
Robotica: (2020) volume 38, pp. 983–999. C© Cambridge University Press 2019
doi:10.1017/S026357471900119X

Tri-Criteria Optimization Motion
Planning at Acceleration-Level of Dual
Redundant Manipulators
Zhaoli Jia†‡, Siyuan Chen¶, Zhijun Zhang¶∗ ,
Nan Zhong†∗, Pengchao Zhang§, Xilong Qu‖,
Jinhua Xie¶ and Fan Ouyang†
†College of Engineering, South China Agricultural University, Guangzhou 510642, China. E-mails:
jiazhaoli0810@163.com, ouyangfan@scau.edu.cn
‡Research and Development Center, Guang Dong Siwun Logistics Equipment Co., Ltd, Guangzhou
510507, China
¶School of Automation Science and Engineering, South China University of Technology (SCUT),
Guangzhou 510641, China. E-mails: c.sy05@mail.scut.edu.cn, 915887584@qq.com
§Key Laboratory of Industrial Automation of Shaanxi Province, Shaanxi University of Technology,
Hanzhong, Shaanxi 723000, China. E-mail: snutzpc@126.com
‖School of Information Technology and Management, Hunan University of Finance and Economics,
Changsha, Hunan 410205, China. E-mail: quxilong@126.com

(Accepted June 24, 2019. First published online: July 23, 2019)

SUMMARY
In order to solve joint-angle drift problem of dual redundant manipulators at acceleration-level, an
acceleration-level tri-criteria optimization motion planning (ALTC-OMP) scheme is proposed, which
combines the minimum acceleration norm, repetitive motion planning, and infinity-norm acceler-
ation minimization solutions via weighting factor. This scheme can resolve the joint-angle drift
problem of dual redundant manipulators which will arise in single criteria or bi-criteria scheme.
In addition, the proposed scheme considers joint-velocity joint-acceleration physical limits. The
proposed scheme can not only guarantee joint-velocity and joint-acceleration within their physical
limits, but also ensure that final joint-velocity and joint-acceleration are near to zero. This scheme
is realized by dual redundant manipulators which consist of left and right manipulators. In order to
ensure the coordinated operation of manipulators, two motion planning problems are reformulated
as two general quadratic program (QP) problems and further unified into one standard QP problem,
which is solved by a simplified linear-variational-inequalities-based primal-dual neural network at
the acceleration-level. Computer-simulation results based on dual PUMA560 redundant manipula-
tors further demonstrate the effectiveness and feasibility of the proposed ALTC-OMP scheme to
resolve joint-angle drift problem arising in the dual redundant manipulators.

KEYWORDS: Joint-acceleration; Joint-velocity; Dual redundant manipulators; Acceleration-level
tri-criteria optimization motion planning (ALTC-OMP); Quadratic programming; S-LVI-PDNN.

1. Introduction
With the development of the industrialization, robots have been applied to every aspect of people’s
lives, such as manufacturing production,1–3 application in medical machinery,4 exploring unpre-
dictable regions,5 and working in hazardous or rough-and-tumble environments.6–8 In order to satisfy
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the requirements of mechanical arms motion in different situations, highly efficient, intelligent, and
flexible redundant manipulators have been widely studied by scholars.

The traditional robotic manipulators have limited joints and thus usually lacks flexibility, which
would lead to a problem that it can only accomplish the main tasks but without subtasks at the same
time. Thus the redundant robotic manipulators were proposed and studied. Compared with traditional
robotic manipulators, redundant robotic manipulators are more flexible due to their redundant degree
of freedoms (DOFS). While executing the main given end-effector task, the redundant robotic manip-
ulators can avoid environment obstacles,9–13 joint physical limits,14, 15 and singularities.16 In some
complex tasks, such as handling heavy objects, assembling complex parts, and cooking, dual manip-
ulators can complete the aforementioned tasks well while single manipulator cannot. The research of
dual redundant manipulators has become a hot topic in the recent years.17

In order to achieve more functions of redundant manipulators, motion planning and control meth-
ods scheme play an important role in the process of the redundant manipulators application. The
solution to motion planning of redundant manipulators is generally obtained by solving their inverse
kinematics problem. However, in the process of solving inverse kinematics problem, there will be
multiple solutions due to its redundancy. To solve this inverse kinematics problem, many meth-
ods were proposed in the recent years.18–25 The traditional method was pseudo-inverse formulation,
which included a specific minimum norm solution and a homogeneous solution.19, 20 This method
needs to calculate the pseudo-inverse matrix, which was complicated and time-consuming. At the
same time, the traditional method results in non-repeated problems (i.e., the joint angle may not
return to its initial state when the end-effector completes a closed path)21–23 and it did not consider the
inequality constraints. In order to overcome these shortcomings, more and more optimal solutions for
redundant manipulators were presented, such as minimum-velocity-norm (MVN) scheme,26 infinity-
norm velocity minimization (INVM) scheme,27 minimum acceleration norm (MAN) scheme,28

infinity-norm acceleration minimization (INAM) scheme,29 and infinity-norm torque minimization
scheme.30

It is worth noting that the schemes mentioned above only consider single criterion at velocity
level or acceleration-level. With the deepening of research, single criterion optimization cannot meet
the needs in complex environment. Multi-criteria optimization have been proposed by more and
more scholars: considering the minimum velocity and INAM, Zhang et al. presented a different-
level bi-criteria minimization scheme;31 and considering the INVM and minimum velocity, Zhang
et al. presented MVN-INVM scheme.32 Liu et al. presented bi-criteria torque optimization based
on the dual neural network.33, 34 Liao et al. presented bi-criteria minimization scheme based on the
Pseudoinverse-type.35

These schemes are effective and feasible when the single manipulator performs simple tasks,
but they cannot meet the requirements of multi-manipulator coordinated operation. The optimiza-
tion scheme of dual manipulators is drawing the attention of more and more scholars. Solving the
coordinated motion planning of dual manipulators is a difficult problem. The classical methods to
solve coordinated operation motion of dual-robotic manipulators36 are force control,37, 38 impedance
method,39 and intelligent control method.40 In the field of the force control, Tsuji et al. presented an
algorithm for generating a variety of movements from planning trajectories. That algorithm can sat-
isfy the conditions expressed in terms of gravitational, frictional, and inertial forces.37 In the field of
the impedance method, Heli et al. established a dual-arm of the master-slave motion control method
through analyzing the movement characteristics of the research of human arms handling object.39 In
the field of the intelligent control method, Kao et al. designed a two-wheel mobile manipulator with
web camera to make it a more home-service robot.

In the recent years, coordinated motion planning of dual manipulators has been widely stud-
ied.30, 41–47 Tsai43 proposed Configuration Time-Rapidly-exploring Random Trees (CT-RRTs) (Bi-
direction RRTs in Configuration Time space) algorithm in the structural space, combined the time
information to plan the motion of the dual-arm robot, and studied the obstacle avoidance between
the two arms by controlling the time of the two arms. Chen44 presented a search-based motion plan-
ning algorithm and made a research and experiment on the dual-arm object manipulation with an
upright orientation constraint. That scheme did not consider the repetitive motion condition in the
practical application. In the practical application, the relationship between the final position and
the initial position should be considered (the ideal state is: the terminal position coincides with the
initial position). Zhang et al. presented tri-criteria optimization coordination motion scheme at the
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Fig. 1. The diagram of ALTC-OMP scheme for dual redundant manipulators motion control.

velocity level.48 Some robots need to be controlled and studied in the acceleration layer or in the
moment layer. Zhang et al. proposed repetitive motion planning (RMP) of two redundant robot arms
at acceleration-level, which did not consider the inequality constraint.49 Considering the inequal-
ity constraint, Zhang et al. proposed the cyclic motion generation scheme at acceleration-level.50 In
this scheme, only a single index is used. Most of the existing motion planning methods for redun-
dant manipulators only consider single-criterion or bi-criteria, which are not flexible enough and are
difficult to be used to the robot controlled at acceleration-level. In order to remedy the joint-angle
drift, avoid the occurrence of high joint-velocity or high joint-acceleration during the task duration,
and achieve a smoother coordination repeated motion operation of dual redundant manipulators at
the acceleration-level, an acceleration-level tri-criteria optimization motion planning (ALTC-OMP)
scheme has been proposed in this paper. The structural representation of the proposed ALTC-OMP
scheme is shown in Fig. 1.

As can be seen from Fig. 1, the mentioned joint-angle drift problem of dual redundant manip-
ulators can be divided into two subproblems, and then two subproblems are formulated into two
general quadratic program (QP) problems respectively and further unified into one standard QP prob-
lem. Finally the unified QP problem is solved by a simplified linear-variational-inequalities-based
primal-dual neural network (S-LVI-PDNN) solver.

This paper is divided into five sections. In the second section, important preliminaries are pre-
sented and the joint-angle problem is described as two QP subproblems (i.e., for the left manipulator
and the right manipulator respectively). In the third section, the two QP subproblems are unified in
one standard QP problem at the acceleration-level and the S-LVI-PDNN solver is proposed to solve
the unified standard QP problem. In the fourth section, three path-tracking results (i.e., English let-
ter “W,” Chinese characters “silk,” and “one belt one road”) are illustrated. In the fifth section, the
conclusions are drawn with some final remarks. Before ending this section, the main contributions of
this paper are summarized as follows:

1. An ALTC-OMP scheme is proposed to remedy the joint-angle drift phenomenon in the redundant
manipulators. At the same time, the joint-angle physical limits, joint-velocity physical limits,
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and joint-acceleration physical limits are considered in the proposed ALTC-OMP scheme. The
proposed scheme can solve the joint-angle drift problem of dual redundant manipulators and
guarantee joint-angle, joint-velocity, and joint-acceleration within their physical limits. In addi-
tion, the proposed ALTC-OMP scheme can guarantee final joint-velocity and joint-acceleration
of the motion near to zero, respectively.

2. The proposed ALTC-OMP scheme consisted of two subschemes (i.e., subscheme for the left
manipulator and subscheme for the right manipulator), which are reformulated as two sub-
quadratic programs. The two subproblems are formulated into two general QP problems and
further unified into one standard QP problem. Finally the unified QP problem is solved by an
S-LVI-PDNN solver.

3. The end-effector path tracking of the English letter W, Chinese character of silk, and Chinese
characters of one belt one road are designed and served as given tracking task on PUMA560
redundant manipulators.

4. A series of computer simulations by different path-tracking task (i.e., English letter W, Chinese
character of silk, and Chinese characters of one belt one road) are executed. Furthermore, two
traditional schemes (i.e., MAN scheme and MAN-INAM scheme) are used to finish the same
tracking task as comparisons and the results verify the superiority of the proposed ALTC-OMP
scheme.

2. Preliminaries and problem formulation
In this section, some fundamental kinematics equations for redundant manipulators are given for the
convenience of derivation. Besides, the joint-angle problems are formulated into two QP subproblems
based on the given fundamental kinematics equations.

2.1. Preliminaries
First, the classic formulas for the redundant manipulators are presented in this paper as follows:51, 52

r(t) = f (θ(t)) (1)

J(θ(t))θ̇(t) = ṙ(t) (2)

J(θ(t))θ̈(t) = r̈(t) − J̇(θ(t))θ̇(t) (3)

where t, r(t) ∈ Rm, and θ(t) ∈ Rn denote time, end-effector position vector, and joint variable vec-
tor, respectively. It is worth pointing out that n and m denote the dimensionality of joint space
and the dimensionality of task space. f (·) is a differentiable nonlinear function determined by the
structure and parameters of the redundant manipulators. ṙ(t) and r̈(t) are respectively the first-order
derivative and second-order derivative of r(t). Similarly, θ̇ (t) and θ̈ (t) are respectively the first-
order derivative and second-order derivative of θ(t). J(θ(t)) is the Jacobian matrix and defined as
J(θ(t)) = ∂f (θ(t))/∂θ(t).

2.2. QP subproblems of left and right manipulators
Based on the above fundamental kinematics equations, the kinematics equations of the left and the
right manipulators can be obtained as follows:

rR(t) = fR(θR(t)) (4)

rL(t) = fL(θL(t)) (5)

where rL(t) ∈ Rm and rR(t) ∈ Rm denote the end-effector vectors of left and right redundant manip-
ulators respectively. θL(t) ∈ Rn and θR(t) ∈ Rn denote joint vectors of left and right redundant
manipulators respectively. The definitions of fL(·) and fR(·) are the same as Eq. (1). For the
PUMA560, due to the structure of the given task, the dimensionality of joint space is 6 and the
dimensionality of task space is 3 so that n = 6 and m = 3. Similarly, the rest of the classic formulas
for the left and the right redundant manipulators can be written as

JL(θL)θ̇ = ṙL (6)

JR(θR)θ̇ = ṙR (7)

https://doi.org/10.1017/S026357471900119X Published online by Cambridge University Press

https://doi.org/10.1017/S026357471900119X


Tri-criteria optimization motion planning 987

JL(θL)θ̈L = r̈La = r̈L − J̇L(θL)θ̇L (8)

JR(θR)θ̈R = r̈Ra = r̈R − J̇R(θR)θ̇R (9)

where JL(θL) ∈ Rm×n and JR(θR) ∈ Rm×n are the Jacobian matrixes of the left and right manipulators
respectively and defined as JL(θL) = ∂fL(θL)/∂θL and JR(θR) = ∂fR(θR)/∂θR, respectively. ṙL ∈ Rm and
ṙR ∈ Rm denote the end-effector velocity vectors of the left and right redundant manipulators, respec-
tively. Besides, r̈L ∈ Rm and r̈R ∈ Rm are the end-effector acceleration vectors of the left and right
redundant manipulators, respectively. J̇L(θL) ∈ Rm×n and J̇R(θR) ∈ Rm×n are the time derivative of
Jacobian matrix of the left and right redundant manipulators. Note that JL(θL) , JR(θR), J̇L(θL), and
J̇R(θR) can be abbreviated to JL, JR, J̇L, and J̇R.

In order to control the manipulators at the joint-acceleration-level with consideration of joint-angle
drift, the ALTC-OMP scheme is proposed, which integrates the optimization criteria of the MAN,
RMP, and INAM. The acceleration-level QP problem with tri-criteria optimization scheme can be
designed as:

min. γL/R‖θ̈L/R‖2
2/2 + δL/R‖θ̈L/R + CL/R‖2

2/2 +
(1 − γL/R − δL/R)‖θ̈L/R‖2

∞/2 (10)

where ‖ · ‖2 and ‖ · ‖∞ respectively denote the two-norm and an infinite norm of a vector. The design
parameters γL/R, δL/R, and (1 − γL/R − δL/R) are weighting parameters which are used respectively
to adjust the weights of MAN, RMP, and INAM. The design parameters should be satisfied simul-
taneously γL/R ∈ (0, 1), δL/R ∈ (0, 1), and ((γL/R + δL/R) ∈ (0, 1)). In general, when the factor δL/R is
closer to 1, the proposed ALTC-OMP scheme places emphasis on ‖θ̈L/R + C‖2

2/2. Similarly, when
the factor γL/R or (1 − γL/R − δL/R) is closer to 1, the proposed ALTC-OMP scheme places emphasis
on ‖θ̈L/R‖2

2/2 or ‖θ̈L/R‖2∞/2. In a word, the design parameters γL/R and δL/R are adjusted as need of
the tracking task. CL/R is defined as (α + β)θ̇L/R + αβ[θL/R − θL/R(0)], where α and β are positive
design parameters. Theoretically, the design parameters α and β should be as larger as possible. In
the actual application process, the parameters should be gradually increased from small to large until
the actual demand is met. However, considering the physical conditions such as joint-angle limits
of redundant manipulators and the computational performance, the design parameters α and β are
set as α = β=5 which can meet the accuracy requirement without causing too much burden on the
computers and redundant arms.

In engineering applications, almost all manipulators have physical limits, so it is more practical
and useful to consider joint-angle limits, joint-velocity limits, and joint-acceleration limits in the
scheme formulation. For the left redundant manipulator, the proposed ALTC-OMP scheme can be
written as:

min. γL‖θ̈L‖2
2/2 + δL‖θ̈L + CL‖2

2/2 +
(1 − γL − δL)‖θ̈L‖2

∞/2 (11)

s.t. JL(θL)θ̈L = r̈L − J̇L(θL)θ̇L (12)

θ−
L � θL � θ+

L (13)

θ̇−
L � θ̇L � θ̇+

L (14)

θ̈−
L � θ̈L � θ̈+

L (15)

with CL = (α + β)θ̇L + αβ[θL − θL(0)]
where γL, δL, JL, and J̇L are defined the same as before. θ−

L and θ+
L denote the lower and upper

limits of the joint-angle vectors. θ̇−
L and θ̇+

L denote the lower and upper limits of the joint-angle
velocity vectors. θ̈−

L and θ̈+
L denote the lower and upper limits of the joint-angle acceleration vectors.

Equation (12) is the forward kinematics equation of the left robot manipulator of dual manipulators.
θL(0) denotes the initial value of the joint angle vector θL(t).

Similarly, ALTC-OMP scheme of the right redundant manipulator is designed as:

min. γR‖θ̈R‖2
2/2 + δR‖θ̈R + CR‖2

2/2 +
(1 − γR − δR)‖θ̈R‖2

∞/2 (16)
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s.t. JR(θR)θ̈R = r̈R − J̇R(θR)θ̇R (17)
θ−

R � θR � θ+
R (18)

θ̇−
R � θ̇R � θ̇+

R (19)
θ̈−

R � θ̈R � θ̈+
R (20)

with CR = (α + β)θ̇R + αβ[θR − θR(0)]
where γR, δR, JR, J̇R, θ−

R and θ+
R , θ̇−

R and θ̇+
R , θ̈−

R and θ̈+
R , and θR(0) are defined the same as before.

3. Reformulation, Unification, and Solution of QP
In this section, QP problem of the redundant manipulator is solved at the acceleration-level. First of
all, QP problems Eqs. (11)–(15) and Eqs. (16)–(20) are reformulated into two concise QP problems;
then the two reformulated QP problems are unified into one standard QP problem. Finally, the unified
QP problem is solved by the S-LVI-PDNN solver.

3.1. Reformulation
In this subsection, the Eqs. (11)–(20) are reformulated into two concise QP problems for the
convenience of expression.

1. Conversion of MAN criterion and RMP criterion: through mathematical manipulation, the first
and second terms of Eq. (11) can be rewritten equivalently as:

γLθ̈
T
L Iθ̈L/2 and δL(θ̈

T
L Iθ̈L + �Lθ̈L)/2 (21)

where the superscript T denotes the transpose of a vector (or a matrix), I ∈ Rn+m denotes an
identity matrix, and �L = 2(α + β)θ̇L + 2αβ[θL − θL(0)].

2. Conversion of INAM criterion: By defining gL = ‖θ̈L‖∞, the INAM criterion (1 − γL −
δL)‖θ̈L‖2∞/2 in the third terms (11) of the redundant manipulator can be rewritten equivalently
as:

min. (1 − γL − δL)g
2
L/2 (22)

s.t.

[
I −Iv

−I −Iv

] [
θ̈L

gL

]
�

[
0
0

]
(23)

where Iv is a vector whose all elements are ones (i.e., Iv = [1, 1, ..., 1]T ∈ Rn+m).
3. Conversion of joint limits: because the Eqs. (11)–(20) are solved at the acceleration-level, joint

physical limit (13) and (14) should be transformed into the formulations about θ̈L. First, the lower
limit and the upper limit (13) can be rewritten in terms of θ̈L by using the following conversion:

θ̈L ≥ κα(λθ−
L − θL) (24)

θ̈L ≤ κα(λθ+
L − θL) (25)

Considering the inertia movement, design parameter λ ∈ (0, 1) is used to define the critical regions
[θ−

L , λθ−
L ] and [λθ+

L , θ+
L ] which is derived from the inertial movement during deceleration. When

the joints enter such a critical region a deceleration will occur. The design parameter κα > 0 is
used to determine the magnitude of such a deceleration. Similarly, the avoidance of the velocity
limits θ̇±

L in (14) can be converted as:

κβ(θ̇−
L − θ̇L) ≤ θ̈L ≤ κβ(θ̇+

L − θ̇L) (26)

Equation (26) guarantees that the joint-acceleration gradually changes the direction when the
joint-velocity approaches their limits. The intensity coefficients κα > 0 and κβ > 0 determine the
deceleration magnitude when the robot joints enter the aforementioned critical area. Generally
speaking, the intensity coefficients κα > 0 and κβ > 0 should be chosen such that the feasible
region of θ̈ converted by joint-angle and joint-velocity limits is larger than the original one made
by the joint-acceleration (15). In the simulations, the design parameters are set as κα = κβ =20.
Through conversing bound constraints (13) and (14) into (24)–(26) respectively, the bound con-
straints about θL and θ̇L can be expressed by the bound constraints about θ̈L with a set of scaling
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parameters. Thus the bound constraints (13)–(15) can be combined into a unified bound constraint
whose lower limit and upper limit can be expressed as:

ζ−
L = max{κα(λθ−

L − θL), κβ(θ̇−
L − θ̇L), θ̈−

L } (27)

ζ+
L = min{κα(λθ+

L − θL), κβ(θ̇+
L − θ̇L), θ̈+

L } (28)

4. Scheme reformulation: By defining the augmented variable vector xL = [θ̈T
L , gL]T ∈ Rn+1, the

presented ALTC-OMP scheme can be reformulated into a standard QP as follows:

min. xT
LWLxL/2 + pT

LxL (29)

s.t. BLxL = bL (30)

ELxL ≤ dL (31)

x−
L ≤ xL ≤ x+

L (32)

WL =
[
(γL + δL)I 0

0 (1 − γL − δL)

]
∈ R(n+1)×(n+1),

pL =
[
δL(μ + ν)θ̇L + δLμν(θL − θL(0))

0

]T

∈ R(n+1), BL = [
JL 0

] ∈ Rm×(n+1)

bL = (r̈L − J̇L(θ)θ̇L) ∈ Rm,

EL =
[

I −Iv

−I −Iv

]
∈ R2n×(n+1), dL = 0 ∈ R2n, x−

L =
[
ζ−

L
0

]
∈ Rn+1, x+

L =
[
ζ+

L


]
∈ Rn+1

where  is a large constant, which is used to replace +∞ numerically.
Similarly, the QP reformulation of the right redundant manipulator is the same as that of the left
redundant manipulator, which can be finally presented as:

min. xT
RWRxR/2 + pT

RxR (33)

s.t. BRxR = bR (34)

ERxR ≤ dR (35)

x−
R ≤ xR ≤ x+

R (36)

where the definitions of WR, pR, BR, bR, ER, dR, x−
R , and x+

R are similar to those of the left robot
manipulator.

3.2. Unification
According to the Eqs. (29)–(32) and (33)–(36), the dual redundant manipulators of the proposed
scheme can be unified into one standard QP, that is,

min. xTCx/2 + ωTz (37)

s.t. Qx = h (38)

Az ≤ e (39)

x− ≤ x ≤ x+ (40)

C =
[

WL 0
0 WR

]
∈ R2(n+1)×(n+1), x =

[
xL

xR

]
∈ R2(n+1), Q =

[
BL 0
0 BR

]
∈ R2m×(n+1),

ω =
[

pL

pR

]
∈ R2(n+1), h =

[
bL

bR

]
=

[
r̈L − J̇Lθ̇L

r̈R − J̇Rθ̇R

]
∈ R2m, A =

[
EL 0
0 ER

]
∈ R4n×2(n+1),

e = 0 ∈ R4n, x− =
[

x−
L

x−
R

]
∈ R2(n+1), x+ =

[
x+

L
x+

R

]
∈ R2(n+1)

Owing to C is a positive definite matrix, the Eqs. (37)–(40) is strictly convex, which guarantee the
uniqueness of solution to the QP problem.
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3.3. Solution
It is worth pointing out that the proposed scheme ALTC-OMP and the corresponding QP problem
(37)–(40) can be solved by S-LVI-PDNN solver.

First, QP problem (37)–(40) is converted to an LVI problem. That is to find a primal-dual
equilibrium matrix y∗ ∈ � and ∀y ∈ � := {y|y− ≤ y ≤ y+} ⊂ R2(3n+m+1)

(y − y∗)T(My∗ + g) ≥ 0 (41)

where the primal-dual decision variable vector y and its lower and upper bounds are defined as:

y =
⎡
⎣x

u
v

⎤
⎦ , y− =

⎡
⎣ x−

−Iν
0

⎤
⎦ , y+ =

⎡
⎣ x+

Iν
Iν

⎤
⎦

where dual decision vector u ∈ R2m and v ∈ R4n are defined for equality constraint (38) and inequality
constraint (39) respectively. In addition, the augmented matrix M and vector q are defined as

M =
⎡
⎣ C −QT AT

Q 0 0
−A 0 0

⎤
⎦ ∈ R2(3n+m+1)×2(3n+m+1), g =

⎡
⎣ ω

−h
e

⎤
⎦ ∈ R2(3n+m+1)

Second, according to the refs. [53,54], we know that the Eq. (41) is equivalent to a corresponding
piecewise-linear equations:

P�(y − (My + g)) − y = 0 (42)

where P�(·) :R2(3n+m+1) → � and the ith element of P�(y) is a projection operator and defined as:⎧⎪⎨
⎪⎩

y−
i , if yi < y−

i ,

yi , if y−
i ≤ yi ≤ y+

i ,

y+
i , if yi ≥ y+

i ,

Third, according to our neural network design experience in refs. [53–55], based on the primal
dual neural networks, the Eq. (42) can be further computed by the LVI-based primal dual neural
networks (LVI-PDNN):

ẏ = η(I + MT)(P�(y − (My + g)) − y) (43)

Finally, in order to simplify the calculation and realization of real-time solver (43), the scaling
matrix (I + MT) is eliminated from (43), and then the S-LVI-PDNN can be obtained as:

ẏ = η(P�(y − (My + g)) − y) (44)

where positive parameter η is designed to adjust the convergence rate of neural network (44), which
also affects the convergence rate of the position errors. Generally speaking, the larger parameter η

is set, the faster convergence of the position errors is gotten, and the more consumed time for com-
puter simulation is spent. Considering the performance of the computer and practical applications,
parameter η is set as 107. Furthermore, we have the global exponential convergence of the presented
S-LVI-PDNN when solving the QP problem (37)–(40) in real time.

4. Computer Simulations
In this section, computer simulations based on two PUMA560 redundant manipulators are performed
to illustrate the advantages of the proposed ALTC-OMP scheme.

In the computer simulations, three different path-tracking examples, that is, an English letter “W,”
Chinese character “silk,” and Chinese characters “one belt one road,” are illustrated in this paper.
The joint-angle, joint-angle, and joint-accelerator physical limits of the dual PUMA560 redundant
manipulators used in the simulations are shown in Table I. Designed parameters are set as γ = γL =
γR, δ = δL = δR, κα = κβ = 20, α = 5, β = 5, and λ = 0.9. Note that the S-LVI-PDNN solver is used
to solve the QP problem (37)–(40) in order to control the PUMA560 redundant manipulators, and
the design parameter η is set as 107 through the paper. In order to illustrate the advantages of ALTC-
OMP scheme, the simulations of the MAN scheme (i.e., γ =1 and δ=0) and the MAN-INAM scheme
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Table I. Joint-angle, joint-velocity, and joint-accelerate physical limited.

Joint θ+
L/R(rad) θ−

L/R(rad) θ̇
+
L/R(rad) θ̇

−
L/R(rad) θ̈

+
L/R(rad) θ̈

−
L/R(rad)

1 2.7751 −2.7751 1.5000 −1.5000 4.0000 −4.0000
2 0.7505 −3.1416 1.5000 −1.5000 4.0000 −4.0000
3 3.1416 −0.9058 1.5000 −1.5000 4.0000 −4.0000
4 2.9671 −1.9199 1.5000 −1.5000 4.0000 −4.0000
5 0.0349 −1.7453 1.5000 −1.5000 4.0000 −4.0000
6 3.1416 −3.1416 1.5000 −1.5000 4.0000 −4.0000

Table II. Joint-drift comparisons among the MAN, MAN-INAM, and ALTC-OMP at the acceleration-level
when the end-effector of the dual Redundant manipulators tracking the English word “W” path motion

planning.

Scheme Left joints Left joint drifts Right joints Right joint drifts

θL1(4) − θL1(0) 1.984×10−1 θR1(4) − θR1(0) 1.984×10−1

θL2(4) − θL2(0) 3.240×10−1 θR2(4) − θR2(0) 3.24×10−1

MAN scheme θL3(4) − θL3(0) −3.131×10−1 θR3(4) − θR3(0) −3.13×10−1

θL4(4) − θL4(0) −2.882×10−1 θR4(4) − θR4(0) −5.66×10−1

(γ = 1, δ = 0) θL5(4) − θL5(0) −5.662×10−1 θR5(4) − θ12(0) −7.850×10−1

θL6(4) − θL6(0) 6.130×10−25 θR6(4) − θR6(0) 1.56×10−29

θL1(4) − θL1(0) 6.112×10−1 θR1(4) − θR1(0) 4.849×10−1

θL2(4) − θL2(0) 9.628×10−1 θR2(4) − θR2(0) 3.986×10−1

MAN-INAM scheme θL3(4) − θL3(0) −1.578×10−0 θR3(4) − θR3(0) −3.088×10−1

θL4(4) − θL4(0) −1.063×10−1 θR4(4) − θR4(0) −8.220×10−1

(γ = 0.5, δ = 0) θL5(4) − θL5(0) −7.851×10−1 θR5(4) − θR5(0) −7.804×10−1

θL6(4) − θL6(0) −1.895×10−25 θR6(4) − θR6(0) 4.2253×10−26

θL1(4) − θL1(0) −2.06719×10−5 θR1(4) − θR1(0) −2.06719×10−5

θL2(4) − θL2(0) 7.075×10−3 θR2(4) − θR2(0) 7.075×10−3

ALTC-OMP scheme θL3(4) − θL3(0) −7.136×10−3 θR3(4) − θR3(0) −7.136×10−3

θL4(4) − θL4(0) −6.726×10−5 θR4(4) − θR4(0) −6.726×10−5

(γ = 0.1, δ = 0.5) θL5(4) − θL5(0) −9.908×10−3 θR5(4) − θ12(0) -9.908×10−3

θL6(4) − θL6(0) 4.837×10−28 θR6(4) − θR6(0) 8.584×10−35

(i.e., γ =0.5 and δ=0) of tracking the path of English letter “W” are performed. Besides, the Chinese
characters about “silk” and “one belt one road” path are performed only on ALTC-OMP scheme.

4.1. English letter “W” path-tracking examples
The PUMA560 end-effectors are expected to simultaneously and collaboratively track an English
letter “W” path. The task duration t = 4 × T = 4s (i.e., T = 1s) and the initial states θL(0) =
[π/2, π/8, 0, π/3, −π/2, 0]T , θR(0) = [−π/2, π/8, 0, π/3, −π/2, 0]T . The corresponding simula-
tion results are illustrated in Figs. 2–4 and Table II.

First, Figs. 2, 3, 4 respectively show the motion trajectories simulation results synthesized by
MAN scheme without considered physical constant (i.e., Eqs. (37)–(39) with γ = 1 and δ = 0),
MAN-INAM scheme without considered physical constant (i.e., Eqs. (37)–(39) with γ = 0.5 and
δ = 0), ALTC-OMP scheme with considered the physical constant (i.e., Eqs. (37)–(40) with γ = 0.1
and δ = 0.5). Table II shows the detailed joint-angle drift about MAN scheme, MAN-INAM scheme,
and ALTC-OMP scheme, respectively.

As seen from Fig. 2(a), the path tracking task is completed, which can be verified from the end-
effector position-error (i.e., ε = f (θ(t)) − f (θ(0)) less than 5 × 10−3(m)) in Fig. 2(b)–(c). However,
through Fig. 2(a), we can see that the final state of joint-angle is far away from the initial state after
finishing the task, which means that joint-angle drift phenomenon happens. Further validation can
be seen in Fig. 2(d)–(e) and the first row in Table II. Figure 2 (d)–(e) represent the profile of joint
angles during task operation, and the ideal state is the final state coinciding with the initial state after

https://doi.org/10.1017/S026357471900119X Published online by Cambridge University Press

https://doi.org/10.1017/S026357471900119X


992 Tri-criteria optimization motion planning

Fig. 2. Dual PUMA560 motion trajectories of an English letter “W” path synthesized by the MAN (with γ = 1
and δ = 0). (a): End-effector trajectories of left and right redundant manipulators. (b) and (c): End-effector
positioning-errors of left and right redundant manipulators. (d) and (e): Joint-angle profiles of left and right
redundant manipulators. (f) and (g): Joint-velocity profiles of left and right redundant manipulators. (h) and (i):
Joint-accelerator profiles of left and right redundant manipulators.

finishing the task. However, from Fig. 2(d)–(e), we see that the value of final state is far away from
the initial state. Exact detailed actual drift of the joint-angle (i.e., θ(t) − θ(0)) can be seen from the
first row in Table II, which are almost greater than −7.85 × 10−1(rad) except θ6L and θ6R. That is to
say, the joint-angle drift has happened in this simulation. Unfortunately, joint-angle drift can lead to
accumulative errors, even damage to the redundant manipulator. Furthermore, comparing the curves
in Fig. 2(f)–(g) and (h)–(i) with the data in Table I, it can be found that all the joint-velocities are kept
within their joint limits, but the joint-acceleration exceeds its upper limit 4(rad/s2) at about t = 5.56
(s), which may damage the redundant manipulators. In addition, as shown in Fig. 2 (f)–(g), the joint-
velocity is not to be near zero after completion the task, which may hurt the people or damage the
manipulator in the application of the redundant manipulator.

Second, Fig. 3 (a) shows the motion trajectories of dual PUMA560 redundant manipulators
synthesized by the MAN-INAM scheme without considering the physical constrain (γ = 0.5 and
δ = 0). As shown in Fig. 3(b)–(c), comparing with MAN scheme, the MAN-INAM scheme can
decrease position-errors between the initial state and final state (i.e., ε = f (θ(t)) − f (θ(0)) less than
4 × 10−4(m)), and the joint-velocities and joint-acceleration are within the joint limits, respectively.
However, from Fig. 3(a) and (d)–(e), we can see that the joint-angle drift phenomenon also happens.
The exact actual drift of the joint-angle is shown in Table II about the MAN-INAM scheme (i.e.,
greater than −8.2 × 10−1(rad) except θ6L and θ6R). Furthermore, the joint-velocity is not to be near
zero after completing the task. The joint-velocity being not to zero at final terminal are unapplicable
in practical applications.

Third, Fig. 4 shows the motion trajectory of dual PUMA560 redundant manipulators synthesized
by the ALTC-OMP (γ = 0.1 and δ = 0.5) scheme. Comparing with Figs. 2 (a) and 3 (a), we can see
that the English letter “W” is tracked very well and the final joint state totally coincides with the initial
state. The exact detailed joint-angle drifts can be seen from Table II about the ALTC-OMP scheme
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Table III. Joint-drift-mean by ALTC-OMP scheme (i.e., γ = 0.1 or γ = 0.3 with different δ) at the
acceleration-level when the end-effector of the dual Redundant manipulators tracking the English word “W”

path motion planning.

γ δ |θ(t) − θ(0)|(rad) Mean γ δ |θ(t) − θ(0)|(rad) Mean

0.3 |θ(4) − θ(0)| × 10−2 (rad) 1.161 0.3 |θ(4) − θ(0)| × 10−3 (rad) 9.268
γ = 0.1 0.5 |θ(4) − θ(0)| × 10−3 (rad) 7.502 γ = 0.3 0.5 |θ(4) − θ(0)| × 10−3 (rad) 4.140

0.6 |θ(4) − θ(0)| × 10−3 (rad) 4.618 0.6 |θ(4) − θ(0)| × 10−3 (rad) 2.308

Fig. 3. Dual PUMA560 motion trajectories of an English letter “W” path synthesized by the MAN-INAM (with
γ = 0.5 and δ = 0). (a): End-effector trajectories of left and right redundant manipulators. (b) and (c): End-
effector positioning-errors of left and right redundant manipulators. (d) and (e): Joint-angle profiles of left and
right redundant manipulators. (f) and (g): Joint-velocity profiles of left and right redundant manipulators. (h)
and (i): Joint-accelerator profiles of left and right redundant manipulators.

which are almost less than −7.0 × 10−3(rad). In Table II, comparing with MAN scheme (joint-
angle drifts are almost −7.85 × 10−1(rad)) and MAN-INAM scheme (joint-angle drifts are less than
−8.2 × 10−1(rad)), the ALTC-OMP scheme joint-angle drifts are almost 7.075 × 10−3(rad) which
indicates that the joint-angle drift problem is solved well by the proposed ALTC-OMP scheme. This
is because the RMP is considered in the proposed ALTC-OMP scheme. The proposed ALTC-OMP
scheme can adjust the weights of the MAN, INAM, and RMP through readjusting the parameters γ

and δ. Generally speaking , the designed parameter δ determines the RMP in the proposed ALTC-
OMP scheme. Theoretically, when the designed parameter δ is determined, the designed parameter
γ could be set close to 1 if small acceleration energy is of main concern, whereas the designed
parameter γ could be set close to 0 if small joint-acceleration amplitude is of primary concern. The
detailed values of the joint-angle drifts mean (i.e., the γ = 0.1 or γ = 0.3 with different δ) are shown
in Table III. Figure 4 (f)–(g), (h)–(i) respectively show the joint-velocities and joint-acceleration of
the dual redundant manipulators, which show that the joint-velocities and the joint-accelerations are
within their joint limits, respectively. In addition, the joint-velocities and the joint-accelerations are
near to zero when the dual redundant manipulators have finished the path-tracking task.
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Fig. 4. Dual PUMA560 motion trajectories of a English letter “W” path synthesized by the MAN-RMP-INAM
(with γ = 0.1 and δ = 0.5). (a): End-effector trajectories of left and right redundant manipulators. (b) and (c):
End-effector positioning-errors of left and right redundant manipulators. (d) and (e): Joint-angle profiles of left
and right redundant manipulators. (f) and (g): Joint-velocity profiles of left and right redundant manipulators.
(h) and (i): Joint-accelerator profiles of left and right redundant manipulators.

In summary, the difference among Figs. 2, 3, and 4 can be summarized as follows:

• It can be seen from Figs. 2 (b)–(c) and 3 (b)–(c) that the INAM-MAN scheme can reduce the
position-error compared to the MAN scheme. From Figs. 2 (f)–(i) and 3 (f)–(i), the joint-velocity
and joint-accelerator in the MAN-INAM scheme are within their physical limits compared to the
MAN scheme.

• From Figs. 2 (a), 3(a), and 4 (a), the ALTC-OMP scheme can reduce joint-velocity drift problem
in the task duration. From Fig. 4 (f)–(i), the joint-velocity and joint-accelerator in the ALTC-OMP
scheme are within their physical limits and the value of the joint-velocity and joint-accelerator are
near to zero at the last moment of execution.

• From Figs. 2 (d)–(e), 3(d)–(e), and 4 (d)–(e), the final value of joint-angle in VLTC-OMP scheme
returns its initial value after finishing the task. However, the final value and the initial value of the
joint-angle in the MAN and MAN-INAM are quite different.

4.2. Complex Chinese character path-tracking (i.e., named “silk” and “one belt one road”)
In order to further illustrate the advantages of the proposed ALTC-OMP scheme, another two-path
tracking (i.e., Chinese character (named “silk” and “one belt one road”) path) is applied as the
end-effector tracking tasks of the PUNA560 simultaneously and collaboratively. The motion-task
duration t = 15 × T = 15s(i.e., T = 1s) and t = 40 × T = 40s(i.e., T = 1s) respectively. The initial
states are θL(0) = [π/2, π/8, 0, π/3, −π/2, 0]T and θR(0) = [−π/2, π/8, 0, π/3, −π/2, 0]T . The
corresponding simulation results are illustrated in Figs. 5 and 6.

Figures 5 (a) and 6 (a) show the tracking result of the Chinese characters, from which we can
see that the initial state of the joint-angle coincides with their finial state, which means that the two
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Table IV. Joint-angle (RAD) drift by ALTC-OMP scheme at the acceleration-level when the end-effector of
the dual redundant manipulators tracking the Chinese characters “silk” and “one belt one road” path.

Scheme Joints Joint drifts Joints Joint drifts

θL1(15) − θL1(0) 1.256×10−3 θR1(15) − θR1(0) 9.765×10−4

θL2(15) − θL2(0) 1.034×10−2 θR2(15) − θR2(0) 9.862×10−3

θL3(15) − θL3(0) −2.332×10−3 θR3(15) − θR3(0) −3.7480×10−3

Chinese character “Silk” path θL4(15) − θL4(0) −1.088×10−5 θR4(15) − θR4(0) −2.016×10−3

(γ = 0.1, δ = 0.5) θL5(15) − θL5(0) −9.9204×10−3 θR5(15) − θR5(0) −9.342×10−3

θL6(15) − θL6(0) −1.931×10−64 θR6(15) − θR6(0) 1.606×10−34

θL1(40) − θL1(0) −3.958×10−5 θR1(40) − θR1(0) −6.784×10−4

θL2(40) − θL2(0) −1.540×10−5 θR2(40) − θR2(0) −7.481×10−4

Chinese character θL3(40) − θL3(0) −4.367×10−5 θR3(40) − θR3(0) 2.305×10−3

“one belt one road” path θL4(40) − θL4(0) 1.325×10−4 θR4(40) − θR4(0) 2.852×10−3

(γ = 0.1, δ = 0.5) θL5(40) − θL5(0) 8.591×10−5 θR5(40) − θR5(0) −1.111×10−2

θL6(40) − θL6(0) 2.072×10−172 θR6(40) − θR6(0) 3.325×10−85

Fig. 5. Dual PUMA560 motion trajectories of Chinese character “silk” path synthesized by the ALTC-OMP
(with γ = 0.1 and δ = 0.5). (a): End-effector trajectories of left and right redundant manipulators. (b) and (c):
End-effector positioning-errors of left and right redundant manipulators. (d) and (e): Joint-angle profiles of left
and right redundant manipulators. (f) and (g): Joint-velocity profiles of left and right redundant manipulators.
(h) and (i): Joint-accelerator profiles of left and right redundant manipulators.

complex path tracking is completed well and the joint-angle drift phenomenon is remedied well
in this tracking simulation. The joint-angle drift errors of the two-path in Table IV (i.e., Chinese
character (named “silk” and “one belt one road”) path) are respectively less than 9.8 × 10−3(rad)

except θL2 and 2.8 × 10−3(rad) except θR5, which means that the proposed ALTC-OMP scheme can
remedy joint-angle drift on complex path tracking. Figures 5 (b)–(c), (d)–(e), (f)–(j), (h)–(i) and
6 (b)–(c), (d)–(e), (f)–(j), (h)–(i) show position-errors, joint-angle profiles, joint-velocities profiles,
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Fig. 6. Dual PUMA560 motion trajectories of Chinese characters “one belt one road” path synthesized by the
ALTC-OMP (with γ = 0.1 and δ = 0.5). (a): End-effector trajectories of left and right redundant manipulators.
(b) and (c): End-effector positioning-errors of left and right redundant manipulators. (d) and (e): Joint-angle
profiles of left and right redundant manipulators. (f) and (g): Joint-velocity profiles of left and right redundant
manipulators. (h) and (i): Joint-accelerator profiles of left and right redundant manipulators.

and joint-acceleration profiles of the dual redundant manipulators, respectively. The end-effector
position-errors about the two-path tracking are shown in Figs. 5 (b)–(c) and 6 (b)–(c), respectively.
The position-errors are less than 4 × 10−3(m). From Figs. 5 (d)–(e) and 6 (d)–(e), the θL and θR go
back to their initial state. As seen further from Figs. 5 (f)–(j), (h)–(i) and 6 (f)–(j), (h)–(i), the θ̇L and
θ̇R, θ̈L and θ̈R approach to zero at the final terminal. The effectiveness of the ALTC-OMP scheme at
acceleration-level subject to joint-angle limits, joint-velocity limits, and joint-acceleration limits is
thus demonstrated.

5. Conclusions
In this paper, an ALTC-OMP integrating MAN, RMP, and INAM via weighting factor has proposed
and investigated for complex motion planning and coordination control of dual redundant manipu-
lators at acceleration-level. This scheme can not only remedy the joint-angle drift problem arising
in dual redundant manipulators at acceleration-level, but also avoid the physical limits. Besides, the
proposed scheme can guarantee the final joint-velocities and joint-acceleration near to zero of the
manipulators. In addition, the proposed scheme is combined by two subschemes, and then two sub-
schemes are reformulated as two QP problems (29)–(32) and (33)–(36), respectively. The two QP
problems have been unified into one standard QP problem (37)–(40) and solved by the S-LVI-PDNN
solver at the acceleration-level. The result of the simulation based on the dual PUMA560 redundant
manipulators has demonstrated the effectiveness and feasibility of the proposed ALTC-OMP scheme
on resolving the joint-angle drift of dual redundant manipulators. The future work is to apply such
an ALTC-OMP scheme to practical industrial automation factories.
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