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1. Introduction

In this article we investigate existence, uniqueness, time-semi-uniform compactness
as well as asymptotically autonomous robustness of pullback random attractors
of the following non-autonomous stochastic dispersive-dissipative wave equations
perturbed by operate-type noise define on R™:

{utt + aup — Aup — BAuy + Au — Au+ f(z,u) = g(t,x) + eSuo %7 (1.1)

u(r, ) =ur (), urz)=urq1(x), z€R” t>7, 7€R,

where n € N is arbitrary, o, # and A are positive constants, € > 0 is the den-
sity of noise, S =1 — A, W is a two-sided real-valued Wiener process defined
on the probability space (Q, F,P), g € L% (R, L?>(R™)), and the nonlinear function
f:R™ xR — R has a subcritical growth rate in its second argument. The symbol
o means that the stochastic equation is interpreted in the sense of Stratonovich
integration. The two terms (—A)*us and (—A)%u; are referred to as the dispersive
and viscosity dissipative terms respectively due to their own physical background.

For deterministic version of (1.1) defined on bounded domains, the well-posedness
and existence of global attractors have been investigated by Carvalho and Cholewa
[11] as well as Sun et al. [38].

For additive white noise driven version of (1.1) defined on unbounded domain
R™ for n =1,2,3, the existence of random attractors was recently examined by
Jones and Wang [22] when the force g is time-independent, and the stochastic
term eSwu o (dW/dt) is replaced by h(dW/dt) with h € L?>(R") being a known
function.

As far as the authors are concerned, up to now, the existence of random attrac-
tors remains open for the non-autonomous stochastic version of problem (1.1) even
for n = 1,2,3 and the bounded domain case. The main reason here is that we can
only transform the additive noise driven version of (1.1) into a pathwise random
equation, but cannot transform the multiplicative noise driven version of (1.1) with
S =1 into a pathwise random one due to the dispersive and dissipative (—A)%uyy
and (—A)*u;. This essentially distinguishes from the damped (or strong damped)
wave equations as considered by many authors, see e.g., [21,37,40,42,48,49,
54,56-58]. Nevertheless, in this paper we are able to convert problem (1.1) with
S =1—- (A into a pathwise deterministic one, and hence study the random
attractors of stochastic (1.1) with § =T — SA.

As is well known, the concept of attractors investigated by many authors, see e.g.,
Robinson et al. [5,6,12,13,27,28,34-36], plays an important role in the study
of asymptotic behaviour of solutions to differential equations. Autonomous random
attractors proposed by BrzeZniak et al. [2], Crauel and Flandoli [14], Crauel et al.
[15], Flandoli and Schmalfufl [18] and Caraballo and Langa [8] can be viewed as
a generation of global attractors form deterministic to random. Non-autonomous
random attractors developed by Caraballo et al. [7], Caraballo and Langa [3] and
Wang [41,42] can be regarded as an extension of autonomous random attractors
form autonomous to non-autonomous. In light of those theoretical frameworks,
random attractors have reached a flourishing development in recent years, see
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e.g., [1,4,9,10,19,23,29,40,49,58| and [16, 20, 33,46, 48,50,52,53,57, 58] for
autonomous and non-autonomous PDEs, respectively.

In general, a non-autonomous random attractor typically takes the form A, =
{Aa(T,w) : T € R,w € Q}, where « is an external parameter that comes from
various perturbations. Notice that, in the literature aforementioned, many prop-
erties of A, such as compactness, attraction, regularity as well as finite fractal
dimension were usually discussed for each fixed time-section A, (7,w), and the
robustness of A, (7,w) was only investigated with respect to the external parame-
ter a but not the internal parameter 7. This kind of researches are just analogous
to the autonomous case, and thereby the time-dependence character related to
non-autonomous random attractors are not well-understood.

In the present paper we will not only establish the existence and uniqueness
but also the time-semi-uniform compactness as well as asymptotically autonomous
robustness of non-autonomous random attractors of problem (1.1). Our first
aim is to prove that problem (1.1) admits a unique pullback random attractor
A={A(1,w) : 7 € R,w € Q} in H1(R™) x H*(R") under the theoretical framework
established in [41]. In order to achieve the goal, as usual, we must prove the usual
pullback asymptotic compactness of solutions to (1.1) in H'(R™) x H*(R"™). There
are three difficulties we need to surmount.

1. The compact Sobolev embeddings on unbounded domain R™ are not available.

2. Equation (1.1) is a weakly dissipative one due to the dispersive and dissipative
terms (—A)%uy and (—A)u,, which is essentially different from the damped
wave equations as widely considered in the literature aforementioned.

3. The uniform estimates of solutions to (1.1) cannot be derived by differenti-
ating the equation with respect to time since the Wiener process is almost
surely nowhere differentiable with respect to time variable.

We combine the ideal of uniform tail-estimates developed by Wang [39] and a spec-
tral decomposition approach to overcome the three difficulties, and hence establish
the desired pullback asymptotic compactness in H'(R") x H'(R") for our purpose.

Another significant goal of this article is to prove the following time-semi-uniform
compactness of A:

U A(s,w) is precompact in H!(R") x H(R") (1.2)

s<T

for each (1,w) € R x Q as well as the following asymptotically autonomous
robustness of the time-section A(7,w) of A as time 7 goes to negative infinity:

lim _ dist g1 (gn ) x a1 e (A(T, ), Ao (w)) = 0, P-as. w € €, (1.3)

where Ao, = {Ax(w) : w € Q} is a random attractor of the autonomous version of
problem (1.1). Furthermore, we prove that such a robustness is basically uniform
in the probability space € for discrete time sequence, and we also prove that for
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any discrete time sequence 7,, — —o0, there exist {7,, }7°, of {7,}52, such that

klim dist g1 (rny x 211 () (A(Tny, , Oy, W)y Aoo (07, W) = 0, P-as. w e Q.

Notice that the usual pullback asymptotic compactness of solutions to (1.1) is
no longer useful (or say not enough) to establish (1.2) and (1.3). To solve this
problem, at present, we first introduce a time-semi-uniform attracting universe (see
(2.20)) that is indeed small than the usual attracting universe (see (2.19)), and then
derive the time-semi-uniform pullback asymptotic compactness of solutions to (1.1)
in H'(R™) x H!(R"). Based upon this we are able to prove (1.2) and (1.3). It is
worth mentioning that the radii sup,., R(s,w) of the absorbing set in the case is
taken the supremum over an uncountable set (—oo,7]. This introduces difficulties
to prove the measurability of attractors. Our idea to solve this issue is to prove
that the two attractors with respect to the two different universes are equal, see
theorem 4.3.

We remark that the time-semi-uniform compactness of non-autonomous attrac-
tors and kernel sections has been recently investigated in [30,32,55,56] and
[43,44] for deterministic and stochastic PDEs, respectively. The asymptotically
autonomous robustness of non-autonomous attractors was studied for deterministic
equations [24-26,31,45]. In this paper we study both time-semi-uniform com-
pactness and asymptotically autonomous robustness of non-autonomous random
attractors of stochastic equation (1.1).

The structure of the paper is as follows. In the next section we define a non-
autonomous cocycle for (1.1). In §3 we derive two types of long time uniform
estimates. In § 4 we establish the existence, uniqueness and time-semi-uniform com-
pactness of random attractors. In the last section we discuss the asymptotically
autonomous robustness of random attractors. In Appendix we provide the proof of
measurability of the solution operators.

2. Non-autonomous cocycle generated by stochastic wave equations

In this section we consider the following wave equation perturbed by operate-type
noise on unbounded domain R™:

d
U + aup — Aug — fAuy + Au — Au+ f(x,u) = g(t,x) + eSuo d—vf, (2.1)
w(r,z) =ur(x), w(rz)=ur1(zx), z€R", t>71, 7R,

where a, 8,\,e >0, S =1— A, g € L} (R, L*(R")), the nonlinearity f will be
specified later, and the two-sided real-valued Wiener process W is defined on
the probability space (€2, F,P), where Q = {w € C(R,R) : w(0) = 0} equipped with
the compact-open topology, F = B(f) is the Borel sigma-algebra of 2, and P is the
Wiener measure. Define a family of shift operators {6; };cr acting on Q defined by
Orw(-) =w(- +1) —w(t) for (w,t) € @ x R. Then (Q, F,P,{0;}+er) forms a metric
dynamical system.
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2.1. First-order random wave equations
Denote by z := u; + du with § > 0 to be determined latter, then we have the
following equivalent system:
uy = —ou + z,
dw
— BAz + 612 — 62Az + d3u — I4Au + f(z,u) = g(t,z) +eSuo T (2.2)
u(r,z) = ur(x), z(m,2) =ur1(x) + dur(x),

where §; :=a — 6, dp:=1— 36, I3 := X\ —ad + 0% and 6, := 1 — § + 362. Let

v(t, T, w, v, ) = 2(t T w, 2, ) — ey(Brw)ult, T, w, uy), (2.3)
where v, = z; — ey(f,w)u, and y(Oiw) = ,5] T(Osw)(7)d7 is the stationary
solution of the one-dimensional Ornstein— Uhlenbeck equation dy + dydt = dW (¢).

By Fan [17], Caraballo and Langa [8], and Wang and Zhou [47], there exists
{0: }+er-invariant subset which we still denoted by € of full measure such that

. y(Htw) T 1 0 _
tl}imoo = tl}rinoo . y(@sw) ds =0, for every w € Q, (2.4)
li / ly(Osw)|™d _1“(“5 ) fi € Q and m > 0. (2.5)
dm y(sw s Nyt or every w and m .

Then one can find that ¢ = (u,v) solves the following random system:

up = (ey(bw) — d)u + v,
— BAv + 610 — 02Av + d3u — 4 Au + f(z,u)
= g(t,z) — ey(Bw)v + eBy(Bw) Av — (£65y(biw) + 292 (bw) )u (2.6)
+(e06y (Orw) + £2By* (Bpw) ) Au,
u(r,z) = ur(x), v(rz)=v-(2) =ur1(x) + dur(z) — ey(0-w)ur (),

where 05 := o — 36, §g := 1 — 3[30.

2.2. Assumptions

Next, we list the hypotheses on the nonlinearity, on the density of noise and on
the time-dependent force.

Hypothesis F. The smooth function f:R™ x R — R has a subcritical growth
range such that

|f(x,8)| <7l + ¢1(x), $1 € L*(R™), 71 > 0, (2.7a)
f(z,8)s = vF(z,s) + ¢a(z), ¢ € L'(R™), 45 > 0, (2.7b)
F(x, ) > 7s]s[PT — ¢3(2), ¢3 € L'(R"), 73 > 0, (2.7¢)
Lws)| culst tonle), ore ERY ws0 21
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where F(x, ) fo x,0)do, and
2
l1<p<ooforn=1,2; 1<p<n7+2forn>3. (2.8)
n_

By (2.7a)—(2.7d), for all (z,s) € R™ x R, there is a constant ¢, independent of =
and s, such that

F(z,5) < c(1+[sP* + o1 (2)]? + [d2(x)]). (2.9)

Let § > 0 be small enough such that the constants §; >0 (i = 1,2,3,4,5,6), and
denote by

. P
K1 := min < 01, ﬁ,& 0vs ¢, (2.10a)
) 2(6
Ko := max { 2(d5 + 1), 200 + 1), 200 ﬂ)a 20 + 5) 4 (2.10b)
53 B or s

Hypothesis S. The size of the noise is suitably controllable:

. . K1
€ (0,e9] with gp:=min< 1, . (2.11)
2+ 2(E + D,
The following lemma is useful when establishing the existence of pullback random

attractors.

LEMMA 2.1. Let (2.11) hold. Then for eachw € Q, there are Ty(w) > 0 and Cy(w) >
0 such that

0
K)lt
y(0_w)|+ sup ek / Y (Oyw)do < , Yt = Th(w), (2.12a)
|y(0—ew)| S enn | (Oow) P+ 1)? o(w)

0
t
y(@_ww)|+ sup ekq Y(O,w)do < Mt + Co(w), Vt =0, 2.12b
2

e€(0,e0] —t (p + 1)

where Y (0yw) = |y(0,w)| + [y(0ow)|? for o € R.

Proof. By (2.11) and (2.4) and (2.5) with m = 1,2, there exists Tp(w) > 0 such that
for all t > Ty,

1 2r'(1) 2F(3/2)>
0_,w)| + / Y (6, t+ ( + t
ly(0—w) 665(13120 Eka w) 2( 1) o/ 12 Mt T Eok2 Jd NG
1 KR1K2 2 1) 1
< t+ 2 )t= ———nt, 2.13
20+ 17 2+ DA 1 D (m AT

which implies (2.12a). Take Co(w) = sup;c(o z) ¥(0—tw)| + €oki2 fBTO Y (0,w) do.
Then we have (2.12b). O
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Throughout this paper, the inner product and norm of L?(R™) are written as
(+,-) and || - || respectively. The norm of LP(R™) for p > 1 is written as || - ||,. The
letter ¢ > 0 denotes a generic constant which may change its values from line to
line or even in the same line.

Hypothesis G. The time-dependent function g € L% (R, L?(R™)) converges to
a time-independent function g, € L?(R") in the sense that

T

lim l9(r) — gool|? dr = 0. (2.14)

A typical and simple example for the functions g and g., which satisfy condition
(2.14), and illustrates that the new condition used here is reasonable is the following.
Choose a function gg € L2(R™), we set g(t,7) = (e! + 1)go(x) and goo(x) = go(x)
for (t,2) € R x R™. Then we have

T

i _ [ o) - gul?ar = oot [ ear—o.

T——00

We remark that, under hypothesis G only, we can not only show the convergence
of solutions to (2.2) from nonautonomous to autonomous, but also can show the
following properties on the time-dependent force, which are important to discuss
the existence and time-semi-uniform compactness of the random attractors.

PROPOSITION 2.2. Let hypothesis G hold. Then we have the following assertions.

(i) g is k-integrable:

/ "D g(r)||? dr < +00, for all k>0 and T € R. (2.15)
—o0
(ii) g is k-tail-small:

T

lim er(r=7) / lg(r, z)|*dzdr < +o0o, for all k >0 and T € R.
|| >k

k—oo J_

(2.16)

(iii) g is time-semi-uniformly k-integrable:

sup/ "= g(r)||? dr < 400, for all k>0 and T € R. (2.17)

S<T J—o00

(iv) g is time-semi-uniformly r-tail-small:

lim sup/ e”‘(r_s)/ lg(r, x)|*dxdr < 400, for all k >0 and T € R.
| >k

k—oo s<r J—0

(2.18)

Proof. The proof is similar to that as considered in [45], we do not repeat it again.
|
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REMARK 2.3. Conditions (2.15) and (2.16) are used to ensure the existence of pull-
back attractors of PDEs defined on unbounded domains, see e.g.,[41, 42]. Condition
(2.17) is used to ensure the existence of time-semi-uniformly compact pullback
attractors of PDEs defined on bounded domains, see [32,55]. Both (2.17) and
(2.18) are used in [30,56] to ensure the existence of time-semi-uniformly compact
pullback attractors of PDEs defined on unbounded domains.

2.3. Non-autonomous cocycle

In this article we consider the energy space £ = H'(R") x H'(R") equipped with
the equivalent norm:

lelle = (loll? + IVl + o3 llull® + 64 Vul®) 2, Vi = (u,0) € E.

By Carvalho and Cholewa [11], we are able to show that for each (r,w) €
R x Q and ¢, = (ur,v;) € E, problem (2.6) has a unique solution (-, 7,w, ;) =
(u(, 7w, ur),v(-, 7w, v.)) € C([1,00), E) such that the solution continuously
depends on ¢, € E. In addition, we can also prove the (F,B(H*(R"™)))-
measurability of the solutions. Then we find that ® : Rt x R x Q x £ — E given
by

(I)(t, T, W, (u.,-, ZT)) = (u(t +7,7,0_;w, uT), Z(t +7,7,0_;w, Z-,—))

is a continuous cocycle over R and (2, F,P, {0;:}:cr) in the sense of [41, Def.
1.1]. Let D = {D(7,w) : 7 € R,w € Q} be a family of bounded nonempty subsets in
HY(R™) x HY(R™) satisfying

3 —k1 2 —
lim e t/(p+1) ||D(T - t,e_tw)HHl(Rn)XHl(Rn) =0. (2.19)

t——+o0

Let ® ={D={0#D(r,w) CE: 7€ R,we Q} : Dsatisfies (2.19)}. We also intro-
duce B = {B(1,w) : 7 € R,w € Q}, which is a family of bounded nonempty subsets
of HY(R™) x H(R") satisfying

lim e "t/ @) gup 1B(s —t,0_1w)|| g1 (@&n)x z1 &7y = 0. (2.20)

t—+oo s<T

Denote by B = {B = {0 # B(r,w) C E: 7 € R,w € Q} : B satisfies (2.20)}.

3. Long time (B, D)-uniform estimates

This section is devoted to several kinds of long time (B, D)-uniform estimates of
solutions to problem (2.6).

3.1. (B, D)-uniform estimates in the entire space

Let us start with the following long time (B, D)-uniform estimates of solutions of
problem (2.6) in HY(R"™) x H(R").
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LEMMA 3.1. Let hypotheses F, S and G be satisfied. Then for each (1,w,B,D) €
R xQx B xD, there are Tg = T(1,w) > 0 and Tp = T(7,w) > 0 such that for all
t>Tg andt > Tp,

sup [[(u(s, s — t,0_sw, us 1), 2(s,8 = t,0_w, 2 1)) |31 (mny 11 ()
ST

< MeV@(1 + sup R(s,w)), (3.1)

s<T

and

H(U(T’ T—t0_;w, U'T—t)a Z(Tv T—t0_rw, ZT—t))”%—[l(]R"))(Hl(]R")
< MeV@I(1 + R(r,w)), (3.2)

where (us_¢,25—¢) € B(s —t,0_w) for s <7, (Ur—¢,2,—¢) € D(T —t,0_yw), M >0
is a constant independent of T, w, B and D, and R(s,w) is given by

0
Ris,w)im [ emmtOlien Y 0oy g 4 9)P)ar. (33

Proof. Taking the inner product of the second equation of (2.6) with v in L?(R™),
we have

d
T el? + BIVUl) + 261 [ol* + 202 Vol* + 203(u, v) — 204(Au, v) + 2(f (@, 1), v)

= 2(g(t),v) — 2ey|vl* = 2eB|Vol* — 2(edsy + £y (u, v)
+2(edey + °By”) (Au, v), (34)

where y := y(fyw). Thanks to (2.10a) we see from (3.4) that

d
(el 42 [ Pl + 2allol + 2607 0),0)

< 2ey(f(z,u),w) +2(g(), v) — 2eylv]|* — 268y|| Vo || + 2e83y|ull?
+ 2e04y[|Vul|* — 2(ed5y + €%y?) (u, v) + 2(edoy + £*By*) (Au,v).  (3.5)

By Young’s inequality, we see
1
2(9(t),v) < 2[ollllg® < ellellellg® < SrallellE +ellg®l*. (36)
By (2.11) and (2.10b), we have

= 2(ed5y + €%y (u, v) + 2(edey + €*By*) (Au, v)
< (@ + DIyl + [y (Jol* + [[ull?) + (6 + B) [yl + [y IVl + [[Vul®)

1 1
< gera(lyl + ly>)(l0ll* + dsllull + Bl Vol|* + 64| Vul[?) = §EH2Y(9M)II@II%-
(3.7)
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where Y (0,w) = |y(6;w)| + |y(6:w)|?. By the same argument,
1
= 2eylvl® = 2eBlylIVoll* + 2edsy[[ull* + 2204yl Vull* < SeraY () o] -
(3.8)

By (2.10a) and (2.7¢), we know 072 > k1 and F + ¢3 > 0. Then we find from (2.7b)
that

20(f(z,u),u) 22/{1/

n

F(z,u)dz + 2(k1 — 672) ¢3(x)dx + 20 oo () dx.
RVI RW,

(3.9)
By (2.10b), we have v /73 < k2. Then we see from (2.7a) and (2.7¢) that
2ey(f (2, u),u) < 2571|y|/]R [ulP ™t dz + 2efyl]| ¢ | [[ul
< 2€H2Y(9tw)/ vslulPTda + 2ely| [l |||l
RW,

< 26R2Y(9tw)/ F(x,u)dz
1 2 2

+ 5 mllel +ecllyl +1yl%).- (3.10)

Substituting (3.6)—(3.10) into (3.5) we find

< (mg +2 [ Pl da;) T (k1 — emaY (0)) (II@II% +2 [ P dx)

< cel? O+ g()]1?).
Given 7 € R and w € , we obtain from [, F(z,u)dz > — [, ¢3dx that for ¢ >
s—t,s<Tandt >0,

(s, s — t,0_gw, @s—t)”% < e (s—stt)tens 277 Y (Oow)do

x (wst%w / F(x,usgdm)
]Rn

S—s S
+ C/ enl(r+57<)+|y(ﬁrw)\+en2 f:fb Y (0,w) do
—t

x (14 [lg(r + s)|*)dr + c. (3.11)

In particular, we let ¢ = s and then take the supremum over s € (—oo, 7] in (3.11)

to obtain
SUp [l (s, 5 — £, 0y, pary)||f < ¢TSS Y 0wy da

ST

X sup ((ps_t||2E + 2/ F(z,usy) dx) + esup R(s,w) + ¢, (3.12)
Rn

ST s<T
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where the function sup,, R(s,w) is well-defined due to (2.12a) and (iii) of
proposition 2.2. By (2.3), we have, for all s < 7,

v(s,8 —t,0_sw,vs_¢) = 2(8,8 — t,0_sw, zs—1) — ey(w)u(s, s — t,0_sw,us_y)),
(3.13)

where vs_y = 25— — ey(0_w)us—;. Then we see from (3.12) and (3.13) that
Sgp ||(U(S, s — t7 0_5(,4)7 Us_t), Z(87 s — t’ G—Sw’ uS—t)) ||?{1(]R”)><H1(R")

< celV@) gmritty(O—1w)|+ers [0, Y (0ow)do

s (1 el oy + sl + [ (F(ovuacs) + ) o)

ST R~
+ el sup R(s,w) + celv@)l, (3.14)

s<T

Note that (us—t,2s—¢) € B(s —t,0_sw) for s < 7 and B € B. Then by (2.12a) and
(2.9), as t — 400,

efn1t+\y(0_tw)|+sn2 j'Et Y (Oow) do

ssup (1 Bl + [ (Flauesd) + n) )

Ss<T

< Cefnlt+|y(9,tw)\+5/12 fﬁot Y (0,w) do (

1
sup ||(u5,t, Zsft) ”?{Jg (Rn)XHl (]R"’) + 1)

ST

et p+1 2
Kyt _ p“+2p K1t
Scle@ v sup [|B(s — ¢, 0-w) || 1 (mn)x 1 ) e 7T =0,

ST

(3.15)

which along with (3.14) implies (3.1). Notice that (3.2) can be proved in the same
way. 0

3.2. (B, D)-uniform estimates outsider a large ball

In this subsection we derive (B,D)-uniform tail-estimates of solutions to (2.2)
outsider a large ball. To that end, we need the following auxiliary estimates.

LEMMA 3.2. Let hypothesis F be satisfied. Then for every T € R, w e Q and

(ur,v;) € HY(R™) x HY(R™), the derivative of the solution ¢ = (u,v) of (2.6)
satisfies

w 2
lpe(t, 7, w, o)1 31 @ny s (my < €@ (L [lo(t, 7w, 00 17 + Nlg(8)]1%).-

Proof. The proof is similar to the autonomous case as in [51, lemma 3] and so
omitted here. ]
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Let p: R +— [0,1] be a smooth function satisfying

0, if 0
p(s) = {

<s <1,
(3.16)
1, if s> 2.

For k € N and x € R", we denote by pp(z) := p(|z|?/k?), Op = {z € R : |z| > k}
and Of = R™"\Oy. Then we derive the following (B, D)-uniform tail-estimates.

LEMMA 3.3. Let hypotheses F, S and G be satisfied. Then for each (t,w,B,D) €
R x Q xB xD, we have

t,kli»r{ﬁl—oo 225) ||<’U,(S, s — t7 975(“}’ U/S,t)7 Z(S, s — t? 9,5(4], Zsft)HHl(Oz)XHl(O;) = O?
(3.17)
for all (us—y,zs—1) € B(s — t,0_4w), and
t,klin-&l-oo [(u(r, T —,0_rw,ur—t), 2(7, 7 — t,0_rw, 2t )| 1 (0g) x 11 (0g) = 0,
(3.18)

for all (wr—¢,2r—¢) € D(T —t,0_w).

Proof. Taking the inner product of the second equation of (2.6) with pyv in L*(R™)
we find

/ provede — G prvAvy dx + 61 / pk|v|2 dz — 0 / prvAvde
n R R R
+ 53/ proudr — 0y / prvAudr + / pif(x,u)vde

=/ prvg(t) dw—ay/ pklvl2+€ﬁy/ prvAvdz
n R’!‘L R”'L

— (e05y + €%y?) / proudx + (edgy + szﬁyQ)/ prvAudr, (3.19)
n ]R'n.

where y := y(6,w). Denote by |¢| := ([v|> + B|Vv|? + 81 |u|? + 52| Vu|?)'/2. Asin the
autonomous case, see [51], by (2.10a) and (3.19), we see

d

&/ pk(|<p|2+2F(:v,u))dx+2m/ pk|<p|2dac+2(5—ay)/ prf(x,u)ude
R™ R™ n

< —25y/ pr|v)? —QEBy/ pk\Vv|dx+2563y/ pr|ul? de
R3 R R

+2554y/ pk\Vu|2dx—2(€55y+52y2)/ prvude

n

n n

+ 2(ed6y + £26y?) / prvAudr + 2/ prvg(t) dx
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- 254/ ue(Vu - Vo) doe — 284(6 — sy)/ u(Vu - Vpy)dz

n

- 20 v(Vug - Vi) de — 2(02 + €0y) / v(Vv - V) de.
R”L n

As in lemma 3.1, we have
—26y/ prlol? —2661// pr|Vol? dz
+25(53y/ pk|u\2dx—|—25(54y/ pr|Vu|? dz
R~ R~

1
<2elyl [ o do < gema¥ (0) [ il o
where Y (0;w) = |y(6iw)| + |y(fsw)[?. As in lemma 3.1, we get

—2(eb5y + %y?) / prvudr + 2(edy + 26y?) / prvAudz

n n

1
< 55&23’(9,@)/ orlel? da.
RTL

Note that
1
2 / prvg(t) dz < o / Pl da + ¢ / prl(t)]? da.
n n R’n

By (3.16) we know ||Vpg|lso < ¢/k. Then we see from lemma 3.2 that

— 264/ us(Vu - Vo) de — 284(6 — ey)/ u(Vu - Vpy)dz

n

—208 [ v(Vu - Vpg)dae —2(d2 + Eﬁy)/ v(Vu-Vp)de
RTL

n

c 2
< %e“"(l + el + g1

(3.20)

(3.21)

(3.22)

(3.23)

(3.24)

For the nonlinear term in (3.20), we see from (2.10a) and (2.7b) and (2.7c) that

20 prflz,w)ude = 2k, /
RTL

n

+25/ ’pk(bg(x) dx.

As in lemma 3.1, it yields from (2.7a) and (2.7c) and (2.10b) that
25y/ prf(z,u)udr < 25&2Y(9tw)/
]Rn

n

el [ o]+ |onf?) da
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1
ka(x,u)dx—l—inl/ prlo|? da
]Rn

(3.26)
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Given 7 € R and w € Q, we substitute (3.21)—(3.26) into (3.20) to find that
o) = (s, 8 — t,0_sw, ps—t) with ¢ > s —t, s < 7 and ¢t > 0 satisfies

d
I pk(|<,0|2 +2F (z,u))dx + (k1 — EKQY(Qg,Sw))/ pk(|g0\2 +2F(z,u)) dx
R R~

< ene 014 g + el +e [ a0 da. (3.27)
k
where 11, := (1/k) + foi(|¢2| + |¢3| + |¢1|?) dz — 0 as k — oo. Multiplying (3.27)

by els-i(m1—er2Y (0o —sw) do o g integrating over (s —t,s) with s < 7, we obtain from
(2.7¢) and (3.13) that

/ pk(|u(s, s —1,0_w,us_¢)|*> + |Vu(s,s — t,0_.w, us,t)|2) dz
R

+ pk(|z(s, s—1,0_,w, zs_t)|2 +|Vz(s,s — t,0_sw, zs_t)|2) dz
R’IL

0
< ce‘y(“’)‘e_“tﬂy(e“w)HEMf—tyw"w)d”/ P (Jus—o|*

n

+ Vst |* + |zo—t|? 4+ | Vas—i|* + F(@,us—y) + ¢3 + | ¢3]) d

0
4 empelv@l / R 0w) ema [0 Y (0,047 (1 4 [l (r 4+ 8)[12) dr
— 00

0
+ce\y<w>l/ ew+m.fBY<eaw>do/ l9(r + s,2)|? dz dr
e o

c
k

S
B 0
_|_CTke\y(o.))\/ 1 (r=8)Hly(0— o) ema [0, Y (Bow) do
s—t

X [lp(r, s —t,0_sw, po_t|| 7 dr + cel¥)] / |ps| da. (3.28)
o

Note that ||pklleo < ¢ and (us—y, z5—¢) € B(s — t,0_w) for s < 7 and B € B. Then
by the argument of (3.15), we have, as t — 400,

e—n1t+|y(0_tw)|+sn2 j'EtY(Oaw) do sup/ pk(|uq—f|2
s<T n
+ Vs> 4 |26 t|? + |Vzs_t|? + F(x,us_t) + ¢3 + |¢3]) da

2
p“+2p

K1t
@+n2™M 0.

—ryt p+1
< c(e (p+1)2 sup ||B(S —t, H,tw)HHl(Rn)XHl(Rn)) + ce

(3.29)
By (2.12b) and (iii) of proposition 2.2, we know
0
sup/ errrly(Orw)ltens [PV (05w) 71 4 |lg(r + s)||?) dr < oo. (3.30)
s<7J—00
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By (2.12b) and (iv) of proposition 2.2, we know

0
Sup/ erirtens [} Y((’““’)d"/ lg(r + s,z)[*dedr — 0 as k — oc. (3.31)

ST J—00 og

In order to consider the remaining term on the right-hand side of (3.28), we infer
from (3.11) that for all ¢ € [s — ¢, s] with s < 7 and ¢t > 0,

16065 — 1,0, 003 < cem (1S HOU PHA/ LN o [ 57 () dr

< (Ut lloadiy + [ (Flaei) + onte) o)
R
+ ce~ W/ PHA/HONRE=5) (1 4 R(s,w)),  (3.32)

where

R(s,w) := e’ s
— 0o

“ 0 L k1r+|y(0,w)|+ers f:’ Y (fow) do
| e 1+ lgtr + ) dr

By (2.12b) and proposition 2.2 we find sup,, R(s,w) < oo. Taking the p-th power

of (3.32), multiplying by e1(S=) (0wl +ena [2 ¥ (0ow) do

(s —t,s) with t > 0, we obtain

and integrating over

s .
[ e LY 0o 10 o) s
s—t

T—r1(s—s+t)+pera [°7° Y (0,w) do
e P+3

S ki(s—8)+H|y(Oc—sw)|+era fgo_s Y (0,w)do— +p
<c ’
s

< (Ut lloandly + [ (Flans) + a0 de) o
R™

N C(l N R(s’ w))p /s o1 (s—8)+|y(Oc—sw)|+era ffis Y (O,w) dgefp_#ii?K(C*s) dg,
s—t

(3.33)

Now, we let the first and second terms on the right-hand side of (3.33) as I; and
I, respectively. In addition, we set

0
o (w) ::/ A=/ (r+ (1 +3)) Ry (0,9 Gy < oo

Note that

p p < p

— + < —
Ptos (+HD? T p+l
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for all p > 1. Then by (us—¢, 2s—+) € B(s —t,0_w) for s < 7 and B € B we see from
(2.9), (3.13) and (2.12a) that as ¢t — +oo,

p 0
T ri1t+pers [, Y (0 w) do
I <crp(w)e "Tois

< (1ol [ (Pl +antw az)

— K1t+peka jft Y (0,w) dﬂ'<

(p+1 +1
(N A R PO e +1>

P 0
— Kk1t+ply(0—+w)|+pera f—t Y (0,w)do
<crp(w)e "Teis

+1
X (”(ush ZS*t)”ZI)_I(f(Rn))XHl(]Rn) + 1)

<cerp(w)e "

—%Kﬂf-’r#ﬂlt
< corp(w)e Ptits (o )? <|| sup || B(s —t,0_; )||Zf&ln)xH1(Rn) + 1)

s<T
S N p(p+1)
<ceryp (w) <e D2 sup HB(S —t, etCU)”Hl(Rn)XHl(]Rn))
s<T

+ e TRt 0, (3.34)

Note that

P 1

1-
Pt i ~ (p+1)2

>0

for all p > 1. Then by (2.12b) we see

N 0 1— rir+|y(0rw)|+er on(Q w) do
I < c<1+supR”(s,w)>/ e( EEs Jr ’ dr < .

s<T —00

(3.35)

By (3.33)—(3.35), the remaining term on the right-hand side satisfies, as ¢, k — 400,

s "
e Sup/ em(r—s)-‘r\y(er—sw)Hsmj JY(Oow dUHSD( —t,0_,w, Sﬁs—tHZEp dr — 0.

ST Js—t

(3.36)

Finally, we take the supremum over s € (—oo, 7| in (3.28), then the desired result
(3.17) follows from (3.29)—(3.31) and (3.36). By the same argument, we can show
(3.18), the details are omitted. O

3.3. (B, D)-uniform estimates inside a large ball

In this subsection we derive (B, D)-uniform estimates of solutions to problem
(2.2) on bounded domains. Denote by & (z) :=1— pr(z) for k € N with p given
n (3.16). Let ¢ = (4,?) := & = (§pu, &kv), where ¢ = (u,v) is the solution of
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problem (2.6). Multiplying (2.6) by & we find
iy = (ey — d)u + 7,

Uy — BAT + 610 — 52 AT + 630 — 04AU + & f (2, u) (3.37)
= —eyv + efyAv — (ed5y + e*y?)u + (ed6y + £ By*) Au + J,

where y = y(6;w) and the remaining terms are given by

J = fkg(t) — ﬂ’l}tAfk — 2ﬂV§k . Vvt — 521)A§k — 252V£1€ - Vo
- 62“A§k - 252V§k -Vu — Eﬁy’UAfk - 2€ﬁyV§k - Vo
— (eb4y + 2By uAEy, — 2(ebay + 2 By*)VEL - V. (3.38)
Note that the eigenvalue problem: —Awu = Au in Oy, with u|se,, = 0 has a family
of eigenvalues {\; }2; such that 0 < Ay < Ay < -+ \; — 00 as i — oo and the corre-

sponding eigenfunctions {e;}3°; in H'(Osy) form an orthonormal basis of L?(Oay,).
Let P; : L?(Og;) — span{er,ea ..., e;} be the canonical projection.

LEMMA 3.4. Let hypotheses F, S and G be satisfied. Then for each (k,T,w,B,D) €
NXxRxQxBxD,

hm sup sup H ((I - Pi)gku((% s —t, a—swa us—t)7
tyi—+400 st (Us—t,25—t)EB(s—t,0_1w)
(I - Pl)sz(s, S — t, 9_5(4), Zs—t)) ||H1(Rn)le(Rn) = O, (339)
and
lim sup I ((I —P)éru(r, 7 —t,0_rw,ur_¢),
tyi—+oo (Ur—t,2r—1)ED(T—t,0_1w)
(I — 'Pz)sz(ﬂ T — t, 9,7-0(}, fot)) HHI(Rn)XHl(Rn) = 0 (340)

Proof. Let w; = (I —P;)&pu, z; = (I — Pi)ékz and 0; = (I — P;)&,v. Applying I —
P; to the second equation of (3.37) and taking the inner product of the resulting
equation with o; in L?(Oa), we find

d

&(HT%H2 + BIIVDi||?) + 201 [|5:]|* + 202V ||* + 265 (115, 0;)
— 264 (AT, 0;) + 2(&nf(z,u), ;) = —2ey||vs||* — 2¢By|| Vo, ||?
— 2(eb5y + %Y%) (@, ;) + 2(eb6y + £2By*) (A, ;) + 2(J, ;).

Let @; = (@, 9;), and then we find that

d, _ - -
a\\%ll% + 261 | @illT < =28 f (, w), 5) — 2ey]| 0|
— 2e0y||Vl|* + 2e83y | @i + 2eay| Vi ?
—2(edsy + £2y*) (a, ;) + 2(ed6y + £28y?) (AT, ;) + 2(J, ;). (3.41)
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Note that p:= ((np —n)/(2p+ 2)) € [0,1) for all n > 1 due to (2.8). Then we see
from (2.7a) and the Gagliardo—Nirenberg inequality that

—2(8kf (), 0:) < cllullpy|[villp+a + clldalll|osl]
<

cllullpy IV l1* 0] 7 + cll o]

C)\z—ﬁl |UHH1 Rn)

V|| +C>‘z+1H|V’Di”
=1 B _1.
< C)‘i—i?l el %l e + C)‘z‘+21||§0i||E

< KIH‘PZHE + C>‘z+1 ||‘P|| + C>‘1+1 (3.42)
Note that

— 2ey|w:]|2 — 2By VUi ||? + 203yl |? + 2e04y|| Vi ||?

_ 1 _
<26yl @il < 5emaY (O)ll@ill- (3.43)
By Young’s inequality, (2.11) and (2.10b), we have

— 2(ebsy + %Y%) (@, 1;) + 2(ebsy + £7By*) (AT, v;)
< e(@slyl + [y (lall® + |o:11%) + e(Sslyl + By (| Va:||* + Vo)

1
< §€/€2Y(9tw)||@||2E. (3.44)

Finally, by lemma 3.2, we see

(7.5) < Il < eAa @il < mll@l\% + A e (U (g1 + el
(3.45)

Given 7 € R and w € 2, we substitute (3.42)-(3.45) into (3.41) to find that
0i(s) == i(s,s —t,0_sw) with ¢ > s—t, s <7 and t > 0 satisfies the following
energy inequality:

d w
d?“%II% + (81 — eraY (B sw)) @il < ciel?C==IN 1+ ||g() 1> + [l 2)-
(3.46)

where 60, := /\ﬁH1 +A4 —0 as  i— +oo. Multiplying  (3.46) by

elini(mi—enaY (O, —ow))do g integrating over (s — t, s), then we take the supremum
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over s € (—oo, 7], finally, we obtain (3.13) from that
sup H (u’b(s - t7 9*5‘*}7 (I - Pi)(&kusft»v

ST

X 2i(s = t,0_sw, (I = Pi)(€xzs—0))) | Fr oy s 111 (m)

< celv@)l =Rty +ena [, Y (Bow) do

X sup H((I - Pi)gkusfh (I - Pi)gkzs—t)H%[l(]gn)xH1(Rn)

ST

0 .
+ cB;elv @l Sup/ e HY(0rw) | +ena [T Y (05w) 71 4 |lg(r + 5)||?)dr

s<T

+ ceie\y(wﬂ sup /S enl(r—s)+|y(9r,sw)\+£ng frois Y (O,w)do
ST Js—t

x [lp(r, s —t,0_sw, psi| ¥ dr. (3.47)

By [|[I = Pi|l <1, [|€klloc <1 and (us—¢, 25—¢) € B(s —t,0_4w) for all s < 7, we find
from (2.12a) that as t — +o0,

- w K ° o o
e rit+|y(0_iw)|+ere [, V(0 w)d Sgp”(l_,Pi)(gkus—hgkzs—t)H%[l(Rn)le(Rn)
s<T

1 2
< C(e izt sup ||B(s — t, a_tW)HHl(Rn)XHl(Rn)) — 0.

s<T

By (3.30) and (3.36) we find that the remaining terms on the right-hand side of
(3.47) go to zero as i,t — +00, and hence we have (3.39). By the same argument,
we can show (3.40), the details are omitted here. O

4. Existence, uniqueness and semi-uniform compactness of pullback
random attractors

In this section we establish the semi-uniform compactness of pullback random
attractors of the cocycle ® generated by the stochastic wave equation (2.2).

4.1. Existence of (2, ®)-pullback absorbing set

First, we establish the existence of (%8,D)-pullback absorbing set in H*(R") x
HY(R").

LEMMA 4.1. Assume hypotheses F, S and G hold. Then we have the following two
conclusions for the cocycle ® generated by problem (2.2):

(i) ® has a B-pullback absorbing set Ko = {Kp(T,w): 7€ Rw e Q} € B,
which is given by, for (T,w) € R x Q,

Ke(r,w) = {(u,z) € Hl(Rn) X Hl(Rn) : H(uﬂz)H%{l(R")le(R")

< Melv@) (1 +SupR(s,w)) } (4.1)

s<T
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(ii) @ has a D-pullback random absorbing set Ko = {Ko(T,w): T € R,w € Q} €
D, which is given by, for every (T,w) € R x Q,

Ko (r,0) = { (u,2) € HYR™) x HUR™) ¢ 1 2) By oy e
< Melv@l(1 ¢ R(T,w))}, (4.2)
where M and R(s,w) are the same as given in lemma 3.1.

Proof. (i) By (i) lemma 3.1, for each (r,w,B)€ R x Q x%B, there exists
Tp :=Tp(1,w) >0 such that U;sp, U.e, @t s —1,0_4w)B(s —t,0_4w) C
K (7,w). Next, we show Ky € B. For every (1,w) € R x Q, we deduce from
(2.12b) as well as (iii) of proposition 2.2 that as t — +o0,

2 et
e @07 sup R(s, 0_4w)
s<T

—t
_ e*ﬁfﬂt sup/ enl(r+t)+\y(0,,~w)\+an2 I Y(Bow)do(l + ||g(r—|—s)||2) dr

s<T

— Kkt 0 KT
< sup [ R (L gl + 9 dr 0.

s<T J —00

Therefore, we have, as t — +o0,

1 et
e (p+1)2 1 Sl<1p ||ICB(S —t, Q,tw)HHl(Rn)XHl(Rn)
s<T

, R 1/2
<ec ely(0-w)| = iz 1+ sup R(s,w) — 0,

s<T
which shows that % is a B-pullback absorbing set of .

(ii) Since the mapping w — R(7,w) is F-measurable and Ko C Ky € B C D.
Then by (ii) of lemma 3.1, we find that Kg is a ©-pullback random absorbing

set for .
U

4.2. (B,D)-pullback asymptotic compactness

Then, we establish the (B,D)-pullback asymptotic compactness of ® in
HY(R™) x H*(R™).

LEMMA 4.2. Assume hypotheses F, S and G hold. Then we have the following two
conclusions for the cocycle ® generated by (2.2):

(i) ® is B-pullback time-semi-uniformly asymptotically compact in H*(R™) x
HY(R™), that is, for every r € R, w € Q and B= {B(t,w) : T e R,w e Q)} €
B, the sequence {P(t,,sn —tn,0_i,w, (Uon, 20n)}oe, i pre-compact in
HY'(R™) x HY(R™) whenever t,, — +00, (Uon,20.n) € B(sn — tn,0_t,w) and
Sp S T.
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(ii) @ is D-pullback asymptotically compact in H'(R™) x HY(R™), that is, for
every TER, weQ and D={D(r,w): 7T €R,weN)} €D, the sequence
{®(tn, T — tn, 01, w, (Uo.n, 20n)) 2, is pre-compact in H'(R"™) x H(R™)
whenever t, — +00 and (Ug pn, 20,n) € D(T — tn, 01, w).

Proof. (i) Let € > 0 be an arbitrary number, we want to show that the sequence

{(Una Zn)}zo:1 = {(I’(tm Sn — tna G_tnw7 (UOJ’H ZO,n))}ZO:l

has a finite open cover with radiis less then ¢ in H!(R") x H*(R"™) provided
tn — 400, (Uon,20n) € B(Sp — tn,0_4,w) and s, < 7. By (3.1), there are
Ny = Ni(1,w,B) > 1 and ¢; = ¢1(7,w) > 0 such that for all n > Ny,

||(Un7Zn)HHl(R”)XHl(]R") < . (43)

By (3.17), there are No = No(7,w,B,e) > Ny and k = k(r,w,B,e) > 1 such
that for all n > Ns,

9
H(UnaZn)||H1(R"\Ok)><H1(]R"\Ok) < 5 (44)

Recall that & (z) =1 — p(Jx|/k) with the function p as given in (3.16). By
(3.39), there are N3 = N3(7,w,B,e) > Ny and i = i(7,w, B,¢) > 1 such that
for all n > Nj,

g
||((I — 'Pi)kan, (I — Pi)gkzn)||Hl(Rn)XHl(Rn) < (45)

47
Then by (4.3), [[€kllcc < 1 and the finite-dimensional range of P;, we know
that {(Pi&kUn, PikkZn)}5%, is pre-compact in Py, (H(Oax) x HY(Oa)),
which along with (4.5) implies that {(£,Un,&kZ5)}02, has a finite open
cover with radiis less then ie in H'(Oa) x H'(Oa;). This along with the
fact that (U, (), Z,(x)) = (&u(x)Upn(2),&k(x)Z,(x)) for all x € O, implies
that the sequence {(U,, Z,,)}22; has a finite open cover with radiis less then
se in H'(Oy,) x H'(O,). This together with (4.4) further implies that the
sequence {(U,, Z,)}22, has a finite open cover with radiis less then ¢ in
HY(R™) x HY(R"™).

(ii) By (3.2), (3.18) and (3.40), we can similarly prove (ii), the details are omitted
here.
|

4.3. Existence and time-semi-uniform compactness of pullback random
attractors

We are in the position to establish the existence, uniqueness and time-semi-
uniform compactness of pullback random attractors of ® in H*(R") x H'(R").
This will be used to discuss the asymptotically autonomous robustness of the
pullback random attractors in the next section.

THEOREM 4.3. Let hypotheses F, S and G be satisfied. Then the following two
conclusions hold for the cocycle ® generated by problem (2.2):
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(i) ® has a B-pullback attractor Ap = {Axp(T,w) : 7 € R,w € Q} € B, which is
given by

Hl (Rn)le (Rn)
As(rw) = () |J @7 —t,0_10)Ks(r —1,0_4w) . (4.6)

to>0t>to

(i) A is time-semi-uniformly compact in H'(R™) x H'(R") in the sense
that the union |J A (s,w) is pre-compact in H'(R™) x H'(R™) for every

s<T

(r,w) e Rx Q.
(iil) @ has a ©-pullback random attractor Ap = {As(T,w) : T € R,w € Q} € D,

which is given by

H'(R™)x H'(R™)
Ag (T,w) = ﬂ U O(t, 7 —t,0_1w)Ko (T —t,0_4w) . (47)

to>0t>t

(iv) Ay = Ap, and thus ® has a unique pullback random attractor which is time-
semi-uniformly compact in H*(R™) x H'(R").

Proof. (i) By (i) of lemma 4.1 we find that Loy = {Kp(T,w) : T € R,w € Q} € B
is a B-pullback absorbing set for ®. By (i) of lemma 4.2 we know that @
is B-pullback asymptotically compact in H'(R") x H'(R"™). Hence by the
abstract result as given by Wang [41, proposition 3.8] we know that ® has a
unique B-pullback attractor Ay = {Agp(7,w): 7 € R,w € Q} € B given by
(4.6) in the sense of [41, definition 2.15]. However, we remark that only the F-
measurability of Ay is unknown, that is why we here say Ag is a B-pullback
attractor but not a B-pullback random attractor.

(ii) It suffices to show that Us<,Ap(s,w) is pre-compact in H'(R") x H'(R")
for each 7 € R and w € Q. Let {(U,, Z,)}22, be an arbitrary sequence
taken from Us<,Am(s,w). Then there exists s, < 7 such that (U,,Z,) €
A (sp,w) for each neN. Now, we let ¢, — oo, and by the invari-
ance of Ay we have (Up,Z,) = ®(tn, sn — tn, 0_1,w)Ap(sy, — tn, 01, w),
which implies that there exists (uon,z0n) € An(Sn —tn,0_¢,w) such
that (Up, Zyn) = @(tn, Sn — tn, 0—1,w, (Wo.n, 20,n)). Note that (ugn,z0n) €
A (8p, — tn, 0t w) C Ko ($n — tn, 0, w) with s, < 7 and Ky € B, then by
the B-pullback time-semi-uniform asymptotic compactness of ® as proved
in lemma 4.2 we know that the sequence {(U,,Z,)}52, is pre-compact
in HY(R") x H'(R"), which means that Us<, A (s,w) is pre-compact in
HY(R™) x H'(R™).

(iii) By (i) of lemma 4.1 we know that Ko = {Keo(T,w): T € R,w € Q} € D is a
D-pullback random absorbing set for ®. By (ii) of lemma 4.2 we find that ® is
D-pullback asymptotically compact in H'(R"?) x H!(R™). And therefore, by
the abstract result established by Wang [41, definition 2.15] and [42], we know
that ® has a D-pullback random attractor Ap € D in H'(R") x H}(R"),
which is given by (4.7).
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(iv) Given (7,w) € R x Q. Note that by the construction of Ky and Ko we
find Ky (1,w) 2 Ko (7,w). Hence, by (4.6) and (4.7), we have Ay (1,w) C
Ao (7,w). On the other hand, since Ay € B C D, then by the invariance of
A as well as the attraction of Ag we have, as t — +oo,

distg(Ag (T, w), Ao (T,w))
=distg(®(t, 7 —t,0_w)An(T — t,0_1w), Ap(T,w)) — 0,

which implies Ag (7, w) C Ap (T,w)E = Ap(7,w). Hence we have Ay = Ao,
which along with the F-measurability of Agp implies the F-measurability
of A% .

O

5. Asymptotically autonomous robustness of pullback random
attractors

In this section we discuss the asymptotically autonomous robustness of the time-
section Ag (7,w) of pullback random attractor Ag = {Agn(7,w) : 7 € R,w € Q} as
time 7 goes to negative infinity.

5.1. Random attractors of autonomous stochastic wave equations

To be more specific, we also consider an autonomous version of problem (2.1):

d
’lAl,tt -+ aﬁt — A’[Lt — ﬁAﬂtt + A\ — At + f(.T, 7.AL) = goo(x) + eSt o %, (51)
(0, x) = Gg(x), U (0,2) =a1(x), z € R, t >0,

where g, € L?(R") is the same function as in (2.14).
Denote by 2 := 4, + 64 with same § > 0 as given in above sections. Then we have
the following equivalent system:

Uy = —0u + 2,
d
B2+ 615 — A5 + Syt — G4 AN+ F(2, 1) = goo(w) + &St 0 dltv, (5.2)
(0, 2) = Go(x), 2(0,z) = 01 (z) + dig(z).

Let ¢ := 2 — ey(6iw)u to find that ¢ = (u,v) satisfies the following random system

ty = (ey(rw) — 0)4 + 0,
— BAD; + 610 — 6o AD + O30 — (54A12 + f(z,4) = goo(x) — ey(Orw)d
+eBy(Ow) AD — (e85y(iw) + 2y (Biw) )@ + (ed6y(iw) + €2 By* (Bw)) Ad,
(0, z) = Go(z), 0(0,x) = o(x) = 1 () + dup(x) — ey(Orw)to(z).
(5.3)

In fact, the well-posedness of problem (5.3) permits us to define an autonomous
cocycle @, : RT x Q x HY(R") x HY(R") — HY(R") x H'(R") given by, for every
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t>0and we Q,

q)oo(t, W, (20, f)o)) = (ﬁ(t, W, ’l)o), 2’(t, W, 20))

= (a(t,w, 0p), ey(Bpw)i(t, w, @) + 0(t,w,o)). (5.4)

Denote by Do = {Do(w) : w € O} a family of bounded nonempty subsets of
HY(R™) x H*(R™) satisfying

. ,,{ 2
lim e(~H10)/((p+1) )||DOC(9_tw)||H1(Rn)XH1(Rn) =0. (5.5)

t——+o0

Let ®,, be the universe of all families of bounded nonempty random subsets
of H*(R™) x H'(R") satisfying (5.5). By the standard method as in [51], it
is not difficult to prove that ®,, has a unique D, -pullback random attractor
Aoo = {Ax(w) : w € Q} € D. The main goal of this section is to prove that the
time-section Ag (7, w) of Ag is upper semi-continuous to A (w) as 7 — —oo in the
sense of the Hausdorff semi-distance of H'(R™) x H!(R").

5.2. Asymptotically autonomous convergence of stochastic wave
equations
In this subsection we establish the asymptotically autonomous convergence of

solutions to problem (2.6) in H'(R"™) x H(R™).

LEMMA 5.1. Let hypotheses F and G be satisfied. Then the solutions to the non-
autonomous equations of (2.6) converge to the solutions of autonomous equations
(5.3) in the sense that for every (t,w) € RT x Q,

lim ||(I)(t, T,W, (UT7 Z-,—)) — @oo(t,w, (’&0, 20))||H1(R7b)le(Rn) = 07

whenever ||(ur — to, 2r — 20)|| g1 @) x H1 (R7) — 0 a5 T — —00.
Proof. Given T > 0, for t € (0,T'), we let u(t) == u(t + 7, 7,0_rw,u,;) — 0(t,w, o),
z(t) = z(t+ 7, 7,0 _rw, z;) — 2(t, w, Zo) and v(t) ==t +T7,7,0_rw,0;) —
0(t,w, 0g) By (2.6)—(2.10a) and (2.7a) and (2.7b) we have u; = v — du + eyu and
Vi — BAV + 01V — 02AV + d3u — 64Au = f(x,4(t)) — fa,u(t+ 7))
+ gt +T) — goo — eyv + eBYAV — (e65y + 2y )u + (edsy + £26y?)Au, (5.6)

where y := y(6;w). Taking the inner product of (5.6) with v in L?*(R"™) we get

| &

1
5 7 UVIZ + BIVVIZ) + a1 [[VI* + 8[|V Y + d3(u, v) = da(Au, v)

[}

t
= (f(z,a(t) = flz,ult +7)),v) + (gt +7) = goo, V) — ey V][> — Byl VV]?
= (e0sy +ey?) (u,v) + (edey + €2 By*) (Au, v). (5.7)
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Let U(t) = (u(t),v(t)), then we find from (5.7) that

2 dtH HE ( (I,ﬁ,(t)) - f(xau(t + T)),V) + (g(t + T) - gooav)
+edzylul® + eday | Vull? — eylv]* — By Vv
— (e05y + %Y%) (u,v) + (edsy + €2 6y?) (Au, v). (5.8)

Let f(z,s) = (8/0s)f(x,s), then by hypothesis F, H*(R") — LPT1(R") and the
Holder inequality, we have

(f(@,a(t) = f (@, u(t +7)),v) < e(L+ [[ult + )5 gn) + 1805 @) 1215
(5.9)

Note that the remaining terms on the right-hand side of (5.8) are bounded by
(9(t +7) = goo, v) + edsyllull* + eday| Vul|* — eyl|v|
— Byl Vvl = (edsy + €%y®) (0, v) + (d6y + £2By) (Au, v)
(1 +Jyl + [y + clg(t +7) = gooll*. (5.10)
Substituting (5.9) and (5.10) into (5.8), we obtain

S < (e 1 ult + 1)ty

)t 121 + cllg(t +7) - gecl (5.11)

Applying the Gronwall inequality to (5.11) over (0,¢), we have

T
()5 < ce”™) (II‘P(O)II% + /0 lg(r +7) = goc|® dT>,

where J(1,w) := chT e WO ||a(r)| g1 wny + lu(r + 7)|| g1y dr. Then  we
have

|y(9tw)|+J(va)(||(uT — g, 2r — 20) || Ht x it

[a() g @) + 120 |71 @n) < ce
T
+ [ latr+7) = gl an)
By hypothesis G, we find
T T+T
[ st m) = glPar < [ gr) — guelPdr 0 s T oo, (512)
0 — 00

Note that [Ju, — ﬁ0||H1(Rn) + |lzr — Z0llgrmny — 0 as 7 — —o0o. Then it suffices to
show that J(7,w) is bounded as 7 — —oo. Note that ¢ = (u,v) satisfies

&~

(||<p t+7) E+2/nF(x,u(t+7))dx>

<c1(||so||E+2/ F<x,u>dx) T eallglt + )2 + co.
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where ¢1 and ¢y are positive constants independent of 7. Then by (2.7a) and (2.7b)
and (2.7¢), we find, for all ¢ € (0,7),

1 1
e+ 7,70 s ey < (14 T iy + Dol
T
gl [ ot +7) = gl ar).
0

which is bounded as 7 — —oo due to (5.12). By the same argument we can show
that ||a(t, w, to) ||§{1(R”) is also bounded for all ¢ € (0,7T’). Hence, the function J(7,w)
is bounded as 7 — —o0. The proof is completed. O

5.3. Asymptotically autonomous convergence of random attractors

In this subsection we establish the asymptotically autonomous robustness of the
time-section of the pullback random attractor Ag = {Ag(T,w) : 7 € R,w € Q} in
HY(R") x HY(R") as time 7 — —oo. Furthermore, two different versions of such
robustness are also discussed for discrete time sequence 7, — —00 as n — 0.

THEOREM 5.2. Let hypotheses F, S and G be satisfied. Then the non-autonomous
random attractor Ap = {Ag(t,w): 7 € R,w € Q} € B of ® is asymptotically
autonomous to the autonomous random attractor Ao = {Aso(w) : w € Q} of Py
in the following sense:

lim  distys rryx g1 () (As (T,w), Ao (w)) =0, P-a.s.w €. (5.13)

T——00
Furthermore, for any sequence 1, — —oo, there exists {1y, }72, such that

lim distpyre)x 7 (me) (Ass (T, 0

k—o0

w), A (07, w)) =0, P-as. we. (514)

Ty

In addition, for any € > 0 and sequence T,, — —o0, there exists {Tn, }721, Qe € F
with P(Qg) > 1 — e such that

lim sug distg (rryx 71 (R) (A (Th, W), Ao (W)) = 0. (5.15)
n—00 ,e0,
Proof. We first show (5.13). Denote by

0 = {w €Q: lim distp(As(r,w), Ax(w)) = 0}.

where E = HY(R™) x H'(R™). Then it suffices to prove P(2;) = 1. Let Qy = Q\Q;.
If P(Qq) <1, then Qs # 0, and hence there exists w € Qq. This implies w & Q.
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Based upon this fact we find that there exist ¢y > 0 and —oo < 7, | < 0 such that

dist (A (T, w), Ao (w)) = 3eo, Vn € N.

By the compactness of A (7,,w) we can take a sequence {z,}52 from A(7,,w)
such that

distg(2n, A (w)) = distg(As (Th, w), Aco (w)) = 3ep. (5.16)

By (4.1) we find that the K (7,w) is increasing in 7 € R, and hence

A o(w) = An(s,0) € | Ko (s,w) = K (0,w).

s<0 s<0

By the same argument of (i) of lemma 4.1, it is not difficult to show Ay ¢ € D.
Therefore, the set Ag o= {Axpo:w € Q} can be attracted by the attractor As.
This means that there exists ng € N such that

diStE(@oo(‘Tno|, QTHOW)A%,()(QTHOW), Aoo (w)) < €0,

which along with the continuity of ®, : £ — E implies

dist 5 (@oc (| Ty |, O, ) A 0 O @) Anc()) < 0. (5.17)

Tno

On the other hand, we see from the invariance of Ag that

A (Tn, w) = (|7, |, T — |Tno|79m0‘*})-’4‘3(7—n - |Tn0|’97—now)'

This permits us to rewrite x,, € Ag (7, w) as

Ty, = P(|Tng |, T — |Tn0\,97n0w)yn for some vy, € A (Tn, — |Tno |, GTnow).

Note that 7, — |Tn,| < T < Ty < 0 for all n > ng, then we have

{yn: n=2mno} C U A (s, 07, w) = Ap 0(0r,,w).

s<0

This together with (ii) of theorem 4.3 implies that the set Asp o(f-, w) is pre-
compact in E. Then the sequence {y,}22, has a convergent subsequence {y,, }7°,
in E such that

R
Yn, — Yo as k — oo for some yg € A%,O(HTnow)

Note that 0;, w € 0, Q C € due to the {0, }ter-invariance of €. This fact per-
mits us to apply the asymptotically autonomous convergence for ® as proved in

lemma 5.1 for the sample 0., w, t=|7,,| as well as 7 =17,, — |7p,| = —00 as
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k — oo to find, there exists a large enough k£ € N such that

[0 = Poo(|Tng |; b7,y )0l 2 = 12 (|Tng | Trie = [T Ory )Y
= @0 (|7, 07, )90l 2 < €0

This along with (5.17) implies

dist(Tn,,, Ao (W) < |20, — (I>00(|7n0|a9'rnow>y0HE
+ dist g (Poo(|7n, |, 0Tn(,w)y07 Ao (w))

< 20 + dist 5(D oo (| Ty |, Or,, ) A 0 (0, @) 5 Ace (@) < 220,

Tng
which indeed is a contradiction to (5.16), and thus (5.13) is proved.
We then prove (5.19). For any sequence 7, — —00 as n — 00, by (5.13) we have

lim distg(Ag(Th,w), A (w)) =0, (5.18)

n—oo

which implies, for any € > 0,

lim P{w € Q : distg(Ax (Th,w), A (w)) =} = 0. (5.19)

n—oo

Since {6, }+cr is measure preserving, then we have

P{w € Q : distg(An (79, 0, w, Ao (07, w)) > €}
=P, {we N :distg(Agp(Th, b, w, A (0,,w)) > €}
=P{w e Q: distg(An (7, w, Ax(w)) > €}

This along with (5.19) as well as Riesz theorem implies (5.19).
The proof of (5.15) is similar to that of [52, theorem 4.8], we omit the details
here. O
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