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For a graph G on vertex set V = {1,...,n} let k = (ki,...,k,) be an integral vector such
that 1 < k; < d; for i € V, where d; is the degree of the vertex i in G. A k-dominating
set is a set Dk = V such that every vertex i € V\Dx has at least k; neighbours in Dg. The
k-domination number yk(G) of G is the cardinality of a smallest k-dominating set of G.

For k; = --- =k, = 1, k-domination corresponds to the usual concept of domination.
Our approach yields an improvement of an upper bound for the domination number found
by N. Alon and J. H. Spencer.

If ki = d; for i = 1,...,n, then the notion of k-dominating set corresponds to the
complement of an independent set. A function fi(p) is defined, and it will be proved that
7k(G) = min fx(p), where the minimum is taken over the n-dimensional cube C" = {p =
(P1s--»pn) | i EROK p; < Lii=1,...,n} . An O(A*2%n)-algorithm is presented, where A
is the maximum degree of G, with INPUT: p € C" and OUTPUT: a k-dominating set Dy
of G with [Dy| < fk(p).

1. Introduction

We consider an undirected simple graph G on vertex set V = {1,...,n}. A dominating set
of G is a set D < V such that every vertex i € V\D has at least one neighbour in D.
The domination number y(G) of G is the cardinality of a smallest dominating set of G. An
independent set of G is a set I = V such that none of the neighbours of a vertex i € I is
in 1. The independence number a(G) of G is the cardinality of a largest independent set of
G. The neighbourhood N(i) of a vertex i € V is the set of all neighbours of i in G. The
degree of a vertex i is the cardinality of N(i) and is denoted by d;. Let 6 and A be the
minimum degree and the maximum degree of G, respectively. Furthermore, we assume that
G has no isolated vertices, that is, 6 > 0.

We generalize the concept of domination. Let k = (kq,...,k;,) be an integral vector such
that 1 < k; < d; for i = 1,...,n. A k-dominating set is a set Dy = V such that every
vertex i € V\Dk has at least k; neighbours in Dyx. The k-domination number yx(G) of G is
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the cardinality of a smallest k-dominating set of G. For ky = --- =k, = 1 the definition
of k-domination reduces to the usual definition of domination, and with 1 = (1,...,1) it
holds y1(G) = y(G). If k; = d; for i = 1,...,n, then I = V\Dx is an independent set, and
14(G) = n—o(G) with d = (dy, ..., d,).

The DOMINATING SET and INDEPENDENT SET problems are known to be
NP-complete (see [9], p. 190 and p. 194).

2. Results

Let R be the set of real numbers and let fx : C" = {p = (p1,....ps) | P € R,O<p
< 1,i=1,...,n} - R be the function defined by

fx(p) :Zpi+2(1_pt Z Z H Pm H (1 —pm)
i=1 i=1

1=0 {if it N (i) ME{i1 iy } MEN (i)\{i1 il }

Theorem 2.1. Yk(G) = min fi(p).
peCt

Proof. We form a set X < V' by random and independent choice of i € V, where
P(i € X) = p; with 0 < p; < 1 denotes the probability that the vertex i belongs to X. With
Y={ieV|i¢ X and [N(i)NnX|<k;—1} theset D =X UY is a k-dominating set of
G. We obtain E(|D|) = E(|X]|) + E(]Y]) because of the linearity of the expectation, and,
consequently,

E(ID])

= Xn:P(ieX)—l—zn:P(ieY)
i=1 i=1
n n ki—1

= S p+d (1-p) (Z P(IN() N X| = 1))
i=1 i=1 1=0

ki—

= > pi+Y (1—p) Z > H o [ (1—pw
i=1 i=1

1=0 {i,sit S N(i) ME{it i} MEN (i)\{i1 il }

The expectation being an average value, there is a k-dominating set Dy such that
the cardinality of Dy is at most E(|D]). Hence, yx(G) < minyec fk(p). Let Dy be a k-
dominating set of G of cardinality yx(G). For p* = (pj,...,p,) with p; = 1 if i € D, and
p; = 0 otherwise, yx(G) = fx(p”) holds. Theorem 2.1 follows. ]

Considering the case ky = --- =k, = 1, we obtain the following result.
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n

Corollary 2.2. (G) = min Z pi+ 1 —pi) H (1—pw) |- U
i=1 meN(i)

Using Zd 1P(\N(i) NX|=1)=1—=P(IN(i)N X| = d;) (see the proof of Theorem 2.1)
and a(G) = n — y4(G) we have the following result.

Corollary 2.3.

o(G) = n— n}ir)lemz + (1 =p)(1— H Pm)

i=1 meN(i)

,, max Z(l—pz H Pm- 0

meN(i)

Theorem 2.4. There is an ((A*2%n)-algorithm that constructs a k-dominating set Dy of G
with |Dx| < fx(p) for any given p € C".

Proof of Theorem 2.4. For given p € C" let f* = fx(p). First we present an algorithm
that constructs a set D < V. For the current p € C" of this algorithm let

kj—1
4 = > > II e II @=pw.

=0 {jtyst}ENG) ME{jtsfty  MENGN{jt i}

Bj = Z (1 — pi) Z H Pm H (1 - Pm)’

iEN(j) {ige (,}cwr‘,, ME{if ey } MEN (D)\ {i1 it \{J}

i—

for j=1,...,n

Algorithm.

INPUT:pe C"
OUTPUT: D

(1) For j=1,...,ndoif 1 —A4; — B; > 0 then p; := 0, else p; := 1.
(2) For j=1,...,ndoif A; =1 then p; = 1.

(3) D:={je{l,...,n} | pj =1}

END

It is easy to see that A; and B; can be calculated in (O(A*2%) time. Thus the algorithm
works in (A?2%n) time.

Now we want to show that the cardinality of the resulting set D does not exceed the
value f* and that D is a k-dominating set.
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Claim 1. |D| < f*

Let us consider step (1) of the algorithm. Note that the function fx((py,...,ps)) is linear
in each variable, and that we have

fk((p1s---,pn))

opj
= 1—4;
+Z(1—p1)2 > II e I G-=pw
iEN()) {ipi JENG) - mediyiy MEN ()\{i1,..0sly }
JE{i] e 1,‘ m#j
ki—1
- Z(I_Pz Z Z H Pm H (l_pm)
iEN(j) 1=0 li1dt} =N mE{iy i} MEN (D\{i sy}
JENG\{ig iy} m#j
= 1—A4;
+Z(1—pl>§j > I e JI «a-pw
iEN(j) (i1t NN} ME{it it} MENO\{it it }\ [}
—Z(l—poz > I e I @a-p
iEN()) {itynit e N(O\{j} me{it,enii} meN (i)\ {i1,..i \{J}
= 1 — j — Bj.

Therefore, for fixed (pi,...,Pj—1,Pj+1,.-.,Pn) We always choose p; in such a way that the
value of the function fx(p) is not increased. Then, p; € {0,1} for i = 1,...,n after step (1)
of the algorithm.

Lemma. Let p; € {0,1} for i = 1,...,n and D = {i € {1,...,n} | p; = 1}. Then for
j=1,...,n we have A; € {0,1} and A; =1 if and only if there is no subset S = N(j)ND
with |S| > k;.

Proof of Lemma. First, assume there is a set S = N(j) N D with |S| = k;. Then
II a-pw=0
MEN(P\{jtmi}

for all subsets {ji,...,ji} = N(j) with | <k;, implying 4; = 0.
Second, assume there is no set S = N(j) N D with [S| > k;. Define S’ := N(j) N D.
Clearly, |S’| < k; — 1. Note that, for any subset {ji,..., i} = N(j),

H DPm H (1 - pm) =1
MEjirnji}  MENG\ {1t}

if {ji,...,ji} =S’ and 0 otherwise. Thus 4; = 1.
This completes the proof of the lemma. ]
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Now consider step (2) of the algorithm setting p; = 1 if 4; = 1. Note that

@ => pi+Y (1—p)4
i=1 i=1

If p; was already 1 before this step, nothing is changed.

If p; = 0 before step (2), then p; is added to D. Note that Y !, p; increases by 1 but
(1 — pj)A; decreases by 1. For all i # j the term A; cannot increase by this operation
because of the above lemma.

Thus the value of the function fy after step (2) does not exceed the value of that
function before this step. Consequently, the value of fy is not increased by the algorithm.
Furthermore, p; = 0 at the end of the algorithm implies A; = 0 because of step (2).
Therefore, the cardinality of D equals the value of the function fi at the end of the
algorithm; it follows that |D| < f~, proving Claim 1.

Claim 2. D is a k-dominating set.

Let j € {1,...,n} with p; = 0. Then, because of step (2) of the algorithm, 4; # 1.
Using the above lemma we have A; = 0, implying that there is a subset S = N(j) N D
with |S| > k;. Hence, D = {j € {1,...,n} | pj = 1} is a k-dominating set and Claim 2 is
proved.

With Dy = D the proof of Theorem 2.4 is complete. L]

Let us remark that for k = 1 or k = d the algorithm of Theorem 2.4 runs in O(A%n)
time.

3. Concluding remarks

For k =1 we obtain results concerning the domination number y(G).

Let us consider the case p; = ... = p, = p. By Corollary 2.2 we have y(G)
< minyegos) g(p) whete g(p) = np + S0, (1 — ).

Using the ideas of Alon and Spencer, their bound % on y(G) (cf. [1]) can be
deduced from this result by the following steps. Since (1 — p)%*+! < (1 — p)°*! for all i,
we obtain y(G) < minyejo 1y h(p) where h(p) = (np + n(1 — p)°*!). Using 1 —p < ¢ and
minimizing the function np + ne™ P+ for p € [0,1], the bound of Alon and Spencer
follows. However, with p; = -+ =p, = %:11), Theorem 2.4 yields a constructive proof of
this bound.

An improvement of the result of Alon and Spencer is obtained by noticing that

1
oA 1 5
Tty o) = h(p) - with p =1 <5+1> ’
which implies y(G) < g(p); consequently, we have the following result.

Corollary 3.1. Withk=1andp;=--=p,=1— (TJIFI)%, the above algorithm constructs
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a dominating set of cardinality at most

n<1 (5+1) >+Z<5+1>

In order to find a small dominating set, it seems reasonable to assume that vertices of
high degree should belong to the dominating set with higher probability than vertices of
small degree. Thus, it may be advantageous to make the probability p; depend on the
degree d; of the corresponding vertex. Hence, possible values p;,...,p, for the algorithm
of Theorem 2.4 are p; =1 — (d_H)o fori=1,...,n, and we obtain the following.

d,-+1

Corollary 3.2.

" N N
() 1L ()
= <d +1) di+1 NG d]+1

Our approach is also useful in the case when all components of k are equal to a constant
greater than 1. For example, let ¢ and s be integers, |l <c¢ <J,1 <s,¢=(c,...,c) and
pL=""=p,= % Then (see proof of Theorem 2.1), we have

7¢(G) <

E <c—1).
s
For e > 0 we have P(IN()NX| < c— 1) <efori=1,...,nif § —c is large enough. Other
results for y.(G) can be found in [2], [4], [5], [6], [7], [8], [10] and [11].
We have seen that for k = d our algorithm constructs the complement of an independent

set. Unfortunately, we do not know appropriate values py,..., p, for this algorithm to yield
an independent set whose cardinality satisfies the Caro—Wei inequality (c¢f. [3])
G) =
LOEDD d 1
ieV
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