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Abstract

We determine the asymptotics of the number of independent sets of size |82 | in the discrete hyper-
cube Q, = {0, 1}“ for any fixed B € (0,1) as d — oo, extending a result of Galvin for g € (1 — 1/4/2,1).
Moreover, we prove a multivariate local central limit theorem for structural features of independent sets
in Q; drawn according to the hard-core model at any fixed fugacity A > 0. In proving these results we
develop several general tools for performing combinatorial enumeration using polymer models and the
cluster expansion from statistical physics along with local central limit theorems.
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1. Introduction

Let Q, be the discrete hypercube: the graph with vertex set {0, 1}% in which two vectors are joined
by an edge if they differ in exactly one coordinate. An independent set is a set of vertices that con-
tains no edge. Let Z(Q,) be the set of independent sets of Q; and let i(Qy) = |Z(Q,)| be the number
of independent sets of the hypercube. The vertices of Q; can be divided into two sets, those whose
coordinates sum to an even number and those whose coordinates sum to an odd number. This
partition shows that Qg is a bipartite graph. We let N: = 297! be the number of even (or odd) ver-
tices of Q. A trivial lower bound on i(Qg) is 2 - 2V — 1 obtained by considering independent sets
of only even or only odd vertices. A better lower bound is obtained by considering independent
sets with an arbitrary (but constant) number of ‘defect’ vertices on one side of the bipartition. This
increases the lower bound by a factor /e. Korshunov and Sapozhenko showed that this gives the
correct asymptotics for i(Qy ) as d — oo [16].

Theorem 1 (Korshunov and Sapozhenko). As d — oo,
i(Qu) = (2ve+o(1)) 2.

Galvin later studied weighted independent sets in the hypercube. For A >0, define the
independence polynomial of Qg ,

Zo,0)= Y Al

1€Z(Qq)
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Taking A = 1 recovers i(Q,). In what follows we will drop Q; from the notation, writing Z(1) and
T for Zg, (1) and Z(Qy).

The independence polynomial Z(1) is also the partition function of the hard-core model on Q;:
the probability distribution w; on Z defined by () = Az, By generalising Sapozhenko’s
alternative proof of Theorem 1 in [20], Galvin found the asymptotics for Z(1) for A > V2 —1110]
(as well as the asymptotics of log Z(1) for A = Q(log d/d'/3)).

Theorem 2 (Galvin) For A > /2 — 1,

_ N 1!
Z(A) =2+ o)1+ 1) exp {/\N<1+/\> }

asd— oo.

Analogously to Theorem 1, the trivial lower bound for Z(1) is 2(1 + AN — 1, and the asymp-
totic formula in Theorem 2 includes the contribution from independent sets with a constant
number of defect vertices, captured by the exponential factor.

Galvin also studied the typical structure of the defect vertices under the probability distribution
i Formally, given an independent set I € Z, if [I N O] < |I N &], we refer to the elements of I N O
as the defect vertices of I; otherwise we say that I N £ is the set of defect vertices. A natural way to
describe the structure of a set S C O, £ is to describe the graph in[S] where in denotes the square
of Q4. Given an independent set I with defect vertices S, we refer to the connected components of
in[S] as the defects of I. Galvin showed that for A > V2—1,allbuta vanishing fraction of Z(})
comes from independent sets with defects of size at most 1.

Recently, the first two authors found the asymptotics of Z(A) for all fixed A > 0 [15]. The
asymptotic formula takes into account defects of arbitrary, but constant size. The smaller X is,
the larger the size of defects that must be considered.

Theorem 3 (Jenssen and Perkins) There is a sequence of polynomials R;(d, 1), j € N, such that for
any fixed t > 1 and A > 21/t — 1,

t—1
ZO0) =2+ 01))1+2)Nexp | N Ri(d, 1)(1+ )%
j=1

as d — 00. Moreover the coefficients of the polynomial R; can be computed in time eOlilog),

In particular, R; = A, recovering the formula in Theorem 2.

Given these results it is natural to ask for the asymptotics of i,,(Q), the number of independent
sets of size m in Qg . There is a trivial lower bound of i,(Q;) > 2(% ), obtained by considering
independent sets composed entirely of even or odd vertices, but depending on how large m is, we
may need to take into account independent sets of size m with defects up to a given size.

Galvin [11] gave the asymptotics of i,,(Qy ) in the range for which almost all independent sets
of size m contain defects of size at most 1.

Theorem 4. (Galvin) Fix g € (1 —1/+/2,1) and let > = % Then

N 1\
iL,BNJ(Qd)Z(Z-i‘O(l))(L,BNJ) exp |:)»N (l—i—_)»> j| . 1)

Note that the asymptotic formula (1) consists of the trivial lower bound Z(L ﬂz\{\, J) multiplied
by the same exponential correction factor in the asymptotic formula for Z(1) in the range A >

V2 -1

as d— oo.
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We show that a similar, but more complicated, formula holds for all 8 > 0. In particular,
when B <1 — 1/+/2 the formula is not simply the trivial bound multiplied by the appropriate
exponential correction factor from Theorem 3. We explain below where the extra complexity
arises.

Theorem 5. There is a sequence of rational functions Pj(d, B), j € N, such that so that for any fixed
t>1and pe(1—2"Y1),

N t—1 )
ipN)(Qq) = (2+0(1))<L,3NJ) exp NZPj(d:ﬁ) (1 By (2)

j=1
as d — 00. Moreover the coefficients of P can be computed in time eOllog),

For small values of j the functions P; can be computed by hand. For example, P; = %, and

taking t = 2 in Theorem 5 recovers Galvin’s Theorem 4. A more involved calculation carried out
in Section 3 yields

_2AB—-1PB—dd—-1)(B-2)p° B - dp)?
B 41— gyt 20-8)7
By Theorem 5 this gives an explicit asymptotic formula for i g} (Qg) for § > 1 —27

p,

1/3,

, N p d
i ~2 exp | N——(1—
1aN) (Qa) (L,BNJ) P[ 1—,3( B)
N <2(ﬁ —1)’—dd-1)(B-2)p B1- dﬁ)z) (- ﬂ)m}
41— p)t 2(1 - By '

In principle, one can continue to compute Ps3, Py, . .. and obtain explicit asymptotics for any
fixed B. More generally, the results of [15] and of this paper hold for much smaller A and g, tending
to 0 as d — oo, as long as A > Clogd/d"/? and B > Clogd/d"/? for an absolute constant C. In
this case, however, the asymptotic formulas in Theorems 3 and 5 become series with a number
of terms that grows with d. These series can be used to give an algorithm to approximate Z(})
and i|gn|(Qq) up to a (1 + &) multiplicative factor in time polynomial in 1/ and N (an FPTAS
in the language of approximate counting; see e.g. [14] for such an algorithm for independent
sets in expander graphs). This raises an interesting question of what it means to determine the
asymptotics of a sequence f(d) as d — 0o. Evaluating a closed-form expression involving, say,
exponentials or logarithms, might also involve truncating a power series, and so in a sense an
algorithmic definition is natural. We do not pursue this further here and instead stick with g
constant.

The proof of Theorem 5 makes use of the following simple yet useful identity. Let Z,,, ={I €
Z:|I| = m} so that i,,(Qy) = |Z;|. Form € Nand A > 0,

Z(A
im(Qq) = %ILA(Im) . (3)
In fact this formula follows from the definition of 1) and so holds for any graph, not just Q4. To
use (3) along with Theorem 3 to derive asymptotics for i,,(Q,), we must compute the asymptotics
of . (Z). The feasibility of doing this depends very much on m and the choice of 1. By choosing
A so that the expected size of an independent set drawn from pu, is approximately m, we can
compute the asymptotics of i, (Z,,) using alocal central limit theorem. In practice, we do not work
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with the hard-core model directly, but with an approximating measure derived from a polymer
model which describes the distribution on defects in an independent set from the hard-core model
(see Section 2). This polymer model was introduced in [15].

In the next theorem we give an expansion in (1 — 8) for a value of the fugacity  for which the
expected size of I, a random sample from the hard-core model, is close to | N |. By expanding the
formula (5) below and combining this with (4) we obtain Theorem 5.

Theorem 6 There exists a sequence of rational functions Bj(d, B), j € N, such that the coefficients of
Bj can be computed in time 0018 and the following holds. Fix f € (0, 1) and let t > 1 be such that
B>1—2"Y Then with

t—1
Ap= % +3 BB (1 B @
j=1
we have
Z(A
iaN)(Qq) = 1+oll) (1) (5)

27N — ) 1
as d — 0o0. Moreover,
s, 11| — LBN]| = o(N'/?).

In [15] the authors prove a multivariate central limit theorem for the number of defects of
different types in the polymer model. In Section 4, we establish a multivariate local central limit
theorem for this polymer model which allows us to refine Theorems 5 and 6 further still. Given a
defect S, we define the type of S to be the isomorphism class of the graph Qi[S]. For a given defect
type T, we let Xt be the random variable that counts the number of defects of type T in a sample
from the hard-core model on Q4. We let mr = E; Xr.

Given a collection 7 of types and vector of non-negative integers k= (k1) reT, let i x(Qg)
denote the number of independent sets in Q4 of size m with exactly kr defects of type T for all
TeT.

Theorem 7 Fix B € (0, 1) and let . = Ag be as in Theorem 6. Let T1 be the set of defect types T such
that mp — pr for some constant pr > 0 as d — oo and T, the set of defect types T so that mT — oc.
Let (k) reT; be a vector of fixed non-negative integers and let (k) eT; be such that kt = | mr + st
where |st| = O(/mr) for all T € T,. Let k = (k1) re;UT;. Then

2
_’r
e 2mp

kp
14 0(1) Z()xﬁ) 1—[ pr € T 1—[ 6)
TeT,

fLan Q) = V27 NB(1 — B) )\E’gNJ TeT; (kr)! 2 S2rmr

as d — oo.

This formula matches that of (5) with additional factors corresponding to Poisson probabilities
(for T € 71) and local central limit theorem probabilities (for T € 73).

1.1 Methods: maximum entropy, statistical mechanics and local central limit theorems

The methods we use here combine several different probabilistic tools, including abstract polymer
models and the cluster expansion, large deviations and local central limit theorems. Counting
independent sets in the hypercube is a canonical combinatorial enumeration problem, and so we
hope this provides a template for using this combination of tools in other combinatorial problems.
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There is a long history of using local central limit theorems in combinatorics, with many exam-
ples in analytic combinatorics and the study of integer partitions (see e.g. [7,17-19]) as well as the
enumeration of contingency tables [4] and graphs with prescribed degree sequences (e.g. [5,12]).
Here we show that local central limit theorems work very well in combination with two tools from
statistical physics, polymer models and the cluster expansion, which have been used recently in
combinatorial enumeration [2,13,15].

The connection between these methods starts with a general approach to counting via proba-
bility and the principle of maximum entropy which is laid out explicitly by Barvinok and Hartigan
in [3] (and later discussed in [17]), but appears implicitly in other enumerations methods, such
as the circle method (see [12] for an explanation of these connections). The main idea is that to
count a subset of objects defined by a number of constraints, one considers the maximum entropy
distribution on the larger set that satisfies the constraints in expectation. The size of the subset
can then be expressed as the exponential of the entropy of this distribution times the probabil-
ity that a random object drawn from this distribution satisfies the constraints. In the example of
enumerating integer partitions, these maximum entropy distributions take the form of sequences
of independent geometric random variables with different means [1,9], and asymptotic enumera-
tion can be accomplished by solving a convex optimisation problem to find these means and then
proving a local central limit theorem for linear combinations of independent geometric random
variables [7,17-19].

This approach naturally leads to considering statistical physics models. For example, the maxi-
mum entropy distribution over independent sets in a graph with a given mean size is the hard-core
model. The entropy of the hard-core model is the log partition function minus the expected size of
an independent set: H(u;) =log Z(A) —log A - E,,|I], and so the enumeration problem for inde-
pendent sets of a given size reduces to computing log Z and computing u, (Zy) (via, say, a local
central limit theorem) as described above.

The complication is that the quantities of interest (say, the size of an independent set from the
hard-core model) can no longer be written as the sum of independent random variables. When
interactions are weak enough (or density small enough) correlations between vertices decay expo-
nentially in distance and methods like the cluster expansion can be used to prove both central
limit theorems and local central limit theorem. This type of result is closely related to the con-
cept of equivalence of ensembles between the grand canonical ensemble (fixed mean energy) and
the canonical ensemble (fixed energy). For instance, Dobrushin and Tirozzi showed that for spin
models with finite-range interactions on Zd, a central limit theorem implies a local central limit
theorem [8] (see also [6] for an extension to long-range interactions).

What we do here is prove local central limit theorems conditioned on a phase in the strong
interaction, phase coexistence regime. This, in combination with using polymer models and the
cluster expansion to find the asymptotics of Z(1), allows us to enumerate independent sets of a
given size and structure.

In Section 2, we recall the even and odd polymer models introduced in [15], and state and
extend some of the probabilistic estimates proved there.

In Section 3 we prove Theorems 5 and 6, finding an expansion for a fugacity Ag so that the
expected size of an independent set is sufficiently close to | N that a local central limit theorem
will allow us to compute asymptotics.

In Section 4 we show how local central limit theorems for polymer models follow from
sufficiently fast convergence of the cluster expansion.

Finally in Section 5 we combine the above results to prove Theorem 7.

2. The even and odd polymer models

Let £ C V(Q ) be the set of even vertices of the hypercube, those whose coordinates sum to
an even number, and let O C V(Q,) be the odd vertices. Note that Qy is a bipartite graph with
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bipartition (£, O) and that |£|=|0|=N:= 24-1 A key insight of [15] is that, for A not too
small, the hard-core measure j1q,, can be closely approximated by a random perturbation of
a random subset of either O or £. The random perturbation takes the form of a polymer model
with convergent cluster expansion, two notions that we introduce now.

For a set S € O (and analogously for S C &), let |S| denote the number of vertices of S, N(S) be
the set of neighbours of S and [S] = {v € O: N(v) € N(S)} the bipartite closure of S. We call a set
S C O an odd polymer if (i) the subgraph of Q; induced by the vertex set SU N(S) is connected
and (ii) |[S]| < N/2. We let Pp denote the set of all odd polymers. The weight of an odd polymer
Sis

5181

w(s) = 1+ MINGT -

(7)
We say that two odd polymers S; and S, are compatible and write S; ~ S, if the graph distance
between Si, S, is Qg is > 2. We let Q¢ denote the set of all collections of mutually compatible odd
polymers and define the following Gibbs measure on Q: for I' € Qp,

wﬂF):M where Ep = Z l_[w(S)
Eo

reQe Ser

is the odd polymer model partition function. Using v we define a measure j1(, on independent
sets in Q.

Definition 8 Let 11 be the measure on Z defined by the following two-step process:

1. Choose a polymer configuration I' € Q¢ from v and assign all vertices of UgerS to be
occupied.

2. For each vertex v in & that is not blocked by an occupied vertex in O, include v in the
independent set independently with probability ﬁ

Let Zo(1) = (1 + A)NEp, the independence polynomial of Q; restricted to independent sets
achievable in the odd polymer model; that is, those for which pp ; assigns positive probability.

We think of Step 1 in Definition 8 as a perturbation of the ‘ground state’ measure that simply
selects a p-random subset of € with p = A1 /(1 + 1). The polymer configuration chosen in Step 1 will
be typically small and so this process typically returns an independent set that is highly unbalanced
with the majority of vertices even. We define even polymers, the even polymer model partition
function E¢, and measures vg, g analogously. It was shown in [15] that for A > Clogd/ a3,
the hard-core measure j1(,,; can be closely approximated by the mixture %/La,\ + %MS,A-

Theorem 9 ([15]) For A > Clogd/d'/3, we have
|log Z(1) —log [2Zo(M)]| = O (exp (— N/d%)) . (8)
Moreover, letting i, = %MO,A + %,U,g,)u we have
s = allry = O (exp (= N/d%) .

Finally, with probability at least 1 — O( exp (— N/d*)) any defect vertices of I drawn from j10 5 are
on the odd side of the bipartition; that is, the defects are the polymers of the polymer configuration.

The lower bound on X in Theorem 9 is an artefact of Sapozhenko’s graph container method
as implemented by Galvin [10]. Theorem 9 quite possibly remains true for A = Q(1/d) though
proving this would require significant new ideas.
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The power of Theorem 9 stems from the fact that the even and odd polymer models admit
convergent cluster expansions allowing for a detailed understanding of the measures o i, (e,
Let us now introduce the cluster expansion formally.

For a tuple I' of odd polymers, the incompatibility graph, H(I"), is the graph with vertex set I'
and an edge between any two incompatible polymers. An odd cluster I' is an ordered tuple of even
polymers so that H(T") is connected. The size of a cluster I' is ||| = Y g.p- [S|. Let C be the set of
all odd clusters. For a cluster I we define

w() = ¢(H(T) [ [ w(S),

Sell
where ¢(H) is the Ursell function of a graph H, defined by
1
H)= — kAl 9
o(H) = o > =D )
ACE(H)

spanning, connected
The cluster expansion is the formal infinite series
log Ep = Z w(l). (10)
rec

We define the cluster expansion of log E¢ analogously and note that by symmetry the expansions
are identical.

In light of Theorem 9, throughout this section will we assume that A > Clog d/d'/3. We will
also assume that A = O(1) as d — oc. The following result from [15] shows that for such X the
cluster expansion converges, we have good tail bounds on the expansion, and the terms of the
cluster expansion can be efficiently computed. We say that a polynomial is computable in time t,
if its coefficients can be computed in time ¢.

Theorem 10 For fixed k > 1,

dez(k 1)
1% lw(I)| = ((1+A)dk>
ITI=k
and
> W) =N-Re(h, )1+ 1) (11)

rec
IT =k

where Ry is a polynomial in d and A of degree at most 2k in d and of degree at most 3k* in A.
Moreover Ry is computable in time eOK1°8%) _In particular,

k . 242
- . —J —_
log Bo =N § 1: Rj(2, d)(1+4)7 +0 (14 A)dk+1) | -
Jj=

We note that Theorem 3 follows in [15] from Theorems 9 and 10.

It will also be useful to record the following slightly strengthened tail bound on the clus-
ter expansion. The following lemma is essentially contained in [15], though it does not appear
explicitly and so we provide the details.

Lemma 11 For t, £ > 1 fixed,

zddz(t—l)
rN*= — .
Z [w(D)IIT) = Y

IIFHZt
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Proof. In [15] (see Lemma 15) it is shown that

3 D] D < 2014372,
recC

where
d
log (1 4+ A)(dk — 3k?) — 7k logdifk < m

dlog L+ 1k . d _

d, k) =
7(dh 20 T

k

Since e” (*K)/2 > k! for all k and d sufficiently large, it follows that

> DT er @2 = 0d =372
reC
Keeping only terms in the above inequality corresponding to clusters of size at least k we have

D DT < 0@dd™2er @R/, (12)

reC
ITlI=k

With ¢ > 0 fixed we have by Theorem 10 and (12) that
Yo wMITI = Y7 WO+ Y IwOr)

rec recC reC
IC)=¢ t=<| I <3¢t IT11=3¢
2dd2(t—l) dellt
(1414 (14 2)3/2
2dd2(t—l)
=0|——1.
(1+ )%

Let I be a collection of compatible polymers sampled according to vp (the polymer measure at
Step 1 of Definition 8, the definition of ;). We will use the above lemma to show that ||T'|| and
IN(T")| obey a central limit theorem. Formally, we say a sequence of random variables (X,) obeys a
central limit theorem if (X; — EXj)//var(Xy) converges to N(0,1) in distribution as d — oc. To
prove this central limit theorem we will make use of a connection between the cluster expansion
and cumulant generating functions.

Recall the cumulant generating function of a random variable X, is #;(X) = log EeX. The £th
cumulant of X is defined by taking derivatives of h;(X) and evaluating at 0:

3 hy(X)

ke(X)=—g

t=0
In particular, «1(X) =E(X) and «,(X) = var(X). The cumulants of |[N(I')| can be expressed in
terms of the cluster expansion as follows. Consider the odd polymer model with modified weights
we(S) = w(S)e!NO) for ¢ > 0 and let E; denote the corresponding partition function. We then
have

h(IN(I')|) =log E; —log Ep .

https://doi.org/10.1017/50963548321000559 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548321000559

710 M. Jenssen, W. Perkins and A. Potukuchi

Applying the cluster expansion to log &y, taking derivatives, and evaluating at t = 0 shows that

ke(IND)) =Y w()IN(D)[ (13)

rec
Similarly k¢ (| L)) = Y e wD)IT %

Lemma 12 Let T be a collection of compatible polymers sampled according to vo. Then ||T'|| and
IN(T)| both obey a central limit theorem.

Proof. We show that |[N(T')| obeys a central limit theorem and the proof for ||T'| is identical.
Let Z= (IN(T')| — EIN(T')|)/+/var(JN(T')|). To show that Z converges to N(0,1) in distribution,
it suffices to show that the cumulants of Z converge to the cumulants of a standard normal i.e. it
suffices to show that x¢(Z) — 0 for £ > 3. Now by (13) and Lemma 11,

ddﬁ
ke(IN(D)) =Y wD)IND)* <d* Y wD)|TI*=0 <2—) :

d
rec rec (1 +A)

On the other hand, by (13) and Lemma 11 again we have

A 292
Var(|N(r)|)=Z D)IN() 2 >Z DI = (1+A)d+o (14214 ] "

recC rec

It follows that if £ > 3 then
ke(Z) = var(IN(T))) ™2k, (IN(I)]) — 0
as desired. O

Next we will use the cluster expansion to give bounds on Ep ; (|I|), the expected size of an inde-
pendent set sampled according to u .. We begin by recording a useful expression for Eo ; (|I])
in terms of the cluster expansion.

Lemma 13

Eo, (1) = %N+ > w(I) (nrn - —|N( )|)
rec

Proof. Note that for an independent set I such that o, (I) > 0, we have

Al Al
I = =
Holl =700 = T+ Veo
It follows that
ZjA M d n A _
Eop (1)) = Z m = kﬁ log ((1 + )L)Ncao) = mN + A(log Ep) .
I

We expand log E¢ via the cluster expansion as in (10) (which converges absolutely by Theorem
10). Recalling that w(I") = SHM)HAII(Q 4+ 1) ~IND) for a cluster I, we have

AT+ I = AN
(1 + 1IN+

A
Eox()= 15N+ ¢(H(D)
rec

== +Zw<r> <||r||——|N<F)|) 0
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Corollary 14 For fixed k > 0,

A
Eo,(I])= ——N+ AN

2": TR d) AR, d) Lof 2
1+2 '

= 1+ )L)jd 1+ )L)derl 1+ )L)d(kJrl)

Where the Rj(A, d) are as in Theorem 10.
Proof. By Lemmas 11 and 13, noting that |[N(I")| < d||T"|| for any cluster I", we have

)\‘ )\’ 2dd2k+1
Eo (1) = ——N D) (1T = ——INO)[ ) +0 [~ | -
0illlh= 15 N+ F; e )(” =N )|>+ (14 2)dl1)

ITl<k

The result follows by recalling the definition of R;(4, d) at (11) . O

3. Independent sets of a given size

Theorem 6 will follow from several lemmas. The first says that almost all independent sets of size
m = | BN ] are accounted for by exactly one of the two polymer distributions. The second says that
if we find A4 so that the expected size of the independent set drawn from p,5.; (as in Definition 8)
is close to m then we have an asymptotic formula for the number of independent sets of size m in
terms of Ag and Zp(Ag). The third lemma gives an efficiently computable formula for a suitable
such Ag. We will then prove Theorem 5 by analysing expansions of log Zo(Ag) and log Ag in

powers of (1 — B).
Let i,,(O) be the number of independent sets I of size m in Q, that are achievable in the odd
polymer model (i.e. uo . (I) > 0).

Lemma 15 For any 8 > 0,

i1 (Qq) = (24 0(1))i| pn (O)
asd — oo.

Lemma 16 Fix 8 > 0. Suppose A = A(B, d) is such that
B, /1| — [BN]| = o(N'/?). (14)
Then
(1+A)Zo(A)
ALBNL 27N

Lemma 17 There exists a sequence of rational functions Bj(d, B), j € N, such that B;j can be com-

puted in time eOU1°8)) and the following holds. Fix t>1 and let r=[t/2] — 1. Suppose that
m=|BN| with  >1— 27", then if

ilpn)(0) = (1 +0(1))

Ag= % + 3 BB A1 - By, (1)

j=1
then

B, 1] — m| = o(N'/?).
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We prove Lemma 16 first, for which we need the following basic binomial local central limit
result.

Lemma 18 Fix p € (0, 1) and suppose X ~ Bin(n, p). Suppose n — 0o and k = o(/n), then
1+o(1)
Nezrer
Proof of Lemma 16. Let m = | BN]. For any A > 0, we have
Zo(A)
A

where the probability is with respect to the measure ;o . We therefore need to show that if A
satisfies (14), then

P(X=np+k) =

im(0) = Po, [Tl =m],

14+ A
Poullll=m] =1+ 0(1) —. (16)
’ 2N
By considering first the collection of polymers I' chosen at Step 1 in the definition of up,,
(Definition 8), and then the probability that the correct number of additional vertices are chosen
at Step 2, we see that

A
Pollll=m] = Z P[f=T]-P [Bin (N— IN(T)], m) =m-— ||F||:| , (17)
reQeo

where we recall that Q¢ denotes the set of all collections of mutually compatible odd polymers.
By the large deviation bound [15, Lemma 16] we have

2N
P [|N(r)| > 7} = O(exp (—N/d%),
and so we can condition on the event |[N(I')| < % throughout (17) and only change the resulting
probability by an additive factor of O(exp (— N/ d*)) = o(N~1/2). Under this conditioning, the
binomial probabilities in (17) are uniformly bounded by O(1/ V/N). To establish (16), it therefore
suffices to show that with high probability in the choice of T, the binomial probabilities in (17)

are in fact equal to (1 + o(1)) \/% By Lemma 18, it suffices to show that with high probability
in the choice of I' we have
A
—— (N—IND))=m—|T N2y, 18
1+A( IN(T))=m — || +o(N"%) (18)

Now, by our assumption on A, (13) and Lemma 13,
A
m=Eou |l +0o(N'*) =E|T|| + == (N = EIN(D)) +o(N'?).

It follows that to show (18) holds whp with respect to I, it suffices to show that

PIT| =EIT| +o(N"*)]=1+0(1), (19)
and similarly for |[N(T")|. This is an immediate consequence of Lemma 12 and the fact that
E|IT|| < EIN()| =) w(D)IN()|=0o(N), (20)
reC
where we have used (13) and Lemma 11. O

Next we prove Lemma 15.

https://doi.org/10.1017/50963548321000559 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548321000559

Combinatorics, Probability and Computing 713

Proof of Lemma 15. Let Z,, denote the set of all independent sets of size m in Q4. Then by
Theorem 9 (and the symmetry between even and odd) we have

QAT OV _ 6 (e (= NJdY)

To) — 3. ()| = -
| (Tm) — 0.(Zm)| 290 7000

By Theorem 9 again it follows that

. . Zo(4)
lim(Qu) = 2+ 0(1)in(O) = O (exp (= N/d") =75
It therefore suffices to show that there is a choice of A such that ”"Z(g())\)‘)m is much larger than
exp (— N/d*). This follows from Lemma 16 by choosing A satisfying (14). i

Next we prove Lemma 17. In the following, if P(x, y) is a polynomial in x, y, we write deg, (P)
for the degree of P in x.

Proof of Lemma 17. Let r = [t/2] — 1 and set
., _ B : jd
h=hp= g + Y Bi(B.d)(1 - By,
j=1

where the functions B; are rational polynomials in 8, d of constant degree (independent of d) to
be determined later. Let X: = erzl Bj(B,d)(1 — BY4+1 and note that X = o(1). It will be useful to
note that for k = O(d),

— B)k "=k .
(14+21) k= SHQ" =(1-pB) < ; )X’+O(Xr+1) . (21)
i=0

1
In particular, since g > 1 — 2711,
(1 + k)*d(f‘i’l) — (1 + 0(1))(1 _ ﬂ)d(ﬂrl) =0 (efcd . zfd(l’+l)/t) =0 (efch71/2> , (22)

for some constant ¢ > 0.
By Corollary 14 and Theorem 10,

A " 2R d idR;(A, d dar+t
Eo,(I)=N——+AN iR .)— JaRy( . ) o( —)
14+ A = (1+A)Jd (l—i—)»)]d*l (1+k)d(r+1)

A ' 4
=——N+NY F(,d1+1)7 +0(NV?), 23
1Jr/\Jrj;]( )(1+2) +o0 (NY2) (23)
where the Fj are polynomials in A, d with deg,(F;) < 2j + 1 and deg, (F;) < 3j*. Our goal is to show
that there exists an appropriate choice of By, . . ., B, that makes this final expression (23) equal to
m+ o (NV2),

Since deg; (Fj) < 3j2, and A = (8 + X)/(1 — B) we may write

Fi(d) = (1 - B)9G(8, d, X)
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for some non-negative integer ¢; < 3j* and G;j a polynomial in B, d, X such that deg,(G;) < 2j + 1.

It follows by (21) that
A d—1 ~
1+A+§:Fxm1+m1 (ﬁ+m§;<X)
+ Z Gj(B, d, X)(1 — By41=9 ) (_fdi_ 1>Xf + 0@ X", (24)
j=1 i=0

We now recall that X = Z}:l Bj(1 — BY¥+1 and we expand this final expression as a polynomial
in (1 — B)%. This yields

—jd—1 _ jid 3ryr+1
1+A+§:”*d“+“] ﬁ+§;@md3buq&yu—m1+de’)(%)
j=
where Qj = Qj(B,4d, By, . . ., By) is a rational function 8, d, By, . . ., B, with denominator (1 — B)b
for some b;j < 3j% and with deg,(Q;) < 2j + 1. Moreover, by examining the expansion (24), we see

that Q; is linear in B; where the coefficient of B;j is (1 — 8 2 (in particular the coefficient is non-
zero). It follows inductively that there is a choice of By, . . ., B, such that Q; = ... = Q, = 0 where
Bj is a rational function of B, d of constant degree (depending on j but not d). With this choice of
By, ..., B, it follows from (23) and (25) that

Eo,. (1)) = BN + O(Nd*" X" 1) = BN 4 o(N'/?),

where for the last bound we used that 43" X"+! = 4o ((1 — ,B)d(’“) =o(N~1/2) by (22).

Finally we note that the above argument gives an algorithm for computing the B;. Since the R;,
and so also the Fj and Gj, can be computed in OUlog)) time, we see that the Qj can be computed
in ¢901087) time. The Bj can then be computed by solving j successive linear equations. O

To give a concrete example of the algorithm above in action, we pause for a moment to calculate
the rational function B;. Using the definition of R; at (11), we see that R; = A. In the notation of
the proof of Theorem 17, it follows that F; = A 4 (1 — d)r2. Noting that A = (8 + X)/(1 — B) we
have

Fi=1-8)"[1=AB+X)+(1—d)(p+X)]
and so Gy =(1—B)(B+X)+ (1 —d)(B+X)?* and ¢; =2. Recalling that X:= er=1 Bj(1 -
BYt! and examining the coefficient of (1 — 8 ) in (24), we see that

B(1—pB)+ (1 —dp?
1-8 '

Q =Bi(1-8)"+

Solving Q; = 0 yields
(dB —1)B

RN

(26)
3.1 Proof of Theorem 6
Combining Lemmas 15, 16 and 17 gives us the proof of Theorem 6.

3.2 Proof of Theorem 5
We now prove Theorem 5. Given the formula (5) from Theorem 6, we need to extract the binomial
coefficient (L 'BI\II\, J) and expand the logarithm of what remains.
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Lemma 19 Fix 8 € (0, 1). With Ao = %,

<N> (14 o(1)) (L H0]
LBN] w2 NB(T = B)

as N — oo.

The proof follows from Stirling’s formula.
Proof of Theorem 5. Given Lemma 19, Theorems 3 and 6, we are left to compute coefficients
P = Pj(,B, d),j>1,sothatfort>1and g >1— 271/t we have

+2p dj id | (N
lo log — Ri(d, Ag)(1+ A T = Pi-(1— 27
g(lﬂ)ﬁg +Z pL+4p)” ]Zl BY! 40N (27)
where Ag is given by (4). We proceed by expanding each term on the left-hand side of (27) as a
power series in (1 — ,B)d. As in the proof of Lemma 17 we set X: =Y ., Bj(B,d)(1 — B)jd+1 and
note that X* = o(N~!) since 8 > 1 — 27!/*, It follows by Taylor expansion that

L+ A
log<1+)£) —ﬁlogk—ﬂ=10g(1+X)—/310g(1+X/,3)

t—1 (
B>

We now turn to the sum on the left-hand side of (27). Since R; is a polynomial in Ag, d such that
deg)\[3 (R)) < 3j% and deg;(R;) < 2j and the fact that Ag = (B + X)/(1 — B), we may write

)H—z

BIHX +o(NTY . (28)

Ri(p,d) = (1 — B)~9;(B.d, X)

for some non-negative integer ¢; < 3j* and §j a polynomial in B, d, X such that deg,(S;) < 2j. It
follows by (21) that

t—1 .

ZR (o d)(1+2p) "% = Z Si(B, d, X)(1— By " (‘?d>xi +0(d*xh.  (29)
j=1 j=1 i=0 !

We note that O(d*X') = O(d> (1 — B)'®) = o(N~1). To compute the P; we simply sum (28) and

(29), expand the powers of X and collect the coefficients of (1 — ,B)d, (1= ﬂ)(t_l)d . Finally

we note that since R;, S; and B; can each be computed in time eOllog)), Pj can be computed in time
O(jlog}) O
e .

3.2.1 Computation of Py, P,
To illustrate the algorithm for computing the P; in Theorem 5, we use it to compute P; and P,.
First we note that in [15] it was shown that
QA3 +ahHdd—1) —2x
2 .
It follows that (using the notation of the proof of Theorem 5)

R1=)\ and R2=

1 1
Si=p+X and $=-(5- 1’(X+B) — JAd =1 —X - 2)(X + )
and ¢; =1, ¢ = 4. Now, to compute P;, P, we compute the coefficients of (1 — B)% (1 —B)* in
the sum of (28) and (29). The coefficient of (1 — )¢ in (28) is 0 and in (29) it is B/(1 — B)and so
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Plzi.
-5

The coefficient of (1 — 8)2? in (28) is

—321— 3
20 (1-p8).

The coefficient of (1 — )27 in (29) is
(1—dp)B, +(1— ) G(ﬁ 1%~ Jdd— (B - 2)ﬁ3> .

Recalling (26), the formula for By, and summing the above two expressions yields

26 -1’ —dd—1)(p-2)p> B —dp)

Pr= K- p) 2By

4. Local central limit theorems for polymer models

In the odd polymer model, let T be a defect type and X7 be the random variable counting the
number of defects of type T in a sample from pp ). Recall that mr = EX7 and let cr% = var(Xr).
Moreover, let nr denote the number of polymers of type T and let wr denote the weight w(S)
(defined at (7)) of a representative polymer S of type T.

Throughout this section we assume that A > Clogd/d"/? as in Theorem 9 and probabilities
and expectations are with respect to the odd polymer model. The main result of this section is a
multivariate local central limit theorem for the number of polymers of different types, extending
the multivariate central limit theorem of [15, Theorem 6].

Theorem 20 Let 71 and T, be two fixed sets of defect types so that for each T € Ty, mr — pr for
some constant pr > 0, and for each T € T, mr — 00 as d — 00. Let {kr}re7; be a collection of
non-negative integers and let {kr}reT; be such that kT = |m + st] where |st| = O(\/mT) for all

T € T,. Then
ﬂ l_[ p;iTe_pT l_[ e 2mT
P Xr=kr | =(1+0(1)) e
TeTiUT, TeTh (kr)! TeT, Zm

The probability in the theorem statement is with respect to the odd polymer model, but the
statement also holds for defects of an independent set drawn from the hard-core model on Q, via
Theorem 9.

Before we proceed it will be useful to recall a result from [15] on the cumulants of the random
variables X7. Recall that for a random variable X we use k;(X) to denote the kth cumulant of X.
The following result appears as Lemma 20 in [15].

Lemma 21 For a defect type T, let Y(I") denote the number of polymers of type T in the cluster T.
Then for any fixed k> 1,

ke(Xr) =Y wD)Yr(D)* = (1 + o()nrwr, (30)
rec
and
[w(D)Yr(D)F| = o(nrwr) (31)
reC
IT1>T]
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Given a random vector X = (X, . . ., X4) € RY its characteristic function is
ox(t) = e
for t e RY.

Lemma 22 Fix e N and a list Ty, ..., Ty of defect types. Let X = (Xr, ... ,XTq). There exists
¢ > 0 such that

q
lpx ()] < exp {—C Z tiznTini} .
i=1
forallte[—m, )4

Proof. Given a cluster I" € C, let Y(I') = (Y, ("), . . ., YTq(F)). Using the cluster expansion we

write
log EetX) = Z w(I)e BV Z w(T)
rec rec
=Y w1,
rec
Let
q
M= 1T €Cj=max{i:Y,(') > 0}, Y Yr,(I) > 1
i=1
Then,

Relog Ee'™X) = 7 w(I")( cos ((t, Y(I'))) — 1)
rec

1
=D nrwr( cos(t,>—1)+z > wD)(eos (1, Y(I)) ~ 1)
i=1

j=1 FeM;

q
<- éz w43 Y WOl YO
i=1 j=1 F'eM;
q
<- éZ D |w(r)|JZtYT,<F>2
i=1 j=1 FeM;
1 q q
=3 > tngwr, + Y to(nr,wr)

1 i=1

1

where for the first inequality we used that —t? <cos (t) — 1< —t?/5fort € [— 7, r]. For the next
inequality we used Cauchy-Schwarz, and for the final inequality we used Lemma 21. O

Proof of Theorem 20. Let 71 ={T1,..., Tp}, o ={Tpt1,...,Tg and T=T1 UT5. Let X; =
X1, mi = mr,, 0j =07, ki =k, for i € [gq]. Let X = (X1, ..., X;) and let
XP-H — Mp+1 Xq - mq)
-~ e o .

X:(Xl,...,xp,

https://doi.org/10.1017/50963548321000559 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548321000559

718 M. Jenssen, W. Perkins and A. Potukuchi

By Fourier inversion,

_ 1 i)
(m XT—kT> = (Zﬂ)q/nn]q x(t) - e~ dt.

TeT
Making the substitution t; = x; for i € [p] and t; = x;/0; for i > p, we have

1
P () xr= kT) _
(=s)-a

where By = [~ 7, 7], By = [~ m0py1, Topy1] X ... X [= 0oy, moy] and

g(x) =exp me] ‘—1Zx]

j>p j=p

Let Y =(Y1,...,Y,) where Y; ~ Po(p;) for i € [p], Y; ~N(0,1) for i > p, and Y1,..., Y, are
jointly independent. Then by Fourier inversion, we have the identity:

-1

Pz (0)gx)dxy . . . dx (32)

(kT mT)2

: dry...d ke
G o o o180 = [T 2505 T ¢

TeTi TeT,

By (32) (noting that m; = (1 + o(l))ai2 by Lemma 21), it therefore suffices to show that

/ / Pz (x)g(x)dxy . . . dx; :/ / @y (x)g(x)dxy . . . dxy +o(1).
By VB, By JRI7P

Since, m; — oo for i > p, Lemma 21 implies that o; — oo for i > p also. It follows that

/ / Py (x)g(x)dxy . . . dxy = o(1)
By JRI7P\B,

and so it suffices to show that
/ loz(x) — @y(x)|dxy . . . dx; = o(1).
By VB,

In [15, Theorem 6] it was shown that X converges to Y in distribution and so ¢ — ¢y point-
wise. It therefore suffices, by dominated convergence, to show that |¢3(x) — ¢y(x)| is bounded by
an integrable function. By Lemmas 21 and 22,

_ q
|¢5((x)| = |¢X(x17 . e ,XP, xp+1/0p+1> . e qu/gq)l E e o Zi:l %)

We have a similar bound for |¢y(x)| and so we are done. O

5. Independent sets of a given size and structure

Here we prove Theorem 7. Recall that for a set of defect types 7 and a vector of integers x =
(x1)TeT> We let i, x(Qg) denote the number of independent sets in Q, of size m with exactly xr
defects of type T foreach T € 7.

We use the following identity, an easy extension of (3). For any A > 0,

Z(A)

imx(Qa) = — =P [T =m, (X7)reT =], (33)
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where X7 be the random variable counting the number of defects of type T in a sample from w;.
Theorem 7 follows immediately from (33), Theorem 6 and the following lemma.

Lemma 23 Fix % > 0 and let m = m(d) be such that that |E; |I| — m| = o(N'/2). Let T;, T be the
sets of defect types such that mr — pr for some fixed pr > 0 asd — oo forall T € Ty and mr — oo
forall T € T,. Let (k)reT; be a vector of fixed non-negative integers and let (k1)eT; be such that
kr = mT1 + st] where |st| = O(/mT) for all T € T5. Let x = (k1) T T;UT;. Then

52

kr —

IOTepT ezmT
P Il = ’X ceTIUT, = = (1 P[] =
3 [ =m, (Xr)reriun =x] = 1+ o(D)P;[1] m]Tl;['l (kr)! nﬁﬂ

Proof. Using Theorems 9 and 20, it is enough to show that

Poy, [I1l=m|(Xp)rerur =x] = 1+ o())Po, [T/ =m] ,

where the above probabilities are with respect to (o, and Xt is now the random variable count-
ing the number of defects of type T in a sample from pp . Let T be the random collection of
compatible polymers chosen at Step 1 in the definition of 1, (Definition 8) and let I" be a fixed
collection of compatible polymers such that

IT| = ECIT ] + o(N'/?) (34)
and
IN(D)| =E[IN(D)]] + o(N'/?). (35)
Then the proof of Lemma 16 gives us that

Poy [11=m|T =T ] =1 +o(1)Poy (11 =m]

and so in particular, if I is also consistent with x (i.e. I' has precisely kT polymers of type T for all

TeTUT),
Poy [ 11=m|(Xn)rerun =% T =T] =1+ o)Poy [1]=m]

Finally, Lemma 12 gives us that (34) and (35) both hold with probability 1 — o(1), completing the
proof. O
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