map to R3. We now show that f(R3) C Rs. Again, we use the fact that
f(R) CR x [-2b — 1, 2b + n]. Then, since one of the components of the boundary of
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FIGURE 8. Invariant manifolds and the region D for b < 0.

R3 is an arc of the stable manifold of g containing the fixed point ¢, and the unstable
eigenvalue of ¢ is positive, we conclude that the image of R3 is contained R3.

Points of R3 escape in forward time. We can assume, if b is small, that all the points
(x, y)in Ié:}, satisfy x < —0.5 (notice that, for b = 0, we have g = (—1, 0)). Take ¢ to be a
point in R3 \ W¥(g), and connect ¢ to the boundary of R3 by a horizontal line inside R3:
this determines a point t € W*(q). Again, by the proximity of f and h, p, and the fact that
vectors with slope smaller than 1/10 in R3 N R are sent by Dhg p, to vectors with slope
smaller than 1/10, and uniformly expanded, we have that the horizontal distance between
f (@) and f(¢') is uniformly expanded. Applying f repeatedly, as long as the image is
inside R3 N R, we have that the horizontal distance between the successive images of ¢t and
W?*(q) increases exponentially. Hence the forward images of ¢ leave R for some positive
time.

Points of Ry map to Ry in backward time. Notice that f -1 (R2) N R C Ry since all the
other regions in R outside D are mapped forward to the region R3, and so do not contain
points of the backward image of R,. Moreover, the unstable boundary of R, belongs to
W*(p) and approaches p as we apply f~!, while the stable boundary cannot cross W*(q),
thus f~!(R,) does not intersect D. Since f~'(R2) N R C Ry, the points in there that are
not in W¥(p) leave R for backward iterations. a

LEMMA 4. Q C W“(p).

Proof. Notice first of all that by the A-lemma we have g € W¥(p). Now suppose for
contradiction that there exists z = (x, y) € Q2 with z ¢ W¥(p). Then there exists & and
an e-neighbourhood B.(z) of z with B.(z) N W#(p) =@. Since Q is f-invariant we
have f7"(z) € Q(f) C D for all n € N and therefore z € f"(D) for all n € N. Notice
that the boundary af" (D) lies in W¥(p) U f"(EB®), where EB® denotes the piece of
W3 (g) between E and B, as in Figure 6. It is enough therefore to show that for large

https://doi.org/10.1017/50143385707000776 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000776

1062 Y. Cao et al

n, af"(D) is e-dense in f" (D), as this will imply that B.(z) N W (p) # @, contradicting
the assumption. Because f is (strongly) area-contracting, the area of f"(D) tends to
zero as n — 0o. In particular, we must have that B,(z) N df" (D) # @ for all n > N
sufficiently large. Moreover, the length of the part of the boundary which belongs to W*(g)
also tends to zero. Thus most of the boundary belongs to W*(p) and so we must have
B.(z) N W"(p) # @ for all n sufficiently large. O

2.2.1. Completion of the proof of Proposition I. Combining the results of the lemmas
stated above we have that Q C W*(p) ND. The statement in Proposition 1 now follows
immediately by observing that 2 C D implies 2 C f(D) and that f(D) C [-2, 2] X
[—4b, 4b] directly from the definition of f if n is sufficiently small.

Finally, in the case b < 0, we consider the stable and unstable manifolds of g crossing
as in Figure 8 (the rectangle R is exactly the same), determining the region D in this case.
The proof is entirely analogous, considering the points A’, B’ etc corresponding to the
points A, B etc above. O

3. Hpyperbolic coordinates and critical points

The key idea of our whole strategy is the notion of dynamically defined critical point which
relies on the fundamental notion of hyperbolic coordinates. In this section we introduce
these notions and develop the main technical ideas which we will use. In §3.1 we clarify the
relations between various constants used in the argument and introduce some preliminary
geometric constructions. In §3.2 we discuss the definition and basic theory of hyperbolic
coordinates. In §3.3 we introduce the idea of admissible curves and prove certain estimates
concerning the images of admissible curves. Finally, in §3.4 we introduce the notion of a
dynamically defined critical point and prove that such critical points always exist in images
of certain admissible curves.

3.1. Preliminary geometric definitions and fixing the constants.

3.1.1. Fixing the constants. We now explain the required relations between the different
constants used in the proof, and the order in which these constants are chosen. All constants
are positive. First of all we fix the values of two constants

§=1/10 and «=1/2.

The meanings of these constants will be introduced in §3.1.2 and §3.3 below. Even though
we specify the actual numerical values of these constants, we shall continue to use them
as general constants in the argument because they have specific geometric meanings and it
is useful to keep track of their occurrence throughout the paper. We then fix a constant kg

large enough so that

ko—1

NG 3\

— — > 1. 3)
2V3 \V V5
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FIGURE 9. The neighbourhoods Q and V.

In §3.1.3 we fix a constant £ which will then remain unchanged. Finally, at certain places in
the argument, we will require a to be sufficiently close to 2 and || and 7 to be sufficiently
small.

We remark that we can suppose that a is close to 2 without compromising the fact that
hyperbolicity holds for all larger values of a. Indeed, once we fix a neighbourhood of 2
in the a parameter space, we can always guarantee uniform hyperbolicity for values of
a > 2 outside this neighbourhood by taking |b| and 5 sufficiently small (depending on the
neighbourhood).

3.1.2. The fixed point neighbourhoods. Recall first of all that the map fi = h3 ¢ has two
fixed points p, and g, = (—1, 0) with f,(1, 0) = g,. Let Q = Qg := Bs(g«) be the open
ball of radius § centred at g, and let VV = V) be the component of ﬁ,:1 (Q) not intersecting
Q; see Figure 9. The expanding eigenvalue at the point g, is equal to 4 and so we can
suppose that |a — 2|, |b|, n are all small enough so that | Df;|| > 3 for all z € Q. Then,
forn >0, let

Qu(f)=[F7(Q) and Vu(f)=f""(Qu(HNV.
i=0

Notice that V), is just the component of f ’](Qn( f)) containing (1, 0). Since Q, is
a neighbourhood of ¢ for every n, the set V, \ f~! (W3 (q)), where Wj(gq) denotes the
connected component of W¥(g) N Qg containing ¢, has two components. Let

Vi=V,ND and VS=V,\V,.

Notice that a piece of W?*(g) forms the boundary between V, and V,. We mention for
future reference a simple estimate which we shall use below.

LEMMA 5. d(z, f~1(Wi(q))) > 8/5" for all z € Vi \ Viy1.

Proof. 7 € Vi \ Vk41 implies, by definition, d(zx+1,q) >6. For points z close to
f! (W5 (g)) this also means d(zx+1, W;(g)) > § since such points come very close to
the fixed point ¢ and escape the §-neighbourhood of g along the direction of W*(g). Thus,
using the fact that the norm of the derivative Df in D is uniformly bounded above by 5,
we obtain the result. a
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3.1.3. The critical neighbourhood. For ¢ > 0 we define a critical neighbourhood
e = (—¢, &) x (—4b, 4D).
Note that we can take ¢ sufficiently small so that g € f())) and
F(Ag) C V.
From now on we consider ¢ fixed. We also let
A=A,={xeA,: f(x)¢D}.

For a sufficiently close to 2 and |b| and 7 sufficiently small we have uniform hyperbolicity
outside A.. We state this fact more formally in the following.

LEMMA 6. For every Ae (0, log 2) and |a — 2|, |b|, n > O sufficiently small, there exists
a constant C¢ > 0 such that for all k > 1, any point z with z, f(z), ..., f*1(2) ¢ A,
and any vector v with slope less than a, we have

slope szk(v) <a, )
IDFEW)| = Cee™ vl )

If, moreover, f k (2) € A, then we have
IDFEW)I = ™ v]l. (©6)

Proof. This is a standard result (see, for example, [BC91] or [MV93]) and so we omit the
details. We just mention that it follows from the fact that the limiting one-dimensional map
hy o satisfies uniform expansivity estimates outside an arbitrary critical neighbourhood A,
(with constant A arbitrarily close to log 2 but constant C, depending on ¢ and arbitrarily
small for & small); see, e.g., [dMvS93].

Considering this one-dimensional map as embedded in the space of two-dimensional
maps and using the fact that uniform hyperbolicity is an open condition, we obtain the
statement in the lemma for |b|, n # 0 sufficiently small. O

3.2.  Hyperbolic coordinates. The notion of ‘hyperbolic coordinates’ is inspired by
some constructions in [BC91, MV93], developed in [LV03] and formalized in [HL06]
as an alternative framework with which to approach the classical theory of invariant
manifolds. Here we review the basic definitions and theory to the extent to which they
will be required for our purposes.

3.2.1.  Hyperbolicity of compositions of linear maps. We recall the notion of hyperbolic
coordinates and give the basic definitions and properties in the general context of C?
diffeomorphisms of a Riemannian surface M. For z € M and k > 1, let

Fe() = IDfY and  Ex(z) = (D5

denote the maximum expansion and the maximum contraction, respectively, of D fzk . Then
we think of the quantity
Hy(2) = Ex(2)/ Fi(2)
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as the hyperbolicity of D fzk. Notice that Hy < 1 always. The condition Hy = Ey/Fy < 1
implies that the linear map Df* maps the unit circle SCT,M to an ellipse
Sy=D fzk S) c Tfk(Z)M with well-defined major and minor axes. The unit vectors
e® | £® which are mapped, respectively, to the minor and major axis of the ellipse and are
thus the most contracted and most expanded vectors, respectively, are given analytically as
solutions to the differential equation d|| D f;‘ (cos 0, sin 0)||/d6 = 0 which can be solved to
give the explicit formula

208 FRY @y 5 + (0 £5) 0y £5)]

tan 20 = .
O O+ (0, )2 — (0, £5)2 — (8, 112

Here f = (f1, f») are the two coordinate functions of f. Notice that e® and f® are
always orthogonal and do not in general correspond to the stable and unstable eigenspaces
of Df*.

3.2.2. Hyperbolic coordinates and stable and unstable foliations. We define the
hyperbolic coordinates of order k at the point z as the orthogonal coordinates Hy(z)
given at z by the most contracted and most expanded directions for D fzk. If fis C? and
Hy (z) < 1, then hyperbolic coordinates are defined in some neighbourhood of z and give
two orthogonal C! vector fields. In particular, they are locally integrable and thus give rise
to two orthogonal foliations. We let £ denote the stable foliation of order k formed by
the integral curves of the vector field {¢®)} and F® denote the unstable foliation of order
k formed by the integral curves of the vector field { f®}.

3.2.3.  Hpyperbolic coordinates for Hénon-like maps. A crucial property of hyperbolic
coordinates and finite order stable and unstable foliations is that, under very mild
assumptions, they converge in quite a strong sense as k — co. We formulate a version
of this property here in our specific context.

PROPOSITION 2. For every k > 1, hyperbolic coordinates Hy and stable and unstable
foliations EX and F© are defined in V' U V. Moreover,

(1)  the angle between each stable direction e® and the slope of f -1 (W5 (@) (~2);

(2)  the curvature of each stable leaf

are both <b. Also, the C? distance between leaves of £® and leaves of £*+V is <bk.

Proof. Analogous convergence results are formulated and proved in great generality
in [HLO06] under weak (subexponential) growth of the derivative. Here we shall need only
some very particular cases of these estimates and therefore we first describe the specific
setting in which they will be applied here. The main ingredient for the proof is the fact
that by our choice of § and assuming that |a — 2|, |b| and 1 are small enough, we have that
IDf(z) — Dfy(gs)|l is small for all z € Q and thus

Ei(zo) <b* and Fi(zo) = 3% forall zo € V. 7

It follows immediately that hyperbolic coordinates of order k and their associated foliations
are well defined in V. Points in )V~ are then re-injected into D \ Q and these hyperbolicity
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estimates can no longer be guaranteed, a priori, for all time. Points in V,j , however, are
outside D and therefore, by the arguments of §2, eventually escape towards infinity. In
particular, the required hyperbolicity conditions can be guaranteed to hold for all positive
iterates. This implies that hyperbolic coordinates of order k are well defined in V* U Vi
as in the statement of the proposition.

The statements about the direction of the stable directions, the curvature of the
leaves and the C? distance between stable leaves of different orders all follow directly
from [HL06, Main theorem]. These calculations are purely technical and do not add to
our geometrical understanding of this situation; we therefore omit the details and refer the
reader to that paper. O

3.3. Admissible curves. Recall that the curvature « (s) of a parametrized curve y (s) =
(x(s), y(s)) is given by

= gE 1y x

SR P

The equivalence between the two formulas comes from the relation (v, vz) X (wy, wp) =
viwy — VW],

Kk (s)

Definition 1. For a > 0, we say that a C? curve y = y(s) = (x(s), y(s)) is admissible if
[y(s)]/|1x(s)] < o and |« (s)| < « for all s.

We remark that both the curvature and the slope of tangent vectors of a curve are
independent of the parametrization, and thus so is the definition of admissibility. We
shall want to compare the curvature at a point of a curve and at the corresponding point
of its image; so, suppose y;—1(s) is a parametrized C 2 curve and yi(s) = f(yi—1(s)). For
simplicity we shall often omit the parameter s and simply write Df to denote the derivative
at the point y;_1(s).

PROPOSITION 3. Let {y;}i_, be a sequence of C? curves with yi = f'(yo). Suppose that
for some s, n is a ‘hyperbolic time’ in the sense that

9 ()| = Ce™ |9 (9)]

forall j=0,...,n—1. Then for |b|, n sufficiently small, ko(s) <« implies k,(s) <
ko(s) < a.

COROLLARY 1. Ify C D\ A, is admissible, then f(y) is also admissible.

Proof. This follows from Proposition 3 and the hyperbolicity outside A.. Condition (4)
implies that the slope of each tangent vector to f(y) is less than « and condition (5)
together with Lemma 3 gives the curvature less than «. O

To prove Proposition 3 we first prove a general curvature estimate. We fix some bounded

neighbourhood R of R and, as above, suppose {y;}7_, is a sequence of C? (not necessarily

admissible) curves with y; = f i (y0), all contained in R.
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LEMMA 7. There exists K > 0 independent of a, b, n such that for all i=1,...,n

we have

1Vic1(9)]? [Vic1 ()P
——xKi— K(@® —_—
P T RGeS s

Proof. We use the formula x = |y x 7|/|y|? for the curvature. We have

fix f1,y> — (—Zaxi—l +o1x 1+ <P1,y) .
Yi—-1= Yi—1
f2,x f2,y b+ 02 x 02,y

ki(s) < Kb +n)

Vi=Df)yio1= (

and
G = (Vfl,x “Vi-1 Vfiy-via
T \Vh vict Vi via

Therefore y; X y; is given by

) Yi—1 + (Df)yi-1.

(Df)y‘mx(gﬁjj;j zgiij) Vit + (Die1 x (DNFie1 (8
where
Vi = (_2“ + “”) ©)
P1,xy
and
vhe=(n)e v (En) va=(En) 0o

We shall estimate the two terms of (8) separately. These will yield the two terms in the
statement of the lemma. For the second term we have

I(Df)Vi—1 X (DF)¥i—1] = [det(DAIIYi—1 X Fi—1] = [det(Df)ki—1lyi—1 .

Indeed, for the first equality, |y;—1 X y;—1] is the area of the parallelogram defined by the
two vectors y;—1 and y;_1, and [(Df)y;—1 x (Df)yi—1]| is the area of the parallelogram
defined by the two vectors (Df)y;—1 and (Df)y;—; which of course is just the image
of the first parallelogram under Df. The second equality follows immediately from the
definition of k;_1. So it just remains to show that the value of |det(Df)| is bounded above
by some multiple of b and 7. Indeed, writing f = h + ¢ we have, by the ‘row-linearity’ of
the determinant,

det(Df) = det(hlx T byt (ply)

hax + @2 hox + P2y
:det( hix hly ) +det< P1x Py )
hox + @2x  hox + @2y hox + @2x  hox + @2y
— det(hlx hly) + det(hlx hly) + det<(p1x §01y>
hay  hoyx P2x P2y hax  hoy
Y2x P2y
Using hiy = —2a, h1y =1, hox = b, hay =0 and ||| 2 < 7, this gives
det(Df) <b+ Qan+n)+ Qan+n)+n=>b+4an+3n<b+ 12y
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where in the last step we have used the fact that a is close to 2. Substituting this above
gives the required bound for the second term of (8). To bound the first term we write

. Vix-vict Viy-vi-1\ . a; b\ (v ay b\ (v
(D)'lx( -l RS 1= X .
Py V- dict Vi vici) ci di) \vn 2 dr) \vn

The norm of this expression is bounded above by

|alclv% + ajdavivy + bicavivy + b]dzv% - agclv% — axdjvivy — bacivjvy — dlbzv%|
<max{lajcy — axcy|, |bidy — di1by| + |ardy — c1by| + |bicor — axdy |} (vl + v2)
<4max{lajcs — axcyl, |brdy — dibal, larday — c1bal, |bica — axdy |} (vF + v3)

.2
< 8max{|aicz], |azci|, |b1dal, |d1b2|, lardz|, |c1b2|, |b1cal, laxdi |} yi-1]”.

All the terms contain a factor y;_;. Each of the terms by, ¢, da, see (10), contains a
bounded constant multiplied by the factor n; the term as, see (9), is of the order of 2a but
here it is multiplied by either c| or dj, each one of which contains a term that is bounded
by n. Therefore, there exists a constant K > 0 such that

. Vfix-vi-1 Vfly'?il) . 3
D i1 X R ’ . i—1| < Knlyi-1]”. ]
‘( f)vi-1 (sz‘x et Vi) nlyi-1l
Proof of Proposition 3. Applying Lemma 7 recursively we get
n(5) < Kb+ mwn1 ()7 13' LK+t 13'
|Vl |Vl
|Yn—2l? |Vn—2l? |Yu1l?
< (Kb +m)Phn 222 4 (k22 g Pl
[Vnl [Vnl [Vnl
<....
Using the expansivity assumption and b, n small, this gives
_ Kb+ ne ™
0(6) = 25 KB+ e eo(s) + oo e ) <@ O

C31—Kb+ne*

3.4. Critical points. 'The next proposition makes precise the notion of a critical point of
order k. We recall that y is a C? admissible curve if all its tangent vectors have slope less
than « and it has curvature less than «. We say that y is a long admissible curve if it is an
admissible curve which crosses the entire length of A,.

PROPOSITION 4. Let y C A N'D be a long admissible curve. Then there exists a unique
point ¢® ey such that yo = f(y) has a (quadratic) tangency at c(()k) = f(c®) e V. U
VT with the stable foliation £®, for any k > ko. Moreover, there exists a constant K,
independent of b, n, such that d (cék), C
Cauchy.

5 H)) < Kb*. In particular, the sequence {c(()k)} is

Definition 2. We call ¢® and c(()k) respectively a critical point and critical value of order
k, associated with the long admissible curve y.
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We remark that critical values c(()k) of finite order are not guaranteed to be outside D;
however, we shall show below that their limit points as k — 00, i.e. the ‘real’ critical points,
always fall strictly outside D for a > a*.

Given a parametrized curve yy = yo(¢) and its image y; = y1(¢t) = f(yo(t)), we denote
by ko(t) the curvature of )y at the point yo(¢) and by «1(¢) the curvature of y; at the
point yi(t).

LEMMA 8. Let yy(t) be an admissible curve and let y(t) = f(y(t)) = (&1(¢), n1(2)).
Suppose that for some t we have 01 (t) # 0 and 11 @ /m @) < 1. Then |k1(t)| > a/b > 1.

Lemma 8 essentially says that if the tangent direction of the image of an admissible
curve at a certain point is roughly vertical (or at least contained in the ‘vertical’ cone
between the positive and the negative diagonals), then the curvature at this point is strictly
bounded away from 0. This does not apply to admissible curves outside A, since we have
shown above (Corollary 1) that images of such curves are still admissible and therefore
their tangent directions are roughly horizontal. We will instead apply it below to the images
of admissible curves inside A as a way of pinpointing the location of folds.

Proof. First recall that the curvature k1 (¢) is independent of the choice of parametrization,
and also that the condition |£1(¢)/71(¢)| < 1 is independent of the parametrization since
|&1(2)/n1(¢)| is just the slope of the tangent vector. We therefore choose the parametrization

yo(t) = (t, y(1)).

For simplicity we also omit the subscript 1 from the coordinate functions of y; and just
write y1(¢) = (€(t), n(¢)). From the definition of f we have

E@), ) = (A +ar* + y@) + o1 (0(1)), bt + e2(0(1))),
E@), (1) = (=2at + y(t) + Vo1 (@) - yo(1), b + Ve (o (1)) - Yo (1)),
E@), i) = (=2a +y(@) + D*p1 (1)) [Yo()1%, D*@2(vo(1)) [Y0(1)17).

Choosing 7 sufficiently small, for example so that 4|| Vg2 (y9(2)) || (1 + ) < b, this implies
3b/4 < |n@)| <5b/4. (11)

We can now compute the curvature «1(¢). First notice that the condition 11 (1) /m@®)] <1
implies || (£ (), 7(t))|| < +/2|7(t)]; thus we have
_E@im — Wi _ E@i@) — EWiio)]

IGE@, nenl> 40P '

Dividing numerator and denominator by |77(¢)| and using the conditions |§1 @®/m@) <1
and (11), we get

Kk1(t)

E() — EO/MO)iO] _ [EO] = [E@ /)] lii@)]

Kk1(t) >

) GO o GO
S EOI— @1 [E@O] = li(0)]
I [GIO)I 7b?
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w'(q) o

(k)
14

FIGURE 10. Hyperbolic coordinates.

Finally, from the formulas for £(t) and 7j(¢) and the fact that | y(¢)| < by the admissibility
of yp, we get

1E()] — |7(1)| > 2a — a = 2[lpllc2 > a

as long as 7 is sufficiently small. ]

Proof of Proposition 4. The existence of a tangency between f(y) and the stable foliation
£® follows by the simple geometric observation that the image of a long admissible curve
necessarily ‘changes direction’ between one endpoint and the other. Thus, by a simple
intermediate value argument it follows that there is some point of tangency.

Now, Proposition 2 says that the leaves of the stable foliations £*) are close to the piece
of stable manifold f -1 (W3 (g)) and thus have slope close to 2, and that their curvature is
small. In particular, the point of tangency must occur at some point at which the tangent
direction to f(y) is close to 2 and therefore Proposition 4 shows that at this point of
tangency f(y) has strictly positive curvature. This implies that the tangency is quadratic
as well as unique (see Figure 10). |

4. Hyperbolicity estimates

This is the final and main section of the paper. We apply the notion of hyperbolic
coordinates and dynamically defined critical points to prove Theorem 1. In §4.1
we combine the hyperbolic coordinates and the curvature estimates to show that all
components of the unstable manifold W*(p) in A, are almost horizontal curves with
small curvature; in particular they all have well-defined critical points. In §4.2 we take
advantage of the structure of critical points on such components to show that points in
the critical region A, \ A recover hyperbolicity after some bounded number of iterations
depending only on the parameter a. In §4.3 we then extend these estimates to uniform
expansion estimates on all of W*(p), with a hyperbolicity constant C, depending only
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on the parameter. In §4.4 we then show how to extend this hyperbolicity to the closure
of W*(p) and thus to the whole non-wandering set 2. Finally, in §4.5, we consider the
bifurcation parameter value @ = a* and show that all Lyapunov exponents are uniformly
bounded away from O.

4.1. Shadowing. Let
1 3 .
A=min{ = In —, A ;. (12)
{2 V5 }
PROPOSITION 5. For all a > a*, all components of W(p) N A are long admissible

curves. Moreover, for all z € W*(p) N (Ag \ A), any vector v tangent to W"(p) at z
and k > 1 such that f(z) € Vi \ Vi+1, we have

IDFE Il = ™ vl

We emphasize that Proposition 5 holds also for parameter values for which the first
tangency occurs.

Proof. We first prove the expansivity statement and then the admissibility of leaves of
WH"(p) in A;.

4.1.1.  Expansion. If y(s)=(x(s), y(s)) C A, ND is a long admissible curve, we
consider the tangent vectors y (s) and their images yo(s) = Df (y(s)). By Proposition 4,
Yo is tangent to the stable direction e®) at the point c(()k). For this and other nearby points
on y we can write the tangent vector as

yo = h FO 4y

where (f®, ¢®)) is the orthogonal basis given by the most expanded and most contracted
direction for Df¥, and h(()k) and v(()k) are the components of yy in this basis. Notice that the
basis itself depends on the point. Proposition 2 implies that the basis varies very slowly with
the base point, and Proposition 4 implies that the tangent vector y is varying at positive
speed with respect to this basis. We omit the calculations which are relatively standard;
see, for example, [LV03]. Specifically, this implies that the component h(()k) of the tangent
vector yp at some point zo = f(z) € yp is proportional to the distance between z and the
critical point ¢ of order k. In our setting, the constants actually give

Ih$? (z0)| = d(z, V). (13)
We can now prove the following.

LEMMA 9. Suppose y C A is an admissible curve, z € y, zo = f(z) € Vk \ Vky1 and
¢ is the critical point of order k in y. Then for a vector w tangent to y at z and all
j=0,...,k we have ‘

IDfH )l = 37d(z, ¢ @) w].

In particular,
IDFE )l = D w].
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Proof. The first estimate follows immediately from (13) and (7). To prove the second we
need to find a bound for d(z, c(k)) in terms of k. Using the quadratic nature of yy and the
proximity to the one-dimensional map 1 — ax? with a ~ 2, we obtain

1
d(z. V) = 2\/d . . (14)

To estimate d(zg, c(()k) ) we use the observation that the ‘real’ critical value cg on yp, i.e. the
point of tangency between yy and the limiting stable foliation £(>, lies necessarily either
on W¥(g) (this is only a possibility if a = a*) or to the right of W¥(g) in Q. We write this
as 8o = d(cog, W¥(g)) > 0. Combining this with Lemma 5 and the rate of convergence of
critical points of finite order d (c’é, co) < Kb* as mentioned in Proposition 4, and taking b
sufficiently small, we get

d(z0, ¢ = d(zo, W* (@) + d(W*(q), co) — d(cy’, ¢o)
I} 1)
> 5k 4 50— Kbk > =57,
5 + 00 Z3

Substituting this into (14) and using the fact that we can assume k > ko together with the
definition of kg in (3) and of A in (12), we have

k
3d(z. <Py > ﬁ(i) o ) -

2V/3\V5/) T

4.1.2. Admissibility. Returning to the proof of Proposition 5, to obtain the statement
about admissibility, notice first of all that by combining Lemma 9 with Lemma 3 we
immediately obtain the statement that if y C W*(p) N A, is admissible and k is the first
time that fk(y) C Ag, then fk (y) is admissible. Now, by choosing |b| and n small we
can guarantee that W} (p) N A, is a long admissible curve. Moreover, every piece of
WH(p) N A is the image of some curve in Wi¢ .(p) N A, and is therefore admissible. O

4.2.  Hpyperbolicity after returns to A,. Proposition 5 gives a pointwise recovery time
for the hyperbolicity of points in the critical region, based on their position. The following
proposition gives a key uniformity estimate in the phase space for each parameter a > a*.

PROPOSITION 6. For all a > a* there exists a constant N, such that for z € W"(p) N
A: NQ(f) and v a tangent vector to W"(p) at z, there exists n(z) < N, such that
szn(Z) (v) is almost horizontal and

IDFID ()| > @ ]

We remark that the constant N is not uniformly bounded in a and in particular does
not apply to a = a*. However, it gives us a uniformity statement in z which will imply, as
we shall see below, uniform hyperbolicity for each given parameter value a > a*. For the
proof we need to extend the definition of admissibility naturally to curves which are only
differentiable of class C1*! (Lipschitz continuous derivative).

Definition 3. We say that y (s) C A, is a C!T! admissible curve if |y|/|x| < « and y (s) is
Lipschitz with Lipschitz constant <c.
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We also give the formal definition of a ‘real’ critical point, which applies both to C?
and to C!'*! admissible curves.

Definition 4. We say that ¢ € y is a critical point if ¢(>) is defined at f(c) € y and
coincides with Df.(y(c)).

LEMMA 10. For every a > a*, every z € W(p) N Ay N lies on a C'T! admissible
curve y which is the limit of C* admissible curves in W*(p), and y contains a unique
critical point c(y) with d(z, ¢) > 0.

Proof. We split the proof into two parts.

Every point lies on an admissible curve. We show first of all that every point
ze Wi(p) N A, N Q lies on a C*! admissible curve which is the limit of C? admissible
curves in W¥(p). Let ze W¥(p)N AN and let z;, — z be a sequence with
Zn € W*(p) N A N Q. By Proposition 5, each z,, belongs to a long admissible curve
Yo C W*(p). We can write these as functions y, : I — R with [ = [—¢, €] and suppose
that they converge pointwise to y : I — R. Since [ is compact and y,, y,, are bounded
and equicontinuous sequences, we have that y is C! and y, — y in the C! topology. To
see that y is Lipschitz, let x, y € I and observe that each y, is a Lipschitz function with
uniformly bounded Lipschitz constant . Then we have |y, (x) — y,(y)| < @|x — y| and
hence [y, (x) — Y (D) < alx — yl.

Every admissible curve contains a critical point. We now show that any such curve
y contains a unique critical point. We show first that it must contain at most one, and
then argue that it must contain at least one. Let 6(y, (¢)) be the angle between the vectors
Dft v,y (1, v, (1)) and e(oo)(f(t, ¥n(t)). Since the image of each admissible curve is
quadratic with respect to £ (%) we have that 0(yx(¢)) has a strictly non-zero derivative
having at most one root corresponding to a point of tangency between f () and £©°).
Since y, — y in the C! topology, 8(y (¢)) also has strictly non-zero derivative having at
most one root corresponding to a point of tangency between f(y) and £, To see that
such a point exists, observe that if a > a*, then the graph of y crosses the boundary of A
twice and f(y N A) is outside D where the foliation £ is well defined, with the extreme
points of f(y N A) both lying on a piece of W*(g) which is a leaf of the foliation £(©°).
This implies that there exists a point outside the interior of D where f(y) is tangent to
£, O

Lemma 10 allows us to define a canonical set C, of critical points as the union of all
critical points ¢(y) for C!'*! admissible curves y which are C! limits of long admissible
curves of W* N Ag. In the next lemma we show that this set is bounded away from the set
of non-wandering points.

LEMMA 11. Forall a > a* we have d(C,, ) > 0.

We emphasize that d(C,, €2) is not uniformly bounded in the parameter. The constant
N, in Proposition 6 will be defined below in terms of d(C,, €2).

Proof. Notice first of all that C, C A, and thus C, is bounded. Let ¢ = c(yx) be a sequence
converging to some point ¢; we need to show that ¢ € C,. Since each yy is the limit of long
admissible curves, we can consider sequences yk(n) — yi for each k. Using Lemma 10
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and the fact that {yk(k)} converges pointwise to y, we conclude that this convergence is
in fact C!. Since 9()/,{(]() (ck)) — 0, we have that 6(y(c)) = 0 and this implies that c is a
critical point as required.

We have therefore shown that the critical set C, is compact. Since €2 is also compact,
it is sufficient to show that C, N Q2 = to imply that they are at some positive distance
apart. Disjointness follows from the observation that the image of a critical point is always
outside D, while 2 is an invariant set contained in D. O

Proof of Proposition 6. By Lemma 11 and the uniform approximation of the critical set C
by the finite-order critical sets C?, there exists N, sufficiently large so that the following
two conditions hold (using also A < log 3):

dCN), C) <d(Cq, 2)/2 and 3Nag(CN, Q) > Mo, (15)

Now consider z € A, N W*(p) N Q2 and let n > 1 be such that f(z) € V, \ V,+1. Recall
that f(Ag) C Vg, therefore such an n is always well defined except for those points which
map exactly to the curve f~! (W3 (g) that forms the boundary between V' and V=1, For
these points we take n = +o00, and then let

n(z) = min{n, N,}.

If n < Ng, the statement follows from Proposition 5; otherwise, our choice of N, in (15)
gives
IDfNe )| = 3Nd (z, CN) vl = 3Md (@, cN) v
> 3Na(Q, Co)llvll/2 = eVl

The first inequality follows from Lemma 9, the second one follows from z € €2, the third
one follows from the first part of (15), and the last one follows from the second part of

(15).
Finally, considering the components of v in hyperbolic coordinates, we have ||v/(VIZ”) | <
(b/3)Ne and |1}y« || = *Ne, therefore DfMa(v) is almost horizontal. O

4.3.  Uniform hyperbolicity on W"(p). The following proposition is essentially a
corollary of Proposition 6. However, we state it separately as it gives an explicit
construction of the constant C,, of hyperbolicity for each a > a*. Before stating the result,
we define this constant.

Let Cy, =min{[|(Df)~" |7 tx €D, 1 < j <N} and C}; =max{||Df! | :x €D,
1 <j<N,} denote the maximum possible contraction and the maximum possible
expansion exhibited by any vector v € T, R? for any point x € D in at most N, iterations.
Letting C, denote the constant of hyperbolicity as in (5) on page 1064, we then let

Ce Cye ™V }

C,=min{ —, ——— .
=l
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PROPOSITION 7. For all a > a*, all z€ W"*(p) N Q(f) and all vectors w tangent to
W™ (p) at z, we have
IDf! ()l = Cae™ ]

foralln > 1.

Proof. Letz € W"(p) N Q(f) and let w be tangent to W (p) at z. Since we do not assume
anything about the location of z, the vector w may or may not be almost horizontal. We
distinguish these two possibilities.

Case 1: w is almost horizontal. Let 0 <ky <--- < kg < n be the sequence of returns
of the iterates of z to A, (with k; =0 if z € A, and k; > 0 otherwise). Then for each k;
we have an integer n; = n(z;) < N, given by Proposition 5. Hence we can write

kivi =ki +ni + qi

where g; is the number of iterates during which the point remains outside A,. From
Proposition 5 and properties (4) and (6), the images of the vector at these iterates remain
horizontal and we have

IDFE )l = e ]|

for all i=1,...,s, and in particular for i =s. If kg + ny <n, applying (6) to the
remaining iterates gives | Df"(w)|| > Cee™||w]| > Cqe*||w|| as required.

If kg +ngs >n, we have expansion for the first k; iterates, giving IDf*s (w)| >
e* s |lw]|. There follow n — kg < ny < N, iterates (since ng < N,) during which we can
bound the contraction coarsely by the N,th power of the maximum contraction in the
region D, which gives

— ks _ (=, —MN A
IDf* (W)l = Cye™ llw|| = Cye " e w].
Case 2: w is not almost horizontal. We now suppose that w is not almost horizontal.

CLAIM 1. There exists
Ny>m>0

such that f 7" (z) € Ay and w—,, = Df 7™ (w) is almost horizontal.

Proof. We show first of all that some preimage of z lies in A;. Indeed, z € W¥(p) implies
that z_, — p as n — oo and therefore that w_, is almost horizontal for sufficiently large
n since the local unstable manifold of p is admissible. By the invariance of the unstable
conefield outside A, images of w_, remain almost horizontal unless some return to A,
takes place.

Now let m > 0 be the smallest integer such that f=" € A,. Then w_,, is almost
horizontal since every component of W* in A, is almost horizontal. From Proposition 6
it follows that D fzn_(i_"’)(w_m) is almost horizontal and therefore m < n(z,) < Ng;
otherwise w will be almost horizontal. O

Returning to the proof of Proposition 7, we can now argue as in case 1 to obtain
exponential growth starting from time —m:

IDf" (W)l = IDF" T (w_p)|l = C'e "™ |Jw_, | (16)

https://doi.org/10.1017/50143385707000776 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385707000776

1076 Y. Cao et al

where C’ = min{C,, Cg,e_“v}. Moreover,
lwll = 1D w_p)| < IDF™ | Nw-m < C{llw_mll.

Substituting this back into (16) completes the proof. a

4.4.  Uniform hyperbolicity on 2. 'We have obtained uniform expansion estimates for
vectors tangent to W¥(p). In this section we show that these estimates can be extended to
. This part of the argument uses very little of the specific Hénon-like form of the map
and therefore we state it in a more abstract and general context.

PROPOSITION 8. Let f : R* — R? be a C! diffeomorphism and S a compact invariant set
with |det Df| < 1 on Q. Suppose that there exists some invariant submanifold W that is
dense in Q and for which there exist constants C, ). > 0 such that | Df,(v)| > Ce*" for all
z€ WNQandv tangent to W. Then Q2 is uniformly hyperbolic with hyperbolic constants
C and A.

Proposition 8 completes the proof of part (1) of Theorem 1 and shows that the rates of
expansion and contraction admit uniform bounds independent of the parameter.

Proof. We shall show that € is uniformly hyperbolic by constructing an invariant
hyperbolic splitting E @ E¥ at every point of  and then showing that this splitting is
continuous. We carry out this construction in several steps. The starting point is the
observation that £ is already given by the tangent direction to W for all points z € Q N W.

LEMMA 12. For any z € Q and any sequence z; € W with z; — z, the sequence E"(z})
converges to a (unique) limit direction E"(z). Each vector v € E"(z) satisfies

IDfI W) = Ce* vl and |IDF" ()] < C e v
foralln > 1.

Proof. Suppose z € Qandletz; € W be a sequence with z; — z. Consider the sequence of
corresponding directions E¥(z;). By compactness (of the space S! of possible directions)
there must exist some subsequence zj; such that the corresponding directions E 7, converge
to some direction which we call E“(z). Notice that a priori this direction is not unique since
it depends on the choice of subsequence. We shall show first that the forward expansion and
backward contraction estimates hold, and then show that this actually implies uniqueness.

Letv e E¥ andletvj, € E Z“j[_ be a sequence with vj, — v. Then for each n € N we have,
by the continuity of Df",

IDF7 wpll = IDF W)l

By assumption we know that | Df;, (vj)| = C e*"||v; || and therefore
IDfI )] = Ce™ — &

for any & > 0. Therefore || Df}'(v)|| > C e and, since this holds for every n, we have
the required statement as far as the expansion in forward time is concerned. To prove
contraction in backward time it is sufficient to prove it for points on W and then apply
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exactly the same approximation argument. For z € W this follows immediately from the
uniform expansivity assumption in forward time. Indeed, letting v_, = Df " (v), the
expansivity assumption gives

ol = 1D (v_w)ll = Ce vyl

which immediately implies |[v_, | < C~le™"|v|.
It remains to show uniqueness of E“(z) for each z € Q. Suppose, for contradiction,
that we could find two sequences z; — z and Z; — z with corresponding directions Ezu,-

and EZ converging to two different directions E7 and E Y. Letve Ef and v € E . Then
J

v, U must be linearly independent and thus every other vector w € T;R? can be written as
a linear combination w = ajv 4 a0 for some ay, ap € R. By linearity and the backward
contraction estimates obtained above this implies that

lw_nll = IDf;" )|l - O

as n — 0o. Since w was arbitrary this implies that all vectors are shrinking to zero in
backward time. But this is impossible since we have assumed that |det Df| < 1 and thus
|det Df~'| > 1 on Q. O

COROLLARY 2. At every point z € §2 there exists a unique tangent space splitting EY &
E} which is invariant by the derivative Df and which satisfies the standard uniform
hyperbolicity expansion and contraction estimates.

Proof. Lemma 12 gives the expanding direction E¥ of the splitting with the required
hyperbolic expansion estimates in forward time. The invariance for points in W is
automatic (since tangent directions to W are mapped to tangent directions to W), and
the invariance for general points follows immediately from the definition of E} = lim E ;’/ ,
the invariance of E ?_,- for z; € W, and the continuity of Df.

The stable direction E7 is given immediately by the limit of the sequence e™ of vectors
most contracted by Df", as discussed in §4.1. This also automatically gives the uniqueness
and invariance. O

To complete the proof of Proposition 8, we just need to show that the given tangent space
splitting is continuous. This follows by standard arguments from the uniqueness proved in
Corollary 2. Indeed, for any z € Q2 and any sequence z; € 2 with z; — z, every limit point
of the corresponding sequence of splittings E Z"J, G E ‘Z‘j must also be a splitting Eé‘ ) EZ‘
By approximation arguments identical to those used above, it follows that this splitting
must also satisfy the uniform hyperbolic contraction and expansion estimates. Therefore,
by uniqueness, it must coincide with the existing splitting EY @ E. This completes the
proof that €2 is uniformly hyperbolic. ]

4.5. Lyapunov exponents for f,«. Finally, it remains to consider the dynamics of f«.
Recall that a* is defined on page 1056 as the first parameter for which a tangency occurs
between the compact parts of W*(q) and W*(p); see Figure 11 for the pictures in the two
casesb > 0and b < 0.
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b>0

(@) (b)

FIGURE 11. Invariant manifolds for a = a*.

We need to show that, for a = a*, all Lyapunov exponents are uniformly bounded away
from 0. We show that for each point 7 € Qg+ not in the orbit of tangency T (it is not
necessary to consider the orbit of tangency since this is a countable set without recurrence
and therefore cannot support any invariant probability measure) there exists a constant C;,
a vector v;, and a sequence {n;} with n; — oo such that for all i > 0,

IDf (v) || = Coe™ v, .

This is obviously true if the orbit of z never enters A, in forward time or if it enters
A, only a finite number of times. Indeed, suppose that there exists some k such that
fi(z) ¢ A, for all i >k, and let w be a vector which is mapped to the horizontal vector
wy = szk(w) after k iterations. By (5) we then have ||szlj(+”(w)|| > Cpe™ || wi| for all
n > 1. This implies that there exists a constant C such that [| DA™ (w)|| > C,e**+ ||w||
foralln > 1.

Otherwise, there exists an infinite sequence 0 < m| < - - - < my < - - - such that my —
oo and f™k(z) € A;. By Lemma 10, z,,;, = ™ (z) lies on either a C? long admissible
curve or a C'*! long admissible curve which is the C! limit of C? long admissible
curves in W*(p). Since z has an infinite number of returns to A, this implies in
particular that z ¢ W¥(g), so zp; € W¥(g), and hence there exists n; = n(z;,) such that
f@m;) € Vy; \ Vi, +1. Therefore exactly the same arguments as in Lemmas 9 and 12 show
that for a vector v; tangent to such an admissible curve y at z,,,, we have

D2 )l = D g a7

Notice that since the C! limits of C? admissible curves are unique, as proved above, we

have v; | = Df™i+17™i(v;). Then, by (5) and (17), we have

| DI ) | = O g .

We can then define v, = Df ™™ (v) and have ||[Df™iti+1(y )| > C,e*Mitni+D |y ||
where the constant C, is required simply to compensate for the possible lack of expansion
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for the first n; iterates. In particular, C, can be chosen by considering the maximum
possible contraction along the orbit of z for the first n; iterations:

C: = min [[Df" (@)].
lli=1

We have therefore shown that, for each z € €2,

lim sup 1 In | DfI']| = .
n—oo N

This clearly implies the same bound for the limit wherever it exists. In particular, any point
which is typical for some ergodic invariant probability measure, and for which such a limit
does therefore exist, will have a positive Lyapunov exponent at least A. By dissipativity
this immediately implies also that the other Lyapunov exponent is negative and uniformly
bounded away from 0 both in the dynamical space and in the parameter space.
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