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We consider periodic homogenization problems for Lévy operators with asymmetric
Lévy densities. The formal asymptotic expansion used for the a-stable (symmetric)
Lévy operators (a € (0,2)) is not directly applicable to such asymmetric cases. We
rescale the asymmetric densities and extract the most singular parts of the measures,
which average out the microscopic dependencies in the homogenization procedures.
We give two conditions, (A) and (B), that characterize such a class of asymmetric
densities under which the above ‘rescaled’ homogenization is available.

1. Introduction

We are interested in the following homogenization problems involving the Lévy
operator

xT

wle)=a(2) [ lulo+5) - uelo)
ea{Vuele) AN dat) - £( 1) =0 2, (1)
w=o() in0° (1.2)

and

ww) -a(2) [ e 5e) -wtelage) -5 (£) 0 me

€

with (1.2). Here, {2 is an open bounded domain in R, M < N, 3 is a positively
homogeneous, continuous function from RM to R such that

B(cz) = cf(z), Ye >0, |3(2)| < B1lz], ¥z € RM, (1.4)

where By > 0 is a constant, dq(z) = ¢(z)dz is a positive Radon measure on RM
which satisfies

o)+ [P de(e) < o, (15)
|z|<1 |z|>1
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with 7 = 2 in the case of (1.1), and with v = 1 in the case of (1.3), where a and f
are real-valued continuous functions defined in RY, periodic in TV = [0, 1]V, such
that there exist constants 61, 62 € (0,1], L > 0, agp > 0 with which the following
hold:

a() > 3ag >0, laly) —a(y)| < Lly—y'|", yy eRY, (1.6)
) — FW)I < Ly — |, y,y eRY, (1.7)

and ¢ is a real-valued bounded continuous function defined in £2¢.

For any € > 0, there exists a unique solution u. of (1.1) and (1.2), and of (1.3)
and (1.2), respectively, in the framework of the viscosity solution (see Appendix A
for the definition, see Arisawa [2,3,8] and Barles and Imbert [10] for existence and
uniqueness results, and see Crandall et al. [13] for the general theory of viscosity
solutions). As € goes to zero, the sequence of functions {u.} converges locally uni-
formly to a limit %, and we are interested in finding an effective non-local equation
which characterizes .

Such a homogenization problem was solved in the case where the Lévy measure
is a-stable (see Arisawa [6,7]):

1

dq(z) = |2[N+e dz, ze€RM a€(0,2) a fixed number,

by using the formal asymptotic expansion

uo(z) = alz) + savC) +o(e%), zeRV, (1.8)

where @ = lim._,o u. and v is a periodic function defined in R™ called a corrector.
The above expansion leads to the so-called ergodic cell problem, which gives the
effective equation for 4. We refer the interested reader to Bensoussan et al. [12]
for a detailed discussion of this method. In the framework of the viscosity solution,
the formal argument can be justified rigorously using the perturbed test function
method established by Evans [14,15] (see also Lions et al. [18]). However, as we shall
see in examples 1.2-1.5, the above formal expansion cannot be employed directly if
the measure dg(z) is asymmetric. Here, we assume that the Lévy measure satisfies
condition (A) below.

(A) Let S = supp(dg(z)) € RM. There exists a constant « € (0,2) such that
eMHag(ez) < Cylz]~ M+ ve € (0,1), Vz e RM, (1.9)

where C7 > 0 is a constant independent on ¢, a subset Sy C S and a positive
function go(2) (2 € RM) such that

E$5M+aq(sz) = qo(2), Vz € S, lelﬁjl eMtag(ez) =0, V2 € RM\ 8.
(1.10)

We define a new measure
dgo(2) = qo(2) dz, Vz € Sy, dgo(z) = 0dz, Vz € RM\ 8. (1.11)

The following property holds for this rescaled measure dgp(z).

https://doi.org/10.1017/50308210510001897 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001897

Homogenizations of asymmetric Lévy operators 919

LEMMA 1.1. Assume the Radon measure dq(z) satisfies (1.5) and condition (A).
Then, Sy is a positive cone, i.e.

$Sy C Sp, Vs >0.
Moreover, sM*qy(s2) = qo(2), Vs > 0, ¥z € Sy, and
qo(2) = |z|M TGy (argz), VzeRM, (1.12)

where §o(0), 0 € [0,27) is a bounded real-valued function.

Proof. Let z € Sp. For any s € (0, 1), from condition (A) and (1.10),

. M4+« _ —(M+a) 1; M4+«
;1_%6 q(esz) =s gl_r}%)(ss) q(esz)
= 5~ (M+0) iy Mag(l )
e’'—=0
= s~ M+ g0 (2)

> 0.
Thus, sz € Sy, and
qo(s2) = s~ MFNga(2), Vs e (0,1), Yz € Sp.
Therefore, qo(z) = |2|MT%go(2/|z|), and from condition (A), (1.12) is proved. O
The following examples satisfy condition (A).
EXAMPLE 1.2. Let M = N, 8(z) = z and, for a € (1,2) and « € (0, 1), respectively,
dq(z) = |z|_(M+°‘) dz, z € RJXI, dg(z) =0, z € (Rf)c,

where Rﬂ\f ={z=(21,...,2m) | 2 >0, 1 < Vi< M}. In this case, for S = Sy =
Rf‘f,we have

q(e2)eMTe = |z|7(MFe) — g(2), Vz € Sy, q(ez)eMT™ =0, Vz € S, Ve > 0,
and condition (A) is satisfied for
dgo(2) = [2|" M+ dz, 2 € RY, dgo(2) = 0dz, = € (RY)“.
Both dg(z) and dgo(z) satisfy (1.5) with v = 2 (respectively, v = 1).
EXAMPLE 1.3. Let M = N =1, 8(z2) = z and, for 1 < a; < ag < 2,
dg(z) = |21+ dz, 2 < —1, 2> 0, dg(z) = |z|~F*2)dz, —1<2z<0.
In this case, for a = az, S =R, Sop = {z € R| z < 0}, we have
lim q(ez)e?t™ = |2|~(+22) — g4 (2), Vz € S, lim q(ez)e'™™ =0, Vz € S,
and condition (A) is satisfied for
dgo(2) =0dz, z > 0, dgo(2) = 2|7 dz, z <o.
Both dg(z) and dgo(z) satisfy (1.5) with v = 2.
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EXAMPLE 1.4. Let M =1, N = 2, 8(z) = (z,£{z), where £ > 0 is an irrational
number and, for a € (1,2) (respectively, a € (0,1)),

dg(z) = 2|+ dz, zeR.

In this case, for S = Sy = R, we have
qe2)et® = || 70+ = go(2), Vze S =S, Ve >0,

and condition (A) is satisfied for

dgo(z) = |2|~ ¥ dz, zeR.
Both dg(z) and dgo(z) satisfy (1.5) with v = 2 (respectively, v = 1).
EXAMPLE 1.5. Let M = N, f(z) =z and, for vy > 0, 1 < a < 2,

dg(z) = exp(—y|z])|z]" M+ dz, 2 e RM,

In this case, for g(s) = 5%, S = Sy = RM, we have

lim g(e2)eM+ = lim exp(—ey|z|)|z| "M+ = |z~ M+ vz e § =8,
e—0 e—0

and condition (A) is satisfied for
dgo(z) = 2| M*9 dz, 2z eRM.
Both dg(z) and dgo(z) satisfy (1.5) with v = 2.

In examples 1.2-1.4, the Lévy measures are either asymmetric or degenerate
(in the sense that S or Sy does not contain an open ball centred at the origin in
RM). Example 1.4 corresponds to the jump process satisfying the non-resonance
condition [9]. At first sight, the formal asymptotic expansion (1.8) used for the
a-stable Lévy operator seems to be unapplicable for the measures in examples 1.2—
1.5. However, by using the constant « in condition (A), we can still use the expansion
(1.8):

ue(z) = u(z) + e“v(i) +0(e”), xRN,

We introduce the formal derivatives of u. into (1.1) (respectively, (1.3)). From
condition (A) ((1.9) and (1.10)), we note that

lim |z7eMFeg(e2) dz:/ |2|" dgo(2), (1.13)
=20 Jjz1<1 ES!
lim |z~ eMtog(ez) dz:/ |2|" " dgo(2), (1.14)
=0 J1z1>1 |2>1

for o € (1,2) with v = 2 (respectively, a € (0,1) with v = 1). We formally obtain
the following ergodic cell problem. For any fixed x € {2, and for the given

I = / [a(z + B(2)) — u(x) — 1< (Va(z), B(2))] dg(z),
RM
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and, respectively,
b= [l +5) — a(w)] datz),

find a unique number d;, (and respectively, dj,) such that the following problem
has at least one periodic viscosity solution v(y):

i =ay) [l +B) = o) = (T0(0), 5] dan(2)
()l ~ f) =0 TV, (115)

and, respectively,

dr, — a(y) /RM [0(y + B(2)) = v(y)] dao(2) — a(y)l2 — f(y) =0 in T, (1.16)

provided that dgo(z) (the rescaled measure defined in (1.11)) satisfies (1.5) with
v = 2 (respectively v = 1). In some cases, we can only find the unique number
dy, (respectively, dr,) that satisfies the following weaker property. For the case of
(1.15), dy, is the unique number such that, for any § > 0, there exist a subsolution
vs and a supersolution v of

dr, — a(y) /RM [vs(y + B(2)) — vs(y) — (Vus(y), B(2))] dgo(2)
—a(y)li — fly) <6 inTN

and

o~ oly) /RM [v°(y + B(2)) — v (y) — (Vo' (1), B(2))] dgo(2)
—a(y)ly — f(y) > =0 in TV,

The weaker version of (1.16) will be stated in §4. As noted in [9] for the case of
partial differential equations, the existence of the unique number d;, (respectively,
dy,) is shown by the strong maximum principle (SMP) for the Lévy operator. Since
the Lévy density dgo(z) in (1.15) (respectively, (1.16)) is possibly degenerate, we
must establish a new SMP for our present purposes. We shall give a general sufficient
condition for the SMP in §2 (condition (B)), in terms of the controllability of the
jump process: © — x + 3(z), z € Sp.

Although we have stated our problem in linear cases, for reasons of simplicity,
the present method is also applicable to nonlinear homogenization problems.

EXAMPLE 1.6. Let £2 C R? be an open domain, and let 3;: R — R3, 35: R? — R?
be such that

Bi(2') = (0,0,2'), V2 € R, Ba(2") = (2, 23,0), V2" = (27, 2) € R%
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Consider

) max{-a( %) [fuete + 1) = 0eo) = 1o (Fucla), o) dn ()

- a(i) /R2 [ue(z + B2(2")) — uc(z)
~ Loriea V(o). Ao ")

f(x> -0 in®,
g

(1.17)

with the Dirichlet condition (1.2). Here, dgi1(2), dga2(2”) are, respectively, a one-
dimensional Lévy measure and a two-dimensional Lévy measure. More detailed
assumptions will be given later. We shall give the effective equation for this homog-
enization problem in §5.

This paper is organized as follows. In §2 we state the SMP for Lévy operators
with degenerate densities satisfying a fairly general condition (B) given below. In
§ 3, under condition (B), we solve the ergodic cell problems (1.15) and (1.16). In §4
the homogenization problem (1.1), (1.3) is solved rigorously. In § 5 a generalization
to nonlinear problems, such as example 1.6, is given. In Appendix A the defini-
tions of viscosity solutions for integro-differential equations with Lévy operators
are reviewed for the reader’s benefit. Throughout the paper, by subsolution and
supersolution we take to mean the viscosity subsolution and the viscosity superso-
lution, respectively. We denote by USC(R¥) and by LSC(RY) the set of all upper
semicontinuous functions on RY, and the set of all lower semicontinuous functions
on RY | respectively. For z € RY we denote by B,.(z) a ball centred at x with radius
r > 0.

2. Strong maximum principle in TV

In this section we establish the SMP for Lévy operators with asymmetric, degen-
erate densities. We use this result to solve the ergodic cell problem in §3. Our
presentation is slightly more general than necessary. Let H(y,p) be a continuous
real-valued function defined in RY x RY | periodic in y with the period TV, satis-
fying

H(y,0) >0, VYyeTV. (2.1)

We consider

H(y, V) — aly) / fu(y + 5(2)) — u(y) — (Vu(), (=) dgo(z) =0 in TV

RM
and

H(y, Vu) — a(y)/ [u(y + () — u(y)] dgo(z) =0 in TV,

RM
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where ((z) satisfies (1.4), a(y) satisfies (1.6), and dgo(z) satisfies (1.5) with v = 2in
the case of (2.2), and v = 1 in the case of (2.3). We assume the following condition.

(B) For any two points y, ¢’ € T, there exist a finite number of points y1, ..., ¥m
€ TV such that y; = y, ym = ¥/, and, for any m positive numbers &; > 0.
1 < i < m, we can take subsets J; C Sop = supp(dqo(z)), 1 < Vi < m —1,
satisfying

yi + B8(2) € Be,(Yit1), Yz € J, / 1dgo(2z) >0, 1 <Vi<m. (24)
Ji

Condition (B) describes the controllability of the jump process y — y+06(z), z € Sp.

THEOREM 2.1. Let u € USC(RY) be a viscosity subsolution of (2.2) (respectively,
(2.3)). Assume that (1.4), (1.6) and (2.1) hold, and that dqo(z) satisfies condi-
tion (B) and (1.5) with v = 2 (respectively, v = 1). If u attains a mazimum at §
in TN, then u is constant in TN .

Proof. Let u(y) = M, and set £y = {y € TV | u = M}. Assume that 2§ # (), which
should lead to a contradiction. Take a point ¥’ € (2§, and note that u(y’) < M.
From condition (B), we can take a finite number of points, yi,...,ym € TV such
that y1 = ¥, ym = ', m positive numbers ¢;, 1 <7 < m, and m — 1 subsets J; C S
that satisfy (2.4). There exists a number & such that 1 < k < m, with which y € 2
and yi+1 € §25. Since (2§ is open, we can take sufficiently small €, > 0 such that
B, (yx+1) C £25. From condition (B), there exists Ji C Sp = supp(dgo(z)) such
that [, 1dgo(z) >0, and

yk + 0(2) € Uz, (Yry1), V2 € Ji.
Thus, we can take dr > 0 such that
u(yr + B(2)) < M — 8, Vz € Jj. (2.5)

For the constant function ¢(y) = M, y € TV, since u — ¢ takes a maximum at
Yk, from the definition of the viscosity subsolution (see definition A.3), by using
Vé(yr) =0, we have

H(yk,0) — a(yk)/ [ulyr + 8(2)) — ulyr) — (0, 5(2))] dgo(2) <0

RM

and, respectively,

H(ye,0) — alys) / (i + B(2)) — uur)] dgo(2) < 0.

RM

From (1.6) and (2.1), and from the fact that u(yx) = M > u(yx + B(z)) for any
z € supp(dgo(2)), the above leads to

,/J [u(yr + B(2)) — u(yr)] dgo(2) < 0.

However, from condition (B), this contradicts (2.5), since

- / (e + (=) — ulu)] dao(2) > 6 / 1dgo(z) > 0.
Jk

Jr
Therefore, 25 = () must hold. O
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REMARK 2.2.

1. Consider the jump process y — y + ((z), 2 € Sy = supp(dgo(2)), in TV,
where dgo(z) is any of the measures defined in examples 1.2-1.5. Then, it is
easy to see that condition (B) is satisfied by each of the measures dgo(z).
(Note that, in example 1.4, for fixed y € T?, the set {y+(2,£2) | 2 € R = Sy}
is dense in T for £ > 0 is irrational.)

2. Let M = N and (3(z) = z. If, for some r > 0, B,(0) C dgo(z), then condi-
tion (B) is satisfied.

3. The SMP in theorem 2.1 can be stated in parallel for a supersolution u €
LSC(RY) of (2.2) (respectively, (2.3)), i.e. if u attains a minimum at § € T,
then u is a constant function.

4. Let us replace the Lévy operator in (2.2) to the following:

[+ B = ) = 11ca (V). B daof),

where dqo(#) satisfies (1.5) with v = 2. Then the SMP also holds for the above
operator under condition (B).

3. Ergodic problem

In this section we study the ergodic problem of the jump process z — = + ((z),
z € supp(dgo(2)). For A > 0, we consider

Ao (y) — aly) / [vA(y + B(2)) — ualy) — (Voaly), B(2))] dgo(2)

RM

~foly) =0 TV (3.)

and, respectively,

do(v) = aw) [ [on(y +BE) — sl dan(s) ~ folw) =0 in TV,

(3.2)

In (3.1), (Vua(y), B(z)) is used instead of the usual term 1).<1(Vua(y),5(2)) in
the Lévy operator studied in [2,3,10]. However, condition (1.5) compensates it in
the integral, and the comparison of solutions for (3.1) (respectively, (3.2)) holds
similarly to [2,3,10]. Thus, there exists a unique periodic viscosity solution vy of
(3.1) (respectively, (3.2)).

THEOREM 3.1. Let vy be a viscosity solution of (3.1) (respectively, (3.2)). Assume
that (1.4) and (1.6) hold, that fo satisfies (1.7), that dqo(z) satisfies condition (B)
and (1.5) with v = 2 (respectively, v = 1). Then there exists a unique real number
d such that

lim \vx(y) =d  uniformly in TV . (3.3)
A—0
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The number d is characterized by the property that, for any § > 0, there exists a
subsolution vs and a supersolution v° of

d=a(y) [ [osly+5) = vs(w) = (Tos(0). BN dan(s) — folw) <3, (3:4)

d=a(y) [ |17+ B(:) = ') — (Vo (), S daolz) = folw) > =5, (39
and, respectively,

d=a(y) [ fosly+ 5(:)) = o] dao(2) = oly) < 5 (3.6

d=aty) [ 00+ 5) o Wlda) ~ hin > -5 61)

in TN.

Proof. We prove (3.3) for the problem (3.1). The proof of (3.2) is similar and we
do not write it here. We multiply (3.1) by A > 0, and set m) = Avy. We have

Ama(y) — a(y) /RM [ma(y + B(2)) —ma(y) — (Vma(y), 5(2))] dgo(2)
~Mo(y)=0 inTY. (3.8)

We claim that the following holds.

LEMMA 3.2. Let the assumptions in theorem 3.1 hold.

(i) There exists a constant M > 0 such that the following hold:

malz~ <M, VA€ (0,1). (3.9)

(ii) For any 0 € (0, min{6y,02}), there exists a constant Cyp > 0 such that
[ma(y) —ma(y) < Coly —y'|°, ¥y’ € TV, YA € (0,1). (3.10)
The constants M, Cyp > 0 are independent on A € (0,1).

We admit the above estimates for a while, which we shall prove later. Following
lemma 3.2 (my = Avy), from the Ascoli-Arzeld lemma we can take a sequence
A — 0 such that

Ny (y) — 3d(y) as X — 0 uniformly in TV,

where d(y) is a Holder continuous, periodic function satisfying (3.10). To see that
d(y) is constant, we multiply (3.1) by X’ > 0, and tend X to zero. By using (3.9),
from the stability of viscosity solutions we obtain

- /RM [d(y + B(2)) — d(y) — (Vd(y), 6(2))] dgo(z) <0 in T,
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Hence, from the SMP in theorem 2.1, d(y) is constant, i.e. d(y) = d for some real
number d. Next, assume that there exists another sequence A\’ — 0 and another
number d’ such that

Nvyi(y) = d as N — 0 uniformly in TV,

Without loss of generality, we may assume that d’ < d. For arbitrary small y > 0, by
taking \' > 0 and sufficiently small A" > 0, we have the following two inequalities:

d=ay) [ fov -+ () = v (s) = (Tow o). BN dao(2) = oly) < B

d' —a(y) /RM [oxr (y + B(2)) = var (y) = (Voar (), B(2))] dao(2) = fo(y) = — 5.

We shall write w = vy/, w = vy~. By adding a constant if necessary, we may assume
that

w(y) > w(y), VYyeTN. (3.11)

We take sufficiently small A > 0 such that [Aw|ge, |A@[~ < 4. Then w and w
respectively satisfy

() - aly) / w(y + B(2)) — w(y) — (Vu(y). A=) dao(=) +d — foly) <

Naly) ~ aly) [ [0y +5(2) ~ 0ly) - (Vo). 5 daz) + & = aly) > .
From the comparison principle [2,3,10] we obtain
MNw(y) —o(y) <d' —d+2u, VyeT?,

which contradicts (3.11) for sufficiently small p > 0. Therefore, d = d’ should hold,
and the claim is proved. O

Proof of lemma 3.2. (i) The uniform bound for |my|p~, VA € (0,1), is clear from
the comparison principle for (3.8), i.e. |Amy|r < |Afo|pee-

(ii) We prove the inequality using a contradiction argument. Let r > 0 be a fixed
number to be determined later. Set

2M
Cyp=—. 3.12
0= "0 (3.12)

Assume that there exist g, 7/ € TV such that
[ma(@) = ma(@)| > Coly — 5'|°, (3.13)

which leads to a contradiction. Note that |§ — §’| < r must hold. Set
D(y,y") = may) —may') = Coly —y/'I°, y.y' €TV

Let (¢,9') be a maximum point of @ in TV. We may assume that &(7,7’) is the
strict maximum. Set ¢(y,y') = Coly —¢/|°, p = Vy0(3,7), Q@ = Vid(9,9'). From
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the definition of the viscosity solution, we obtain

Na() = ai) [ (3 + B) = mai) = (0. )] daoz) < M),

AT?”Lx(y“’)—a(i/)/ [ma(@ + B8(2)) = ma (@) = (p, B(2))] dgo(2) = Mo (§')-

RM

By dividing the above two inequalities by a(g) and a(g’), respectively, then taking
the difference, we have

Xma()  Ama (i)
a@) | a)

- [+ 52) = ma (i)

—(§ + B(e)) + ma()] daolz) < L) 2D,

Since, for any z € RM,

ma(@) —ma(§) = Colg — 9'1° = ma(§ + B(2) —ma(g’ + B(2)) — Coli — 71",
the preceding inequality leads to

Aa(g")ma(§) = Aa(@)ma(@') < Aa(§') fo(G) — Aa(@) fo (@),

which leads to

a(§")(ma(9) —ma(§")
< (a(@) = a(@))ma(§") + a(@) (fo(9) = fo(3") + (a(§’) — a(@)) fo(@)-

Thus, from (1.6), (1.7) and (3.13), since (g, ') is the maximum point of @, the
above leads to

Coly =3'1” < L'(Jg =5/ + 15— §'1"),
where L' = ag "L(M + ||a|| o (zv) + || foll L (zv))- Therefore, from (3.12), since 6 €
(0, min{#;,60-}) and | — 3’| < r,
I < L[ — 0 4 [ — 3O < D 40,

By taking r > 0 sufficiently small such that % +r% < 2M L/~ we obtain the
desired contradiction. This shows the existence of Cyp > 0 such that (ii) holds.
Moreover, the constant Cy does not depend on A € (0, 1). O

COROLLARY 3.3.

(i) Let vy be the solution of (3.1) with dqo(z) and B3(z) given in either example 1.2
with a € (1,2), examples 1.8 and 1.4 with o € (1,2), or example 1.5 with
€ (1,2). Then there exists a unique constant d such that (3.3) holds.

(ii) Let vy be the solution of (3.2) with dgo(z) and B(z) given in either example 1.2
with o € (0,1), example 1.4 with o € (0,1), or example 1.5 with o € (0,1).
Then there exists a unique constant d such that (3.3) holds.

Proof. As we have seen in remark 2.2 each of the measures dgg(z) in examples 1.2—
1.5 satisfies condition (B). Hence, the claim follows from theorem 3.1. O
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REMARK 3.4.

1. The SMP (theorem 2.1) is essential to prove the existence of the ergodic
number d in theorem 3.1.

2. We can generalize theorem 3.1 by adding a fully nonlinear degenerate elliptic
second-order operator F(x, Vu, V2u) to (3.1) (respectively, (3.2)) (see [4] for
an outline of the proof).

4. Homogenizations

In this section we give our main results of the homogenization problems (1.1) and
(1.2), and (1.3) and (1.2) in theorems 4.7 and 4.9, respectively. Throughout this
section we assume that condition (A) holds. Let u. be the solution of (1.1) and (1.2)
(respectively, (1.3) and (1.2)). By introducing the formal asymptotic expansion
(1.8),

ue(z) = a(x) + & v( )—i—o( o, zeRV,

respectively, (1.3)), by using the homogeneity of 5 in (1.4) and by noting
and (1.14) hold, we obtain the following cell problem (1.15):

into (1.1)
that (1.13

NN

dr, —a(y) | [(y+B(2))—v(y) = (Voly), B(2))] dgo(2) —a(y) L = f(y) =0 in T",

RM

where

n- / [ + B(2)) — alx) — 1jaj<1 (Va(x), B(=))] dg(2),
R

M

respectively, we obtain (1.16):

i = aly) [ [oly+ 5(:)) = o) dao(z) ~ aly)la = F(s) =0 in TV,

b= L) = [ (e + A=) — i) da(c),

provided that dgo(z) satisfies (1.5) with v = 2 (respectively, v = 1). Note that,
according to condition (A), the Lévy measure dg(z) in (1.1) (respectively, (1.3))
is transformed to dgo(z) in the cell problem (1.15) (respectively, (1.16)). For any
I € R (respectively, I € R), from theorem 3.1 (with fo(y) = a(y)I; + f(v),
i = 1,2), there exists a unique number dj, (respectively, dr,) such that, for any
8 > 0, there exist vs a periodic subsolution and v° a periodic supersolution of

i —a(y) [ [o5(y + B) = vs(w) = (T05(9). 8] dao(2)

—a(y)i - f(y) <30 inTY,
di =a(y) [ |07+ B(=) = o) = (Vus(a). 5(:))) dan(2)
)

—a(y)lL — f(y) = —36 in TV,
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and, respectively,

dr, — aly) /]RM [vs(y + B(2)) — vs(y)] dao(2) — a(y)lo — f(y) < 56 i TV,

di=a(y) [ |07+ B() = @) dao(a) — alp)la = ) > ~46 i TV

For reasons that will be explained later, let us regularize vs and v°. For v > 0,
define

1
(sup convolution) vjy(z)= sup {v(;(y) - —ly— :r:|2}7
ly—z|<v v

1
(inf convolution) v5(z) = ly_il;l‘f<y {v‘s (y) + ﬁ|y - x|2}

Set v =}, v = v,‘f. It is known that v is semiconvex, v is semiconcave, and both
are Lipschitz continuous [13,16]. Moreover, since

lim v%¥ = vs lim 0% = o0
v 0 ’ v=0 Y

uniformly in TV, for any § > 0, we can take v > 0 such that v and © are, respectively,
a subsolution and a supersolution of the following:

dr, — aly) / [w(y + (=) — v(y) — (Vo(), B(=)] dao)
—a(y)hy — fly) <6 TN, (4.1)

dr, — a(y)/ [0(y + B(2)) — v(y) — (Vo(y), B(2))] dgo(2)
—a(y)1 — f(y) =2 -6 in ™ (4.2)

and, respectively,

dr, — a(y) /RM [(y + 8(2)) —v(y)]dgo(z) —a(y)lo — fly) <5 in TV, (4.3)

i =aly) [ [+ 0(:)) = 0] dan(s) —al)la = F) > =5 TV (4.)

(see, for example, [3,16]). We use the above approximated cell problem in place of
(1.15) in the following argument. Define

L(I,) = —dy,, VI € R and, respectively, I5(I3) = —dy,, VI> € R, (4.5)

where the right-hand side is a unique number such that, for any 6 > 0, (4.1)
and (4.2) (respectively, (4.3) and (4.4)) have a subsolution and a supersolution,
respectively. We now prepare some lemmas which we will use later in the paper.

LEMMA 4.1 (Arisawa [6]). Assume that (1.4), (1.6) and (1.7) hold, and that dgo(z)
satisfies condition (B) and (1.5) with v = 2 (respectively, v = 1). Then the func-
tion Iy (respectively, Is) defined in (4.5) is continuous and satisfies the following
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property. There exists © > 0 such that

L(I+T)-L(I)<-6I' VIER, VI' >0, (4.6)
and, respectively,

L(I+1)—-L(I)<-0I', VIeR, VI >0. (4.7)

The above result was presented in [6], which was originally given in [14] for the
partial differential equation case. The proof does not differ much from [6,14], so we
omit it here.

REMARK 4.2. Let u € C?(RY). Then, by putting
B = hfil@) = [ u(e+8(:) = ul@) = 1iax (Vula). 5(:))] da(e),

b= Bful(e) = [ futa+ 5(:) = ulw)) da(2)

into I, (respectively, I3), the map u — I (I1[u](z)) (respectively, u — Iy(I2[u](z)))
can be regarded as an integro-differential operator. The property (4.7) implies that
I (I [u](z)) (respectively, I(I2[u](x))) is subelliptic [6].

LEMMA 4.3. Let Iy (respectively, 1) be the functions defined in (4.5). Consider
u+ I (I [u](z)) =0 and, respectively, u+ Iz(Ia[u](z)) =0 in (2, (4.8)

with (1.2). Let u, v be a subsolution and a supersolution, respectively, of (4.8) and
(1.2). Then, u < v in 2. Moreover, there exists a unique viscosity solution u of

(4.8) and (1.2).

Proof. The comparison principle can be shown by the usual contradiction argu-
ment, from the subellipticities (4.6) and (4.7). The existence of the solution can be
obtained using Perron’s method. This argument was used in [2,3,6,10] and we do
not repeat it here. O

We give the following result in the convex analysis, which we cite without proof
(see [13,16] for details). For an upper or a lower semicontinuous function ¢ defined
in an open subset O in R"™, for p > 0, put

M, ={z € O|3p € R" such that [p| < p, ¢(z) < ¢(Z) + (p, x — T), Vo € O}

LEMMA 4.4 (Crandall et al. [13], Fleming and Soner [16]). Let ¢ be a semiconvex
function in an open domain O, and let x’ be a maximizer of & in O such that

p = sup ®(z) — sup b(z) = &(z') — supb(z) > 0.
o 90 80

Then the following hold.

(i) @ is differentiable at ' and V&(z') = 0.
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(ii) For any m € N, there exists T, € My, such that @ is twice differentiable at
Ty iMoo Ty = 2, V2D(24,) < O, |VP(2,,)| < 1/m. For pp, = VO(x,,),
the function

P (z) = P(2) = (P> )
takes a mazimum at x = x,,.
LEMMA 4.5. Let 9(y) be a periodic semiconcave function defined in T™. Assume
that, for a function ¥(x) € C*(RYN), ¥(x) + e“v(x/e) takes a global minimum at
Z. Then, the following hold for any z € RM, with a constant C > 0 independent on
e>0 and Z:

(i)
_C2 02 < v(i + 5(@) - v(i) - <Vyv(:>,6(z)> <O (4.9)

_Cez < v(i + ﬁ(z)) - v(i) <C2l. (4.10)

Proof of lemma 4.5. (i) The second inequality comes from the semiconcavity of
v and (1.4). The first inequality is derived from the fact that ¥(z) + *v(z/¢)
takes a global minimum at Z. In fact, since ¥(z) + e*v(z/e) is semiconcave, it is
differentiable at Z and V¥(z) + eV, 0(z/c) = 0,

U(z) + e%(f) <Y (T+¢eB(2)) + s%(f + 6(;:)), Vz e RM,

for any € > 0. Thus, we obtain
(o2 +00) o(2) - (wa(2) o)
2 —(W(z +e6(2) —¥(z) — (V¥(2),26(2)))

> —2|8(2) PV (z + pef(2))],

where p € (0,1). From (1.4), the first inequality holds with a constant C' > 0
independent on € > 0 and Z.

(i)

(ii) The second inequality comes from the Lipschitz continuity of o and (1.4). The
first inequality is proved in a similar way to (i). O

LEMMA 4.6. Let 9(y) be a periodic semiconcave function defined in T™. Assume
that, for a function ¥(x) € C*(RN), ¥(x) + g(e)v(x/e) takes a minimum at Z.
Then the following hold.

(i) If dgo(z) satisfies (1.5) with v =2,

L) (2) () s
- (2 ) o) {2

(4.11)

https://doi.org/10.1017/50308210510001897 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001897

932

M. Arisawa
(ii) If dgo(z) satisfies (1.5) with v =1

L) (2
L

Proof. (i) From (1.4) (i.e. e713(2)

<
/N
o8
+
=
W
S—
~~_
|
<
7 N
oM | &8
~_
_ 1
(oW
B
(=)
—~
+
S
=
—
)
SN—

= ((z/€)), we have

) A el

- L AD) (D) {2
L2 9 (2) s
Then, by condition (A), and (1.5) with v = 2

/RM [U@ +ﬁ(zl)> ”’(i) - 1ez'<1<Vyv<§>,ﬁ(Z’)>]6M+aq(ez’)dz’

_ /RM [U@ —|—ﬁ(z)> - U@) - <vyv<f>,ﬁ(z)>} dgo(z)
cef [p(Eree)-o(2) - (vr(2) a6 maten - wieia:

+C |2l [ q(e2) — qo(2)] dz
|z|>1

m\H\

)

< Cl</|z|<1 27" q(e2) — qo(2)| dz + /Z>1 |2l [e™*q(e2) — qo(2)] dZ)
= 0(5)’

where we used part (i) of lemma 4.5 to obtain the last estimate

(ii) The proof is similar to that of (i), while we use (1.5) with v = 1 and part (ii)
of lemma 4.5.

O
We now state the main result of the paper

THEOREM 4.7. Let u. be the solution of (1.1) and (1.2). Assume that (1.4), (1.5)
(with vy = 2), (1.6), (1.7), and conditions (A) and (B) hold. Assume also that dgo(z)
defined in (1.11) satisfies (1.5) with v = 2. Then there exists a unique function

u(x) = ah—% uc(x), Vo eRN,

which is a unique viscosity solution of
a(z) + L[L[u)(z)] =0 in 2

)

(4.13)
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and (1.2), where I, is given by (4.5) with

Lful(z) = /RM [a(z + B(2)) — u(x) = 111 {Va(z), 5(2))] da(2)-

Proof of theorem 4.7. We use the perturbed test function method introduced in
[14] (see also [18]), which is now standard, to solve homogenization problems in
the framework of viscosity solutions. Here, we must take extra care to treat the
difference between the original Lévy measure dg(z) and the rescaled measure dgg(2)
in the cell problem (1.15) (and (4.1) and (4.2)). Let

uw(z) =lm sup w.(y), uy(z) =lim inf u.(y), VzeRY.

e—0,y—x e—=0,y—z
In the following, we divide our argument into two steps.

1. We show that u* is a subsolution of (4.13). By assuming that u* is not the
subsolution of (4.13), we obtain a contradiction. So, assume that, for a function
#(r) € C?(RY), u* — ¢ takes a global strict maximum at z, u*(Z) = ¢(Z), and for
some v > 0, the following holds:

o@)+ 1| [ [0l + 5:)) — 010) - Lca(T0(0). BN da(2)| =37 >0
Then, from the continuities of I; (lemma 4.1) and ¢, for sufficiently small 7 > 0,
o) + L{L[E@) > 2y in B, () (414)
where
Blol@) = [ 6l -+ 8(:)) = 6(0) = 1ija (Vo). B)] da).

From (4.2), for 6 > 0 and I; = I1[¢](Z), we know that there exists a periodic,
semiconcave, Lipschitz continuous function ¥ which satisfies

oo = a0) [0+ B2) = 5(0) = (V5(6). 8] dao(2)
—a(y)h[e)(z) — fly) = —26 inTN.  (4.15)
To continue the proof of theorem 4.7 we need the following lemma.

LEMMA 4.8. Let ¢.(x) = ¢(x) + e*v(x/e). The function ¢. is a viscosity super-
solution of

T

oce) = a2 [ oua s ) = 6e) = 1pges (VL) 5] dal2)

_f<':) >~ in Bo(3), (4.16)

where the Lévy density dq(z) is the one in (1.1).
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Proof of lemma 4.8. To confirm (4.16) in the sense of viscosity solutions, assume
that, for some 1) € C?(RY), ¢. — 9 takes a strict minimum at z = 2’ and ¢.(z') =
¥(2'). From definition A.2 we must show that

.'LJ

o) = a2 ) [+ 51— 6la) = Ty (Ve B )

3

Since — (¢ —1)) is semiconvex, from lemma 4.4, we can take a sequence z/,, € {2 such
that z/,, — 2’ as m — oo, ¢ — 1 is twice differentiable at x7,,, V2(¢. —1)(x,) = O,
|V(ge — 1) (x],)] < 1/m. Furthermore, by setting

Pm = v(¢€ - ¢)(‘T;n)a

(¢ — V) (x) — (pm, x) takes a minimum at x},. Put ¥, (z) = ¥(z) + (pm, ). To see
(4.17), we first prove

I/

butet) = () [ Wonlats+ 561) ~ bin(ah) = UialT ), B )

13
—f(JJ;’T) >y
13

(4.18)

for any sufficiently large m € N. By noting that ¢. — v, is twice differentiable at

x!, and that 1, € C?, we know that ¢. is twice differentiable at z,. Since ¢, is

semiconcave and Lipschitz, from (1.5) we obtain

e (a7, + B(2)) = ¢e(@7,) = 111 (Ve (27,), B(2)) € LY RM, da(2)).

We can show that
be(aly) — (Im) [ 18-+ B = 0u(al) = 11y (T (). 6] a2

£ RM
!
NIEARS
3
(4.19)

in the classical sense, for any sufficiently large m € IN. To see (4.19), we use part (i)
of lemma 4.6 (4.11) for ¥ = ¢ — 1y, T = x, to obtain

L ) () uoms(2)
_ /RM {v(”;m + ﬁ(z)) - v<xg> - <Vyv(mé”),ﬁ(z)>} dgo(2) + O(e).
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Thus, from (4.15), with y = z/, /e, for sufficiently small € > 0,

o) L 152) (3
~tan{e 9,0 () 59) aute)

~a( =2 ) ni@ - 7( ) > s

We introduce this into (4.14) (for x = x},, € B,.(T)):
o)+ | [ 180t + 561) = 0lel) = ca (Voat) SN da(2)| > 2
By taking sufficiently small € > 0, § > 0 such that

/
x
v <;”> ‘ <3

by noting that dr, 4z = —I1([1[¢](Z)), and from the continuities of I1, ¢, for
sufficiently small r > 0 we obtain

olata) + 2o 22

€

a(ﬁ”) /RM [(gb(x;n + 6(2)) Jrs“ﬁ(W)) — <¢(x'm) + %D ij))

- (Vo) + =190 (22, e )

Thus, (4.19) is proved. From V¢, (z),) = Vi, (2],) and

(6= = Ym)(a7) < (¢ = WYm)(@l, + B(2), Yz €RM,
(4.19) leads to (4.18):

!

et a2 ) [ oot 4 BN — ) = L (T, S 02

E
Ty,
f(6 ) 2.

From (4.18), since |p,,| < 1/m, and since

U (@ + B(2)) = m (@) = 1211 (Vm (27,), B(2))
= P’ + B(2)) — (a") = 1< (Vi(a'), B(2)) € L' (RY, dg(2))

as m — 0o, we have shown (4.17), and thus lemma 4.8 is proved. O
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We continue the proof of theorem 4.7. Now, the comparison principle for (1.1)
and (4.16) leads to

sup {uc(z) — ¢e(@)} < sup {uc(z) — ¢e(2)} + -
zeU,(z) z€U,(Z)°

By letting € — 0, since y > 0 is arbitrary,

sup {u”(z) —d(x)} < sup {u(z) — ()}

z€U (%) z€U,(T)e

However, this contradicts the fact that z is the strict global maximum of u* — ¢.
Therefore, u* must be a viscosity subsolution of (4.13).

2. By the parallel argument, we can prove that u, is a viscosity supersolution of
(4.13), which we do not repeat here. Now, from the definition of u, and u*, we have

Uy <ue <u*, Ve>0.

From the comparison principle for the viscosity solution of (4.13) and (1.2) in
lemma 4.3, we have

Thus, there exists a limit
o= limu, = u, = u*
e—0

that is the unique viscosity solution of (4.13) and (1.2). O
Our second result is the following.

THEOREM 4.9. Let u. be the solution of (1.3) and (1.2). Assume that (1.4), (1.5)
(with v = 1), (1.6) and (1.7) hold, and that conditions (A) and (B) hold. Assume
also that dqo(z) defined in (1.11) satisfies (1.5) with v = 1. Then there exists a
unique function
a(z) = lim u.(z), Vo € RY,
e—0

which is a unique viscosity solution of
w(x) + L[L[u)(x)] =0 in 2 (4.21)

and (1.2), where I is given by (4.5) and
Llul(z) = / [a(x + F(2)) — u(z)] dg(2).

Proof of theorem 4.9. The proof is similar to that of theorem 4.7 (in fact, it is sim-
pler because there is no term 1.|<1(Vu(x), (2)) in the integral). We use part (ii)
of lemma 4.6 instead of part (i).

COROLLARY 4.10.

(i) Let ue be the solution of (1.1) and (1.2). Assume that (1.6) and (1.7) hold,
and that dq(z) and B(z) are given by either example 1.2 with o € (1,2),
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examples 1.3 and 1.4 with o € (1,2), or example 1.5 with o € (1,2). Then
there exists a unique function

a(z) = lim ue(z), VoeRY,
e—0

which is a unique viscosity solution of (4.13) and (1.2).

(ii) Let u. be the solution of (1.3) and (1.2). Assume that (1.6) and (1.7) hold,
and that dq(z) and B(z) are given by either example 1.2 with o € (0,1),
example 1.4 with a € (0,1), or example 1.5 with o € (0,1). Then there exists
a unique function

a(z) = lim u(z), Vo eRY,
e—0

which is a unique viscosity solution of (4.21) and (1.2).
The claims follow from corollary 3.3 and theorems 4.7 and 4.9. O

REMARK 4.11. The present argument can be generalized to the following type of
homogenization problem:

ue(z) + 21612 {—a(g:) /RM [us(z + B(z, &))
—ue(®) — 121<1(Vue(2), B(z,&))] dg(2)

f(x,d>} —0 i,
19

with (1.2), where A is a compact metric set (control set), 5(z,«) is a continuous
function in RM x A with values in RY satisfying (1.4) uniformly in A, and f(y, @)
is a real-valued continuous function in TV x A satisfying (1.7) uniformly in A. We
leave the detail to the reader.

5. A nonlinear problem

In this section we show how the present method can be applied to more general
nonlinear problems. We consider example 1.6. Let u. be the unique viscosity solution
of (1.17).

Assume that there exist two positive numbers o; € (0,2), | = 1,2, subsets
St < S' = supp(dg(z)), I = 1,2, and positive functions ¢ (z), | = 1,2, such
that condition (A) is satisfied:

lir% qlez)et ™ dz = ¢l (2)dz, Vze S, 1=1,2,
E—>
5.1
lim g (e2)e! ™ dz = 0dz, Vz e RY/Sh 1=1,2, (5:1)
e—0
and
let g (ez)] < Clz| )| Ve € (0,1), Vz € R, (5.2)

where dg;(z) = ¢(2)dz, 1 = 1,2, and C > 0 is a constant. We define the following
new measures:

dgh(2) = ¢b(2)dz, Vz € S}, dgh(z) = 0dz, V2 € RY/S), 1=1,2. (5.3)
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Here, we further assume that «; = as = « (otherwise, a different problem which
is not concerned with the present interest of the non-local problem arises). We use
the formal asymptotic expansion

ug(x)zu(a:)—l—so‘v(xl,@,m), r € R3, (5.4)
e el e

and obtain the following ergodic cell problem. For any given I’, I” € R, find a
unique number dj/ ;» with which the following problem has a periodic viscosity
solution v:

dps v + max {—a(y) /R [w(y + B1(2) — v(y) — (B1(2), Vo(y))] dgp (2)
—a(y)I’, —a(y) / [w(y + B2(2")) — v(y) — (B2(2"), Vu(y))] dgg (")

R2

- a(y)f”} i) =0 nT®

(5.5)
where
I'=T'[u)(x) = /R[ﬂ(fl? + 51(2) — a(z) = 1< (Bi(2), Va(z))] dgi (27),
I = i) = [ [+ (") = i) = Vra(Ba(e"), Vi) dae ().

As in §3, the existence of the unique number d;/ ;» in (5.5) comes from the SMP
of the integro-differential equation

H(y, Vv) + max {— /R[U(y +61(2") = v(y) — (Bi(2"), Vo(y))] dgg (=),

= [ ol ) = 0(0) = (5l o)A b =0 i T,
(5.6)

In order to establish the SMP for (5.6), we need to generalize condition (B) of
theorem 2.1 to the following.

(B’) For any two points y, y' € T3, there exist a finite number of points y1, . .., ¥m
€ T® such that y; = y, ¥y = %/, and for any m positive numbers &; > 0,
1 < i < m, we can take subsets J;, 1 < Vi < m, either J; C S& or J; C Sg,
such that if J; € S, 1 =1,2,

/ 1dgh(z) >0, yi+ Bi(z) € Be, (yi41), Vz € Ji,
Ji

for any 1 <7 < m.

THEOREM 5.1. Let u € USC(R?) be a viscosity subsolution of (5.6). Assume that
Bi, I = 1,2, satisfy (1.4), that dgly, | = 1,2, satisfy (1.5) and condition (B'), and
that (2.1) holds. If u attains a mazimum at § in T3, then u is constant in T3.
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The proof of theorem 5.1 is similar to theorem 2.1, which we do not reproduce
here. By using theorem 5.1, the existence of the unique number dp r~ in (5.5) can
be shown by using a similar argument in § 3. In this way, we can define

Iy =—dpm, YI,I) R
Then, the effective integro-differential equation for @ = lim._,o u. is the following:
a+ I(I'la)(x), ["[a)(x)) =0, =€,

associated with the Dirichlet condition (1.2), where I'[a](x) and I"[a](x) are as
given previously. This formal argument can be confirmed by the perturbed test
function method used in §4. Since the argument is similar, we just give the outline
here.

Appendix A.

In this section, by following [5], we note three types of equivalent definitions of
the viscosity solutions for a class of integro-differential equations, which includes
(1.1). The comparison and the existence of viscosity solutions in this framework
can be found in [1,3,8,10,11] and the references therein. The equivalence of these
definitions was shown in [5]. We consider the following problem:

F(z,u(x), Vu(x), Vu(z))
- /RM [u(e + B(2)) — ulw) — 111 (B(2), Vu(@)) dg(z) =0 in 2, (A1)

where F is a real-valued continuous function defined in 2 x R x RY x SV, which
satisfies the degenerate ellipticity (see [13] for this concept). We say that, for
u € USC(RY) (respectively, LSC(RY)), (p, X) € RN x SN is a superdifferen-
tial (respectively, subdifferential) of u at « € (2 if, for any small p > 0, there exists
v > 0 such that the following holds:

w(+2) — u(z) < {p, )+ Xz 2) +pls, V| <o, 2 €RY,
and, respectively,

u( +z) —u(x) = (p,2) + 5(X2,2) — plz|*, V|z| <v, z€RY,
We denote the set of all subdifferentials (respectively, superdifferentials) of u €
USC(RY) (respectively, LSC(RY)) at 2 € £2 by J5 u(z) (respectively, J5 u(x)).
We say that (p, X) € RN x SN belongs to J5 u(x) (respectively, J5~ u(x)), if
there exist a sequence of points x, € (2 and (p,,X,) € J?Z’Jru(xn) (respectively,

J5 u(x,)) such that

lim z, =z, lim (pran) = (an)'

n— oo n—oo
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From (1.4), for u € USC(RY) (u € LSC(RN)), if (p, X) € J5Tu(z) ((p, X) €
J?;_u(m)), we can take a pair of positive numbers (v, 1) such that

u(@ + B(2)) = ule) < (p, B(2)) + 5(XB(2), B(2)) + ulB()*, Vel <v, 2 € RM,
(u(z + B(2)) —u(z) = (p, () + 3{XB(2), B(2)) — plB2)?, Izl <, 2 € R;X)é)

DEFINITION A.1 (Arisawa [2]). Let u € USC(RY) (u € LSC(RY)). We say that u
is a viscosity subsolution (supersolution) of (A1) if, for any & € 2, any (p, X) €
J?;+u(£) ((p,X) € J?l’_u(i“)), and any pair of numbers (v, i) satisfying (A 2), the
following holds:

If w is both a viscosity subsolution and a viscosity supersolution, it is called a
viscosity solution.

DEFINITION A.2 (Barles [11], Barles and Imbert [10], Jacobsen and Karlsen [17]).
Let v € USC(RY) (u € LSC(RY)). We say that u is a viscosity subsolution
(supersolution) of (A1) if, for any # € §2, and for any ¢ € C?(RY) such that
u(Z) = ¢(Z) and u — ¢ takes a maximum (minimum) at Z, the following holds:

Fl@, u(#), Vo(2), V26(2))
= [ 16+ B2) = 6(8) = 11 (3(2). Vo@))] da(:) < 0

(m, ul(#), Vo(2), V?6())
= [ 66+ B - 600) ~ La(B6), Vol da(2) > o).

If w is both a viscosity subsolution and a viscosity supersolution, it is called a
viscosity solution.

DEFINITION A.3 (Arisawa [5]). Let u € USC(RY) (LSC(RY)). We say that u is a
viscosity subsolution (supersolution) of (A1) if, for any & € {2 and for any ¢ €
C?(RY) such that u(2) = ¢(2) and u — ¢ takes a global maximum (respectively,
minimum) at &:

h(z) = u(@ +2) — u(@) — 11,1 (B(2), Vo(2)) € L' (R, dg(2))
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and
F(&,u(2), Vo(i), VZ¢(2))
- [u(@ + B(2)) —w(@) — 11,1<1(8(2), Vo(2))] dg(2) <0,

2ERM
(F (#,u(2), Vo(2), V2p(2))
_ / o 110+ BE) — @) = 1 (9(2), V(@) da(2) 20).

If u is both a viscosity subsolution and a viscosity supersolution, it is called a
viscosity solution.

THEOREM A.4. Definitions A.1, A.2 and A.3 are equivalent.

The claim was proved for the case M = N and ((z) = z in [5], and for the case
3 depending also on x € R in [8]. The present case is contained in [8], which is
similar to [5]. Thus, we do not reproduce the proof here.

We next modify the above definitions to treat the following:

F(z, u(x), V), V() - / e BE) ~u@)da(x) =0 n 2, (A3)
which includes (1.3), where dg(z) satisfies (1.5) w t_l: ~v = 1. Note that from (1.4),

1.
for u € USC(RN) (u € LSC(RN)), if (p, X) € J5 u(z) ((p,X) € J5 u(x)), for
any p > 0, we can take v > 0 such that

u(@ + B(2)) — u(@) < (p, B(2)) + plB()?, VIz| <v, 2 € RY
(u(z + B(2)) —u(x) = (p, B(2)) — ulB(z)]*, Vlz| <v, z € RY). (A4)

DEFINITION A.5. Let u € USC(RY) (u € LSC(RY)). We say that u is a viscos-
ity subsolution (supersolution) of (A 3) if, for any & € {2, any (p, X) € J?Z’Jru(:%)
((p,X) € J?fv(ﬁ)), and any pair of positive numbers (v, 1) satisfying (A 4), the
following holds:

F(é,u(#),p, X) — / (), 660 dg(2)

- /| e+ 3) —u(@)]da(2) <0

(m, (@), p, X) — /| = B, B dat2)
_ /| G+ 5(e)) — @] daz) > 0>.

If u is both a viscosity subsolution and a viscosity supersolution, it is called a
viscosity solution.
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DEFINITION A.6. Let u € USC(RY) (u € LSC(RY)). We say that u is a viscosity
subsolution (supersolution) of (A 3) if, for any # € {2 and for any ¢ € C?(R") such
that w(Z) = ¢(2) and u — ¢ takes a maximum (minimum) at Z, and for any v > 0,

F(i,u(@), V(i), V2(1)) — / [6(2 + B(2)) — ¢(2)] dg(z) <0

RM

If w is both a viscosity subsolution and a viscosity supersolution, it is called a
viscosity solution.

DEFINITION A.7. Let u € USC(RY) (u € LSC(RY)). We say that u is a viscosity
subsolution (supersolution) of (A 1) if, for any # € §2 and for any ¢ € C?(R") such
that u(Z) = ¢(&) and u — ¢ takes a global maximum (minimum) at Z,

h(z) = u(Z + 2z) —u(z) € LY(RM, dq(2)),

and

F(&,u(@), V(i), V2(2)) — /ERM [u(@ + B(2)) —u(2)]dg(z) <O

(FGu@). Vo). 20) - [ [u(e +66) ~ u(@]da() >0).
zER

If w is both a viscosity subsolution and a viscosity supersolution, it is called a

viscosity solution.

THEOREM A.8. Definitions A.5, A.6 and A.7 are equivalent.

Proof. Theorem A.8 can be proved in the same way as [5]. We omit it here to avoid
redundancy. O
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