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We establish a Wold-type decomposition for isometric and isometric Nica-covariant
representations of the odometer semigroup. These generalize the Wold-type
decomposition for commuting pairs of isometries due to Popovici and for pairs of
doubly commuting isometries due to Stocinski.

Keywords: Wold decomposition; odometer semigroup

2020 Mathematics subject classification: 47TA13; 47TA45; 47D03

1. Introduction

In operator theory, the classical Wold decomposition theorem states that every
isometric operator can be decomposed into a unitary component and a pure isome-
try component [18, theorem 1.1]. This powerful theorem soon becomes an essential
tool in the study of operator theory and operator algebra. For example, the cel-
ebrated Coburn’s theorem on C*-algebras generated by a proper isometry [4] is
rooted in this result.

There are numerous researches on generalizing this powerful result. Suciu first
considered a Wold-type decomposition for a semigroup of isometries. He showed
that a semigroup of isometries V,, decomposes into three components [17]: a unitary
component, a totally non-unitary component (corresponding to the unilateral shifts
in the Wold decomposition), and lastly, a third component for which he called the
‘strange’ component (see also [11]). Fully characterizing these components is not
an easy task, even for the seemingly simple case of a pair of commuting isometries.
Stocinski first obtained a Wold-type decomposition for a pair of doubly commuting
isometries [15, theorem 3]. He proved that a pair of doubly commuting isometries
decomposes into four components, one for each of the four possible combinations in
which each isometry is either unitary or pure. His result has been further generalized
to product systems in [14] and higher dimensions in [13]. However, without the
doubly commuting assumption, Stociniski constructed an example where the pair
of commuting isometries are neither unitary nor pure on a reducing subspace [15,
example 1]. This last mysterious piece was finally settled by Popovici [12] where
he introduced the notion of a weak bi-shift. Along another direction, for families of
non-commuting isometries, a well-known result of Popescu established a Wold-type
decomposition for row isometries [10].
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In this paper, we study the Wold-type decomposition for isometric representations
of the odometer semigroup. The odometer semigroup, also known as the adding
machine or the Baumslag—Solitar monoid BS(1,7n)", encodes a simple yet intriguing
semigroup structure. Its semigroup C*-algebra and boundary quotient has been
studied extensively in recent years [1, 3, 16].

We consider two classes of representations. One being the isometric representa-
tion, which is a generalization for a pair of commuting isometries. Another being
the isometric Nica-covariant representation, which is a generalization for a pair
of doubly commuting isometries. We obtain a Wold-type decomposition for each
class of representations, generalizing both Popovici’s and Slociriski’s results in this
context (theorem 3.10 and theorem 4.4). Prior literature on Wold decomposition
often assumes the doubly commuting condition, which is a special case of the Nica-
covariance condition. However, our understanding of the Wold decomposition in
the general Nica-covariance setting is limited. Our work contributes to this vein
in the literature. In particular, our results on the odometer semigroups is the first
Wold-type decomposition in the more general Nica-covariant setting. Finally, we
provide several concrete atomic representations as examples. In particular, exam-
ple 5.4 gives an example of weak bi-shift representation in our context, that bears
a close resemblance to the example of Stocinski.

2. Preliminary

We first recall that for an operator T' € B(H), a subspace K C H is invariant for T if
TK C K. We say K reduces T' (equivalently, we say K is a reducing subspace for T')
if IC is invariant for both T"and T*. On the Hilbert space ¢*(N) = span{e,, : n > 0},
the unilateral shift is the isometry S defined uniquely by mapping e,, + €,,41. For an
isometry V' € B(H), a subspace L is called wandering for V' (equivalently, we say L is
a wandering vector space for V) if {V™L : m > 0} are pairwise orthogonal. Given a
wandering subspace £ for V', we can build an invariant subspace K = @m20 vme
for V, on which V is unitarily equivalent to a direct sum of dim L-copies of the
unilateral shift. This space K is reducing for V if £ is invariant under V*. The
Wold decomposition theorem states that every isometry can be decomposed into a
unitary and a direct sum of unilateral shifts.

THEOREM 2.1. Let V' be an isometry on a Hilbert space H. Then H can be decom-
posed as a direct sum of two reducing subspaces H,, and Hs for V', such that V|,
is unitary and V|y, is unitarily equivalent to a direct sum of unilateral shifts.
Moreover, this decomposition is unique and we can describe H, and H, explicitly

by:
Ho= () V"H;
m=0
Hs = @ VMker V*.
m=0

Here, ker V* is a wandering subspace for V.
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We call an isometry V' pure if H,, = {0}. Equivalently, a pure isometry is a direct
sum of unilateral shifts. The spaces H, and H are the largest reducing subspaces
for V' on which V is unitary and pure respectively. In other words, if Hy reduces V'
and Vg, is unitary (or pure), then Hy C H,, (or Ho C Hs).

The Wold-type decomposition for a pair of commuting isometries is not sim-
ple. Stocinski first obtained a Wold-type decomposition when two isometries Sy, Sy
doubly commute (that is, S; commutes with both Sy and S3) [15, theorem 3].

THEOREM 2.2. For a pair of doubly commuting isometries S, So on H. The space H
uniquely decomposes into a direct sum of four reducing subspaces H = Hyu D Hus P
Hsw ® Hss, such that the restriction of Sy,S2 on each subspace is unitary-unitary,
unitary-pure, pure-unitary, and pure-pure respectively.

In fact, the Hgs-component is unitarily equivalent to a direct sum of bi-shifts
on (?(N?). However, when S;,S> do not doubly commute, it is possible to have a
reducing subspace on which S; are neither unitary nor pure. One example was given
by Stocinski [15, example 1], where we take H = Span{e; ; : 4,5 € Z,i >0 or j > 0}
and Sie;; = €;41,; and Sae; j = €; j+1. The characterization of this final puzzling
piece was finally settled by Popovici, where he introduced the notion of weak bi-shift
[12, definition 2.5].

DEFINITION 2.3. A pair of commuting isometries S1, S5 is called a weak bi-shift if
S1 \m];o ker S3597 Sg\nj>o ker S84 and S1S5; are pure isometries.

The final pure-pure component in Stocinski’s result is then replaced by a weak
bi-shift component [12, theorem 2.8].

THEOREM 2.4. For a pair of commuting isometries S1,S2 on H. The space 'H
decomposes into a direct sum of four reducing subspaces H = Hyy ® Huys B Hey B
Hws, such that the restriction of S1, S2 on each subspace is unitary-unitary, unitary-
pure, pure-unitary, and weak bi-shift respectively. Moreover, this decomposition is
unique and we can explicitly write out the spaces by the following formulae

Huw = ) (S152)"H

n=0

Hus =P S5 | () S (Nizo ker S5.57)

n=0 m2=0

Hew =EP ST | () S5 (Nizo ker S755)

n=0 m=0

On a different direction, Popescu considered a Wold-type decomposition for n
non-commuting isometries. A family {Vi,...,V,} of n non-commuting isometries
is called a row isometry if > ,_, Vi V¥ < I, or equivalently, {V1,...,V,} have pair-
wise orthogonal ranges. It is called a row unitary if > ,_; VzV;* =1 and such
{V1,...,V,} are often called Cuntz isometries as they generate the Cuntz alge-
bra O,,. Row isometries can be viewed as a representation of the free semigroup
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F;t, where for each p = pq - piy, € F;5, V,, =V, - -+ V.. One way to build a row
isometry is to consider the left regular representation of I, on ¢*(F,) = span{e,, }
and set Ve, = e;,,. A space L is called wandering for {Vi,..., V, }if {V,L: p e F}

are pairwise orthogonal. Given a wandering subspace £, one can show that on the
reducing subspace K = EBueIFI V.L, {V1,...,V,} is unitary equivalent to a direct
sum of dim L-copies of left regular representations. Popescu showed that similar
to the Wold decomposition of a single isometry, every row isometry decomposes
into a row unitary component and a direct sum of left regular representations [10,

theorem 1.3].
THEOREM 2.5. Let {Vi,...,V,} be a family of n isometries with orthogonal ranges
on H. Then H decomposes into two reducing subspaces H = H, ® Hs, such that
{Vi,...,Vi} is a row unitary on H, and is a direct sum of left regular representa-
tions on Hs. Moreover, this decomposition is unique and we can explicitly describe
H. and Hs by:
Ho= (] P ViH:
m20 |pu|=m
n
Hs = @ Vi (ﬂ kerV,j‘) .
HEF] k=1

Here, (._, ker Vi is a wandering subspace for {Vi,...,V,}.

We say a row isometry {Vi,...,V,,} is pure if H, = {0}, in other words, if it
is a direct sum of copies of the left regular representation. Similar to the Wold
decomposition for a single isometry, the spaces H,, and H, are the largest reducing
subspaces for {V;} on which {V;} is unitary and pure respectively. In other words,
if Ho reduces {V;} and {V;}|#, is unitary (or pure), then Hy C H, (or Ho C Hs).

In this paper, we study a Wold-type decomposition for two classes of representa-
tion of the odometer semigroup O@,,. The odometer semigroup Q,, is generated by
n free generators vy,...,v, and one extra generator w such that wv, = vi41 for
all 1 <k <n-—1and wv, =vyw. It is also known as the adding machine, where
w mimics the add-one operation on the free semigroup F;". One can view Q,, as a
Zappa-Szép product of the free semigroup F,” by N [3]. The semigroup Q,, is also
isomorphic to the Baumslag—Solitar monoid BS(1,n)" which is generated by two
generators a,b with b"a = ab. The isomorphism can be realized by identifying b
with w and b*~'a as vj,. As a Baumslag-Solitar monoid, each element z € Q,, has
a unique representation [16, proposition 2.3]:

z=w™ w2 oy w1 < a; <ny N > 0.
This is obtained by shifting as many w to the right as possible. Using the notation
w®~ty; = v,,, we have that each x € @, has a unique representation z = ’UM’LUN for
some p € F;i and N > 0. One can also shift as many w to the left as possible and
show that every = € 0, has a unique representation z = wPv{ for some p,q > 0.
An isometric representation of the odometer semigroup Q,, is defined as a collec-
tion of an isometry W and a row isometry {Vi,...,V,} such that WV}, = Vj4 for
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each 1 <k <n—1and WV, = V;W. One may equivalently describe it as a pair of
isometries W and V; such that W™V, = ViW and {W*V; : 0 < k < n — 1} having
pairwise orthogonal ranges. It is clear that when n = 1, this is simply a pair of
commuting isometries.

In recent years, there is a great advancement in our understanding of semigroup
C*-algebras, started by the celebrated work of Nica on covariant representations
of quasi-lattice ordered semigroups. It is known that the odometer semigroups are
quasi-lattice ordered in the sense of Nica [16]. One may refer to [1, 3, 16] for studies
of its semigroup C*-algebras and [9] for the basic definition of the Nica-covariance
condition. Without diving into the rich literature of the Nica-covariance condition,
we call an isometric representation of Q,, Nica-covariant if W*V; = V,,W*. This pre-
cisely coincides with isometric Nica-covariant representations of Q,, [3]. Notice that
when n = 1, this corresponds to the case of a pair of doubly commuting isometries.

3. Wold decomposition for isometric representations

We first derive a Wold-type decomposition for isometric representations of Q,,. The
decomposition can be greatly simplified when the representation is Nica-covariant.
Let {W, V1, Va,...,V,} be an isometric representation of the odometer semigroup
0,, on some Hilbert space H. First, for the unitary-row unitary component, we
start with the following observation.

LEMMA 3.1. An isometric representation {W,Vy,...,V,} has a unitary W and a
row unitary {Vi,...,Va} if and only if {Va,..., Vo, VAW } is a row unitary.

Proof. The forward direction is trivial. For the converse, we observe that

I=ViWW*Vi + Zn:ViVi* < zn:ViVi* < I
i=1

i=2
This implies that {V1,...,V,} is a row unitary, and that ViWW*V;* = V;V}* which
implies W is unitary. O

We would like to point out that the set {Va,...,V,, ViW} is precisely {WV; :
1 <4< n}. Recall that the unitary-unitary component for a pair of commuting
isometries S, Sa corresponds to the unitary component for their product S1.55 ([12,
proposition 2.1]). We prove that the unitary-row unitary component H,,, precisely
corresponds to the row unitary component for {Va, ..., V,,, ViW}.

PROPOSITION 3.2. Let
How= () | @B [[WV.,H
m20 \ |u|=m j=1

Then Hayy, reduces W oand Vi’s, Wy, is unitary, and {V1,...,Vo}|n,. s a row
unitary. Moreover, H,,, is the largest subspace with this property.
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Proof. We first show that H,, is reducing for both W and V;. For each m > 0,
denote L, = @|M|:m(H;ﬂ:1 WV, )H. Take any |u[ =m and h € H, consider the
vector k = H;nzl WV, h. First consider Wk, we repeatedly use the fact that WV; =
Viz1 if i #n and WV,, = Vi W and obtain:

(WvlllJrl) HT:Q WV/tha if H1 7é n;
Wk — (WV1>(WVIJ«2+1) HT:S WVMjh7 if H1 =N, 12 7é n;
(WV)(WVy) - (WV)Wh, i =pe =" =pm=n.
In any case, we have that Wk € L,,. Similarly, for W*k,

Wk =W [[WV,h =V, [[WV,,h
j=1 j=2

We repeatedly use the fact that V; = WV, if i 21 and ViIW = WV, and obtain:

(WVH1*1> H;nzz WV, h, if g # 1
(WVa) W Vi) Ty WV by i iy = Lopn # 1
W*k = :
(WVR)(WVy,) -+ (WV,) Vih, ifpuy = po =+ = iy, = 1.
m—1

Therefore, W*k € L,, with the exception of the last scenario in which W*k € L,,,_1.
This proves that H,, reduces W.
Now consider Vik =V H;n:l WV,,;h. We have that

(thifl) H;nzl WVltj h7 if i 7é L;

—_— (WV0) WV, —1) HTZQ WV, h, iti=1u #1;

(WVR)(WV,,) -« (WV,)Vih, ifi=p=p==py,=1

We have that V;k € L,, 11 with the exception of the last scenario in which V;k € L,,.
Finally,

V*k = ‘/;*VM1+1 HT:Q WV,u,j h, lf j250 # n;
VWL WYk i =n.

Since the V’s have orthogonal ranges, V;*k is either 0 when pi #n or
w H;":Q WV, ,h€ WLy 1 C L1 when py = n. As aresult, H,, reduces each V;.

By [10, theorem 1.3], H,, is the largest reducing subspace for the family
{Va,Vs,...,V,,ViW} on which this family is a row unitary. By lemma 3.1, this
implies that Wy, is a unitary and {Vi,...,V, }#,., is a row unitary. If H, is any
subspace that reduces W and V;’s such that W]y, is a unitary and {V1,..., Vi, }n,
is a row unitary, by lemma 3.1, we have that the family {V5, V5,...,V,,,ViW} is a
row unitary on Ho and thus Hy C Hy, by [10, theorem 1.3]. O
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REMARK 3.3. We would like to point out that the unitary-row unitary component
is often of special interest because it gives rise to representations of the boundary
quotient semigroup C*-algebra [3].

PROPOSITION 3.4. Let

n

Hus = @ Vi | (VW (() () ker viw?)

pnert m2=0 i=1352>0

Then Hys reduces W and V;’s, Wy, is unitary, and {Vi,...,Via}|n,. is pure.
Moreover, Hys s the largest subspace with this property.

Proof. Let £ =(,,5oW "™ (MNiz1N;j50 ker VW), Tt is clear that for each 1 < i < n,
VL = {0}. Therefore, £ C (), ker V;*. By [10, theorem 1.3], £ is a wandering
subspace for {Vi,...,V,}. Therefore, H,s reduces each V; and {V1,...,V,}|n,. is
pure.

To see it reduces W, first notice that £ C ,,5,W™H and thus by the Wold
decomposition of a single isometry, £ reduces W and W|, is unitary. Therefore,
L =WL. For each u € F}', we have

VH1+1V#2 T Vum‘ca if H1 7é n;
‘/IVMQ-‘,-I "'Vum[ﬂ if H1 =1, l2 7& 3

WV, L =
Vi---ViWL, ifu1=uz=---=um=n;
and,
ViV, - Vi £, i n # 1,
W*V#[,: VaVis—1++ Vi, L, ?f p1 =12 #1;

V-V L, ifpp =po =+ =y = 1.

Here, in the last case, W*V"L = W*V"WL =V "L. As a result, H,s reduces
W. It is also clear from the computation that for each m > 0, W is unitary on
EBI#IZm VL. Therefore, W is unitary on H,s.

Suppose now Hy is another reducing subspace on which W is unitary and
{V1,...,Va} is pure. Apply [10, oheorem 1.3], we have that Ho = D ,,cp+ VLo
where Lo =i, ker(V;*) NHo is a wandering subspace for {Vi,...,V,} that
generate Hy. We now prove that Ly C L.

We first observe that, since W is unitary on Hy,

W*(WV, ) W* = W*(,W)W*.

It implies that on Hy, V, W* = W*V; and thus VW = WV*. In other words, the
representation is in fact Nica-covariant on H.
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Let us prove that Ly reduces W. Take any h € Ly, we need to show that
Wh,W*h € ker(V;*) for all 1 < i < n. We have:

Vigh, ifi# L

ViWh = -
WV¥h, ifi=1;

In either case, since h € ker(V;*) for all 1 < i < n, we have that V*Wh = 0 for all
1 as well. Furthermore, we have:

Viiah, if i #n;

‘/;*W*h: ) )
W*Virh, if i =n;

Again, we have that V;*W*h = 0 in either case. This proves that Ly reduces W.
Finally, let us prove that £y C £. Pick any h € Lj. For any m > 0, since W
is unitary on Ho, h = W™W*™h. From the definition of L, it suffices to show
that W*™h € ﬂ?zlﬂj>0 ker V*W7. Equivalently, it suffices to show that W*™h &
ker V*W7 for all 1 <i<n and j > 0, which is also equivalent to showing that
WIW*mh € ker V;* for all 1 <i<n and j > 0. Since Lo reduces W, the vector
k= WIW*mh € L for all j > 0 and m > 0. By the definition of Lo, k € ker(V;*) for
all 1 <7 < n. Therefore, we can prove that £y C £ and thus Hy C Hys, establishing
the maximality of H,s. O

REMARK 3.5. From the proof of proposition 3.4, we can also conclude that for each
m > 0, the m-th graded subspace,

n

H =P v | VW™ ker VW | |,

[p|l=m m>=0 i=1352>0

reduces W. Moreover, W is unitary on each of H&T). In fact, we show that W is
uniquely determined by W|H(o).

COROLLARY 3.6. Suppose {V1,...,V,} is a pure row isometry on H that is gener-
ated by a wandering space L. Then each unitary operator Wy € B(L) determines
a unique unitary operator W on H such that Wz =Wy and {W,Vq,...,V,}
is an isometric representation of the odometer semigroup Q,. Conversely, every
unitary-pure row isometry representation arises in this manner.

Proof. Since L is wandering for Vi, H = €D ,cp+ VL. For each pp = py -+ pimm € FS
and each h € L, define

‘/(/J1+1)/‘2”'Mmh7 if M1 # n,
Vitpat g Bt i 1 = n, 2 # n,
WV,h = :

—

In particular, for m = 0, define Wh = Wyh for all h € L. One can easily see that for
each m, @I pl=m VL reduces W, and W is unitary on this subspace. Moreover, from
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the construction, we also have WV, = Vi foralll < k< n—1and WV, = VIV
Therefore, we have {W,V;,...,V, } is a unitary-pure row isometry representation
of @,,. One may notice that the definition of W on each vector V,h is forced by the
relations on Q,,, and thus W is unique.

Conversely, if {W,V1,...,V,} is a unitary-pure row isometry representation of
0,,, then H =H,, = EBuelFi V,.L for some wandering subspace £ of {Vi,...,V,}.
Define Wy = W/, and as observed in remark 3.5, Wy is unitary since £ reduces
W. One can easily verify that we can recover W from Wj. g

PROPOSITION 3.7. Let

Ho =@ W [ ) v () ker V)
k>0 m>0 §>0

Then Hsy, reduces W and Vi’s, Wy, is pure and {Vq,..., V, Hx.. s a row unitary.
Moreover, Hs, is the largest subspace with this property.

Proof. Let £ ={,,50Vi™ (50 ker W*V{). Tt is clear that W*£ = {0} and thus
L C ker W*. By the Wold decomposition of a single isometry, £ is a wandering
subspace for W, and thus Hs, reduces W and Wy, is pure.

Next, we show that £ reduces V. First, ﬂDO ker W*V7 is clearly invariant

under Vi and thus £ is invariant under Vi. For any h € £ and any m >0,
there exists @ € ;5 ker W*V{ such that h = V;"*'x. Therefore, V;*h = V]"z €

Vi (M=o ker W*V{). This proves that £ reduces V;.

To see it reduces Vj;, pick any k >0, h € £, and consider W¥*h € H,,,. There
exists an m > 0 such that W*V;™ =V, for some |u| = m. By the definition of £,
there exists x € ﬂj;o ker W*V7 such that h = V{™z. We have

ViWFrh = ViV,x = WK Vg = W'V,
Since L is invariant for V7, we have Wk/Vlh eWkr c Hsy. In addition, we have
VW¥*h = V;*V,z. This is either 0 when p; #i or Vy, -V, x=WK V" g =
W' Virh. Again, since £ is invariant for Vi, W' Virh € W*' L © H,,,. Therefore,
Hsy, reduces V;. Following the computation above can also easily establish that

S ViV = I on ‘Hg, because each W*h = V,z is in the range of some V;.
Suppose now Hj is another reducing subspace on which W is a pure isometry

and {V4,...,V,} is a row unitary. By the Wold decomposition for a single isometry,
Ho = @k>0W’“£0 where Lo = ker W* N Hy. It suffices to show that Lo C L. First,
since {V4,...,V,} is a row unitary on Hp, when restricted on Hy, we have that

>, V;Vi* = I. Furthermore, on ‘Hy, we have that:

m

I=3 Vi 2ViVi | Vi =2 VisVij.
i=1 j=1 i,
Inductively, we have that for each m > 1, on Hy,

> VaVi =1

[p|=m
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In particular, for any h e kerW*N'Hy and m > 1, h = Z\m:m V.V h. Each
V= WFV™ and ViVih =0, except when p=1---1 and V, = V™. Therefore,
h = V{"Vy""h for all m > 1. It now suffices to show that Vi""h € [, ker w*v{
for all m > 0. Equivalently, it suffices to show that W*Vle_l*mh =0forallm=>0
and j > 0. Since V{"V*"h = h for all m > 0, we have that V{/V;*"*h = V{/ " h when
j=m and VJVFmh = Vl*(mfj)V{”Vl*mh = Vl*(mfj)h when j <m. It suffices to
show that W*V}*h = 0 and W*V;**h = 0 for all k > 0. We have,
W*VER =0 and W*V;**h = 0 for all k > 0,

— VFh, V" h € ket W* for all k > 0,

<= ker W* N'Hy reduces V7,

<= ran W N Hy reduces V;.
Pick h € Hy and Wh € ran W N Hy = ran Wy, we have that ViWh = WV,,h €

ran Wiy, Since {Vi,...,V,} is a row unitary on Hy, we have h =Y 1 V;V;*h.
Therefore,

ViWh =ViW y ViVi'h
1=1
=Vr(VeV + VsV + - £ VIWV )R
=WV h € ran Wly,.

Therefore, ran Wz, reduces V; and thus £y C £ and Hy C Hsy, establishing the
maximality of Hg,. O

REMARK 3.8. One may notice the space Hg, has seemingly the same definition as
the Hgy-component in Popovici’s result for the pair (W, V;). However, the funda-
mental difference is that W and V; satisfy W™V, = Vi W and they do not commute
unless n = 1. Therefore, one cannot apply Popovici’s result directly here.

Finally, we extend Popovici’s notion of weak bi-shift to our context.

DEFINITION 3.9. We say an isometric representation {W,Vy,...,V,} is a weak
bi-shift if the operators W|ﬂ?:1ﬂ_7>o ker vVswi and ‘/1‘“]‘20 ker Wy Ar€ pure isome-

tries and the family {V5,...,V,,,ViW} is a pure row isometry.

THEOREM 3.10. Let {W,V1,Va,...,V,,} be an isometric representation of the
odometer semigroup Q,, on some Hilbert space H. Then H decomposes uniquely as

H - Huu @ Hus @ Hsu @ H’LUS7
such that,
(1) The subspaces Hoyu, Hus, Hsu, Hws are reducing for W and V;.

(2) The Wy, is unitary and {Vi,..., Vo n,. is a row unitary.
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(3) The Wy, . is unitary and {Vi, ..., Vy .. is pure.
(4) The Wy, is pure, and {V1,..., Vo }|n.. is a row unitary.

(5) The family {W|ry.s Vilruyer - - -s Valry. b 8 a weak bi-shift.

Proof. Define Hy,,, Hys and Hs,, as in proposition 3.2, proposition 3.4 and proposi-
tion 3.7 respectively. Each is a reducing subspace such that conditions (2) through
(4) hold. Let Hy s be the orthogonal complement to Hy, & Hus © Hew, which must
be reducing, proving condition (1). Since H,,, is the largest subspace such that the
family {Va,...,V,, ViW} is a row unitary, this family is pure on Hy, D Hus. By
Huws L Huys, we have that

n

Huws L () W™ | () [) ker VW7

m>0 i=15>0

The space (i, >0 ker Vi* W is clearly invariant for W and consider the Wold
decomposition for the single isometry W‘ﬂ?zlﬂpo ker VWi, 1ts unitary compo-
nent corresponds to ﬂm>0Wm(ﬂ?=1ﬂj>o ker V;*W7) which is orthogonal to H.s.
Therefore, W|ﬂ£‘:1ﬂ ker VWi 1S pure on Hy,. Similarly, since Hys L Hgu, we

have

j=0

Hus L () V" | () ker WV

m>0 >0

This implies that V1|mj20 ker W+ V7 is pure. By definition 3.9, the family
Wlros Vilrues -« s Valm,,. | is a weak bi-shift, proving (5). The uniqueness of this
decomposition can be easily established since H,,,, H,s and H, are maximal for
their respective properties and the subspace corresponding to the weak bi-shift
component has to be orthogonal to H., Hys and He,. O

4. Wold decomposition for Nica-covariant representations

Now, let us focus on the case when {W,V;,...,V,,} is isometric Nica-covariant,
that is with the additional assumption that W*V; =V, W*. We first prove that
an isometric representation of O, is automatically Nica-covariant if either W is
unitary or {V1,...,V,} is a row unitary.

LEMMA 4.1. Let {W,Vq,...,V,} be an isometric representation of Q. If W is
a unitary or {Vi,...,Vo} is a row unitary, then it is also a Nica-covariant
representation.
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Proof. When W is unitary,
WV = W (VW YW* =W*WV,W* =V, W*.

When {Vi,...,V,} is a row unitary,

WV = VW = O V(W) )V

k=1 k=1
=WVVy+-  + Vo VI VW VOV =V, W

O

As a result, among the four components in theorem 3.10, only the weak bi-
shift component may not be Nica-covariant. We would like to prove the only Nica-
covariant weak bi-shift is a direct sum of the left-regular representations of Q,,.

Consider the usual Wold decomposition for the isometry W: let HY =
NsoW™H and HY = Do W ker W*.

LEMMA 4.2. When {W, Vi, ..., V,,} is Nica-covariant, both HY and HY reduce all
the Vl, ey Vn.

Proof. First of all, since H = HY @ HW, it suffices to show that H!" reduces all

s

the Vi,...,V,. We first prove that H!Y reduces V;. Take any h € H'V. Since H)V =
ﬂk>0WkH, h is in the range of each WF. For each k > 0, we can write h = WFh;,

for some hy, € H!/. We have

nk
Vih = ViW¥h, = W™V hy, € ﬂ W™H.

m=0

On the other hand, the Nica-covariance condition implies that VW = WV =
WVFW*(=1 "and thus VW™ = WV, Pick k = mn, we have

Vith = ViEW ™ by = WV iy, € WH.
Therefore, HEV reduces V;. Now since V; = W1V}, we have that
ViHY =W tviHY c wi=tHY c 1Y,
ViHY = viw sy W c v o 1Y,
Therefore, HYW reduces all the V; as well. O

Since both ‘H} and HY reduce {Vi,...,V,}, we can apply Popescu’s Wold
decomposition for row isometries on these two reducing subspaces. As a result, we
obtain:

(1) HY, = N0 Diuj=m V,HY, on which W is unitary and {Vi,...,V,} is a
row unitary;
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(2) ?25 = @HE}FI V(s ker Vi N'HY) and on which W is unitary and
Vi,...,V,} is pure;

(3) Hiy = Nmso D= V,HY . on which W is pure and {Vi,...,V,} is a row

unitary;

(4) ?23 = GBHG}EFI V(s ker Vi N'HY) and on which W is pure and
Vi,...,V,} is pure.

By the uniqueness of the decomposition in theorem 3.10, we have that H?, =
Huw, HO = Hus, HO = Hs, and finally HSS = Hups. As a result, both W and
{,..., V } are pure 1f it is a Nica-covariant weak bi-shift. We further claim that the
Nica-covariant weak bi-shift component must be a direct sum of the left regular rep-
resentation of the @,,. We call a space £ a wandering subspace for {W,V;,...,V, } if
the collections {V,,W™L : u € F;',m > 0} are pairwise orthogonal. It is easy to see
that when £ is a wandering subspace we can define K = @ crt Dmso VWML
and it is easy to verify that on IC, {W, V4, ..., V,} is unitarily equwalent to a direct
sum of dim L-copies of the left regular reprebentatlon of Q,.

PROPOSITION 4.3. Let {W,Vq,...,V,,} be a Nica-covariant weak bi-shift on
H. Then L=\ ker V;* NkerW* reduces {W,Vi,...,V,}, and we have H =
D, crr Brrso VW™ L so that {W,Vi,...,V,} is unitarily equivalent to a direct
sum of dim L-copies of the left reqular representation of Q,,.

Proof. We have shown that when {W,V;,...,V,,} is Nica-covariant, both W and
{V1,...,V,} are pure. Therefore, by the Wold decomposition for row isometries, let
Lo =i, ker V;*, we have H = @, cp+ VLo

We observe that Ly reduces W: pick any h € Ly and any 1 < ¢ < n, compute

Vi h,  ifi#1,

ViWh = _
WVrh, ifi=1.

VAW — Viiah, %fz:;én,
W*ViEh, iti=n.

In any case, since V*h =0 for all i, Wh,W*h € L.

Next, for each 1 <7< n and j > 0, consider the space ker V*WJ Repeatedly
apply VW = WV* and Vi —V*W*(k D, we have VIWI = wi' Vi for some
7 >0 and 1 <4 < n. Since W is an 1sometry, ker V;* Wi = ker Wi’ Vi =kerV;.

Therefore,
n ) n
() [ ker VW7 = [ ker V" =
i=1530 i=1
Since {W,V4,...,V,} is a weak bi-shift, we have W|,, is a pure isome-

try. Therefore, Lo = €D,,50 W™ (ker W* N Lo) = €D,,50 W™ L. Since {V,. Lo}, cp+
are pairwise orthogonal and {W™L},,>¢ are pairwise orthogonal, we have
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{V,W™L : e F},m> 0} are pairwise orthogonal, and

H=EP ViLo= P Vu(PWwmL)= P PVv.wvL.

WEFL REFL m=0 per;t m=0

O

Finally, after combining these results, we obtain the following Wold-type
decomposition for isometric Nica-covariant representations of Q,,.

THEOREM 4.4. Let (W, V1, Va, ..., V,,) be an isometric Nica-covariant representa-
tion of the odometer semigroup @, on some Hilbert space H. Then H decomposes
uniquely as

H — Huu @Hus @Hsu @ Hss;

The subspaces Huyw, Hus, Hsu, Hss are reducing for W and V.

The Wy, is unitary and {Vi,...,Vy} .. @S a row unitary.

(1)

(2)

(3) The Wy, is unitary and {Vi,..., Vo, s pure.

(4) The Wy, is pure, and {Vi, ..., Vy} ., is a row unitary.
(5)

The family {W, V1, ..., Vo .. is unitarily equivalent to a direct sum of copies
of the left reqular representation of Q.

Proof. Apply theorem 3.10 to {W, Vi, ..., V,} as they are isometric representations
of O,,. The first three components are automatically Nica-covariant by lemma 4.1.
Proposition 4.3 implies that the weak bi-shift component is a direct sum of the left
regular representations. O

5. Examples

This paper is largely motivated by our recent progress on the characterization of
atomic Nica-covariant representations of the odometer semigroup. We shall leave the
full characterization for a subsequent paper. Atomic representations often provide
a simple yet interesting class of representations (see, for example, representations of
free semigroup algebra [7], single vertex 2-graph [8] and free semigroupoid algebras
[5]). One special class of atomic representations is called the permutation represen-
tation, first considered for Cuntz algebras in [2]. In this section, we build concrete
atomic isometric representations of Q,, for each of the four possible components in
the Wold-type decomposition that we established in theorem 3.10.

For the odometer semigroup, we say a representation (W, Vy,...,V,,) on a sepa-
rable Hilbert space H is atomic if there is an orthonormal basis {e; };cr for H and
injective maps 7 and {my,...,m,} on I, such that

(1) The ranges of m;’s are pairwise disjoint;
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(2) For each i € I, We; = Aier(qy for some A\; € T 5

(3) Foreach i € I and 1 <k < n, Vie; = wi iex, () for some wy; € T.

Recall that the atomic row isometries {V7,...,V,} were fully characterized in
[7, theorem 3.4] to study the free semigroup algebras (see also [6]). We briefly go
over three types of atomic row isometries. First, we construct a directed graph
whose vertices are e; and there is an edge from e; to e; if there exists Vi such that
Vie; € span{e;}. Each connected component of this directed graph corresponds to
a reducing subspace of the atomic representation, and thus we assume this directed
graph is connected. For each basic vector e;,, if e;, is in the range of a unique V4, ,
we let e;, be the basic vector such that Vi, e;, € span{e;,}. Repeat this process,
there are three possibilities:

(1) The process stops at some e;  that is not in the range of any V. Then e;  is
a wandering vector, and on span{V,e;, :p € F}, {V4,...,V,} is unitarily
equivalent to the left regular representation of F,. This is called the left-
regular type.

(2) The process enters into a cycle when e;, =e;, for some 0< s <t. This
corresponds to the cycle type.

(3) The process never stops and we obtain an infinite sequence of unique basic
vectors {e;,, }m>0 and Vi, . In this case, we can rescale e; such that Vj,_e; =
€;,,_, for all m > 1. This corresponds to the inductive type. An inductive
type atomic representation is called non-cyclic if the sequence {k,,} is not
eventually periodic (that is, {ky, : m > M} is non-periodic for each M).

We first show that non-cyclic inductive type atomic representations always give
rise to a unique unitary-row unitary representation of the odometer semigroup.
These are examples for the H,, component.

PROPOSITION 5.1. Let {Vi,...,V,} be a mon-cyclic inductive type atomic rep-
resentation on H. Then there exists a unique unitary operator W such that
{W,Vi,...,V,} is an atomic representation of the odometer semigroup Q,,. More-
over, W is a unitary and {Vi,...,V,} is a row unitary.

Proof. First of all inductive type atomic representation gives rise to a row unitary
{V1,...,V,}. For each basic vector e;, € H, it can be uniquely written as e;, =
Vi, €4, Since V' is non-cyclic, we can eventually find m > 1 with k,, # n, so that
e, = V"V, ;. Define Wey, = V" 'Vi, i1e; . One can easily verify that W
is a well-defined isometry such that {W,Vq,...,V,} is an atomic representation
of ©,. To see W is unitary, for any basic vector e;,, we can write it as e;, =
V"W, e, for some 2 < ky, < n, and e;, = WV, 1V, _je; by the definition
of W. This choice of W is unique since WV, "V, = V" Vj4; for any m > 0 and
1<k<n—-1. OJ
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For unitary-pure row isometry representation, corollary 3.6 describes their general
structure. It is essentially composed of a pure row isometry and a unitary operator
on its wandering space. One can easily build such an atomic representation.

EXAMPLE 5.2. Let H = span{e, : p € F,' } and V; be the left-regular representation
of F;}. For each \ € T, define

C(p1+1) ol » if 241 7é n,
C1(pa+1) 3 fm s if H1 =N, 42 7é n,
We, = :

——

m

In particular, for the empty word () € F;", by convention, define Wey = Aeg. One
can clearly see that W is unitary on span{e, : |u| = m} for each m > 0. Therefore,
W is unitary. One can verify that {W,Vi,...,V,} is an atomic representation of
@,,. Different choices of A clearly induce non-equivalent isometric representations,
because ey is an eigenvector of W with eigenvalue A. Moreover, by corollary 3.6,
these are all the unitary-pure row isometry type representations where the row
isometry is the left regular representation.

We now construct a pure-row unitary type that corresponds to the Hg,
component.

EXAMPLE 5.3. Consider the following diagram where each vertex corresponds to
a basic vector, dotted arrows correspond to the map W, solid arrows corresponds
to the map Vi depending on the label. One can verify that this defines an atomic
representation {W, V;,V,} for Oy where W is a unilateral shift and {V;,V52} is a
row unitary.
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Finally, for the weak bi-shift component, the left-regular representation of O,
clearly falls under this category. We would like to construct an example that is
not from the left regular representation of @,,. The atomic representation in the
following example is in the same spirit of Slocinski’s example, and in fact, this
research is mostly motivated by their similarity.

EXAMPLE 5.4. Consider the atomic representation {W,Vi,V2} defined by the
following diagram.

One can easily verify that this atomic representation has no Hyqy, Hus and H,
components, and it is not the left-regular representation of Q.

One may notice that the red dots are wandering vectors for {V;,V2} while the
blue dots are wandering vectors for W. This is quite similar to the Slocinski’s
example [15, example 1] in which the vectors {eg,_n }n>1 are wandering for Sy and
{e_n,0}n>1 are wandering for Ss.
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