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We study the existence of closed characteristics on three-dimensional energy
manifolds of second-order Lagrangian systems. These manifolds are always
non-compact, connected and not necessarily of contact type. Using the specific
geometry of these manifolds, we prove that the number of closed characteristics on a
prescribed energy manifold is bounded below by its second Betti number, which is
easily computable from the Lagrangian.

1. Preface

Second-order Lagrangian systems are deﬁned variationally by extremizing action
functionals of the form J[u f] u,u’,u") dt. The Lagrangian L depends not only
on the state variable u and its first derlvatlve, but also on its second derivative,
which is not the usual situation for variational problems in classical mechanics. The
Euler-Lagrange equations of such systems are given by

d? oL d oL 0L

de2 ou”  dt ou’ + ou
and are, in essence, fourth-order differential equations. These systems have recently
been used in many models in physics and engineering, and the literature pertaining
to them is extensive. We refer the reader to [6-8] and the references therein for
more information.

Under the natural hypothesis that L is convex in u”, a second-order Lagrangian
system is equivalent to a two-degrees-of-freedom Hamiltonian system in R* endowed
with its standard symplectic form w. The Hamiltonian is given by

oL d 0L > , OL ,
u + =—u

H(u,u',u”,u") = (a—u o ) T o

=0 (1.1)

— L(u,u’,u"). (1.2)

Introducing the symplectic coordinates © = (u, v, py, py), the Hamiltonian becomes
H(z) = pyv+ L*(u,v,py), where L* is the Legendre transform of L with respect to
u”. Hamilton’s equations of motion are equivalent to (1.1) and yield a dynamical
system ¢! on R* The Hamiltonian H foliates R* with three-dimensional energy
manifolds Mg = {z € R* | H(z) = E}. These manifolds are invariant under the
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flow ¢!, and the dynamical behaviour of the system can be studied on an individual
energy manifold. An energy manifold is reqular if E is a regular value of H. In
the context of second-order Lagrangians, this is equivalent to the condition that
Our L(1,0,0) # 0 whenever L(u,0,0)+E = 0. See §4 for a discussion of the singular
case. For more details on second-order Lagrangians, see [11].

Recently, the analysis of periodic orbits, or closed characteristics, on given energy
manifolds has become an important issue in the study of general Hamiltonian sys-
tems [5,9,13]. In this paper, we study the geometric structure specific to second-
order Lagrangian systems and place it in this broader context.

Given an arbitrary (2n — 1)-dimensional manifold M embedded in (R*",w), with
w the standard symplectic form, one can construct a Hamiltonian system for which
M is the energy manifold for £ = 0. The particular choice of the Hamiltonian
is not intrinsic to the problem of finding periodic orbits, which can be phrased
in more geometric terms. The specific geometry of M and the 2-form w define a
characteristic line bundle,

EM:{(m7£) €T, M\ {0}] wz(§,m) =0YneT,M}C TM.

The vector field of any Hamiltonian H satisfying M = H~!(0) is a section of
this bundle. The trajectory of a periodic orbit can thus be regarded as a closed
characteristic of the line bundle, i.e. an embedding v : S' — M of the circle into
M for which

T’y = 5M|’Y

This formulation of the problem relates the existence of periodic orbits of the dif-
ferential equation (1.1) to the geometric and topological properties of its energy
manifolds.

Motivated by a novel result by Rabinowitz [9], Weinstein [13] conjectured in the
1970s that any compact hypersurface M € (R?" w), with the additional require-
ment that

a(£)7é0: 07&5651\4:

for some 1-form a with da = w, i.e. M is of contact type relative to w, has at least
one closed characteristic. This conjecture was later proved by Viterbo [12].

Energy manifolds determined by second-order Lagrangians do not fit within this
theory for two reasons, they are always non-compact and they are not necessarily of
contact type in (R* w), as was proved in [2]. Even with a more general formulation
via Reeb vector fields, the latter issue cannot necessarily be resolved (see [2]).
However, in this paper, we show that these manifolds possess certain geometric and
topological properties that guarantee the existence of closed characteristics.

In order to reduce the amount of technical detail, we restrict ourselves, for now,
to Lagrangians that satisfy the following hypotheses.

(H1) L(u,v,w) = sw* + K(u,v).
(H2) K(u,v) = —C(|u|) — C(Ju])|v|?, v < 4, where C(|u]) is locally bounded.

Note that (H2) is a lower bound on K; an upper bound is not necessary. These
hypotheses can be weakened, as discussed in §4. We now formulate the main result
of this paper.
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THEOREM 1.1. Let M be a regular energy manifold of a second-order Lagrangian
system with C* Lagrangian L satisfying hypotheses (H1) and (H2). Then the num-
ber of closed characteristics on M is bounded below by the second Betti number
dim Ho (M).

The proof of theorem 1.1 also provides a method for computing the second Betti
number of M. Indeed, for any Lagrangian system with % L > a > 0, the homotopy
type of M can be determined directly from the sign of its ‘potential’, L(u,0,0) + E
(see §4 and [2]).

Theorem 1.1 is a generalization of the situation for first-order Lagrangian sys-
tems L(u,u') = £(u/)?+ F(u) where H = £(u/)> — F(u). An energy manifold M is
one dimensional, and each compact component of (regular) M consists of a single
periodic solution. Thus the number of closed characteristics is exactly dim Hy (M).
For second-order Lagrangians, dim Ho(M) is only a lower bound. One can eas-
ily give examples of systems with infinitely many different closed characteristics
(see [11]). Note that, for Lagrangians of the special form L = L(u,u”), hypothe-
sis (H2) becomes void and the similarity between first- and second-order systems
becomes even stronger.

In [11, theorem 12, p. 1408], a version of theorem 1.1 was proved under an addi-
tional hypothesis that the Lagrangian satisfies a twist property, defined in the next
section. For some systems, this property can be verified (see [11, lemma 9, p. 1405]),
but in many cases it cannot. Theorem 1.1 is an improvement of this previous result,
removing the twist hypothesis. However, we do draw on the results for twist systems
to prove theorem 1.1.

2. Geometry of second-order Lagrangians

To establish the existence of closed characteristics on energy manifolds of second-
order Lagrangian systems, we use their variational structure. A closed characteristic
is equivalent to a periodic solution u, which can be found as a critical point of the
action, i.e.

T
6u,T/ [L(u,u',u") + E]dt = 0,
0

where T > 0 is the period of u. Note that variations are taken in 7" as well as u.

We consider functions that have a simple profile consisting of two monotone laps:
uy, which increases from some minimal value u; to a maximal value ug, and u_,
which decreases from us back to w1, with v/ = 0 at u; and wus. If uy and u_ are
solutions, then their concatenation ui#u_ is called a ‘broken geodesic’, and the
extrema uq and us will be called concatenation points. Note that a broken geodesic
need not be a solution to (1.1) at its concatenation points, since the third derivatives
need not match (see [11]).

We obtain a periodic solution from the method of broken geodesics in two steps.
First we must determine when monotone laps exist between given values of u, and
this is accomplished in § 3 via minimization. Then it must be shown that there exists
a broken geodesic that is a solution to (1.1), which follows from the geometric and
topological properties of M, as we now explain.
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Figure 1. The increasing and decreasing laps u+ and u_, respectively.

From the Hamiltonian (1.2), solutions must satisfy

%u” - L(u,0,u”)=E

at points where v = 0. We denote this level set in the (u,u”)-plane by N. Note
that N is the section of M defined by M N {u’ = 0}. Indeed, M N {u' = 0} is
the cylinder N x R, where the R variable is determined by the p, coordinate. Due
to the convexity of L with respect to u”, the manifold N consists of two graphs
in the (u,u”)-plane. In particular, the projection m of N onto the u-axis can be
characterized by #N = {u : L(u,0,0) + E > 0}, and the sets N N {(u,u”) | u > 0}
and N N {(u,u”) | u < 0} are graphs over 1 N. A particular connected component
of mN will be denoted by I, and will be referred to as an interval component.

We will consider broken geodesics whose values lie in a single interval compo-
nent /. Given such a component I of 7N, define B = {(uy,us) € I X I :u; < us}.
For given laps u4 and u_ let pif , pif, and p, , p;, be the p, values at the concate-
nation points. As shown in [11], if the condition

p; — Py, =0 and p; — Py, =0 (2.1)

is satisfied at the concatenation points, then uy#u_ is a periodic solution, and
thus a closed characteristic.
Let (u1,u2) € B and pf ,p, € R. Consider the trajectory

:L’(t) = ¢t(u1: Oap;::pv(ul))

of the Hamiltonian flow. Here, p, = u” is a function of u1, since the initial point
has v =« = 0, and hence is in N. Thus there are two choices for p,(u1), and we
will choose p, (uy) > 0.

Define fy(u1,p;,) and g4 (u1,py,) to be the values of u and p, at the first max-
imum of 7z (t), respectively (see figure 1). As pf — oo, then fi(u1,py ) — u1.
The maps fy and g+ are well defined for fixed u; with decreasing p; as long
as fi(u1,py,) < max /. In addition, the f; and g, are smooth in (uy,p;,) on the
domain of definition P,. We can define analogous maps f_(u2,p,,) and g_(u2, p,,)
as the values of w and p, at the first minimum of a decreasing lap (see figure 1),
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fibre

Figure 2. The cotangent bundle 7" B and the intersecting
Lagrangian submanifolds £+ and £_.

with domain of definition P_. Let

‘C+ = {(u7f+(u7pu):puag+(u7pu))}ﬂ
Lo ={(f-(upu),u,g—(u,pu), pu)}

be subsets of the cotangent bundle 7*B. Then L4 are two-dimensional submani-
folds of T* B given as graphs over the (u1, p,, )-plane and the (us, p,, )-plane, respec-
tively (see figure 2).

The submanifolds £ are, in fact, Lagrangian submanifolds of T*B. Condi-
tion (2.1) implies that intersection points of the manifolds £ correspond to bro-
ken geodesics that are periodic solutions, i.e. u; = f_(u2, puy ), f+ (U1, Pu,) = us,
Pur = g—(u2,puz) and g4 (U1, puy) = Pus,-

In the special case that there exist unique laps us and u_ for all (uy,us) € B,
then the system is a twist system, as mentioned in the introduction. In this case,
L are exact Lagrangian submanifolds of T*B, i.e. L1 are the graphs of exact
1-forms on B provided by generating functions for the laps [11]. In this case, a
direct variational principle exists in terms of just the extrema u; and us. This case
is analysed in detail in [11], and will be used here to prove the main result. If the
Lagrangian system is not a twist system, a generating function can still be found
by considering the full action Jg as in [1]. However, in this paper, we will use a
continuation principle to study £4 N L_ via continuation to a twist system.

We denote by 7 : T*B — B the canonical projection onto the base and by 7* the
projection onto the (py,,pu,) coordinates of a point in T*B. The following lemma
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is proved by theorem 3.12 in §3 and shows that, for any Lagrangian satisfying (H1)
and (H2), the projections m£y cover the base, which plays a crucial role in our
intersection theory.

LEMMA 2.1. Let L satisfy hypotheses (H1), (H2). Then, for each pair (u1,us2) € B,
there exist increasing and decreasing laps uy and u_ (in C®), respectively. In par-
ticular, L4 = B.

The next lemma establishes that the intersection set w(£4NL_) is always strictly
contained in B for Lagrangians satisfying (H1) and (H2).

LEMMA 2.2. Let L satisfy hypotheses (H1) and (H2). Then
7(LyNL_)NIB =10,

where B = BN (R?\ intg= B). Moreover, if cI(B) is compact, then there exists a
compact set B C intg2 B such that m(LL NL_) C B.

Proof. Let 7~ Y(u1,us) = ¢ be a fibre in T*B. For each point (uj,uz) € B,
lemma 2.1 implies that ( N L4 # (. Take a point (u1,uz) € B and consider the
points (p;f ,pt,) € (NLy and (p,,,p,,) € (N L_. Lemma 7 of [11] implies that,
for each pair (pj ,p;,) and (p,,,py,), either pi —p, or pf — p,, has a definite
sign (strictly negative). Thus, for any boundary point (u1,us) € OB, we have

TCNLY) £ 7 (N L), (2.2)

which implies that 7(£,. N L_)NIB = 0.
Now assume that cl(B) is compact, and hence [ is a compact interval component.
Define
Bs ={(u1,u2) € B|lu; 2 minl 46, us < maxI — 4}.

From lemma 8 of [11], there exists dy > 0 such that, for all 6 < Jg, the boundaries
{u1 = minT + ¢} and {us = max I — §} satisfy equation (2.2). This proves that
m(Ly NL_)NIBs =0, where dB; is defined in same way as dB. Define the diag-
onal A = {(u1,us2) € cl(B) | u1 = u2}. Suppose now that there exists a sequence of
points (uy,uy) accumulating at cl(Bs) N A. Then it follows from lemma 5 of [11]
that

gy — Pups Py — Pug)ll > 00 asn— o0

for any pair (p;rY = p;IL,p;rg = Pup) in (GuNL4) X (GNL-), where , = 7 (ul, ul).
The latter combined with the behaviour of £y NL_ on dBs now implies that there
exists a compact set B C intgz Bs C intg2 B such that 7(£Ly NL_) C B. O

To study £ N L_, we use the intersection number (L4, £_). Our approach is to
define «(L4, £_) via the Brouwer degree by constructing proper equations on 7*B
whose zero sets are L. This can be done in many ways and the intersection number
t(Ly,L_) does not depend on the particular choice of the defining equations.

Let

Fy(u1,Puy> U2, Puy) = [u2 = f4 (U1, Puy )s Pus — g+ (U1, Pus )]s
Ff(ulapulau%puz) = [Ul - f*(u%puz):pul - g*(u%puz)]:
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where the domain of definition of Fy is (u1,py,) € Py, (u2,pu,) € I X R and
the domain of definition of F_ is (u2,pu,) € P—, (u1,py,) € I x R. Then L4 are
the level sets FL'(0) in T*B. Define F(u1,puy,,u2,pu,) = [Fy,F_] on Py x P_.
Then the zero set of F is F~1(0) = £, N £_, which is bounded and contained
in int(Py x P_). The latter follows from lemma 2.2. Indeed, for any intersection
point, (u1,us) € B, we have u; € intI. If (u1,pu,) € OP4, then uy € 09I, a
contradiction. Thus (u1,p,,) € int Py. Similarly, it follows that (ug,p,,) € int P_.
Since 7(£4 N L£_) C B, the boundedness of F~1(0) follows from continuity. These
facts combined justify the definition

WLy, L) =deg(F, Py x P_,0)
(cf. [3]). Since dim L4 = 2, we have
Ly, L) =u(L_,Ly).
We are now ready to prove the main result.

Proof of theorem 1.1. Let M be a regular energy manifold corresponding to H(z) =
1

E. We compare the Lagrangian system determined by Lo = L = §w2 + K(u,v)
with the system determined by L = %wQ + K (u,0). The latter system is of Swift—
Hohenberg type, which is shown to be a twist system in [11]. The two systems are
related by continuation. Specifically, define Ly = (1 —\)Lo+ AL1. Then the energy
manifolds M) are regular for all A € [0, 1]. Hence each M) is homotopy equivalent to
M = Mj. Moreover, from the definition of L, it is clear that the sections Ny = N
and the base manifolds By = B for all A € [0, 1].

Since My and M; are homotopy equivalent, the Betti numbers dim Hy(My) and
dim Hy(M,), k > 0, are equal. In [2, §7], it was shown that dim Ho(M7) is equal
to the number of compact components of the section N, which can be computed
directly from the graph of the potential K (u,0), i.e. the number of compact intervals
on which K(u,0)+ E > 0.

Since L; defines a twist system, the results in [11], specifically lemma 8 illustrated
in figure 2, imply via a Conley index argument that, for each compact component
of N, the overall degree deg(F, Py x P_,0) is 1, and hence L(E}r, L) = +1. The
sign of L(E}r, L) depends on the orientations of £ induced by their definition as
level sets of Fy. Since L) satisfies hypotheses (H1) and (H2) and 92Ly=1>0
for all A € [0,1], the results of lemma 2.1 apply for all A € [0,1]. Moreover,
lemma 2.2 implies that W(Eﬁ‘r NnLr) c B for some compact set BcB uniformly
for all A € [0,1].

Now, the continuation property of the degree can be used to show that the inter-
section number can be continued for all A € [0, 1]. This fact requires a little argu-
ment. For each Ag € [0, 1], there exists an €(Ag) > 0 and compact Dy, C Py x P_
such that £3 N LY C Dy, for all A € (Ag — €(Xo), Ao + €(X)) N [0,1]. Therefore,
deg(F, Pfr‘ x P* 0) = deg(F, D,,,0), i.e. the function L(ﬁﬁ‘r, L) is locally constant
on [0, 1]. Since [0, 1] is connected, ¢(£}, £} ) is globally constant on [0, 1]. In partic-
ular, o(£9,£%) = (LY, LL) # 0.

Hence, for each compact component of N, the energy manifold M contains a
closed characteristic. Therefore, the number of closed characteristics is at least

dim Ho (M). |
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3. Existence of laps in the regular case
3.1. Properties of the Lagrangian action
Fix E € R and a compact component interval component . Given

u = (uy,us) € B,

be K ={(br,b2) € R* : byby > 0 and max{| by], [b2|} < 5},
define

X, (u,b) = {u € H*([0,7]) : w(0) = uy, u(r) = ug, u'(0) = by,
u' (1) = by and v/ (t) # 0 for t € (0,7)}

and

hM:AEqu+mwmwm+ma

which is well defined on X (u, b) = J g+ X-(u,b). To prove lemma 2.1, we consider
the following minimization problem,

Je(u,b) = 1€nf JEelul,
TERT

and establish the existence of minimizers.
Minimization Jg requires a growth condition on the Lagrangian. Hypothesis (H2)
implies the following property.

LEMMA 3.1. If hypothesis (H2) holds, then, for every e > 0, there exists C. = 0
such that K(u,v) + E +e vt > —C.|v| for allw € I and v € R.

Proof. Since u is bounded, we have K (u,v) > —C — C|v|?. Thus
K(um)—i—E—i—( vi> —C+E—-Cl| +e vt > -Cr

for all w € I and v € R. Since K (u,0)+ FE > 0 and 9, K (u,0) is bounded for u € I,
there exists C. > 0 such that K(u,v) + E + e tv* > —C.Jv| for all u € I and
v € R. O

LEMMA 3.2. Ifu € X(u,b), then

"2 41— [bl) / I _4pls
dt > dt —
/ [l 9|U —up]? 'l 9ug —us|’

Proof. Since u is monotone, we can reparametrize by u'(t) = v(u) and let z(u) =
vlv|}/?(u). Transforming to (u, 2) variables yields
e K(u, 2?3 w))+ E
Telu(t)] = Jel=(u)] = | Bﬂw%-(zm@? du,

u1

with z € x—i— H{ ([u1,us]), where x is a smooth function satisfying z(u1) = bj /2 and
2(usg) = b/?. Hence z is absolutely continuous with

2(u) — z(uq) = /u 2 (p)dp

u1
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for all w € [ug,us], which implies
u2
M@—WW<mrwﬂ/IA%w
ul

Note that, under this transformation,

T u2 T w2
/ [u” (t)|? dt = %/ |2/ (u)|?>du  and / lu/ (t)[* dt = / |2(u)|? du.
0 u1 0 u1

Therefore,

/ |u”|2dt
0
U2
= é/ 1212 du
9 Ju,
4
/ |z — b3/2|2 du

~ 9fug — g |

4 ue 3/2/“2 3 }
_— 2qu — 2b d b —
T—E [/1 2= du . zdu + by|ug — uy|

4 o, 3/2 1/2 " 2 3
z —_— du — 2b — d b .
e A A R

N 4(1 —by) /“ 2y 4b?
9|U2_U1|2 9|U2_U1|
ww/wq%t 4l
9|U2 - U1|2 9|U2 - U1|

Now we use this inequality to prove that Jg is bounded below on X(u,b), so
that the minimization problem is well posed, i.e. Jg > —oc.

LEMMA 3.3. There exists a constant C(Jus — u1l, |bleo) > 0 such that Jg[u] > —C
for allu € X (u,b).

Proof. Applying lemmas 3.1 and 3.2, we obtain

hM=/WMW+K@M+Md

2 T
201 = l) / lu'|* dt — 9|2|b| /[K(mu')—kE]dt

9|U2—U1|2 ug — U1l

2/ [K( )+E+—2| 'ﬂdt—ﬂ
0 9|U2_U1| 9|U2_U1|

T 2|b)?
2_/ C’u'dt—¢
0

9|U2 - U1|
2[612
—Clus — | — —=1loo
|U2 U1| 9|U2 —’U,1|’
which implies that Jg[u] is bounded below on X (u, b). a
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Define the sublevel set Jf(u,b) = {u € X (u,b) : Jgu] < a}.

LEMMA 3.4. There exist positive constants C1, Co and T, depending on a, |us—uq|
and |bls, such that, for any u € Jg(u,b), we have 7 = T1, [|[u”||12(0,,)) < C1 and
lu'|l L4 ([0,7)) < Co2.

Proof. We have

a > Jglu

:l/ |u”|2dt+/ (K (u,u) + E]dt
2 0 0
21— [b.) | }/”,4 22

> — dt - ——=— _(C — .
bmyﬂm2 s —wiP) Jy T T Gy g 2w

Therefore,

/ /|4 dt < C(a, |bluo, lus — ua]),
0

which also implies
-
/ lu”|?dt < C(a, |bloo, |us — u1l).
0
As for a lower bound on 7, we argue as follows. Integrating u’ over [0, 7], we find

that
ug —ug| < 72 |2 < 7AW o < O

O

LEMMA 3.5. There exists C(T,a,u,|bls) such that |[ullg2(jo,;)) < C for all u €
J%(u, b).

Proof. By Cauchy-Schwarz,
e < O bluc = w72
0

which implies that
[ull Lo ([0,77) < Cla, |bloo, [uz — wr )73 + Jus |
and
/ W2 dt < (C(a, [bloo, [z — )73/ + [ur|)27.
0

Therefore,
lullm2(o,77) < Cla, [bloo, [uz — url, [ual, 7).
O

To find a minimizer, we need to establish that Jg is coercive and weakly lower
semicontinuous along a minimizing sequence. Lemma 3.5 implies coercivity provided
that 7 is uniformly bounded, which is proved in § 3.2 for the regular case. We now
show that Jg is sequentially weakly lower semicontinuous along sequences for which
7 is bounded.
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LEMMA 3.6. Suppose that w,, € X (u,b), with both |[u,l g2 (0,r,)) and T, uniformly
bounded. Then
lim inf Jglup,] = Jeu]

nj —00

for some u € H%([0, 7]).

Proof. We can rescale t to separate the dependence on 7 from variations in u. Let

Xo(u,b) = {g € H([0,1]) : q(0) = u1, q(1) = ua, ¢'(0) = bi/7,
q' (1) = by/7 and ¢'(s) # 0 for s € (0,1)}.
Let

Then ) ,
Tild] =/O [%|q//(8)|2+TK(q(S),@> +TE} ds

for ¢ € X (u,b).

The functions g, (s) = u,(7s) are uniformly bounded in H?([0,1]), and hence we
can extract a weakly convergent subsequence ¢,, — ¢ with 7,, — 7. Observe that
the functional fo K(q,q'/7)+ E]ds is contlnuous in 7 > 0 and weakly continuous
in ¢ € H?([0,1]). The functional (1/27%) f l¢""|? ds separates the variables 7 and ¢
and is continuous in 7 and sequentially weakly lower semicontinuous in q. Hence

/ |q”|2ds<hm1nf—/ g2 ds.

Therefore, Jg[g] < liminf,, o Je[g,]. O

LEMMA 3.7. If Tg(u,b) = Jg(u] for some u € X (u,b), then u € C°([0,7]) satisfies
the Euler-Lagrange equation (1.1) and H(u,u',v”,u"") = E.

Proof. This follows from standard regularity theory (cf. [7]). O

Lemmas 3.5 and 3.6 imply that a minimizer exists in H?([0,7]), provided that
7 is bounded along some minimizing sequence. Lemma 3.7 states that a minimizer
belonging to X (u, b) is a solution to the EulerLagrange equations. Therefore, we
must show that minimizing sequences exist for which 7 is bounded and the weak
limit belongs to X (u, b). This issue will be addressed in § 3.2 for the regular case.
We conclude this subsection with a technical lemma concerning the continuity of
the infima Jg(u, b) with respect to the parameter b.

LEMMA 3.8. Suppose that b, — b € K and u,, € X (u,b,,), with 7, — 7, Jg[u,] =
Je(u,b,) and u, — u in H([0,7]). Then Jplu] = Jr(u,b).

Proof. Again we can rescale ¢t to separate the dependence on 7 from variations
in u. Let x[7,b)] : [0,1] — R be a smooth strictly monotone function satisfying
x(0) = ug, x(1) = ug, X’ (0) = by /7 and x'(1) = by /7, and define

1 / / " "
+ +
JE[q,T;b]:/ L(q+x,—q TX’_Q 2X >Td8
0

T
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for
q € {qe H*([0,1]) : ¢(5) + X'(s5) # 0 for s € (0,1)}.
Then
inf Jglq, 7;b] = Te(u, b).
q,T

The family x[7, b] can be chosen to vary continuously in b, the family of functionals
JE|q, 7; b] is continuous in b for each fixed ¢ and 7. Therefore, the infimum Jg(u, b)
is upper semicontinuous with respect to b (cf. [10]).

Let qn(s) = un(m8) — X[Tn, bn](s). Since Jg[-, -; b] is continuous, we have

Jelg,7;b) = lim Jglgn, Tn;by] = lim Je(u,b,) < Je(u,b) < Jglg, 7;b].
Therefore, Jgu] = Jg[q,7;b] = Jr(u,b). O

3.2. The existence of minimizers

In this section, we prove the existence of minimizers when u = (u1,u2) € int B
for a single interval component I, and hence we will assume that [u1,us] is regular.
In this case, the following property is due to continuity.

(P3) There exist p > 0 and d9 > 0 such that K(u,v) + E = p > 0 for all (u,v) €
[Ul,’U,Q] X [—(50,(50].

LEMMA 3.9. Under hypotheses (H1) and (H2), there exists a constant Ty > 0,
depending on a, |bleo, |us —u1l, 1/60 and 1/p, such that, for any u € J&, we have
T < Tg.

Proof. Let
Sso = {t €[0,7] : [W/(¥)] = o},

where d¢ is chosen in (P3). Since
Sslot < [ futa,
0

we have |Ss,| < C(a, 6%, |lug — u1],1/83). Let € > 0. Then

a > Jplu

>,
S

> plr =[S~ [ It = Cus i,
Ssq

[K (u,u') + E| dt+/ (K (u,u) + E]dt

c
%0 Ssq

V

which implies that 7 < Ty(a, 62, |ug — u1l|, 1/55,1/p), by lemma 3.4. O

Lemmas 3.3 and 3.9 imply that action is bounded below on X (u,b), and the
time 7 is bounded on sublevel sets of Jg. Therefore, lemma 3.6 implies that Jg
is coercive and sequentially weakly lower semicontinuous along any sequence in
X (u, b) on which Jg is bounded. Let

cd X, (u,b) = {u € H*([0,7]) : up, — u for some sequence u,, € X (u,b)}.
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Functions
u€clX(u,b) = | cl X (u,b)
>0

are monotone, possibly with critical inflection points. We have shown that the
minimization problem is well posed in the sense that a minimizer exists in cl X (u, b).
However, we must still show that this minimizer lies in X (u, b) in order to apply
lemma 3.7.

Without loss of generality, we can assume that the following condition holds.

(P4) The constant dop > 0 in (P3) can be chosen such that K(u,v) + E is non-
increasing in v for all (u,v) € [ug,us] X [—dg, dg].

Property (P4) is not a restriction on K. Consider the family of Lagrangians
|u"|?/2 + K (u,v) — av. Then J, glu] = Jg[u] — a|luz — uq| for all @ € R. Hence
the minimizers of J, g are the same for all & € R. Since [uq, us] is compact, we
can choose a > 0 such that 9,K (u,0) — « is strictly negative for all u € [uy,us].
Then, replacing K (u,v) by K(u,v) — av will satisfy (P4) without changing the
minimization problem, and since e > 0, the growth condition (H2) is still satisfied.
Furthermore, property (P3) still holds with possibly smaller values of p and dg.
Property (P4) is used in the following lemma, which implies that a minimizer must
lie in X (u, b).

LEMMA 3.10. Suppose [w1,ws] C [u1,ug]. Let u € cl X, (w, b,) for some b, = (b, b)
with 0 < |b] < &. Define 7 = |wy —w1]/b> 0 and w € Xz (w, by) by w(t) = bt+w;.
Then Jgw] < Jg[u] and w'(t) # 0. If u” # 0, then Je|w] < Jglu].

Proof. Asin the proof of lemma 3.2, transforming u(t) and w(t) into (u, z) variables,

we have
2 w2 o w2 K(U7Z2/3) 4+ E
JE[U]—E/ |2/ du-i—/w1 T du
b))+ E
L. [ o
Jplw (3.1)
Here we have used properties (P3) and (P4). O

COROLLARY 3.11. If u € cl X(u,b) is a minimizer of Jg, then @' # 0 on [0, 7],
and hence u € X (u,b).

Proof. Suppose u has a critical point at ¢y. Since u is monotone, ty is contained
in some maximal compact interval of critical points I. By continuity, for any
b, = (b,b) with |b| sufficiently small, there is an interval [t1, 3] containing I such
that v/ (t1) = v/(t2) = b. Let w1 = u(t1) and wo = u(t2). Then, using lemma 3.10,
we can construct a function w € X (w, b,) such that Jg[w] < Jg[uly, 1,]]. Replac-
ing uls, 1) by w yields a function @ € H?([0,7]) such that Jg[d] < Jg[u], which
contradicts the fact that u is a minimizer. O

We have proved the following theorem, which implies lemma 2.1.
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THEOREM 3.12. Suppose that L satisfies hypotheses (H1) and (H2) on an interval
component Ig. Ifu € B and b € K, then there exists a strictly monotone minimizer
u € X(u,b) N C3([0,7]) of Jg that satisfies the Euler-Lagrange equation (1.1).

In fact, the above results prove theorem 3.12 for u € int B. In order to include all
of B, one can choose a sequence of minimizers u,, € X (u,,b) with u,, = u € 9B. To
obtain a limit in X (u, b), we need to argue that 7, is uniformly bounded. Suppose
not, i.e. 7, — oo. Since [[unllg2(0,7,}) < C, we would obtain, after appropriate
shifts, a solution asymptotic to either uq or us, or both, which is a contradiction.

4. Extensions and concluding remarks

4.1. More general Lagrangians

Essentially, the hypotheses (H1) and (H2) in §1 are stated in the manner most
convenient to implement the minimization in § 3 without too many technical details.
The analysis in that section is needed to establish the surjectivity of the projection
wL4 onto the base B, which ensures that the continuation to a twist system is well
defined. The geometric and topological considerations in § 2, other than surjectivity,
require merely the convexity of L in u”.

Thus hypotheses (H1) and (H2) can be weakened. For example, the conditions

(H1") 0 < a < 92 L(u,v,w) < o~ ! for all (u,v,w);
(H2') L(u,v,w) > gaw? = C(lu]) = C(lul)[o]", v < 4,

where C(|ul) is locally bounded, would also be sufficient. Hypothesis (H1’) implies
that the action Jg is well defined on the Sobolev space H?(0,T), and (H2') implies
that the action is bounded below. Moreover, the use of other function spaces would
allow super-quadratic growth of L in u”.

4.2. Sharp lower bounds

Consider the Lagrangian L(u,u’,u”) = +(u”)? — +(«/)* and E > 0. The cor-
responding action is not bounded below. Indeed, if ua(t) = Asin(n(t — 37)/T),
then " oA orad

Jual = / [L(UA,U;;,UZ&) + Eldt = 5 T T8 + ET.
0
Thus, for A large enough, J{us] — —oo as T — 0. This example shows that the
minimization procedure can fail when « > 4 in hypothesis (H2).

This problem is not just a failure of a particular method. For E' = 0 in the previous
example, it is not difficult to show that there are values u; and us for which no
monotone laps exists. The growth condition (H2) is a geometric restriction. Since
M is non-compact, it is inevitable that some such restriction is necessary.

4.3. The topology of energy manifolds

For Lagrangians that satisfy the convexity hypothesis 92 L > « > 0, the topology
of the energy manifolds My = H~!(E) can be completely determined from the sign
changes in the potential L(u,0,0) 4+ E. Consider the homotopy

Lx(u,v,w) = (1 = A)L(u,v,w) + A[gow 2 + L(u,0,0)]

https://doi.org/10.1017/5S0308210500003127 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003127

Closed characteristics of second-order Lagrangians 157

of Lagrangians with corresponding Hamiltonians Hy(x) = p,v + L} (u, v, p,). If M
is regular, then it is immediately clear that M) is regular for all A € [0, 1]. So Hj(x)
defines a cobordism between M = My and My = {$aw? + p,v — L(u,0,0) = E}. A
straightforward calculation shows that the height function (A, 2) — X has no critical
points, and hence standard Morse theory implies that M is homotopy equivalent
to M), for all A € [0, 1]. In fact, they are diffeomorphic.

In [2], the homotopy type of M7 was computed for the regular case, which implies
L(u,0,0) + E has simple zeros. There is a deformation retraction of M; onto a
bouquet of circles and 2-spheres. Consequently, the homology of M; is determined
by its Betti numbers with Gy = 1 and 3, = 0 for n > 2. The second Betti number
(5 is the number of compact components of IV, i.e. the number of compact intervals
in R on which L(u,0,0) + E > 0. The first Betti number is the number of compact
intervals on which L(u,0,0) + F < 0, which depends on the behaviour of L(u, 0, 0)
as |u| — oo. In any case, 31 € {32 — 1, 82,32 + 1}.

A simple example shows that the lower bound dim Ho(M) in theorem 1.1 is
sharp. Let L(u,u,v") = %(u”)2 + %uQ and £ > 0. Then Mg ~ S' x R?, with
dim Hy (M) = 0, and solving the (linear) EulerLagrange equation explicitly shows
that there are no closed characteristics.

4.4. Singular manifolds

Singularities in M occur at critical points of L(u,0,0) + E. Depending on the
eigenvalues of these points as equilibrium points of the flow ¢!, there are three
types of singularities: saddle (four real eigenvalues), saddle focus (four complex
eigenvalues) and centre (four imaginary eigenvalues).

Consider an energy manifold M with (isolated) singular points in the interior of
a compact component I of 7IN. The techniques in this paper imply that, for each
component of I\ {singular points}, there is a closed characteristic independent of
the type of the singularities. Note that this is already different from the first-order
Lagrangian case, where singular manifolds cannot contain closed characteristics.

However, in the second-order case depending on the type of the singularities,
even more closed characteristics must exist. It is shown in [11] that, if the twist
property holds on each component of I\ {singular points} and the singular points
are either of saddle-focus or centre type, then the twist property holds on all of I,
and additional closed characteristics exist with non-zero intersection number.

The arguments of this paper should be applicable in this case by continuation of
a singular manifold with saddle-focus or centre type singularities to a twist system.
The main issue is whether the surjectivity criterion in lemma 2.1 holds over all of 1.
We leave the details for future work, but we do not foresee any major problems
in applying the techniques of [6, 7], which provide exactly the tools required to
minimize in the presence of a saddle-focus or centre equilibrium, to show, again by
minimization as in § 3, that the surjectivity condition holds.

4.5. Forcing of additional closed characteristics

For twist systems, it is shown in [4] that the existence of certain closed charac-
teristics can force the existence of a multitude of closed characteristics due to their
braiding and knotting. The above continuation method does not always immedi-
ately apply because the intersection numbers corresponding to these additional
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closed characteristics can be trivial, but, in certain cases, the topological informa-
tion obtained from the braid type will imply non-trivial intersection number. In
those cases, the arguments of this paper will imply the existence of more closed
characteristics. One might also attempt to prove the existence of multiple solutions
by more carefully studying the intersections using the fact that they are intersec-
tions of Lagrangian manifolds, which we leave for future work.
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