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A new two-phase model for concentrated suspensions is derived that incorporates a con-
stitutive law combining the rheology for non-Brownian suspension and granular flow. The
resulting model exhibits a yield-stress behaviour for the solid phase depending on the collision
pressure. This property is investigated for the simple geometry of plane Poiseuille flow, where
an unyielded or jammed zone of finite width arises in the centre of the channel. For the steady
states of this problem, the governing equations are reduced to a boundary value problem for
a system of ordinary differential equations and the conditions for existence of solutions with
jammed regions are investigated using phase-space methods. For the general time-dependent
case a new drift-flux model is derived using matched asymptotic expansions that takes into
account the boundary layers at the walls and the interface between the yielded and unyiel-
ded region. The drift-flux model is used to numerically study the dynamic behaviour of the
suspension flow, including the appearance and evolution of an unyielded or jammed regions.

Key words: Suspensions, jamming, yield stress, averaging, multiphase model, phase-space
methods, matched asymptotics, drift-flux.

1 Introduction

Ever since the derivation of an effective viscosity for dilute suspensions by Einstein [18]
and its extensions by Batchelor & Green [4], there have been numerous investigations into
the rheological properties of suspensions. Since the experimental work by Gadala-Maria
& Acrivos [20] and Leighton & Acrivos [31], the discovery of physical phenomena related
to shear-induced particle migration for concentrated suspensions from regions of high
to low stress has spurred theoretical investigations that led to expressions for associated
diffusive flux terms as well as drift-flux models, see, for example, [10,31, 35, 39].

Even though drift-flux models are quite popular and are frequently used as a transport
mechanism [11,36,54], they sometimes predict unphysical migration behaviour such as a
sharp peak in the particle volume fraction profile in the centre of flow through a channel,
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where the shear rate vanishes [37], whereas in experiments [22] the concentration profile
is in fact flattened there. While these issues were addressed by introducing a suspension
temperature as a measure of particle velocity fluctuations [28,37,52], or by slightly
changing parameter values such as the exponent in the Krieger—Dougherty law or in the
expressions for the relative suspension viscosity and the particulate phase pressure as the
maximum packing fraction is approached [45], it remains to understand how these models
can be based on their underlying two-phase models. This has been particularly difficult for
highly concentrated suspensions, when additional flow transitions, such as jammed states
may occur. Some fundamental studies of these flow regimes have been presented in Cassar
et al. [9], where it was shown that for highly dense suspensions of particles in a viscous
liquid that is sheared at a rate 7 under a confining pressure p, can be characterized by a
single dimensionless control parameter, the ‘viscous number’ I, = 17 /p,, where n; is the
fluid viscosity. These findings have been supported by experiments where the suspensions
are sheared with a constant particle pressure [5]. Their results show that, indeed, the
friction and volume-fraction law collapse onto universal curves when expressed in terms
of the dimensionless number I,. By including hydrodynamic contributions, Boyer et al.
propose a model for the whole range of I,, which has been discussed by [12], and also
by Trulsson et al. [48]. An earlier review of stress terms for dense suspensions can be
found in [47] and more recently for the special case of Houska fluids analytical solutions
for unidirectional pipe flow have been derived in [1], while other approaches such as
by Quemada in [41-44] introduce structural models for concentrated suspensions, where
shear-dependent effective volume fractions are introduced to take account of structures
of the flow, such as clusters into account.

Boyer et al. formulate their model in a form, where the shear stress and particle pressure
are expressed in terms of the strain rate and the volume fraction. Their expressions for
the shear and normal viscosities are similar to the ones found in Morris & Boulay [35],
and also Miller et al. [34], who investigated more general curvilinear flows, where the
migration behaviour was accommodated by allowing for anisotropy in the normal stresses.

In Section 2, we derive a new two-phase model for non-homogeneous shear flows
that captures the flow properties of non-Brownian dense suspensions by including the
constitutive equations proposed by Boyer et al. [5]. The derivation is based on the
averaging framework as given in Drew & Passman [14,16] and is formulated for a general
three-dimensional flow. For the remainder of the article, we focus on the pressure-driven
plane Poiseuille flow as our model example for non-constant shear flows and investigate
the flow behaviour predicted by the two-phase model as the particle volume fraction is
varied.

In Section 3, we first consider stationary solutions for the plane Poiseuille flow, for
which the model reduces to a boundary-value problem for a system of ordinary differential
equations. Using phase-space methods, we reveal the existence of solutions that show an
unyielded region similar due to a yield-stress condition for the solid phase that is similar
to the condition in Bingham-type flows. In this region, located at the centre of the channel,
the solid volume fraction is at its maximum and the solid phase has jammed to form
a porous matrix through which the fluid phase can still flow through. We study the
dependence of the width of the unyielded i.e., jammed region (for the solid phase) and
the flow fields for both phases upon varying the flow parameters. We then show that for

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

Models for concentrated suspensions 587

typical ranges of the parameter Da = L/K, < O(1) the flow field develops boundary
layers at the channel walls and at the interface between the unyielded and yielded regions,
where L is the characteristic scale of the channel width and K, is proportional to the
particle size. Using matched asymptotic analysis as Da — oo, we obtain an expression for
the flow field.

In Section 4, we generalize this analysis and for the first time present a systematic
asymptotic derivation of a time-dependent drift-flux model via matched asymptotic ex-
pansions. Our numerical simulations of the drift-flux model captures the emergence of a
jammed region and the evolution of the flow and phase field into a stationary state.

In Section 5, we summarize our results and give an outlook on future directions for
research.

2 Formulation of the two-phase model

We consider two inert phases, a solid phase of particles suspended in a liquid phase where
we denote with k € {s, f}, the solid phase by s and the liquid phase by f. Inside each
phase the balance equations for mass and momentum

Orpr + V- (puy) = 0, (2.1a)
Oilprux) +V - (pruy @) =V - Ty — £, =0, (2.1b)

are satisfied together with the two jump conditions (see, e.g., [26])
S ol — w) - me =0, 2.1¢)
k

> ol — ) - m — Ty - m =0, (2.1d)
k

at the interfaces of the phases with n; denoting the unit normal pointing out of phase
k and u; is the interface velocity. The quantities p, #, T and f denote density, velocity,
stress tensor and body force density in each phase, respectively. At an interface uy is
defined as

w(x*,1) = Iim  u(x, 1),
(%7, 1) xﬁx*;xeK( )

where K denotes the set of points occupied by phase k, and similarly for the other
quantities.

In deriving a two-phase model, essentially three different averaging approaches have
been pursued in the literature. The volume average, the time average and the ensemble
average (sometimes also called statistical average). Although all three produce similar
balance equation for the phases their derivation and closure is distinct. Besides the
ensemble averaging developed by Drew & Passman in [16] and [14], volume averaging is
treated in Kolev [30] and Whitaker [50] and time averaging in Ishii et al. [26].

For the derivation of our two-phase model, we follow the mathematical framework by
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Drew [14] and Drew and Passman [16] and introduce a component indicator function

1, if(xt)ekK
X = b 0 2)
0, if(x,1)¢K,
with K the set of states of the kth-phase to define the averaged quantities
X ~ Xipu _ X _ Xkt
o = (Xk), = i) u = Kipu) Xip) Xir) (2.3)

s — = s k= — )
b PiPk ¢ b op

which denote the volume fractions, the averaged densities, velocities, pressures and de-
viatoric stresses, respectively. For these quantities, we then derive the following balance

equations
015 + V- (psuis) =0, (2.4a)
0ipr + V- (¢gup) =0, (2.4b)
Ps0:(psts) + V - (pspytls @ Us) (2.4¢)
—V - (¢5T) + V(dsPy) = M{ + 5,V s, (24d)
PO prup) + YV - (prpstty @ Uy) (2.4¢)
—V - (¢sTs) + V() = —M! + p; Vs (2.4f)

The detailed derivation is given in Appendix A, where we note that in the present study
we also have neglected the Reynolds stresses (see Drew [15]) and their possible impact
on dispersion and boundary layers.

2.1 Constitutive equations for a dense suspension

To close the model for the flow in the bulk, we need to specify constitutive equations
besides the assumptions already made. Essentially, we need four relations for the pressure
difference and stress between the phases p; — p; and M¢, and for the stresses in each
phase, 7; and 7. In addition, to simplify notation, we set ¢ = ¢,.

For the momentum transfer

2
Mi= MY G _a, (2.5)

we have used the Kozeny—Carman equation, with K, depending on the particle diameter,
K, x a’, see, e.g., [6]. We note that more general closures could have been used for a wider
range of ¢, in particular for the medium range, see, for example, [21] and references
therein and also [2].

The constitutive law for the remaining quantities extend the model for dense suspensions
given by Boyer et al. [5] for shear flow to a general flow situation. We state it in terms of
the (weighted) solid contact pressure, defined here as
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and the shear rate tensors for each phase
7= [Vag +(Vap)'l, 5= [V + (Vay)']. 2.7)

For the liquid phase stress, we have

. . 2 ~
Tp=pipt+ (et — guf)(V ~up)l, (2.8a)

where iy denotes the viscosity of the pure liquid. The second term in the relation for

7, will be dropped by setting the bulk viscosity p* = % yy. This particular choice has no

influence on the solutions, since generally the bulk viscosity vanishes for stationary flows

and does not appear in the leading order approximation of the derived drift-flux term.
For the solid phase, we need to consider two cases for the constitutive law:

Either |p,| > 0, then

Ts = uis(P)y (2.8b)
Pe = pmn(P)I3 4, (2.8¢)
with
5 s ¢
s(@) =1+ = Q) /=, 2.8d
1 (¢) - 2 d)sc - (;b - g (¢)(¢%c - ¢)2 ( )
_ o — 1
() = w1 + T b e — )2 (2.8¢)
6\
n = 5 2.8
() (%_(/)) (28)
where for tensors a, we define the norm as |a| = (33, [ax|*)'/?. The parameters

Uy = g > 0, Iy = 0 characterize the contact contribution in the expression for #,, and ¢
is the maximum volume fraction for the solid phase, which is attained when the solid phase
jams. We note from the experimentally fitted laws in Boyer et al. [5], (2.8d)—(2.8f) is found

from the friction law for dense suspensions pg = py + (12 — 1)/ (1+1o/1,)+1, + 5/2(1)5013/2
scaled by I, = [(ds — ¢)/¢]*.
For the other case §, = 0, we require
¢ = Ps, (2.8g)
while 7, p; and p; are left unspecified, except for the constraint
7| < wipe. (2.8h)

Conversely, if (2.8h) is satisfied, then it follows from equations (2.8h) to (2.8f) that ||
cannot be positive. Thus, if the collision pressure p, is finite, our model for concentrated
suspensions is capable of exhibiting regions where the solid phase is jammed, whenever
|Ts| drops below a certain yield stress. In the jammed region, the solid phase flow is plug-
like. This is similar to the plug-like flow in a Bingham model, which, however, describes
single-phase rheology with a constant yield stress.

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

590 T. Ahnert et al.

The jammed regions are separated from the regions where |y, > 0 by yield surfaces.
Across a yield surface, we require ¢, uy, us, (=pfI +7¢) - ny, (=pd +75) - ny and |j | to be
continuous, where n, denotes the unit normal vector to the surface.

2.2 Non-dimensionalization

We introduce characteristic scales via

L
x = Lx/, y=0Ly, z =Lz, t= EI/’ (2.9)
Uups U
w, = Uny, Pk = %pl’(, T = %r,’(, (2.10)

for k = s, f. After non-dimensionalization, we drop the primes and also the bars and hats
indicating averaging, and obtain the system

(1l — )+ V- ((1 — p)us) =0, (2.11a)
0ip +V - (dus) =0, (2.11b)
Re[0,((1 — ¢)us) +V - (1 — P)uy @ uy)] (2.11¢)
2
T (@) (1= Vs = ~Da sy~ )
?[az(d)us) + V- (pu; @ uy)] (2.11d)

2
-V ((1)173) + (prf + Vpc = Da (ldii(p)(llf — lls).

Three dimensionless numbers appear here, namely the Reynolds number Re = ULp;/uy,
the Darcy number Da = L?/K, and the density ratio r = ps/p,. We focus on the case
where liquid and solid phases are density matched and set r = 1.

The non-dimensional versions of the constitutive equations for the rheology are now as
follows: For the liquid phase, we have

T =7 (2.124)

For the solid phase, either |y,| > 0, then

Ty = Ns(P)7ss (2.12b)
Pe = NalP)|74ls (2.12¢)

with (2.84)—(2.8f); or $, =0, and then we require

d) = d)sc
and

|¢1s| < H1Pe-

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

Models for concentrated suspensions 591

12

A

u,=uy=0

Yp)
0—> *
-YB

u,=uy=0

-1/2

FIGURE 1. Sketch of the flow situation in a channel.

The continuity conditions across yield surfaces carry over from the dimensional equations
and also the parameters, u;, u, and Iy and ¢y, which were non-dimensional to begin with.

3 Plane Poiseuille flow

It is instructive to investigate the properties of the model (2.11) for one of the classical
flow situations, namely, plane Poiseuille or channel flow, which we think is the simplest
flow geometry to exhibit the emergence of a jammed or unyielded regions. The dimensions
of the channel are 0 < x < x, and —% <y< %, where we have used the channel with for
the length scale L, and prescribe for the inlet conditions at x = 0

b= = (uf,m (%6— y2)> Cou= <us,m (%10— y2)> ’ G

and for the outlet condition at x = x,,
n-(pd + ¢ny(Vug)") =0, n-(pd + (1 — ¢p)ny(Vuy)") =0. (3.2)

Moreover, we can set uy;, = 1 by appropriately choosing the velocity scale U. In addition,
we only consider rectilinear flow, so the inertial terms vanish and we obtain for the bulk

equations
31— ¢)+ V- ((1 - p)ug) =0, (3.3a)

019 + V- (dus) =0, (3.3b)

V(1 = $)eg)+ (1 — $)Vp; = ~Dag qizd))(uf — uy), (3.3¢)

~V - (¢1,) + ¢Vps + Vp, = Da¢—2(uf — uy), (3.3d)

(1-¢)
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where
T =7y (3.4a)
|| < mipe, ¢ = s if |75/ =0 (3.4b)
Ts = "Is(qs)i’s» De = ’7n(¢)|‘ys| if |‘J)3| # 0. (3.4¢)

At the channel walls, we assume the no-slip conditions
u;, =0, up =0. (3.5)

For the two-phase model at hand, it turns out to be advantageous to formulate the
problem in terms of the flow variables

v=(1— ¢)uy + duy, W= up — u. (3.6)

In these variables, noting that v + ¢w = uy, v — (1 — ¢)w = u, the problem can be written

as
V-0=0, (3.7a)

3+ V- (v — (1 — p)w) =0, (3.7b)

=V (1= ¢)is) +(1 = )Vps = Dal_zqﬁw, (3.7¢)
—vxmg+¢vm+vm=rm“f@w, (3.7d)

where 7, satisfies the constitutive law (3.4b), (3.4c). At the walls y = j:%, the no-slip
conditions are

vV = 0’ w = 0 (376)

3.1 Formulation of the stationary problem

For the system (3.7a)—(3.7¢), we now derive conditions for the existence of stationary
two-dimensional solutions where all quantities, except for the pressure, depend only on y,

¢ =¢(y), v =1(y), w=w(y), (3.8)
T =14()), Ts = T4(y), pr = pr(x, ). (3.9)

The combination of no-slip boundary conditions (3.7¢) with (3.7a), (3.7b) yields (if vy,
v, and wy, wy denote the components of the vectors » and w, respectively.)

Uy = 0, Wy = 0, (310)

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

Models for concentrated suspensions 593

therefore
s = 0 0y(01 — (1= p)wi)
T (a.v(vl — (1 —¢)w1) ’ 0 > ’ (3.11a)
y, = 0 Oy(v1 + ¢pw1)
= <ay(vl + owy) 0 ) : (3.11b)

The momentum balances (3.7¢) and (3.7d) become, in components,

2
-9, ((1 — )0, (v1 + q’>w1) + (1 — ¢)oxps = —Da(1 (ﬁ ¢)w1, (3.12a)
Oypy =0, (3.12b)

2
—0y (¢T512) + POxps + Oxpe = Da(1 Qi 5" (3.12¢)
—0, (¢1522) + $pOyps +0ype = 0. (3.12d)

From (3.12b), we conclude that p; = py(x) is a function of x only, and the same is true
for ¢t 4 0,p. = ci(x). The momentum balance requires continuity of stresses and hence
these two relations must be satisfied even across yield surfaces. If we assume that the
solid is not stagnant everywhere, that is, (3.4c) holds for some y, we can deduce (because
of (3.11a)) that tx; = 0 there and hence p, = ¢1(x) and 75, = 0 everywhere. Using now
the second condition in (3.4c) we see that, because the right hand side depends only on
¥, p. must in fact be a constant, which is free and thus acts as an additional parameter.
Using this in (3.7¢), (3.7d) and adding the two equations gives

axpf = ay‘1712: (3.13)

where we have introduced the total stress © = (1 — @)ty + p 15 = (1 — @)y + P 7. Since
the left-hand side only depends on x and the right-hand side only on y, both have to be
constant, and we get

pr(x) = p1x + po, (3.14a)

where p is a constant of integration, which by a choice of origin, we can assume, without
loss of generality, to be zero, and

T12(y) = p1y- (3.14b)

Here and from now on, we will only look at the case of solutions with velocities and
volume fractions that are symmetric with respect to y = 0, so that we have in particular
set the integration constant that would normally appear in (3.14b) to 0 and will only
consider one half of the channel, 0 < y < 1/2. Moreover, we assume that we have at most
one unyielded region 0 < y < yp that is located at the centre of the channel and ends at
yB, 0 < yp < 1/2, which is an unknown of the problem.
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Overall we get the system: For y € [yp;1/2], ¢, t512, T7(,, 01 and wy satisfy

2

O,((1 = #Ye51) = (1 = $)pr + Da 12, (3.150)
$try, = 0y(v1 + Ppwy), (3.15b)
dts12 =p1y — (1 = @)ty 5 (3.15¢)
0wy = 14,y — % (3.15d)

Pe = Na(P)|0y (01 — (1 — )wy)|. (3.15¢)

In the unyielded region y € [0;yg[, equations (3.15a)—(3.15¢) stay the same, but the two
remaining ones are replaced by

Oy(v1 — (1 = p)wi) =0 and ¢ = s, (3.151)
The boundary conditions are the no-slip
vy =0, w =0, at y =1/2, (3.152)
and symmetry conditions
o,v1 =0, O,w; =0, at y =0. (3.15h)

In case the unyielded region fills up the whole channel, ie., yg = 1/2, the no-slip
boundary conditions together with (3.15f) gives vy — (1 — ¢)wy) = 0. Then, (3.15a) becomes
the Brinkman equation, cf. [7]. For the yield surface at y = yg, we demand the continuity
conditions

[t12]T =0, [t,]F =0, ]t =0, (3.15i)
[wi]T =0, [$1Z =0, (3.15)

where we denote [g]* = lim,\ ,, g — lim, ~,, g. We remark that these conditions are not
all independent, as, for example, the second condition in (3.15h) can be obtained from the
first via (3.15f), and the continuity of one of the stresses in (3.15j) implies the other via
(3.15¢).

Notice that (3.4c) applies in the region [yp;1/2], where y; > 0, so that if yg < 1/2
(i.e., excluding the special case where the entire channel is jammed with ¢ = ¢), then
pe. = 0 implies ¢ = 0.

Notice that if p. = 0, then (3.4c¢) implies that ¢ = 0 in the region [yp;1/2]. This
would mean that all particles have moved to the unyielded region and, unless we are in
the special case where yp = 1/2 and hence ¢ = ¢, everywhere, have left a clear liquid
phase behind. This is unplausible and certainly not what is observed in experiments, e.g.,
in [22], and it is not the type of solution that arises from a homogeneous initial state in
the time-dependent version of the equations discussed in Section 4.1, see Figure 5. We
therefore assume p. > 0. Then, we can remove p. from the equations by rescaling

Ts12 = PcTs12,  Tfp = Pels12,  PL = PpeP1, U1 =P, Wi = pewr. (316)
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The fact that p. can be scaled out of the problem in this way implies that the width of
the unyielded region i.e., yg does not depend on p., as was reported in [25]. We note that
in conventional Herschel-Bulkley models, which are also able to capture yield stress and
shear-thinning, the unyielded region would change with p,.

3.2 Phase space analysis

We now derive conditions for the existence of solutions to system (3.15). For this, it is
convenient to reduce the system into a second order, non-autonomous system of ordinary
differential equations for w = wy and ¢. For convenience, we also introduce the notation
ur = upy = v1 + (1 — ¢)w; and u, = ug = vy — (1 — ¢)w; for the first components of uy
and ug, respectively.

We first note that in the fluid region y € [yp;1/2] combining the definition of the solid
stress (3.4¢) and (3.15¢) yields

$ruis = b0y = Psign(@,) =~ Psign(y), (3.17)
Here, we have used that sign(0,u,) = sign(ts;;) = —sign(y), where we recall that due to

(3.14b) the total stress is just a linear function of y. Then, using (3.15¢) in (3.15a) and
(3.17) yields

2
1—¢

which will be used as an equation for the solid volume fraction. We get an equation for
w by combining (3.15¢) and (3.15d) to give

_ Pyt N(@) 1

0yN(¢) = —¢p1 + Da w, (3.18a)

o,w + . 3.18b
M e (H150)
The function N is given by
Pns(P)
N(¢) = .
@)= 500)
In the unyielded region y € [0; yp[ we already know
¢ = ¢, (3.18¢)
and since 0yug; = 0, we have t7,, = 0,u; = 0,w, which together with (3.15a) is
b
W= Da————w. 1
Oyyw =p1 + a(1 7¢SC)ZW (3.184)
At the channel wall and centre, we have the boundary conditions
w=0 at y =1/2, (3.18¢)
o,w=0 at y =0, (3.18f)
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and at the yield surface,
=, WIE=0, [w]Z=0, aty=ys (3.18¢)

The problem for w in the unyielded region, (3.18d) and (3.18f), can now be solved explicitly.
For Da > 0, we have

Dal/zd)%c (1 — d)sc)z

w=gjcosh| ————y | - ————py, 3.19

| < o’ Da gy’ p1 (3.19)

where oy is a constant of integration. We can use this in the last two conditions in (3.18g)
to get

(1 B ¢sc)2 > Dal/zd)sc Dal/2¢sc
ow=|w+ tanh , at y = yp, 3.20
Y < Da (]5502 1- ¢sc 1- ¢sc VB v VB ( )

and from this a new formulation of the free-boundary condition

¢ = s, (3.21a)

+ 1 — ¢s)?
W= W)= —— P1yB ‘[‘;1/2 | ¢S°2) P, aty = yg. (3.21b)
Da'/? ¢, tanh (f‘_id)‘f’j"yg) Da ¢y

We have thus reduced the problem to a free-boundary value problem for a second-order
system of ordinary differential equations (3.18a), (3.18b) with a condition (3.18¢) at the
fixed boundary and two at the free boundary (3.21a), (3.21b).

This free-boundary value problem contains the parameters Da, ¢y, p1, ti1, iz, lo.
The critical volume fraction ¢y is typically chosen between 0.63-0.68 (volume fraction
at maximum random packing). The channel pressure gradient value p; will always be
negative and for concentrated suspensions Da, which proportional (L/a)? is typically quite
large, see e.g., [35,37]. The three parameter py, i, and Iy are material parameters. In our
study, we fix

b =063, =1,  Io=0005, (3.22)

and vary p; and Da for yy and p,.

For the solution of the boundary value problem (3.18), we proceed as follows. We solve
(3.18a), (3.18b) as an initial value problem with initial values ¢(1/2) = ¢o and w(1/2) =0
using e.g., Matlab’s odel5s solver. The solution is followed for decreasing y until the
volume fraction hits the value ¢y or y reaches zero. The situation is shown for a range
of ¢ in Figure 2. It turns out that typically there is a value 0 < ¢* < ¢ so that the
former case happens for ¢o = ¢* and the latter if ¢y < ¢*. We discard these values since
only trajectories that intersect with ¢ = ¢ can lead to solutions of the boundary value
problem (3.18). For the remaining ¢ in the interval [¢*, ¢sc], we determine yp and w(yp)
and plot the curve (yg(¢do), w(ys(o))) as we vary ¢o. The intersection of this curve with
the graph of the function W (yp) (as defined in (3.21b)), shown in Figure 2 identifies the
unique value for ¢ that gives rise to a solution of (3.18). The corresponding trajectory
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FiGUre 2. (left) The w(yg) solution curve together with the W-boundary condition and the projec-
tion of trajectories for (3.18a), (3.18b) onto the ¢-y-plane with initial values w = 0, ¢ = ¢po for a
range of values. For the other parameters, we used Da = 1,000, y; = u» = 1 (middle) and u; = 1,
u> = 1.5 (right), where the latter case shows the impact of the viscosity term (2.8¢) proposed in
Boyer et al. [5], which is zero for u; = po.

is the unique symmetric solution with a single unyielded region and its projection on the
y-¢-plane in Figure 2 is emphasized by bullets.

We note that the solution of the boundary value problem (3.18), can also be obtained
by rewriting (3.18a) for w, ie.,

QN +¢p)(1-¢)

- 2
w Dag? , (3.23)
and using it in (3.18b) and in the boundary conditions. This yields an equation solely in
o, e,
(0N +¢p1) (1 —¢) py+N 1
) Y = — 3.24
y( Dag? i—p T (3240)
with boundary conditions
1
0=0,N+¢p: aty = 3 (3.24b)
¢ = Ps at y = ys, (3.24¢)
o,N 1-
( y +p1)(2 Pse) _ I?IJ’B‘*',Ull at y = yg. (3.24d)
Da ¢Sc Da% ¢SC tanh (D]a_z(;lsc)/B)
We transform the free-boundary problem (3.24) into fixed-domain problem via
1 1
= - = = 2
v=(m-3)c+3 (3.29)

where { € [0, 1], which introduces the free-boundary coordinate as an explicit parameter
in the system and then we add the trivial differential equation for the constant yp to get
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FIGURE 3. The dependence of the yield surface position yg on the pressure gradient magnitude py,
for parameters (3.22), u» = 1. The solid curve shows the results for Da = 1,000; the dashed curve
for Da = 10,000; the dotted-dashed curve for Da = oo. The dotted vertical line represents the

minimum pressure gradient pmin &~ 2, where the unyielded region fills the entire channel.

the boundary value problem

_ (0B =D+ AN I

L (LN +¢pi) (1- )
1 Y¢

vo 1 Da ¢’ -4 T
0y =0
with boundary conditions
0=a£N+(yB—;)¢P1 at { =0,
b= ¢ at{ =1,
804 — 2y — 3) Da’gu(piys + ) n % (yB B ;) . at{ =1

_ 1
5(1 d)sc) tanh (]?a_zl;:zc YB)

(3.26a)

(3.26b)

(3.26¢)

(3.26d)

(3.26¢)

After solving for ¢, we can determine the remaining variables by first using (3.23) for
w, next solving for (1 — ¢)ts,, via (3.15a) with ((1 — ¢)77,)(0) = 0 and then get the fluid
velocity via (3.15¢) with us(1/2) = 0. The solid variables are then easily computable by

(3.15¢) and u; = uy — w.

The dependence of the width of the unyielded zone on the pressure gradient is shown
in Figure 3. As the magnitude of the pressure gradient —p; decreases, the thickness of
the unyielded zone increases until the interface between the yielded and unyielded zones
reaches the wall, that is, yg = 1/2, for —p; < pmin. Setting y = 1/2 in (3.21b) and solving
for p; gives an explicit expression for this minimum pressure,

¢scDa H

DPmin =
@¢SC
tanh (2(¢sc 1)
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below which the solid phase is jammed in the entire cross-section of the channel. On the
other hand, for —p; > pumin the phase plane analysis suggests that there is always a unique
and strictly positive value for yg, which moreover tends to zero as p; — —oo. We also
note that for large Da and fixed p;, the interface position tends to a finite value,

yp — —EL (3.28)

D1
Remark. For a finite length channel, the two free parameters p; and p. in the solution
for the solid fraction ¢, and for the velocity profiles u, and u; are typically fixed by,
e.g., inlet conditions for the solid and liquid fluxes. Notice that here we are reverting to
the original parameter p; prior to the rescaling in (3.16). Mass conservation dictates that
for each phase, the total fluxes must be constant along the channel, thus we have the

conditions
12 1— in
2. /0 (1= 6:p1 /Py pa /oy = 22, (3.29)
1z inUs,in
2p. d(;p1/pe)us(y;p1/pe)dy = ¢ ¢ (3.29b)
0

where ¢, and u;, are the solid phase volume fraction and the scaling factor for the
parabolic solid phase velocity profile assumed at the inlet (see (3.1)). Also, recall that
usin = 1 by our choice of the velocity scale. From our previous investigation, we know
that the flow will always produce a plug in the centre where the solid phase is jammed,
that is, ¢ = ¢y. This is possible by having a solid phase profile that is equal to ¢4 only in
a very narrow region at the centre of the channel and then rapidly decays to zero towards
the walls. Thus, the total solid flux through the cross-section can be arbitrarily small. For
such solutions, however, finite size effects may come into play that are neglected in the
continuum model.

3.3 Asymptotic analysis for large Da

The stationary solutions show that the solid volume fraction increases towards the
channel centre, where a finite size region at maximum packing is located, see Figure 4.
The solid phase velocity increases towards the centre but is constant in the region where
¢ = ¢s, so that there, the solid phase is jammed, or unyielded and effectively forms
a porous medium. The fluid velocity increases at first but then decreases towards the
centre of the channel, where it has a local minimum. The difference between the two
velocities achieves a maximum away from the jammed region. Moreover, for growing
Da the solution of the stationary problem develops boundary layers, in particular the
velocity w shows a pronounced sharp drop as y approaches the boundary y = 1/2.
In addition, as Da increases, the velocity difference w decreases by approximately the
same factor. This observation and the large values of Da suggest that we seek and
asymptotic approximation in the limit ¢ = 1/Da — 0 with the ansatz w = &W. The
asymptotic analysis of the stationary solution will yield the key ideas for the derivation of
a new drift-flux model from the time-dependent two-phase flow model for concentrated
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FIGURE 4. (left) The solid volume fraction ¢, (middle) the velocities uy, uy, u and (right) the velocity
difference w obtained by using the ODE problem (3.18). The parameters are given by (3.22), o = 1,
and p; = —10. Top figures show results for Da = 1,000 and bottom figures for Da = 10, 000.

suspensions, which we then use to study the formation and evolution of jammed regions in
the flow.
For the remaining analysis, we drop the tilde and obtain from (3.18a)

1—¢ 1-
w=p—g L ¢2¢N’(¢)6y¢. (3.30a)

Substitution the rescaled version of (3.18b) yields a second-order equation for ¢,

l—¢ 1-¢., _ Py HN@) | (P — @)
€0, <p1 3 + e N (¢)6y¢> R + o (3.30h)
The boundary conditions at the yield interface y = yp are
¢ = s, (3.30¢)
o p=—z Lo __PWsEM__up 2, (3.304)
51— ¢sc tanh (1‘_7’730)508—1/2)}3) 5

and at the channel wall we have w = 0, so that from (3.30a), we get

1
3y = —pi %@ aty =3, (3.30¢)

Clearly, this is a singular perturbed problem with a boundary layer at y = 1/2 and y = y3.
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In fact, if we assume that ¢ and yp have asymptotic expansions

d(y) = o(y) + & p1(y) + O(e), VB = YBo + &5 + O(). (3.31)

Then to leading order we have

_ 1y + N(go) n (psc — ¢0)2'

0 1 —¢o b3

(3.32)

When we use this in (3.30a) the boundary conditions for w are not satisfied.

3.3.1 Boundary layer problem at y = 1/2

For the boundary layer variables z = (% —y)e~ V2 and @(z) = ¢(y) the governing equation
is

0, (—31/2 plle@ + I;fN’@)ans) _pm2t ]lv(_@;_ ez + (qs“(p_z @)2, (3.33a)
with boundary condition at z =0
(1—®) N'(@) 0.9 =¢'? p; (1 — D). (3.33b)
Assume the asymptotic expansion of the inner variables can be written as
B(z) = Py(z) + &2 Py (2) + O(¢), (3.34)
so that the solution satisfies to leading order the problem
G (1 q%% N'(@) az¢o> - o/ i i gi%) 1 W q%%)z, (3.35a)
0:P9=0 at z=0"%, (3.35b)

since (1 — @) N’'(Pg) # 0. As z — oo the solution approaches a constant, say &g — Pg o,
which satisfies

pl/2 + N((DO,oo) + ((lbsc - ¢0,oo)2

=0. 3.36
= G0 o (3.36)

Hence, since for y — (1/2)~ in the leading order outer problem, then

oo P2+ N (#0(1/2)) | (# — 9o(1/2)"

[ gu(1/2) 521/2) (337)

Therefore, matching yields @, = ¢o(1/2).
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It is straightforward to solve the next order problem to obtain

_ AN'(go (1/2) —pudo (1/2) A1/ 4
D(z) = Af/zN’(qSo (1/2)) exp ( \/A>12) + Alz, (3.38)

where
o #0/2)  93(1/2) Spit NG (1/2))
P (=0 (172))2 T N(¢o (1/2)) (1= o (1/2))?
. 2 ¢sc ¢sc - ¢0 (1/2) 3.39
N'(o (1/2)) o (1/2) 1— o (1/2) (3350
A b % (1/2) (3.39h)

~ N (1/2)) (1= ¢o (1/2))°
thus, using (3.37)

(dsc — b0 (1/2)) (d3 (1/2) — 2¢sc + sedpo (1/2))1 B . (3.40)

22 [N'Ul’o (1/2)) + ¢ (1/2)

Taking the y-derivative of (3.32), we get

¢sc - d)O
b

Therefore, the linear term in the expansion of the outer solution ¢y and in the inner
solution @, see (3.38), match as required.

—1
30 = —p1 | N'(o) + (¢%—2¢sc+¢o¢>sc)} . (3.41)

3.3.2 Boundary layer problem at y = yp

Similarly, we let the boundary layer variables be

E=1t e =¢0). (3.42)

To leading order the problem now reads

GE (1 —70 N’(q)o)awo> = ¥sod Nigo) | (b 90" (343a)
®5 Po P
with boundary condition at ¢ = 0%
©0(0) = ¢y, (3.43b)
and
0:p0(0) = —% 1 fqﬁ (p1 yBo + 1) = 0. (3.43¢)

Note, if we assume that in the leading order outer equation, ¢ also satisfies ¢ = ¢bs. at
y = yp then we must have that p; yg, + 111 = 0, since N(¢s) = 1. Hence, the second
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boundary condition is also zero. This suggests @9 = ¢s.. Matching this to the leading
order outer problem

p1 ¥Bo + N(do(yso) | (e — Po(vp))>

=0. 3.44
L= golvs) #0m) 349
Hence, ¢o(yg) = ¢s. Solving the next order problem
2 ¢SC2
Oecpy = _Z e 3.45
QL (fﬂl 5P1 6) (1_¢SC)2, ( a)
with boundary conditions
2
¢1(0) =0, B:¢1(0) =5 p1, (3.45b)
gives
2
¢1(¢) = gpli. (3.46)

This needs to be matched with the linear term in the Taylor expansion of the leading
order outer solution ¢y, which can be obtained by taking the limit ¢ — ¢ in (3.41).
That limit gives 0,¢o(yg) = —p1/N'(¢sc) = —p1/(—5/2), that is, the coefficients are equal,
hence the terms match.

4 Drift-flux model for plane Poiseuille flow

While drift-flux models have been proposed to study the evolution of two-phase flows
of suspensions [31,39] and are also used as transport equations for a suspended phase
and combined with hydrodynamic equations [11,36] a systematic asymptotic derivation
from the underlying two-phase model is still open. Here, we will use matched asymptotics
along the lines of the analysis of the stationary problem, for the derivation of a new
drift-flux model for the cross-sectional flow of the channel. Our analysis shows that the
inclusion of the boundary layers leads to a drift-flux model that naturally accounts for
the shear-induced flux of the suspended phase away from the boundaries. Moreover, the
constitutive law for concentrated suspensions leads to the appearance of unyielded and
yielded regions, which needs to be captured by the new drift-flux model.

4.1 Asymptotic derivation of the drift-flux model

To capture the evolution towards a Bingham-type flow, it will be instructive to investigate
the problem for the cross-section. We assume therefore that all the variables depend only
on y and t, except for the pressure variables, which also depend on x.
As in our previous section, the drift-flux regime is established for large Da and small
velocity differences w, and in addition on a long-time scale. Hence, we let ¢ = 1/Da and
t*

Wi =ewl, wy=¢wy, t= ’ 4.1)
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The governing equations are then, after we drop the ‘«’
0rp = 0y(p (1 — p)w2) =0,

0, [(1 = $)0y0 + (1 — $)0y(¢w)] + (1 — $)oupy = ——2

2

mwla

¢2
—ay [28(1 - ¢) ay(¢w2)] + (1 - ¢)aypf = _1 _ ¢W2’

2
=0, [¢n0y = a1, (1 = Bw)] + 92,py = 12w

2
0, [266:2,((1 = $hwa] + 9,0, + 2y = 12

pe = (@) [(8,01 — 3, (1 — pw))? + 2e[0,((1 — pwa)] " + &%,

and no-slip conditions at y = £1/2
l)1=0, W1=0, W2=0.
To leading order, we obtain for the outer problem

01 — 0,(o(1 — P)w2) = 0,

=0 [(L = )Ry0i] + (1 = $)oxpy =~y
2
(1= 90,y = 2
2
—0,[Pns0,v1] + POxps + Oxp. = mwl’
2
¢aypf + aypc = sz»
Pc = 1n |ayU1| s

and no-slip conditions at y = +1/2,

l)1=0, W1=0, W2=0.

(4.2a)

(4.2b)

(4.2¢)

(4.2d)

(4.2¢)

(4.2)

(4.3a)

(4.3b)

(4.3¢)

(4.3d)

(4.3e)

(4.31)

(4.32)

We note that for ease of notation, we have dropped the indices in the variables that
denote the leading order solutions. Adding (4.3c) and (4.3e) yields d,(ps + p.) = 0, hence

ps + pe = f(x). Adding (4.3b) and (4.3d) yields

_ay ([‘b”]s + (1 - (;b)] ayvl) + ax(pf + pc) =0.

(4.4)

Since the left-hand side is only dependent on y and the right-hand side only on x, they

must be constants. Thus, defining 0.(p; 4 p.) = p», so that after integration

[#ns + (1 = ¢)]0yv1 = pay + o
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Adding (1 — ¢)0,p. on both sides of (4.3¢) yields

¢2

Oyp. = TEE wa. (4.6)
We have
1— 2 1— 2

w = S, (uioel) = S50, . (@)

In addition note that from (4.5), we obtain

D2y

oy = ——————, 4.8
T ()

where due to symmetry we have set o« = 0. Since p, < 0 the negative of this expression
will always be positive and we set

. D2y
R (49)
ons+1—¢
so that
(1— (/))2 |: Mny :|
= _ 0, . 4.10
W2 p2 (z)z Yy ¢’1g + 1 o ¢ ( )
Hence, we obtain for the drift-flux model
(1-¢) y
0:¢p = —p10, 0 — ) (4.11)
f ’ l ¢ T\N@+ L

We note at this point that the drift-flux model we have just derived (4.11) is a non-linear
diffusion equation that admits constant solutions, say ¢,. Linearizing about these base
states by making the ansatz ¢(t,y) = ¢o + 6 ¢1(t, y) + 0(6%), we obtain to O(J)

M'(¢o) F'(¢o)
F(o) F2(¢o)

where M(¢) = (1 — ¢)*/¢ and F(¢) = N(¢)+(1 — ¢)/n.(¢). We supplement this equation
with boundary conditions and assume no-flux conditions at the wall y = 1/2. Indeed, as
shown in Appendix B, matching to a boundary layer there gives w, = 0. We seek solutions
that are symmetric with respect to the middle axis of the channel, thus we also impose
wy=0at y=0.

Clearly, if F'(¢o) < 0, which holds true for all ¢y € [0, ¢s.] as long as up > py and Iy = 0,
then any perturbation of the constant base states is damped out and the flow remains.
But we note that non-zero constant solutions of (4.11) do not satisfy the boundary
conditions. Hence, we expect a non-linear structure to arise from the interplay between
the drift-flux equation and the no-flux condition. Indeed, the flux of the solid phase leads
to an increase of ¢ at the centre of the channel, until the solid volume fraction reaches ¢
there and jamming of the solid phase occurs in a region y < yp with a time-dependent
free boundary yp(¢). In fact, wo = 0 cannot be achieved by the channel centre y = 0 at
the right-hand side of (4.10), thus the jammed region emerges instantaneously, that is,

011 = —p20, [ ¢1 — M(o) 0y (Y¢1):| , (4.12)

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

606 T. Ahnert et al.

yp(t) > 0 for all t > 0. In the jammed region, the solid volume fraction is constant so that
mass conservation gives wy = wy(t). Assuming symmetry at y = 0 then fixes w, to be zero
to all orders in ¢ for 0 < y < yg. At y = yp, we therefore impose ¢ = ¢ and wy =0, so
that we have two boundary conditions as required at a free boundary. Figure 5 shows a
numerical solution for the drift-flux model (4.11) with

Yy
5 -0 413
: <N<¢>+ m) 1

imposed at y = 1/2 and at y = yg. The second condition

b=« aty=ys, (4.14)

is used to update the free boundary yp. A central finite difference scheme of second order
with a fully implicit Euler—Euler-2-step method was used to discretize the problem. The
results in Figure 5 clearly display the emergence and evolution of the jammed region in
the cross-sectional channel flow.

The evolution eventually tends to a stationary state that can be obtained from (4.11)
by letting 0,¢p = 0. Integrating once and using (4.13) at y = 1/2 and then integrating once
again leads to

_y

N() + 55
With ¢; = —1/p;, we recover the stationary outer equation (3.32) from Section 3. Its value
is fixed here by the requirement that the total amount of solid phase material

=cr. (4.15)

Vo= [ ¢ (4.16)
0

is equal to the total amount present in the initial condition ¢(y,0) for the time-dependent

problem. This follows from the observation that Vs is a conserved quantity for the time-

dependent problem. The corresponding solution is indicated in the figure by open circles.

It agrees well with the long-time profile for ¢ obtained from the time-dependent problem.

Remark. Before we continue with our analysis, we like to note that it is well-known that
the non-viscous one-pressure two-fluid system contains an ill-posedness, that manifests
itself in the occurrence of complex characteristics in the system and a subsequent loss
of hyperbolicity in time, see also the recent discussion in [32]. The problem exists even
for models that include viscous terms [40]. Although there has been progress towards a
mathematical understanding during the last decade, see, e.g., [29] and references therein,
until now there is no consistent and at the same time physically meaningful approach
that resolves this problem. For the model above, we propose a mathematically motivated
regularization to avoid the problem of loss of hyperbolicity. If we introduce a modified
expression for the collision pressure of the form

Pe = 77n(¢)H"5| + C(ﬁ, (417)
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FIGURE 5. Time evolution of solid volume fraction using the outer drift-flux approximation (4.11)
for the parameters from (3.22) with u; = p» and p; = —10, starting from an initial uniform profile
of ¢(0,y) = ¢s/2. The profile first changes near the channel centre and wall. The volume fraction
increases near the centre until maximum packing is reached, which spawns an unyielded region.
This unyielded region then grows so that yg approaches the stationary value obtained from (3.28)
and y converges to the stationary solution.

where ¢ is a constant regularization parameter that is only slightly larger than

(uf — us)2
Cp = ————, 4.18
Da? (4.18)
then the equation is hyperbolic i.e., all characteristics are real [32], but the additional term
does not interfere with the derivation of the drift-flux model for Da > 1.

5 Discussion and outlook

In this study, we systematically derived a new two-phase model through ensemble av-
eraging along the lines of Drew et al. [17] while incorporating recent non-Brownian
constitutive laws by Boyer et al. [5] for the shear and normal viscosities for concentrated
suspensions. Our study of plane Poiseuille flow using the two-phase model shows that
solutions of this model naturally give rise to unyielded or jammed regions centred at the
axis of symmetry for the channel. The width of such a region depends on the value of the
applied pressure for a given volume fraction of the solid phase.

The parameter Da that appears in the model is typically very large because of small
particle sizes. We use this here to derive a new drift-flux model that captures the shear-
induced particle drift across the channel towards the centre and the format of a jammed
region in the solution. The model also predicts that the particle drift across the pipe is by
O(1/Da) smaller than the average flow along the channel. Our numerical results for the
time-dependent drift-flux model reveal how the jammed region emerges first at the centre
and then expands until the stationary state is reached. It would be interesting to relate
this evolution to experimental results on the transition length over which a steady state
develops in space from homogeneous inlet conditions.
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At this point, it seems sensible to summarize the assumptions that underlie our model.
While the general framework is based on the averaging of a microscopic model, much
in the spirit of Drew [14], the non-linear nature of the microscopic equations requires
additional constitutive laws for the macroscopic variables to obtain closure. The most
important of these here is the stress—strain relation for the solid (i.e., particulate) phase
(3.4b) and (3.4c). The justification of this law is based on the experiments by Boyer
et al. [5], which clearly demonstrate the power law behaviour of #, near a critical packing
fraction and the presence of a yield stress that depends on the pressure excercized on the
solid phase of the suspension. These experiments use a modified conical viscosimeter with
a perforated surface so that pressure can be applied to the particles only, while permitting
the liquid to leave or enter the suspension. A motion of the mixture is only achieved if a
certain minimal torque is applied that increases with the applied pressure. Since the flow
situation studied there is of Couette type with both phases moving at the same speed,
our generalization needs to make a decision how to generalize the constitutive law to a
situation where the relative speed is non-zero, and we resolve this here by applying the
empirical law in Boyer et al. [5] to the solid phase only, while the liquid phase remains
Newtonian.

A key aim of our paper is then to study the implications of such a law for Poiseuille
flow as the simplest flow with spatially varying strain rate, and in particular address the
important question if the pressure dependent yield stress leads to the formation of a plug
similar to single-phase fluids. This is indeed the case for the solid phase, where a jammed
region is formed, while the liquid is allowed to move relative to the solid phase. The strain
rate dependence of the collision pressure and the decrease of the strain rate away from the
channel walls impart a drift to the particles that leads to a net flux towards the channel
centre in a homogeneous particle distribution. In the equilibrium density distribution, the
density increases just enough to compensate the effect and leading to a zero pressure
cross-flow gradient of the collision pressure and hence zero net flux. However, for the
constitutive law considered here, the density profile reaches the critical volume fraction
before the channel centre, and the solid phase jams.

An explanation for the occurrence of shear induced migration in connection with the
drift-flux models was given in [31], see also [37,39]. There, shear induced migration is
the result of two effects, first, a spatially varying interaction frequency and second, of the
spatially varying viscosity. If we consider only the first contribution, the key observation
is that if the strain rate varies spatially over the typical size of a particle, then the collision
frequency, which is given by the particle density times the strain rate, decreases over the
cross-section of a particle in directions where the density is uniform but the strain rate
decreases. This gradient in the collision frequency creates a flux of particles towards the
region of lower strain rate. This picture holds up to particles located at the edge of a
jammed region. Inclusion of the second effect results in a very similar condition, where the
strain rate times a monotone function of the particle density has to be constant in steady
state, which is exactly what we obtain from our drift-flux model if we set w, = 0 in (4.6) and
use (4.3f). Thus, the particle distribution evolves into a non-uniform steady state, which,
for our model, creates a jammed region at the centre of the channel as shown in Figure 5.

In any case, the prediction of a jammed region provides scope for further investigation.
For example, such a region should be suppressed for smaller average solid volume fraction.

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

Models for concentrated suspensions 609

While our results show that the region decreases for less concentrated suspensions, it is
always finite as long as a solid phase fraction is present at all. Even for very dense
suspension, it is conceivable that the plug region is in a state where the particles are
still permitted to have a small relative motion. In fact, previous modelling efforts using
two-phase averaged models (or suspension balance models) have introduced various types
of non-local terms to prevent the maximum solid volume fraction from being reached,
especially in cases where a cusp forms at the centre line of pipe or channel flow, see,
e.g., [33,37], while others have not [53].

Moreover, the role of friction, as the solid volume fraction increases, needs to be
considered more closely [13,23,51], to fully understand the physics that underly the trans-
itions into the jammed state. Further insight into this could come from more experimental
investigations, such as [38,46] and the recent study [27], but also a more detailed un-
derstanding of the microscopic force balance in the concentrated suspension at the yield
surface.

On the other hand, the derivation of the drift-flux model from the full two-phase
model presented here could be extended further. The fact that the shear-induced particle
transport acts on a different velocity scale than the phase-averaged flow field indicates
how to systematically develop an asymptotic theory leading to a complete coupled flow
model that includes both transport and jamming of particles. Such an analysis could
also rationalize some suspension flow models that are found in the literature. In fact, the
methods presented in this study should also enable the systematic derivation of drift-flux
models for more complex flow geometries, for example, at the free boundary between the
suspension and the surrounding atmosphere, or non-Newtonian carrier fluids [24], and
will be part of our future work.

Finally, questions such as stability of dense suspension flows are rarely considered; for
the model we develop here, a first step in this direction can be found in [3].

Acknowledgements

The authors are thankful to Prof. Andrew Fowler (Mathematical Institute, University of
Oxford) for very fruitful discussions.

References

[1] AHMADPOUR, A. & SADEGHY, K. (2013) An exact solution for laminar, unidirectional flow of
Houska thixotropic fluids in a circular pipe. J. Non-Newton. Fluid Mech. 194, 23-31.

[2] AHNERT, T. (2015) Mathematical Modeling of Concentrated Suspensions: Multiscale Analysis and
Numerical Solutions. PhD Thesis, Technical University Berlin, November.

[3] Aunert, T., MUNCH, A., NIETHAMMER, B. & WAaGNER, B. (2018) Stability of concen-
trated suspensions under Couette and Poiseuille flow. J. Eng. Math. 1-27. https://doi.org/
10.1007/s10665-018-9954-x

[4] BATCHELOR, G. K. & GREEN, J. T. (1972) The determination of the bulk stress in a suspension
of spherical particles to order ¢*. J. Fluid Mech. 56(03), 401-427.

[5] BoYER, F., GuAZZELLI, E. & POULIQUEN, O. (2011) Unifying suspension and granular rheology.
Phys. Rev. Lett. 107(18), 188301.

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

610
(6]
(7]
(8]
]

(10]

(14]
(15]
(16]
(17]
(18]
(19]
(20]

(21]

(29]

(30]

T. Ahnert et al.

BRENNEN, C. E. (2005) Fundamentals of Multiphase Flow, Cambridge University Press, New
York.

BriNnkMAN, H. C. (1949) A calculation of the viscous force exerted by a flowing fluid on a
dense swarm of particles. Appl. Sci. Res. 1(1), 27-34.

CARTELLIER, A., ANDREOTTI, M. & SECHET, P. (2009) Induced agitation in homogeneous bubbly
flows at moderate particle Reynolds number. Phys. Rev. E 80(6).

CassAR, C., NicorLas, M. & POULIQUEN, O. (2005) Submarine granular flows down inclined
planes. Phys. Fluids 17(10), 103301.

W. CHow, A., SINTON, S. W., IwaMiya, J. H. & StePHENS, T. S. (1994) Shear-induced particle
migration in Couette and parallel-plate viscometers: NMR imaging and stress measurements.
Phys. Fluids 6(8), 2561-2576.

Cook, B. P, BErtozzi, A. L. & Hosor, A. E. (2008) Shock solutions for particle-laden thin
films. SIAM J. Appl. Math. 68(3), 760-783.

DE Bruyn, J. (2011) Unifying liquid and granular flow. Physics 4, 86.

DEeGruLy E., DURING, G., LERNER, E. & Wyart, M. (2015) Unified theory of inertial granular
flows and non-Brownian suspensions. Phys. Rev. E 91(6), 062206.

DrEw, D. A. (1983) Mathematical modeling of two-phase flow. Annu. Rev. Fluid Mech. 15(1),
261-291.

Drew, D. A. (2001) A turbulent dispersion model for particles or bubbles. J. Eng. Math.
41(2-3), 259-274.

D. A. DrRew & Passman, S. L. (1999 Theory of Multicomponent Fluids, Applied Mathematical
Sciences, Vol. 135, Springer, New York.

Drew, D. A. & SEGEL, L. A. (1971) Averaged equations for two-phase media. Stud. Appl.
Math. 50(2), 205-231.

EINSTEIN, A. (1906) Eine neue Bestimmung der Molekiildimensionen. Ann. Phys. 324(2), 289—
306.

Fox, R. O. (2014) On multiphase turbulence models for collisional fluid-particle flows. J. Fluid
Mech. 742, 368-424.

GADALAMARIA, F. & Acrivos, A. (1980) Shear-induced structure in a concentrated suspension
of solid spheres. J. Rheol. 24(6), 799-814.

GarrIDO, P, ConcHA, F. & BURGER, R. (2003) Settling velocities of particulate systems: 14.
Unified model of sedimentation, centrifugation and filtration of flocculated suspensions. Int.
J. Mineral Process. 72, 57-74.

HamptoON, R. E. (1997) Migration of particles undergoing pressure-driven flow in a circular
conduit. J. Rheol. 41(3), 621-640.

HerMES, M., Guy, B. M., Poon, W. C. K., Poy, G., CaTes, M. E. & Wyart, M. (2016) Unsteady
flow and particle migration in dense, non-Brownian suspensions. J. Rheol. 60(5), 905-916.
HormMmozi, S. & FrIGAARD, 1. A. (2017) Dispersion of solids in fracturing flows of yield stress

fluids. J. Fluid Mech. 830, 93-137.

Isa, L., BESSELING, R. & Poon, W. C. K. (2007) Shear zones and wall slip in the capillary flow
of concentrated colloidal suspensions. Phys. Rev. Lett. 98, 198305.

Isai, M. & HiBiky, T. (2011) Thermo-Fluid Dynamics of Two-Phase Flow, Springer, New York.

JaMEs, N., HaN, E., JURELLER, J. & JAEGER, H. (2017) Interparticle hydrogen bonding can elicit
shear jamming in dense suspensions. arXiv:1707.09401v1 [cond-mat].

JENKINS, J. T. & McCTIGUE, D. F. (1990) Transport processes in concentrated suspensions: The
role of particle fluctuations. In: D. D. Joseph and D. G. Schaeffer (editors), Two Phase Flows
and Waves, The IMA Volumes in Mathematics and Its Applications, Vol. 26, Springer, New
York, pp. 70-79.

KEeyriTZ, B. L., SANDERS, R. & SEVER, M. (2003) Lack of hyperbolicity in the two-fluid model
for two-phase incompressible flow. Discrete Continuous Dyn. Syst. — Series B 3(4), 541-563.

Korev, N. L. (2005) Multiphase Flow Dynamics 1: Fundamentals, Multiphase Flow Dynamics,
Springer-Verlag, Berlin Heidelberg.

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

[31]
(32]

[33]

[34]
(35]
[36]
(37]
(38]

[39]

[40]
[41]
[42]
[43]

[44]

[45]

[46]
[47]
48]
[49]
(50]
[51]
[52]
(53]

[54]

Models for concentrated suspensions 611

LeigHTON, D. & AcRrivos, A. (1987) Shear-induced migration of particles in concentrated
suspensions. J. Fluid Mech. 181(1), 415-439.

D. LHUILLIER, CHANG, C.-H. & Tueoranous, T. G. (2013) On the quest for a hyperbolic
effective-field model of disperse flows. J. Fluid Mech. 731, 184-194.

MILLER, R. M. & MORRIS, J. F. (2006) Normal stress-driven migration and axial development
in pressure-driven flow of concentrated suspensions. J. Non-Newton. Fluid Mech. 135(2-3),
149-165.

MILLER, R. M., SINGH, J. P. & MoreriIs, J. F. (2009) Suspension flow modeling for general
geometries. Chem. Eng. Sci. 64(22), 4597-4610.

Morris, J. F. & Boutay, F. (1999) Curvilinear flows of noncolloidal suspensions: The role of
normal stresses. J. Rheol. 43, 1213-1237.

MuRrisIcC, N., PAUSADER, B., D. PEscHkA & BErRTOZZI, A. L. (2013) Dynamics of particle settling
and resuspension in viscous liquid films. J. Fluid Mech. 717, 203-231.

Norr, P. R. & Brabpy, J. F. (1994) Pressure-driven flow of suspensions: simulation and theory.
J. Fluid Mech. 275(1), 157-199.

OH, S., SONG, Y.-Q., GARAGASH, D. 1., LEcAMPION, B. & DESROCHES, J. (2015) Pressure-driven
suspension flow near jamming. Phys. Rev. Lett. 114(8).

PHILLIPS, R. J., ARMSTRONG, R. C., BROwN, R. A., GRaHAM, A. L. & ABBOTT, J. R. (1992) A
constitutive equation for concentrated suspensions that accounts for shear-induced particle
migration. Phys. Fluids A 4(1), 30-40.

PROSPERETTI, A. & JONES, A. (1987) The linear stability of general two-phase flow models — II.
Int. J. Multiphase Flow 13(2), 161-171.

QueEMADA, D. (1997) Rheological modelling of complex fluids. I. The concept of effective
volume fraction revisited. Eur. Phys. J. Appl. Phys. 1, 119-127.

QUEMADA, D. (1998) Rheological modeling of complex fluids: III. Dilatant behavior of stabil-
ized suspensions. Eur. Phys. J. Appl. Phys. 3, 309-320.

QUEMADA, D. (1998) Rheological modelling of complex fluids: II. Shear thickening behavior
due to shear induced flocculation. Eur. Phys. J. Appl. 2, 175-181.

QUEMADA, D. (1999) Rheological modelling of complex fluids: IV: Thixotropic and “thix-
oelastic” behaviour. Start-up and stress relaxation, creep tests and hysteresis cycles. Eur.
Phys. J. Appl. Phys. 5(2), 191-207.

RAMACHANDRAN, A. (2013) A macrotransport equation for the particle distribution in the flow
of a concentrated, non-colloidal suspension through a circular tube. J. Fluid Mech. 734,
219-252.

SNook, B., BUTLER, J. E. & GUAZZELLI, E. (2016) Dynamics of shear-induced migration of
spherical particles in oscillatory pipe flow. J. Fluid Mech. 786, 128—153.

StickEeL, J. J. & PoweLL, R. L. (2005) Fluid mechanics and rheology of dense suspensions.
Annu. Rev. Fluid Mech. 37(1), 129-149.

TRULSSON, M., ANDREOTTI, B. & CLAUDIN, P. (2012) Transition from the viscous to inertial
regime in dense suspensions. Phys. Rev. Lett. 109(11), 118305.

WHITAKER, S. (1986) Flow in porous media I: A theoretical derivation of Darcy’s law. Trans.
Porous Media 1(1), 3-25.

WHITAKER, S. (1998) The Method of Volume Averaging, Vol. 13, Springer, Netherlands, in:
“Theory and Applications of Transport in Porous Media”.

Wyart, M. & Cates, M. E. (2014) Discontinuous shear thickening without inertia in dense
non-brownian suspensions. Phys. Rev. Lett. 112, 098302.

WrYLIE, J. J.,, KocH, D. L. & LapD, A. J. C. (2003) Rheology of suspensions with high particle
inertia and moderate fluid inertia. J. Fluid Mech. 480, 95-118.

Yaricy, K., PoweLL, R. L. & PHILLIPS, R. J. (2009) Particle migration and suspension structure
in steady and oscillatory plane Poiseuille flow. Phys. Fluids 21(5), 053302.

ZHovu, J., Dupuy, B., BErT0ZZI, A. & Hosor, A. (2005) Theory for shock dynamics in particle-
laden thin films. Phys. Rev. Lett. 94(11), 117803.

https://doi.org/10.1017/5095679251800030X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251800030X

612 T. Ahnert et al.
Appendix A Derivation of the two-phase flow model
A.1 Averaging rules

We will follow the mathematical framework by Drew and Passman [14,16] in this section.
Let f and g be arbitrary measurable functions, ¢ a constant and (-) an average operator
obeying the so-called Reynolds’ rules

(f+g) =) +g), (A1)
((fe) = (f){g) (A2)
(c)=c, (A3)
the Leibniz’ rule
<azf> = az<f>a (A 4)
and the Gauss’ rule
(©:if) = 3:(f). (A5)

The functions should be weakly differentiable up to the required order. Admissible
operators are, for example, the volume average [30,49], time averages [26], the ensemble
average [16] or a mixture of these [17]. However, note the derivatives are defined in the
sense of distributions in this work. This implies (Vf) can have a Dirac delta property
yielding additional surface integrals, whereas in classical theories the Leibniz’ and Gauss’
rule are written explicitly with surface integrals, cf. [16] and [49].

We further need a component indicator function

1, ek
&um_{q if (x,1) ¢ K, (A6)

with K the set of states of the kth-phase. In our model, we use the average operator in a
weighted form. There are in general two averages in use, the intrinsic or phasic average

(Xkg)
(Xk) ~

g (A7)

and the mass-weighted or Favré average (in its three common forms)

ng:wm>:mm (AS)

(X %;:’; (Xkp)

When we have multiple indicator functions, an index states the indicator function, we
used in the average, e.g., g, means we used X in the average. We define a fluctuation field
(cf. [16]) as

g =g-g (A9)
g’ =g—-g (A'10)

and due to the Reynolds rules g’ = g° = 0 holds. This splitting together with the Reynolds
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rules yields the identity

fe=fg+1¢, (All)
and similar for the Favré average
fe =78+ ¢ (A12)

The characteristic function fulfills the so-called topological equation (cf. [16])
0. X +u - VX, =0, (A13)

with u; the interface velocity.

A.2 The two-phase flow model

Multiplication of (2.1a)—(2.1d) with Xj, followed by usage of the average operator and its
linearity together with Gauss’ and Leibniz’ rules yield

0(Xkp) + V- (Xypu) = (p(0: Xk + u;V - Xi)) (
+ (p(u — w;) - VXy), (

0 (Xipu) + V - (Xipucu) — V - (Xi T) = (X f) (A 16)
+((@: Xk + u; - VXi)pu) (
+([(u — w;) - VXi]pu) — (VX - T). (

In the above, we assume that the interface velocity #; has been smoothly extended for all
x. Since the indicator function satisfies the so-called topological equation (cf. [16])

3 Xk +ui - VXi =0, (A 19)

the first- and the second-term equations (A 14) and (A 17) drop out, respectively, and we
can write the system as

0:(Xip) +V - (Xyxpu) = Iy, (A 20)
O Xykpu) + V - (Xypu @ u) (A21)
=V (X T) = (Xif) + My, (A22)
where
Ii = (plu — ) - VXp), (A23)
My = (VX - [p(u—u) @ u— T), (A24)

denotes the average interfacial mass source and the average interfacial momentum source
for the kth phase, respectively.
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To obtain the averaged form of the jump conditions, we note first the Dirac delta
property of the component indicator functions’ derivative

(VXif) = — / nfdsS, (A 25)

Sk

with Sy the interface of phase k. Using this and (A 23), (A 24) in the jump conditions for
mass (2.1¢) and momentum (2.1d), these conditions become

> ri=o, (A 26)
k
> M=o (A27)

We further introduce the following averaged quantities

o1 = (Xi),

for the volume fraction, and

5. = %kp)’
Tk - <X(;;kT>o’ o
TR = _ <kat;1;k® ”k>’
7, = <)((;kf ).

ul, = (VXi - plu — ) @ u),

for the average density, velocity, stress, Reynolds stress, body forces, interfacial stress and
interfacial velocity of the kth phase, respectively.
Then, after we split the interfacial momentum source as
My = S} + I, (A28)
and the momentum flux into an average flux and a Reynolds stress

(Xipu @ u) = ¢ipyii @ e — pr TR, (A29)

and use the product rule (A 12) for the velocity, we obtain the following system of phase
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averaged mass and momentum equations

0i(ipy) + V - (dpyttr) = T, (A 30)
O pprtic) + V - (Piptty @ 1) — V - (¢ Ti) = (A31)
V(¢ TF) +fi + 8¢+ m Iy (A 32)

The Reynolds stress T 5" consists of two parts — liquid turbulence and pseudo-turbulence.
As we are interested in the laminar flow regime, we neglect the liquid turbulence. Addi-
tionally, our derivations show u; — u; has a very small value in the considered flow cases.
Since the pseudo-turbulence scales as (u; — u;)’ ¢, see, e.g., [8,19], it will also be neglected.
Further, we assume no phase change occurs at the interface between particles and liquid,
ry=0.

We introduce the stress tensor as the sum of pressure and deviatoric stress in the form

T=—pl+r, (A33)

so that for the averaged quantities Ty and

Pk = P (A34)
T = — Qi;‘k”, (A 35)

we have correspondingly
Ti = —pd + 7. (A 36)

The interfacial pressure of phase k and the interfacial force density is defined as

(VXip) _ (VXipi)
(VX1 Ve
M = S] — (VXipi) = (VXi - (px — i) — 1)), (A38)

P = (A37)

respectively, where the second equality in (A 37) follows from an application of Gauss’
rule (A 5). We have (from (A 28))

M = M + paV ¢y, (A39)

so that we obtain for the mass and momentum balance equations

3i(upr) + V - (i) =0, (A 40)
O piprtt) + V - (Diprttic @ i) (A41)
—V - (¢eTx) + V(diP) = M+ PV i, (A42)

where we have also assumed that no external body forces are applied, ie., f = 0.
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We neglect surface tension forces between the solid and the liquid phase, so the
interfacial pressure difference becomes [14]

> bV =0, (A43)
k

and we obtain together with the interfacial momentum jump condition (A 27) the relation
M{ = —M{. (A 44)

Since we only have two phases, we know ¢+¢; = 1, which directly leads to Vo, = —V ¢y.
Thus, equation (A 43) yields

Dis = ﬁif~

For the case of identical liquid interfacial and bulk pressure
ijif = ﬁfa

and constant densities p, within each phase, the balance equations then reduce to the
system (2.4).

Appendix B Boundary layer analysis for the drift-flux model

In this appendix, we complete the perturbation analysis used for the derivation of the
drift-flux model in Section 4.1 by considering the inner layer near the wall. The purpose
of this is to show that we recover the no-flux condition w, = 0 used to complete the
drift-flux model (4.11), but we note that for a correct description of the density profile
in the inner layer, which has a width ¢/ =Da~1/2 ~ K,}/* ~ a ie., of the size of the
particles, we would have to include the possibility of a depletion layer, which, however,
should not affect the no-flux condition on (4.11).
For the boundary layer analysis at the wall we introduce variable

z= iuzy’ D(t,z) = ¢(t, ). (B1)
Then, we obtain
/20,0 + 0.(P (1 — P)wr) =0, (B2a)
=0, [(1 — ®)0.v1 +&(1 — )0, (Pw1)] + &(1 — @)Ops = —81 j(pwl, (B2b)
&'/20. [2(1 — @) 8-(Pw)] + (1 — P)o.py = 81/21 —3" (B2¢)
—0: [@ns0:01 — &Py 0:((1 — P)wi)] + ePOxpy = &5 j(p wi, (B2d)
£'/20. 20 0.((1 — ®)wy)] — Pd.p; — d.p. = 81/21 —3"> (B2e)
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and
1/2

pe = |1 (@:01 — 0.1 — Bpw))? + 2001~ |

and no-slip conditions at z =0,

The leading order system is

0:(P (1 — P)wy) =0,
—0:[(1 = ®)0.v1] =0,
(I — ®)3:p; =0,
—0; [Pn;0.v1] =0,
—0:p. =0,
and
De = 1n [(azvl)z] 2 )
and no-slip conditions at z =0,

1)1=0, W1=0, W2=0.

617

(B2f)

(B2g)

(B3a)
(B3b)
(B3c)
(B3d)
(B3e)

(B3f)

(B3g)

We see immediately that w, = 0, which provides, via matching, the boundary condition

for the drift-flux model at y = 1/2 as claimed in the text.
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