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Abstract  We prove new results on the existence, non-existence, localization and multiplicity of non-
trivial radial solutions of a system of elliptic boundary value problems on exterior domains subject to
non-local, nonlinear, functional boundary conditions. Our approach relies on fixed point index theory.
As a by-product of our theory we provide an answer to an open question posed by do O, Lorca, Sédnchez
and Ubilla. We include some examples with explicit nonlinearities in order to illustrate our theory.
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1. Introduction

The existence of solutions of elliptic systems on exterior domains has been studied by a
number of authors. Two interesting papers in this direction are those by do O and co-
authors [14, 15], where results on the existence, non-existence and multiplicity of positive
solutions of the elliptic system with non-homogenous boundary conditions (BCs):

Au+ fi(|z],u,v) =0, |z] € [1,+00),
Av + fo|z],u,v) =0, |z] € [1, +00),

u(z) =a forxz e 0B, ‘ |lim u(|z]) =0, (1.1)
x| —+00

v(r) =b for x € OBy, | Ilim v(|z|) =0,
x| —+o00

were given. The methodology in [14,15] relies on a careful use of the Krasnosel’skii—
Guo theorem on cone compressions and cone expansions, combined with the upper-lower
solutions method and the fixed point index theory. These papers follow earlier works
by do O et al. [11] on annular domains with non-homogenous BCs, and by Lee [39] on
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Dirichlet BCs on exterior domains. In [15] (see Open Problem 3) the authors posed an
interesting question regarding the existence of multiple positive solutions of the elliptic
system (1.1) under more general BCs.

Here we study the existence and the multiplicity of non-zero solutions of the system of
nonlinear elliptic boundary value problems with non-local and functional BCs

Au+ (|z]) f(u,0) =0, || € [Ry, +00),
Av + ha(lz]) f2(u,v) = 0, 2] € [Ry, +00),

u(Riz) = fru(Ryx) for x € 0By, ‘ llim u(|z]) = Hylu, v], (1.2)
x|—+00
o(Riz) = 51%(3@) forz € 0By, lim_v(ja]) = Holu.v),
T|—+00

where z € R", n >3, (1,01 € R, R1 >0, R,,R¢ € (R1,+), B, ={z € R" : |z| < p},
0/0r denotes (as in [18]) the differentiation in the radial direction r = |z|, and H; are
suitable compact functionals, not necessarily linear.

We stress that a variety of methods have been used to study the existence of solu-
tions of elliptic equations subject to homogeneous BCs on exterior domains: for example,
topological methods were employed by Lee [39], Stanczy [46], Han and Wang [22], do O
et al. [12], Abebe and co-authors [1] and Orpel [42]; a priori estimates were utilized by
Castro et al. [5]; sub and super solutions were used by Sankar et al. [45] and Djedali and
Orpel [10]; and variational methods were used by Orpel [41].

In the context of non-homogeneous BCs, elliptic problems in exterior domains were
studied by Aftalion and Busca [2] and do O et al. [13-16], and nonlinear BCs were
investigated by Butler and others [4], Dhanya et al. [9], Ko and co-authors [33], and Lee
and others [40].

In order to discuss the existence of non-zero solutions of the elliptic system (1.2), we
study the associated system of perturbed Hammerstein integral equations

u(t) = <1 + (fl__&l?)?t)Hl [u, V] +/O ki(t,s)g1(s) fi(u(s),v(s))ds,

1
o) = (1= 1 Jalusel + [ halts)on(s) alul), o) .

The existence of solutions of systems of (different kinds) of perturbed Hammerstein
integral equations has been studied, for example, in [17,19, 20, 23-25,29, 31, 32,49|.
When using Krasnosel’skii-type arguments for these kind of systems, one difficulty to be
overcome is how to control the growth of the perturbations. In the recent manuscript [8]
the authors used local estimates via linear functionals. Here we also use local estimates,
but with affine functionals instead. This allows more flexibility when dealing with the
existence results.

The paper is organized as follows: §2 is devoted to the existence and non-existence
results for the system (1.2); and in §3 we briefly illustrate how our theory allows us to
deal with more general conditions than those present in (1.1), giving a positive answer
to Open Problem 3 of [15].

Our methodology relies on classical fixed point index theory (see, for example, [3, 21])
and also benefits from ideas from the papers [17,24,28-30, 37, 38,47,48]|.
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2. A system of elliptic PDEs in exterior domains
We consider the system of boundary value problems

Au+ ha(lz]) fi(u,0) =0,  |z| € [Ry,+00),
Av + ho(|z]) fa(u,v) = 0, [z] € [Ry, +00),

u(Riz) = fru(Ryx) for x € 0By, | Ilirﬂl_ u(|z|) = Hylu, v], (2.1)
v(Rix) = 51%(1%5:5) for z € 0B, | |lim v(|z]) = Halu,v],
x| —+00

where z € R", 81,01 € R, Ry > 0, and R,), R¢ € (R, +00). We assume that, fori = 1,2,
e fi:RxR —[0,400) is continuous;

e h;:[Ry,+00) — [0,+00) is continuous and h;(|xz]) < ((1)/(|z[*T#)) for |z| — +o0
for some p; > 0.

Consider in R", n > 3, the equation
Aw + h(|z|) f(w) =0, |z| € [R1,+0). (2.2)

In order to establish the existence of radial solutions w = w(r), r = |z|, we proceed as in
[4] and rewrite (2.2) in the form

n—1

w”(r) +

Set w(t) = w(r(t)), where

w'(r) +h(r)f(w(r)) =0, 7€ [Ry,+00). (2.3)

r(t) == Ry tY27", te0,1]
and take, for t € [0, 1],

R e
o(t) :=r(t) 712 #((2n=3)/(2-n)).

then (2.3) becomes
W (£) + S(OR(r() f(w() =0, te 0,1,

Set u(t) = u(r(t)) and v(t) = v(r(t)). Thus, with the system (2.1), we associate the
system of ordinary differential equations (ODEs)

u’(t) + g1(t) fr(u(t),v(t) =0, te(0,1),
V(1) + 020 Lu(), o(0) =0, 1€ (0,1) o
w(0) = Hifu,v],  u(l) = Bru(n),
U(O) = HQ[U’UL U(l) = 521/(5)7
where
S

and &,n € (0,1) are such that 7(n) = R, and 7(£) = Re.
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We study the existence of non-trivial solutions of the system (2.4), by means of the
associated system of perturbed Hammerstein integral equations

(B — 1)t

1—- 5

t
1— B2

)= (1+ )mmﬂ+AVﬁJMQMW@w@Ma

o) = (1- )mMM+A¥mwmwmwww@m&

where the Green’s functions k; and ko are given by

. Bt

k1(t,s) := 7 —6177(1 —5)— 16ﬂ1n

(n—s), s<n, {t—s, s<t,

s>, 0, s>t,

and

k‘g(t, 8) = (1—8)— 1*&27 0 s>t (26)

t
b sgf,_{t—s, s<t,
1=0 0, 5> &,

Owing to the presence of the parameters (1, 82,1, &, several cases can occur; here we
restrict our attention to the case

1
1§ﬁ1<6 and O§ﬁ2<1—£. (27)

The choice (2.7) is owing to brevity and to the fact that it enables us to illustrate the
different behaviour of the solution (u,v) in the two components: u is non-negative on [0, 1]
and v is positive on some sub-interval of [0, 1] and is allowed to change sign elsewhere.

In the following Lemma we summarize some properties of the Green’s functions k; and
ko that can be found in [27,47].

Lemma 2.1. The following hold.
(1) The kernel k; is non-negative and continuous in [0, 1] x [0, 1]. Moreover, we have

0 < ki(t,s) <Py(s) for (t,s)€]0,1] x [0,1],
I{Zl(t78) > Cqu)l(s) for (t,S) S [al,b1] X [07 1],
where we take
_ pis(l —s)
M=

an arbitrary [a1,b1] C (0,1] and

¢k, = min{ain, 4a1(1 — Bin)n,n(1 — Bin)}.
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(2) The kernel ko in [0,1] x [0,1] is non-positive for
1—0<t<1 and 0<s<¢
and is discontinuous on the segment {t € [0,1],s = n}. Moreover, we have

|ka(t, s)| < ®a(s) for (t,s) €[0,1] x [0,1],
kQ(tvs) Z Ckzq)Q(S) for (t,S) € [a27b2] X [Oa 1]7
where we take

s(1—s)
1=fy

P3(s) = max{1, B2/&}
an arbitrary [as,bs] C (0,1 — (B2) and

S min{4as(1 — By — &), (1 —bs — B2)}
ke max{1, B/} '

We note that, for i = 1,2,

g;®; € L'[0,1], ¢;>0
and assume that

b;
/ D;(s)gi(s)ds > 0.

i

We denote by C]0, 1] the space of the continuous functions on [0, 1] equipped with the

norm ||w|| := max{|w(t)|, t € [0,1]} and set
(Br— 1)t t
t): =14+ ——— and t):=1-— .
71(t) T 72(t) 15,
We have, for i = 1,2, v; € C[0,1] and
Yi(t) = ey llvll,  t € [ai bil,
Bi(l—n) pr—1 1—6in
=7 a2, m= ay + )
||’Y1H 1_ﬁ1’r] ¥ 61(1_7’]) 1 51(1—77)
1-p3 b
Ba 22 By >1/2
) 2 1/2 ) 2 =
72l =< 1= 5 fa / and ¢, = B2 bzﬁz
1, B2 <1/2 1—71 % fa < 1/2.
— P

We consider the space C[0,1] x C[0,1] endowed (with abuse of notation) with the norm
[, )| := max{{lul], o]}

Recall that a cone K in a Banach space X is a closed convex set such that Az € K for
x € K and A >0 and K N (—K) = {0}. Owing to the properties above, we can work in
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the cone K in C[0,1] x C[0,1] defined by

K = {(u,v) e Ky x Kg}, (28)
where
Ky = {w €C[0,1]: w>0, min w(t)> cl||w|}
telay,b1]
and

Ky = {w €C0,1]: min w(t) > 02||w||},

t€laz,ba]

with ¢; = min{cy,, ¢4, }. Note that the functions in K; are non-negative, while those in K
are allowed to change sign outside the interval [ag, bs]. K is a kind of cone first used by
Krasnosel’skii (see [34]) and D. Guo (see e.g. [21]), while K5 was introduced by Infante
and Webb in [28].

By a non-trivial solution of the system (2.1) we mean a solution (u,v) € K of the
system (2.5) such that ||(u,v)|| > 0.

We assume that for i = 1,2, H; : K — [0, 00) is a compact functional.

Under our assumptions, it is possible to show that the integral operator

() Hilu, o] + Fi(u, v)(ﬂ) _ (Tl(u, v)(t‘))

Yo (t)Halu, v] + Fa(u,v)(t) ]~ \ Ta(u,v)(t) (2:9)

T(u,v)(t) := <
where
1
Fi(w0)(t) = [ hult,9)0s(5) iluls). o) ds,
0
leaves the cone K invariant and is compact.
Lemma 2.2. The operator T maps K into K and is compact.

Proof. Take (u,v) € K such that ||(u,v)|| < r. Then we have, for ¢t € [0, 1],

T (u, v)(t)| = ’yz(t)Hz[uwH/o ka(t, 5)g2(s) f2(u(s), v(s)) ds

1

< (Ol Halu o] + [ [ralt,9)lga() (o). v() ds
0
and, taking the supremum over [0, 1], we obtain

T2 (u, )| < |72l Hz[u, v] +/0 Da(s)g2(s) f2(uls), v(s)) ds.

Moreover, we have

1
jnin  To(u,0)(8) 2 e |2 Hafu, o] +Ck2/0 Dy(5)g2(s) fa(u(s), v(s)) ds
> col[ Ty (u, v)]].

Hence we have Ts(u,v) € K3. We proceed in a similar manner for T} (u, v).
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Moreover, the map T is compact since the components T; are sums of two compact
maps: by routine arguments, the compactness of F; can be shown and, since ~; is con-
tinuous, the perturbation ~;(t)H;[u,v] maps bounded sets into bounded subsets of a
finite-dimensional space. 0

2.1. Index calculations

If U is an open bounded subset of a cone K (in the relative topology) in real Banach
space X, we denote by U and dU the closure and the boundary relative to K. When U
is an open bounded subset of X we write Uy = U N K, an open subset of K.

We summarize in the next lemma some classical results regarding the fixed point index;
for more details see [3, 21].

Lemma 2.3. Let U be an open bounded set with 0 € Uy and U[{ =+ K. Assume that

S ﬁi{ —Kisa compact map such that x # Sz for all x € OUy. Then the fixed point
index iz (S,Uy) has the following properties.

(1) If there exists e € K \ {0} such that x # Sz + e for all x € U and all X > 0,
then ik(s, Uf() =0.

(2) If px # Sx for all x € OU and for every u > 1, then i (S,Ug) = 1.
(3) Ifig(S,Ug) #0, then S has a fixed point in Up.

(4) Let U' be open in X with @j Ug. Ifig(S,Ug) =1 and ig(S, U}() =0, then
S has a fixed point in UR\U}(. The same result holds if iz (S,Uz) =0 and
iz (S, Ull{) =1

For our index calculations we use the following (relative) open bounded sets in the cone
K defined in (2.8):

Ko oo ={(u,v) € K |[ull <p1 and o] < p2}
and

Vorps = {(u, v) e K: ter[gigl]u(t) < p1 and ter[zligz]v(t) < ,02},
where p1, p2 > 0. The set V,, , was introduced in [23] and is equal to the set called Qrle
in [17], an extension to the case of systems of a set given by Lan [36]. The choice of
different radii (used also in the papers [6,8,26]) allows more freedom in the growth of
the nonlinearities.
We utilize the following Lemma, similar to [17, Lemma 5]. The proof follows the
corresponding one in [17] and is omitted.

Lemma 2.4. The sets K,, ,, and V), ,, have the following properties.

(1) Ko ps CVorps C Kpl/cl»Pz/Q'

(2) (w1, we) € AV,, p, if and only if (wi,wz) € K, miny[q, p,] wi(t) = p; for some i €
{1,2} and miny¢q, p,) w;(t) < p; for j # i.
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(3) If (w1, w2) € OV, p,, then for somei € {1,2}, p; < w;(t) < p;/c; fort € [a;,b;], and
for j #i, 0 <w;(t) < p;/c; fort € [a;,bj].
(4) (wi,w2) € 0K, ,, if and only if (wy,ws) € K, ||w;|| = p; for some i € {1,2} and
lwill < pj for j # .

Now we prove a result concerning the fixed point index of the operator T in (2.9) on
the set K, ,,.

Lemma 2.5. Assume that

(T}, p,) there exist pi,ps >0, AJ"P? AG0P* >0, and linear functionals af} [ :

K; — [0,+0), involving positive Stieltjes measures given by

a2 ] = /0 w(t)dCiy (1),

where C; is of bounded variation, such that, for i =1,2,
° aPhP’z[%] < 17

o Hi[u,v] < AP 4 o7 [u] + afy P2 ] for (u,v) € OK,, ,,,

e the following inequality holds with j = 1,2, j # i:

: [lyill
" pz( AT Ki(s)ails ds+—

A51,P2 +PJ PhpZ[l]

Fibl <1, (2.10)
o)

where

\u, v
e =sup {2 g € o) [—P2»P2]}7
K]
1
Ki(s) :/ ki(t,s)dCy(t) and — = sup / |ki(t, 8)|gi(s
0 mg te[0,1]
Then ix (T, K, p,) Is equal to 1.

Proof. We show that u(u,v) # T'(u,v) for every (u,v) € 0K, ,, and for every p > 1.
In fact, if this does not happen, there exist © > 1 and (u,v) € 9K, ,, such that p(u,v) =
T(u,v). First, we assume that ||u| < p; and ||v|| = p2. Then we have, for ¢t € [0, 1],

() = 12 (£) ol o] + Fi(u, (1) (211)
Applying aby”* to both sides of (2.11), we obtain
pahy 2 [v] = by " [v2] Ha[u, v] + o5y [Fa(u, v)]

< oy [12] (A5 + o) ™ [u] + a5 " [v]) + a5y [Fa(u, v)]

<y [yo] (ABVP2 + prafbP? (1] + a2 [v]) +/O K2(s)g2(s) f2(u(s), v(s)) ds.
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Therefore we obtain

A/)17p2 P1
(1= by o] < ey el (22 + g
P2 P2
1
u(s),v(s
+ Pz/ K2(5)92(5)M ds,
0 P2
and, consequently, we get
P1,P2 Af)hpz
albP2y] < P2 Qoo [72] ( + 2 P1 p17;02 1)
22 [ } — pw— ,01,02 [72] P2 P2 [ ]
Sa(u(s), v(s))
_apéypz / ICQ 92 02 ds
- p2a/23§7P2[ ] <AP1,P2 +p1aﬂl7pz[l]>
T 1= pl’pz[’m] p

i [ K S

Moreover, we have

plo@®)] = [r2(t) Halu, v] + Fa(u, v)(1)]

< ()| Halu, 0] + / k(. )|g2(5) fou(s), o(s)) ds

< a(O1(AS + by [u] + oy [v / [k2(t, 5)92(s) f2(u(s), v(s)) ds

AP17P2 +p1a91792[1] N |’y2( )l( a§§’p2 [72] <A51792 +p1a§}’p2 [1]>
1-—

< p2 <|72< )‘ aPLP2 [72} D2
22

+ T / Ka(3)ga(s) L20008): 0(5) ds)

— Qgy’ P2
u(s),v(s
- |k2<t,s>|92<s>f2(“(”ds)
0 P2
Aphpz —l—plOépl’pz’[l] |’Y2 / ( (S),U(S))
= + Ko ds
P2 (|'Y2( )l pa(1 — agé N2 [2]) 1_ am P2 D2
u(s),v(s
[ s ante) D o),
P2
Taking the supremum over [0, 1] gives
AP 4 praf ()
< 2 P1 P2 ’C
mp2 = p2 (||’Y2| p2(1 aéé”’z[vz]) + 1— am,pz / 92

1
+ f517p2 sup / |k2(t,8)|92(5) dS)

tel0,1] Jo
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Using the hypothesis (2.10) we obtain pps < ps. This contradicts the fact that p > 1
and proves the result.
The case ||u]| = p1 and ||v]] < po is simpler and therefore is omitted. O

Remark 2.6. Take w € L'([0,1] x [0,1]) and denote

wh(t,s) = max{w(t,s),0}, w(t,s) =max{—w(t,s),0}.
Then we have

/Olw(t,s)ds Smax{/Olw"’(t,s)d&/olw_(ts)ds} g/ol lw(t,s)|ds,  (2.12)

since w = wT —w™ and w| =W +w™.
Note that, using the inequality (2.12) as in [26, 30], it is possible to relax the growth
assumptions on the nonlinearity fs in Lemma 2.5, by replacing the quantity

1
sup / Ik, ) g2(s) ds
0

t€(0,1]

i {max{ [ K 1 9)a(s) ds, / ks (1 5)2(5) ash .

For example, if we fix f; =1/2, £ =1/3 in (2.6) and g» = 1, we obtain

with

1 1
1
sup {max {/ kS (t,s) ds,/ k5 (t,s) ds}} = sup E(—9t2 + 14t — 1) = 0.247
0 0

te0,1] te[1/2,1]
and

1
1
Sup/ |ko(t,s)|ds = sup —(—9t* + 16t — 2) = 0.284.
tel0,1] Jo te[1/2,1] 8

We give a first Lemma that shows that the index of the operator 7" is 0 on a set V),

1,P2°
Lemma 2.7. Assume that

(T, ) there exist pi,ps >0, AJ"P? AGPP* >0, and linear functionals af}”*[] :

K; — [0,+00), involving positive Stieltjes measures given by

P1,P2

(&%

where C; is of bounded variation, such that, for i = 1,2,
o ) <1,

o Hi[u,v] > AP + o7 [u] + ofy P2 0] for (u,v) € OV, ,, ,
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e the following inequality holds:

. C'Yz ’VZH / . C’YL 72|‘Ap17p2
fz,(ﬁhp‘z) (1 Pl P2 'Yz ’C g%( )d5+ M1> + Pz(l o aPl sP2 ['Yz]) > 17
(2.13)
where
U,V
o =0 {22 ) € v ] ¢ [ fea
. u, v
f27([)1/)2) = lnf{fQ(pQ) : (u,v) € [Ovpl/cl] X [pZ’pQ/CQ]}’

1

bi
M, teﬁli-,bi] /‘11: ( S)g (S) S

Then ig(T,V,, p,) = 0.
Proof. Let e(t) =1 for t € [0,1]. Then (1,1) € K. We prove that
(u,v) # T(u,v) + A(1,1) for (u,v) € OV, ,, and XA >0.
In fact, if this does not happen, there exist (u,v) € 9V,, ,, and A > 0 such that (u,v) =
T(u,v) + A(1,1). Without loss of generality, we can assume that for all ¢ € [a1,b1] we
have p1 < u(t) < p1/er, minu(t) = p1 and —pa/ea < v(t) < pa/ca. For t € [0,1], we have
u(t) =y () Halu, o] + Fi(u, 0) () + X;
thus, applying of1”? to both sides of the equality, we obtain

afi 2 [u] = af}* (] Hilu, o] + af1 ™2 [Fy (u,v)] 4+ afi 2 [\
Zaﬂ;ﬂz[ ](Aﬁl,m +aP17P2[ ]+aP17P2[ ])+aP17P2[F1(u ’U)]

> Pl Ap oy )+ [ K)o (). 0) s

We get

(1 = afy m])afy*[u] Zaﬂ”’z[%]A’fl”"’Jr/o K1(s)g1(s)fi(u(s),v(s)) ds

and
P1,P2 P1:P2
P1,P2 an [ ]A /
a7 q [U] = _ p1,p2h/1] + 1_ap1,p2 Kl gl fl( ( ) ( ))
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Consequently, for ¢ € [ay,b;], we have
1
u(t) = () (AP + o7 [u] + oy [0]) + / k1(t, s)g1(s) fi(u(s),v(s))ds + A
0

1
> n(OAT" + 7 (t)afy ™ [u] +/0 ki(t, s)g1(s)fr(u(s), v(s))ds + A

> " (t)Afln,m +m (t) O‘ﬁ o [71]Apl’p2

1—afy” [l
bl [ e e as

+/ (1, 8)g1 (5) 1 (u(s), v(s)) ds + A
0

Y1 (t)APP? Y1 (t) b
TR / K1 ()91 () 1 (u(s). v(s)) ds

T 1-a1”m] 1-a
by
+ [kt s)gi(s) fr(u(s), v(s))ds + A
A nO) [ Rl
TR T el ,, T
by u(s),v(s
+p1 /a1 kl(t,s)gl(s)ifl( (P)l’ () ds + .

Therefore, taking the infimum over [a1,b;], we obtain

Cy [|7a [ AT

P1, 92[

= min wu(t) >
p1L telar,bi] ()= p1(1—al;

bl bl
C. .
+mf1,<p1,p2><”1,;”1732”[%] / Ki(s)gi(s)ds + inf / zﬁ(t,s)gl(s)ds)H.
ai

7))

t€faq,b1]
Using the hypothesis (2.13) we obtain p; > p1 + A, a contradiction since A > 0. O

In the following Lemma, we provide a result of index 0 for the operator 7" on V), ,,, by
controlling the growth of just one nonlinearity f; in a larger domain. Nonlinearities with
different growths were also studied in [7,24, 26, 43,44, 49|.

Lemma 2.8. Assume that

(10, 5,)° there exist p1,py >0, APVP* ASVP* >0, and linear functionals of}**[] :
K; — [0,4+00), involving positive Stieltjes measures given by

1
ol ] = / w(t)dCy (1),

where Cj; is of bounded variation, such that, for at least one i = 1,2,
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o ap [y <1,
o Hi[u,v] > APP* + ofP2u] + ofy P2 [v] for (u,v) € OV, ,,,
e the following inequality holds:

C%”%H Cy, il |ADP?
f(pm)( alrP [y ’C 5)9i(s d5+ M; pz(l—apl””[%])ﬂ’

(2.14)

where

fi(u,v)

ffv(P11P2) = inf { Pl
(u,v)

o . f2
f27(017pz) = inf { 02

¢ (u,v) €10, p1/c1] x [—Pz/Cz»Pz/Cz]}a
r(w@é@mﬁmxmmﬁd}

Then ig (T, V,, p,) = 0.

Proof. Suppose that condition (2.14) holds for i = 1. Let (u,v) € 9V, ,, and A >0
such that (u,v) = T(u,v) + A(1,1). Therefore, for all ¢ € [ay, b1, we have minu(t) < py,
0 <u(t) < pi/er and —pa/ca < v(t) < pa/ea. For t € [0,1], we have

u@=m@MMﬂ+Akwwm@ﬁMwwm@+x

As in the proof of Lemma 2.7, taking the minimum over [a1,b;] gives

Cy [yl AT

P1,P2 ['YID
bl bl

Ki(s)g1(s)ds+ inf k1(t,$)g1(s) ds) + A
7] a t€la1,b1] Jq,

> min u(t
1 t€la,b1] () p1(1—a

x|l

+p1fy (
Lpip2) \ 1 alﬁ,m[

Using the hypothesis (2.14) we obtain p; > p; + A, a contradiction. O

Remark 2.9. In the case of [ay,b;| = [az, by] the assumptions on the nonlinearities f;
can be relaxed; for example, in condition (Igl’ p2)° we have to control the growth of f; in
the smaller set [0, p1/c1] X [0, p2/ca]. We refer to the paper [26] for a statement of similar
results.

We now state a result regarding the existence of at least one, two or three non-trivial
solutions. The proof, which follows by the properties of fixed point index, is omitted. We
can state results for four or more non-trivial solutions by expanding the lists in conditions
(S5), (Se); see, for example, the paper [35].
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Theorem 2.10. If one of the following conditions holds:

(81) fori = 1,2 there exist p;,r; € (0,00) with p;/c; < r; such that (I3, ) [or (I}, )°]
and (11 ) hold;

71,72
(Sy) fori=1,2 there exist p;,r; € (0,00) with p; < r; such that (I, ) and (I9, ) hold
then the system (2.5) has at least one non-trivial solution in K.
If one of the following conditions holds:

(Ss) for ¢ =1,2 there exist p;,ri,s; € (0,00) with p;/c; <r; <s; such that (Ighpz)
lor (0. ))°], (I}, ,,) and (19 ) hold;

P1:P2 71,72

(S4) for ¢ =1,2 there exist p;,1i,8; € (0,00) with p; <r; and r;/¢; < s; such that
(L ), (12 ..) and (1;782) hold

P1,P2 71,72

then the system (2.5) has at least two non-trivial solutions in K.
If one of the following conditions holds:

(Ss5) fori=1,2 there exist p;, 14, 8;,0; € (0,00) with p;/c; < r; < 8; and s;/¢; < o; such
that (19, ,.) [or (19, ,,)°], (IL, ), (12, ..) and (IL, ,.) hold;

(S¢) for i =1,2 there exist p;,r;,si,0; € (0,00) with p; <r; and r;/c; < s; < o; such
that (15 ), (1% .Y, (I ..) and (IS, _ ) hold

P1,P2 71,72 81,82 01,02

then the system (2.5) has at least three non-trivial solutions in K.

The results of this subsection—for example Theorem 2.10—can be applied to the inte-
gral system (2.5), yielding results for the elliptic system (2.1). Similar statements were
given in [37,38] in the case of annular domains.

In the following example we illustrate the applicability of Theorem 2.10.

Example 2.11. In R?, consider the elliptic system

3 1
Au+ |z|™* 1—0(u3 + v]3) + 3| =0 |z| € [1,+00),
Av+ |z (u? 402 +1) =0, |z| €1, +o0),

u(z) = 2u(4x) for x € 0By, |x|1i>n—&l-oo u(|z|) = 110 u(3z) + Ev?’ (2:1:),

4 1 1
v(x) = —5%(21‘) for x € 0By, lx‘lirgl_oov(|ac|) == u<7x> + = 2(230)

(2.15)
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With the system (2.15) we associate the system of second-order ODEs

u(t) + S (uB(t) + () + 3 =0, t€0,1],

V" (t) +ul/2(t) + 03 (t) +1 =0, t €]0,1],

u(0) = 1/ + % u(l) = 2u(i),

v(0) = 54/u(?) + 550*(3), (1) =5V (3)-

By direct computation, we have

= bup/klts 49 and = bup/|kj2t8|d5—*

te[0,1] 128 t€[0,1]

We fix [a1,b1] = [az, b2] = [1/4,1/2], obtaining ¢; = 1/32, ¢3 = 1/4,

1 1/2 3
— = inf ki(t,s)ds = —
M, te[ll/rzll,l/2]/ 1t s) ds 16

1/4
and
1 1/2 3
— = inf ko(t,s)ds = —.
M, te[ll/rzll,l/2] /1/4 2(t,5) ds 32

With the choice of

PL= g5 P2 =gy o4?(u] = ahy?(u] =0,

ri=201, ro=1, AP =LV201, o] = & v(2),
Apem = LV2.01,  aby™ ] = & v(2),
s1="5, s2=11, a7 [u] = 35

U
sy [u] = ﬁ u(%), agy ] = ﬁv %),
we obtain

71,72 S$1,82 81,82

apy P[] <1, oy n] <1, agyPe] <1,

H,y [u’ 'U} < A?lnhr2 + 0‘713 " [U]a
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Holu,v] < A5V + agy™[v],  (u,v) € [0,71] x [0,72],

Hilu,v] > afy™?[u],  (u,v) € [s1,s1/c1] x [0, s2/cal,

Holu,v] > a3y [u] + gy [v],  (u,v) € [0,s1/c1] X [s52, 52/ ca],
inf{ fa(u,v) : (u,v) €10,32p1] x [0,4p2]} = f2(0,0) =1 > 0.33,

u,v) € [0,71] X [—re, 2]} = f1(2.01,1) = 3.236 < 3.878,

sup{ f1(u,v) :

inf{ f1(u,v) :

(u,v)
(u,v)
(u,v) € [0,71] X [=ra, 2]} = f2(2.01,1) = 3.417 < 5.125,
(u,v) € [s1,3281] x [0,4s2]} = f1(5,0) = 38 > 26.557,
(u,0)

(u,v)

(u,v)
sup{ f2(u, v) :

(u,v)
inf{ fo(u,v) : (u,v) €[0,32s1] X [s2,4s2]} = f2(0,11) = 122 > 117.075.

Thus the conditions (1Y )°, (IL ) and (IY . ) are satisfied and, from Theorem 2.10,

P1,P2 T1,72 51,82 K
the system (2.15) has at least two non-trivial solutions.

2.2. Non-existence results for perturbed integral systems

We now present some non-existence results for the integral system (2.5). We
begin with a theorem wherein the nonlinearities and the functionals are sufficiently
‘small’.

Theorem 2.12. Assume that, for i = 1,2, there exist A; > 0 and \; > 0 such that for
fi 1 ]0,+00) x R — [0, 400) one has

o H,luy,us] < Ajl|u;] for (ui,us) € K,
o fi(z1,22) < A\imi|z] for (z1,22) € [0,4+00) x R,

o ||villAi + A < 1.
Then there is no non-trivial solution of system (2.5) in K.

Proof. Suppose that there exists (u,v) € K such that (u,v) =T (u,v) and assume
that ||v|| = v > 0. Then we have, for ¢ € [0, 1],

[0(O)] = [72(t) Ha[u, v] + Fa(u, v)(1))|

Shﬂ%mﬂ+é|bwﬂm®hW®w®Ms
SM%MW+MMAWW@W@Wﬂ®

1
Shﬂ&v+&mw/lb@$wx$®
0
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Taking the supremum over [0, 1] gives
1
v < 1/<||v2||A2 + Aama sup / |ka(t, )| g2(s) ds).
tef0,1]Jo

We obtain v < v, a contradiction that proves the result.
The case |Ju|| = v > 0 is simpler and we omit the proof. O

In the next theorem, the nonlinearities and the functionals are sufficiently ‘large’.

Theorem 2.13. Assume that, for i = 1,2, there exist A; > 0 and \; > 0 such that for
fi 110, +00) x R — [0, +00) one has

o H;[uy,us) > Ajl|ui]| for (ui,us) € K,

o fi(z1,22) > A\iM,; z; for (z1,22) € [0, +0) X R,

o oy llvillAi + A > 1.
Then there is no non-trivial solution of system (2.5) in K.

Proof. Suppose that there exists (u,v) € K such that (u,v) = T'(u,v) with (u,v) # 0

and I[ni% ]u(t) =0 > 0 (the other case is similar). Then we have, for ¢ € [a1, b1],
telay,by

u(t) = v () Hy [u, v] + Fi(u,v)(t)
b1
> (@) Hi[u, o]+ [ ki(t,5)g1(s) f1(u(s), v(s)) ds

ar
by
> ey [ml[Anflull + MMy [ Ka(t,8)g1(s)u(s) ds

ay

b1
> C'yl||'71||A19+)\1M19/ kl(t,s)gl(s) ds.
ai

Taking the infimum for ¢ € [aq,by] gives
b1
0> 9(@1 lv1llA1 + AiM;  inf / k1 (t, $)g1(s) ds).
t€lay,b1] ai

We obtain 6 > 6, a contradiction that proves the result. O

In the last non-existence result, the contribution of the nonlinearities and the
functionals is of a ‘mixed’ type.

Theorem 2.14. Assume that, fori = 1,2, there exist A;, A; > 0 such that the assump-
tions in Theorem 2.12 are verified for an i € {1,2} and the assumptions in Theorem 2.13
are verified for the other index. Then there is no non-trivial solution of the system (2.5)
in K.
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Proof. Assume, on the contrary, that there exists an element (u,v) € K such that
(u,v) = T(u,v) with, for example, ||u|| # 0. Then the functions ~;, Hy and f; satisfy
either the assumptions in Theorem 2.12 or the assumptions in Theorem 2.13, and the
proof follows. O

We present an example that illustrates the applicability of Theorem 2.14.

Example 2.15. Fix in the system (2.5) g1 =1, 1 =2 and n=1/4. By direct
calculations, we obtain m; = 128/49. Thus, the functions

iuz arctan v2, u<1,
fi(u,v) = and  Hilu,v] = u(1/2)|sin(v(1/3))|

1u2/3 arctan v?, u > 1,

satisfy the conditions of Theorem 2.12 with A; =1/6 and A; = 1/5.
Now fix go =1, 82 =1/3, £ =1/2 and [az2,b2] = [1/4,1/2]. In this case we obtain
My = 32/3. Thus, the functions

33—2(2+cosu)v2/3, v <1,
fo(u,v) = and  Halu,v] = e*(1/2) y(1/3)
2 (2+cosu)v?,  v>1,

satisfy the conditions of Theorem 2.13 with As = 1/6 and Ay = 1.
With these choices, by Theorem 2.14, the system (2.5) has no solutions in K.

3. Perturbing a system with Dirichlet BCs

In [15] the authors raised the question of the existence of multiple positive solutions of
the elliptic system (1.1) under more general BCs.
Using our theory, we can deal with the system of elliptic equations

Au+ by (|2]) fi(u,v) =0, |z| € [1, +00), 3.1)
Av + hy(|z]) f2(u,v) = 0, |z| € [1,400) .
subject to the BCs
u(z) = Hyu,v] for z € 0By, lim wu(|z|) =0,
oo (3.2)
v(z) = Halu,v] for xz € 9By, | ‘lim v(lz]) =0
x| ——+o0

or
u(z) =0 forz € 0By, lim  u(|z|) = Hi[u,v],
|| =00
v(x) =0 for x € 0By, ‘ ‘hm v(|z]) = Halu, v]
x|—-400
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or
u(z) = Hy[u,v] for x € OBy, lim  w(]z|) =0,

|z]—+o0

v(z) =0 for x € OBy, ‘ |lim v(|z]) = Ha[u,v].
z|——+00

We examine, for example, the perturbed integral system
1
u(t) = ¢ Hufu,o] + [ G 5)g1(5) (o), o(5) s,
0

o(t) = t Hafu, o] + / K(t, $)ga(s) fa(u(s), v(s)) ds

associated with the system (3.1) with the BCs (3.2).
In this case, the Green’s function k is given by

k(t, s) = {8(1 ~1) ssh

t(l—s), s>t

In [0, 1] x [0,1] the kernel & is continuous and non-negative and has been studied, for
example, in [48], where it was shown that

k(t,s) < ®(s) fort,se|0,1],
k(t,s) > c;,®(s) fort € [a,b] and s € [0,1],

where ®(s) = s(1 —s), [a,b] is an arbitrary subset of (0,1) and ¢; = min{a,1 — b}. Set
y1(t) = y2(t) =: y(¢t) = t; we have v € C[0,1] and

V(t) Z ¢yl for ¢ € [a, b,

where ||v|]| =1 and ¢y = a.
Owing to the properties above, we are able to work in the cone of non-negative functions
K := K x K in C|0,1] x C0, 1], where

K={weC[0,1]: w>0, HEiI%)]’LU(t) > c|lw||},
tela,
with ¢ = min{cy, ¢, }. Our theory works in this case with suitable changes.
For example (with abuse of notation), in condition (2.10) of Lemma 2.5 we would
consider
fi (u’ U)

1 1
ffl’pz = sup{ : (u,v) S [O,pl] X [O,pz}}7 — = SUP]/O k(t,S)gi(S) ds,

i m; te(o,1

and in condition (2.13) of Lemma 2.7 we would have

fi(u,v)

L0 (00 € o1/ [o,pz/d}.

flv(P17P2) = inf {

In the next example we briefly illustrate the constants involved in our theory.
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Example 3.1. Consider in R3 the elliptic system

1
Au A+ |z|~* (u3 +v2 4 2> =0, |z|] € [1,+00),
Av + |:r34(\ga + 112) =0, |z| € [1, +o0),
(3.3)
1 2
u(z) = o 2”\(/;) for x € 0B, ‘:cllﬂioou(\ﬂ) =0,
1 2(3
v(z) = o U éox) for x € 0B, . liriloovﬂajb =0.
With system (3.3) we associate the system of second-order ODEs
" 3 2 1
w’(t) +ud(t) +v (t)+5 =0, te€[0,1],
t
o)+ Y50 420 =0, te0.1),
1 1/2
w0 =0, u(t)= &+ Y02,
10 2v/5
1 u?(1/3)
= 1 = — ————
v(0) =0, (1) 0 50
and the perturbed integral system
1
u(t) = t Hyu, o] + / K(t, ) (u(s), (s)) ds,
0 (3.4)

1
M®=HHMM+AkW$bW@w@WM

with Hy[u,v] = 1/10 4+ \/v(1/2)/2v/5 and Ha[u,v] = 1/10 + ((u?(1/3))/(20)).

By direct computation, we have

1 ! 1
— = sup / k(t,s)ds = —.
m teo,1]Jo 8

We fix [a, b] = [1/4,3/4], obtaining ¢ = 1/4,
3/4

1 1
— = inf k(t,s)ds = —.
M te[ll/Izll,S/4] /1/4 (t, ) ds 16
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With the choice of

1 1 1 1
— — AP17P2 [ P1,P2 — 1/2
P1 39’ P2 10’ 1 10’ ayo [U] 2\/5”( / )7
T1,T 1 T1,T 1 1,7 1
=2 ry=2, A1172:170+ \/»\f Ay QZE Qs 2[”}:10 u(1/3),
S=5 sm=16 AP = o] = (1), AP = o
10 16v/5 10

one can verify that
Hl[ua U] > All)l’p2 +aP1»P2 [’U], (U U) € [0 4P1] X [074P2L
[u,0] < ATV Hofu,v] < A5V 4+ as) ™ [u],  (u,v) € [0,71] x [0, ra],
Hiu,v] > ATV 4+ iy [v],  (u,v) € [s1,4s1] x [0, 4s2],
[ ,'U] > A§1’527 (u U) € [07481] X [52a482]7

inf{ f1(u,v) : (u,v) € [0,4p1] x [0,4p2]} = f1(0,0) = 0.5 > 0.01,
sup{fi(u,v) : (u,v) € [0,71] x [0,72]} = f1(2,2) = 12.5 < 12.67,
sup{ fa(u,v) : (u,v) € [0,71] X [0,72]} = f2(2,2) = 4.70 < 13.6,
inf{ f1(u,v) : (u,v) € [s1,481] x [0,482]} = f1(5,0) = 125.5 > 78,
inf{fa(u,v) : (u,v) € [0,4s1] X [s2,482]} = f2(0,16) = 256 > 171.6.
It follows that conditions (I) ,)°, (I}, . ) and (I2, ,,) are satisfied and therefore the

system (3.4) has at least two positive solutions.
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