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The purpose of this short problem paper is to raise the following extremal question on set

systems: Which set systems of a given size maximise the number of (n + 1)-element chains

in the power set P(1, 2, . . . , n)? We will show that for each fixed α > 0 there is a family of

α2n sets containing (α + o(1))n! such chains, and that this is asymptotically best possible.

For smaller set systems we conjecture that a ‘tower of cubes’ construction is extremal. We

finish by mentioning briefly a connection to an extremal problem on posets and a variant

of our question for the grid graph.

2010 Mathematics subject classification: Primary 05D05

The purpose of this note is to raise an extremal question on set systems (that is, subsets of

the power set P(X), where X = {1, 2, . . . , n}) which seems to be natural and appealing. Our

question is: Which set systems of a given size maximize the number of (n + 1)-element

chains in P(X)? We refer to these chains as maximal chains; we emphasize that they are

maximal in P(X) rather than just maximal within the set system.

Question 1. For given |A|, which A ⊆ P(X) contains the most maximal chains?

For A ⊆ P(X) we denote the number of maximal chains in A by c(A). We will show

that for each fixed α > 0 we have

max{c(A) : |A| = α2n} = (α + o(1)) n!.

For smaller set systems we are unable to answer the question. We conjecture that a

‘tower of cubes’ construction (defined later) is extremal. We finish by mentioning briefly a
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connection to an extremal problem on posets and a variant of our question for the grid

graph.

This question does not appear to have been asked before, although there has been work

on the problem of maximizing the number of k-element chains for smaller k. For k = 2

(that is, maximizing the number of comparable pairs) Alon and Frankl [1] proved that a

tower of cubes is approximately extremal. They also proved a similar but less exact result

for arbitrary k (with k fixed and n large). By contrast, in this note we are interested in the

case when k is as large as it can be.

We note briefly that the question of minimizing the number of k-element chains has also

been studied. In this direction Kleitman [6] proved the following quantitative extension

of Sperner’s theorem: the minimum number of comparable pairs is achieved by a union

of middle layers of P(X). He also conjectured that the same construction minimizes the

number of k element chains for any k; this problem remains open. See also the recent

work of Das, Gan and Sudakov [3] and of Dove, Griggs, Kang and Sereni [4].

Our question also has some similarity with a problem on ‘most probably intersecting

systems’ posed by Katona, Katona and Katona [5]. Answering their question, Russell

[7] determined (approximately) which set systems of a given size contain the maximum

number of intersecting families of size k.

It is easy to show that a family containing a fixed proportion of all sets can contain

no more than the same fixed proportion of all maximal chains (this is the content of

the next easy lemma). It turns out that this is asymptotically best possible, although the

construction proving this is perhaps unexpected.

Lemma 2. If A ⊆ P(X) with |A| = α2n, then c(A) � α n!.

Proof. If |A| = α2n, then by averaging there is some r with |A ∩ X(r)| � α
(
n
r

)
. The number

of maximal chains in P(X) that contain a point from A ∩ X(r) is therefore at most α n!.

To show that this simple bound is asymptotically tight it will be convenient to formulate

the question slightly differently. Maximal chains in P(X) are in one-to-one correspondence

with permutations of X, with the permutation a1a2 . . . an corresponding to the chain

∅, {a1}, {a1, a2}, . . . , X.

For a permutation σ = a1a2 . . . an ∈ Sn, we denote by I(σ) the set of subsets of X that

lie in the maximal chain in P(X) corresponding to the permutation σ (that is, those of

the form {a1, a2, . . . , ar}). In this language, Question 1 is then equivalent to the following

question.

Question 3. For given |B|, which B ⊆ Sn minimizes |
⋃

σ∈B I(σ)|?

We now show that the bound in Lemma 2 is asymptotically correct.

Theorem 4. For any 0 < α < 1 and ε > 0, there exists n0 such that for n > n0 there is a

family A ⊆ P(X) with |A| � (α + ε)2n and c(A) � α n!.
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Proof. It will be tidier to prove this by constructing, for any ε > 0, a family B of at least

(α − ε) n! permutations such that ∣∣∣∣⋃
σ∈B

I(σ)

∣∣∣∣ � (α + ε)2n.

This clearly implies the result.

Given ε > 0, choose k so that 1/2k < ε/2. Let U be an up-set in P({1, . . . , k}) with

|U | = β2k where α < β � α + ε/2. Let Bp be the set of all permutations of X for which the

set of elements of [k] appearing in the first pn positions of the permutation is an element

of U . We will show that there is a p satisfying p � 1/2 − ck , where ck is a positive constant

depending on k but not on n, with |Bp| � (α − ε) n!. Since any set S of size greater than

pn is in
⋃

σ∈Bp
I(σ) if and only if S ∩ [k] ∈ U , it will follow that

∣∣∣∣ ⋃
σ∈Bp

I(σ)

∣∣∣∣ � |{S : S ∩ [k] ∈ U}| + |{S : |S | � pn}| = β2n +

pn∑
i=0

(
n

i

)
< (α + ε)2n.

It remains to prove that such a p exists. The probability that a randomly chosen

permutation σ is in Bp is

P(σ ∈ Bp) = (1 − O(1/n))f(p),

where

f(p) =
∑
X∈U

p|X|(1 − p)k−|X|.

The polynomial f(p) does not involve n, is increasing in p (since U is an up-set), and

satisfies f(1/2) = β. It follows that there is some positive constant ck with f(1/2 − ck) = α

and that if we set p = 1/2 − ck then

P(σ ∈ Bp) → α.

So for n sufficiently large we have that |Bp| � (α − ε) n!, as required.

When |A| = o(2n) the situation seems to be more complicated. We now describe a

construction of a set system that we believe is a plausible candidate for being extremal.

Suppose that n = tk, where t, k ∈ N. Let Xi = {(i − 1)t + 1, (i − 1)t + 2, . . . , it} for 1 �
i � k, and define the tower of t-cubes set system by

Tt = {A : (X1 ∪ · · · ∪ Xs) ⊆ A ⊆ (X1 ∪ · · · ∪ Xs+1) for some 0 � s � k − 1}.

Thus

|Tt| =
n

t
2t − n

t
+ 1 and c(Tt) = (t!)n/t.

This construction is easily seen to be extremal when t = 2. Indeed, if we take a fixed

maximal chain C in A and X ⊆ (A \ C) then there is at most one maximal chain C ′ ⊆ A
with C ′ \ C = X. It follows that c(A) � 2|A|−(n+1).

We conjecture that this construction is extremal for all t.
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Conjecture 5. If |A| = |Tt| then c(A) � c(Tt).

The extreme cases t = 3 and t = n/2 are both particularly appealing.

Of course, the ‘tower of cubes’ construction only gives set systems of particular sizes.

We can generalize the construction to include a wider range of possible sizes by allowing

cubes of dimension t and t + 1. We say that a family T is a generalized tower of cubes if

it is of the form

T = {A : (X1 ∪ · · · ∪ Xs) ⊆ A ⊆ (X1 ∪ · · · ∪ Xs+1) for some 0 � s � k − 1},

where X1, . . . , Xk are pairwise disjoint subsets of X whose union is X, with |Xi| = t or

t + 1 for all i.

If n = a(t − 1) + bt then there is a generalized tower of cubes with

|T | = a(2t − 1) + b(2t+1 − 1) + 1 and c(T ) = t!a(t + 1)!b.

We conjecture that, for values of |A| which allow it, a construction of this form is extremal.

Conjecture 6. If |A| = |T |, where T is a generalized tower of cubes, then c(A) � c(T ).

We do not even have a good conjecture for the extremal set systems when |A| does

not allow a ‘generalized tower of cubes’ construction. In particular, we have no idea

what happens when |A| is between 2n/2 and α2n. In general, the situation may be quite

complicated: for example, when |A| = 2α2n/2 we could take a tower of cubes comprising

two cubes each of dimension n/2, and replace each of these by an α2n/2-size family as

constructed in Theorem 4.

We briefly mention that a first step in proving extremal results is often to apply some

kind of compression operation. See [2] for numerous examples of this and background

material on compressions. Standard ij-compressions can be used to simplify our set system

without decreasing the number of maximal chains, as we now describe.

Let Cij denote the ij-compression operation. That is, for a set A ∈ P(X),

Cij(A) =

{
A \ {j} ∪ {i} if i 
∈ A, j ∈ A,

A otherwise,

and for a set system A ⊆ P(X),

Cij(A) = {Cij(A) : A ∈ A} ∪ {A : A ∈ A, Cij(A) ∈ A}.

Lemma 7. If A ⊆ P(X) then the number of maximal chains in Cij(A) is at least the number

of maximal chains in A.

Proof. Let A′ = Cij(A). Suppose the chain corresponding to the permutation σ =

a1, . . . , an is in A. If i comes before j in σ then this chain is present in A′. If j comes

before i in σ then either σ′, the chain corresponding to σ with i and j exchanged, is in A′

but not A or both σ and σ′ are in A and A′.
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Applying ij-compressions repeatedly with i < j allows us to assume that our set system

is left-compressed: we have Cij(A) = A for all i < j. Unfortunately, it seems hard to make

good use of this assumption. One simple consequence is that we can write down the

best set system under the extra condition that each layer (except the top and bottom)

contains exactly two sets (that is, |A ∩ X(r)| = 2 for all 1 � r � n − 1). An easy calculation

shows that the tower of two- and three-dimensional cubes of the same size contains more

maximal chains. This is perhaps weak evidence that tower of cubes constructions are

plausible candidates for extremal systems.

We turn now to a connection with posets. Given a poset P on X, there is a natural

way of identifying a linear extension of P with a maximal chain in P(X). The collection

of all down-sets in P gives a family in P(X) which contains exactly those maximal chains

that correspond to linear extensions of P . Since down-sets and antichains in a poset are

in one-to-one correspondence, this leads to the following question.

Question 8. What is the maximum number of linear extensions of a poset on X that

contains at most m antichains?

Clearly not all subsets of P(X) arise from posets in this way, but the towers of cubes

and their generalizations described earlier do. It follows that a proof of Conjectures 5

and 6 (that the ‘tower of cubes’ construction is extremal for maximal chains in the cube)

would answer Question 8 for appropriate values of m.

Finally, we mention a generalization of Question 1 to grids. Since P(X) can be regarded

as {0, 1}n, it is natural to ask analogous questions for more general products. A maximal

chain in [k]n = {1, . . . , k}n consists of a sequence of n(k − 1) + 1 points of [k]n such that

each point is obtained from its predecessor by adding 1 to one coordinate. Note that these

maximal chains can also be regarded as shortest paths between (1, . . . , 1) and (k, . . . , k)

in the grid graph, just as maximal chains in P(X) correspond to shortest paths between

(0, . . . , 0) and (1, . . . , 1) in the hypercube graph. Contrasting with the P(X) case where k is

fixed and n is large, it is natural to consider the case of fixed dimension and large k. This

seems to be an interesting question even for n = 2.

Question 9. For given |A|, which A ⊆ [k]2 contains the most maximal chains?
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