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Atmospheric and higher pressure RF and microwave plasma sources have numerous applications including material proces-
sing and spectroscopy. More recently, advantages in using such discharges for combustion ignition are being investigated. A
particularly simple and compact microwave discharge generating device is the quarter wave coaxial cavity resonator
(QWCCR). This paper presents a new, compacted design of such a device. A simple approximate analysis of the quality
factor, Q, which is a measure of the resonant electromagnetic potential step-up capability is given, and compared to exper-
imentally measured quality factors showing reasonable agreement. Analytic results indicate that the foreshortened folded
cavity quality factors are comparable to tapered coaxial cavity designs.
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I . I N T R O D U C T I O N

One particularly simple device for generating an atmospheric
or higher pressure RF or microwave plasma is the quarter
wave coaxial cavity resonator (QWCCR). As an alternative
to a traditional sparkplug used for initiating combustion,
such a device has been studied by researchers at the West
Virginia University’s Mechanical and Aerospace Engineering
Department for a number of years [1–10]. A recent publi-
cation [8] shows that the minimum required ignition energy
of the QWCCR is comparable to that of a sparkplug.
Numerical simulations and experimental investigations of
various cavity geometries have been performed in [6, 11].
An analytic approach relating cavity parameters to the devel-
oped electric field strengths that lead to gas breakdown and
plasma formation have been published in [12].

The losses in the cavity, in particular the aperture radiation
losses, can substantially lower the resonant step-up potential
of the device as characterized by the quality factor, Q, of the
cavity. This is especially true when the aperture size is not neg-
ligible with respect to the operating wavelength l. This has
lead to empirical geometries which reduce the aperture
through tapering of the cavity, an example of which is
shown in Fig. 1. Such tapered and straight cavity designs

are, at a minimum, approximately a quarter wavelength
(l/4) in physical size. Naturally, larger odd multiples of l/4
could also be used to make longer devices. Using the shortest
l/4 size, at a frequency of 2.45 GHz the approximate cavity
length is 3 cm. To make the physical size of these resonators
practical, and comparable to sparkplugs, such GHz range fre-
quency have been used, but this is not necessarily desirable
from a cavity wall conduction loss point of view, since conduc-
tion losses increase with operating frequency.

The current document makes use of the previous work pre-
sented in [12] to approximately characterize more compact,
shorter, nested QWCCR designs with a smaller
aperture-to-wavelength ratio. Additionally, these designs are
of practical length even at lower frequencies; and a reduction
in cavity wall surface resistance, Rs, is beneficial for maintaining
a high Q factor. Note reduction of operating frequency can also
be accomplished through reactive loading of the cavity, or by
filling the interior with a dielectric. However, these approaches
add additional Q lowering losses, especially if the loss tangent of
the material and its dielectric constant are relatively large.

I I . S H O R T E N E D C O N C E N T R I C A L L Y
N E S T E D D E S I G N

The folded design consists of concentrically connected seg-
ments of coaxial transmission line. The radial dimensions
have been chosen to maintain a uniform transmission line
impedance from the RF input end of the cavity to the dis-
charge end. While it may be practical, as mentioned above,
to fill the entire interior of the igniter with a dielectric to
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reduce its electrical length, z, the disadvantage is again the
additional dielectric loss incurred. For this reason, only very
short dielectric washers have been employed in the folded
design to seal the device from the combustion chamber.
This also avoids potential thermal expansion rate differences
between metal and dielectric which in the case of ceramics
may lead to cracking. A 3D view of a potential design
showing the concentric coaxial segments is given in Fig. 2.

The dimension of this design target is 433 MHz. The 2D
view in Fig. 3 shows more clearly the manner in which the
transmission line segments are connected. RF feeds in via
the N-type connector on the left, couples into the cavity
with a loop structure, and then travels to the right in the
outer most space until it is reflected by the short circuit on
the right-hand side into the volume of the structure that
formed the center conductor of the outer most section. The
wave then switches direction and travels to the left until the
end of this inner volume, where the previous process is
repeated, until the open end of the cavity is reached. The
entire path is electrically one-quarter wavelength long. As
mentioned previously, higher odd multiples of quarter wave-
length could also be used. The portions of the inner section
contain low-loss dielectric disks to seal the resonator from
the combustion and to maintain impedance as the geometry
changes. An approximately equivalent unfolded structure is
shown in Fig. 4. Note that the shorting plates are now

sandwiched between dielectric regions for an overall length
that is twice the dielectric washer length compared to Fig. 3.
The transmission line sections’ radii were chosen to have an
outer to inner radius ratio, b/a, approximately equal to 1.88.
This was done to exploit conveniently available tube sizes,
but other ratios could be used. Explicit values for the dimen-
sion of this design are given in Table 1. With a free-space
intrinsic impedance of h =

�������
mo/1o

√
= 377V, this resulting

transmission line impedance, Z0 = h/2p ln (b/a) equals 38 V,
a reasonable value considering the theoretical optimums for
the lowest loss is 77 V, and for highest field handling capabili-
ties is 30 V [13].

I I I . A N A L Y S I S O F N E S T E D D E S I G N

Ultimately, whether plasma is formed or not, depends on the
breakdown strength of the gas mixture and the field strength
at the discharge electrode tip. The developed electric field,
Ea-tip, at the tip of the quarter wave cavity can be related to the
power, P, fed into the cavity, its quality factor, and the tip geome-
try [12]. Assuming an unsharpened rounded tip with a spherical
radius of curvature equal to the electrode radius, atip, at a poten-
tial, Vo, the tip field can be approximated by

Ea−tip = Vo

2patip
. (1)

At resonance, the tip potential, Vo, is proportional to the
time average energy, U, stored in the cavity, volume that is
related to the quality factor, Q, is given by

V2
o / U = QP

v
, (2)

where v is the angular resonant frequency. The time average
energy stored in the cavity can be found from

U = 1
4

∫
vol

1|E|2 + m|H|2dv = QP
v

. (3)

Fig. 2. 3D view of folded QWCCR design concept.

Fig. 3. 2D view of folded QWCCR design, see Table 1 for dimension values.

Fig. 4. 2D view of unfolded equivalent structure.

Fig. 1. Cross sectional view of small aperture 2.45 GHz tapered cavity design.
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This is the integration of the energy density of the electric
field E and the magnetic field H, over the volume of the cavity.
Note that at resonance the magnetic and electric stored time
average energies are equal. The energy stored per unit
length is not directly dependent of the actual radii of the
coaxial line section, but is a function of the line’s characteristic
impedance, i.e. the radius ratio. This means that the equations
for stored energy in a quarter wave resonant section do not
change even if parts of the line are reduced in diameter, pro-
vided the characteristic impedance is preserved. The equations
for the tip electric field magnitude, (4), and the equation for
the cavity stored energy as given in [12] are still applicable:

Ea = 2
patip

���������
hQP

ln (b/a)

√
(4)

and

U = mI2
o ln (b/a)l/4

8p
. (5)

Using the relation between wavelength, l, frequency, f, and
propagation velocity, (m · 1)−1/2, these equations can also be
expressed in terms of the characteristic impedance of the
line, Zo, by

Ea = h

atip

������
2QP
p3Zo

√
(6)

and

U = I2
o Zo

16f
. (7)

This shows that stored energy increases with line impe-
dance, Zo, and decreases with frequency, f. What remains is
to examine the losses of the transmission line sections. This
can be done by assuming the field fringing at the internal
corners of the line junction points are negligible, and that
the fields of the resonance are approximately transverse elec-
tromagnetic mode (TEM) standing quarter wave sinusoids
such that

H = Io

2pr
cos (bz)âf (8)

and

E = hIo

2pr
sin (bz)âr (9)

where b ¼ 2p/l and Io is some assumed amplitude. For a
cylindrical conductor surface, with surface resistance Rs, and
radius ro, the time average power dissipated is given by the
surface integral

Pcyl = Rs
2

�
A |H//|2dA,

Pcyl = I2
o Rs

4pbro

�uz2

uz1
cos2 (uz) duz

(10)

where dimensions along the line have been recast in terms of
electrical angles so that b · dz = duz . Considering an area

interpretation of the integral over cos2 (u), it can be seen
that losses per unit length decrease as the open end of the
cavity is approached. This suggests that using large radii
toward the short-circuited end of the resonant line is more
important in reducing losses than using them toward the
open-circuited end. If constant power dissipation per unit
length is desired, the radii could vary as ro cos2 (u) resulting
in a tapered shape shown in Fig. 5. The sidewall surface loss
of (10) would then reduce to

Pcos2 = I2
o Rs

4pbro
Duz. (11)

Through a similar area integration the ohmic power losses
for a circular annulus with inner and outer radius a′ and b,
respectively, at a distance z along the line is determined as

Panu = I2
o Rs

4p
ln (b/a′) cos2 (uz). (12)

Placing annuli close to the short-circuited end of the trans-
mission line, where the magnetic fields are higher, will result
in larger losses. The power dissipated by the standing wave
in a low-loss dielectric filling, with effective conductivity,
se = v1 tan (d), in the coaxial line with inner radius, a, and
outer radius, b, extending between distances z1 and z2 along
the line is

Pse = se
2

�
Vol |E|

2dv,

Pse = 1
2 I2

o Zo tan (d)
�uz2

uz1
sin2 (uz)duz

(13)

for the sinusoidal resonant field distribution. Considering the
integral over sin2 (u) in (13), the closer a dielectric filling is
placed to the open end of the resonator, the higher the
losses will be. The quality factors, Q, of the resonator can
now be estimated as

Q =
∑

i

Pi

vU

( )−1

. (14)

Prior to analyzing any design, the section lengths of the
resonator have to be converted to electrical degrees so the inte-
grals can be evaluated. The dielectric constant of the transition
regions will affect the angular electrical line length. The rela-
tive dielectric constant required to maintain the same line
impedance when the conductor radius ratio changes from

Fig. 5. Cos2 tapered geometry for constant loss per unit length.
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b0/a0 to b1/a1 is given by

1r =
ln (b1/a1)
ln (b0/a0)

[ ]2

. (15)

For an initial test case, the structure shown in Fig. 4 was
assembled out of commercially available brass tubing sizes tar-
geting a resonance frequency of 433 MHz (69.3 cm wave-
length) with dimensions as given in Tables 1 and 2. The
value 0.0104 V was used as the surface resistance, Rs, of
brass at 433 MHz. Note that the impedance matching dielec-
tric at the first junction, which should have had a relative
dielectric constant of 4.7, was omitted. Provided the length
of the mismatch is short with respect to wavelength, no
serious reflections will occur, and instead the junction steps
will appear as small shunt capacitances. The magnitude of
these capacitances can be estimated by the method outlined
in chapter 6 of [14] and their combination is on the order
of 0.2 pF which is located in a region of relatively low electric
field magnitudes. For the purpose of this analysis, this shunt
capacitance will be ignored (Fig. 6).

The calculated combined unloaded quality factor is 414.
This is about 2.5 times greater than if the resonator had
been made out of the smallest diameter section, c5, for the
entire length, but naturally lower than if the larger diameters
of section, c1, had been used throughout. It is apparent from
the calculated Qi, that the annuli losses are insignificant.

However, the dielectric losses should not be discounted,
despite the fact that the dielectric is set back from the
maximum electric fields by 33.88. Also of note is the fact
that despite having the largest radii, the cylinders of the c1
section contribute the largest losses as it experiences the stron-
gest magnetic fields.

As a figure of merit, that can be used to compare the trans-
mission line sections, DzQi was also computed. This metric
highlights the dielectric losses. Had the section not been
kept short, the overall quality factor of the cavity would be
drastically lowered. Improvements in the resonator’s Q can
therefore be achieved by further increasing these radii. For
the analysis to hold, the radii cannot be increased beyond
the point where higher order modes start to appear in the
cavity. This indicates that an upper limit should be set as
2p(b + a) , l/2 [15]. A compact cavity with larger radii,
and assembled as shown in Fig. 7, was designed with dimen-
sions given in Tables 3 and 4. The calculated, combined
unloaded quality factor for this second design is 834, twice
the small radii design quality factor. Note that an additional
reduction in radii in going from c5 to c7 was included
without a reversal in direction, and without accounting for
the annuli losses in the reduction as the losses on the annuli
are very low, i.e. their Q’s are very high.

As a comparison and using the same TEM assumptions, the
quality factor of a cos2 (u) tapered, unfolded cavity of quarter
wavelength using air as a dielectric was derived using: (7) for
the energy stored, (11) for the tapered side conductors, and
(12) for the base conductor annulus at the shorting end. The
result without accounting for the dielectric is given by

Qcos2 = lRs

2p2Zo

1
a
+ 1

b

( )
+ 4Rs

ph

[ ]−1

. (16)

The dielectric losses increase dramatically toward the
open-circuited end of the cavity in such a tapered design
since the sin2 (u) term under the integral in (13) is turned
into a tan2 (u) term by the tapering:

Pse =
v1h2I2

o

4p

∫z2

z1

∫b

a

sin2 (bz)
r cos2 (bz)

dr dz,

Pse =
1
2

I2
o Zo tan (d)

∫uz2

uz1

tan2 (uz)duz.

(17)

In an actual implementation, the length would be slightly
shorter than l/4, to allow an aperture that would have capaci-
tance. Nevertheless, filling the entire cavity would create
excessive losses. Since the previous two example cavities

Table 1. Dimension and properties of coaxial line sections.

Coax c1 c2 c3 c4 c5

b (cm) 1.19 1.19 0.57 0.57 0.24
a (cm) 0.64 0.30 0.30 0.13 0.13
er 1 1 1 5.8 1
tan(d) 0 0 0 .005 0
Zo (V) 38 82 38 38 37
Dz (cm) 4.90 1.11 3.53 0.53 6.51
Duz (8) 25.5 5.8 18.3 6.7 33.8
Qi 1700 5400 1900 1900 2200
D (zQi (cm21) 8400 5800 6600 1000 14 500

Table 2. Dimensions and location of annuli.

Annulus a0 a1 a2

b (cm) 1.19 1.19 0.57
a′ (cm) 0.64 0.30 0.13
z (cm) 0.00 5.46 9.80
uz (8) 0 28.4 53.0
Qi 30 300 18 000 34 700

Fig. 6. Electrical angular lengths along unfolded equivalent structure.

Fig. 7. 2D view of large radii folded QWCCR design.
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were mostly hollow, the tapered cavity will be assumed to be
made of brass with an air dielectric throughout. The resulting
quality factors of the tapered design using the same radii at the
shorted base as the two sectioned cavities are: 418 for the
initial and 927 for the enlarged radii, respectively. These
values are quite similar to the values calculated for the discre-
tely sectioned designs; depending on how well the step tapered
sections fit the cos2 (u) distribution, a first cut estimate of a

sectioned design could be obtained using the tapered results.
One could also construct such a tapered cavity by approximat-
ing the cos2 (u) taper with a straight line, thereby making a
conical similar to Fig. 1.

I V . S O M E D E S I G N
I M P L E M E N T A T I O N S

To check how valid the approximate analysis is, both designs
were implemented with available brass tubing. The larger radii
cavity is shown below in Fig. 8, at various stages of
implementation.

Measurement of the quality factor and the degree of coupling
on a HP8753D network analyzer resulted in an unloaded Q of
340 at a resonance frequency of 425.75 MHz for the small
radii geometry. The larger radii geometry resulted in an
unloaded Q of 760 with a resonance frequency of
439.87 MHz. The two assembled implementations are shown
in Figs 9 and 10, respectively. A conical brass resonator had

Table 3. Dimension and properties of coaxial line sections.

Coax c1 c2 c3 c4 c5 c6 c7

b (cm) 2.53 2.53 1.19 1.19 0.56 0.56 0.28
a (cm) 1.27 0.60 0.60 0.28 0.28 0.16 0.16
er 1 1 1 1 1 5.8 1
tan(d) 0 0 0 0 0 .005 0
Zo (V) 42 88 41 87 42 31 34
Dz (cm) 4.08 2.54 2.46 1.02 3.41 0.32 3.07
Duz(8) 21.2 13.2 12.8 5.3 17.7 4.0 15.9
Qi 5000 5600 6500 38 300 5400 3800 30 200
DzQi (cm21) 20 600 14 200 16 000 38 900 18 300 1300 92 700

Table 4. Dimensions and location of annuli.

Annulus a0 a1 a2

b (cm) 2.53 2.53 1.19
a′ (cm) 1.27 0.60 0.28
z (cm) 0.00 5.35 9.58
uz (8) 0 27.8 49.8
Qi 33 600 20 500 12 300

Fig. 9. Completed initial test case cavity.

Fig. 8. Large radii cavity at various stages of implementation. Fig. 10. Completed second test case cavity.
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been constructed some time ago with a base radius of 1.5′′ and a
b/a ratio of 6 for an approximate line impedance of 108 V. Its
resonance frequency had been measured at 960 MHz with an
unloaded Q of 1800 [16]. Calculations using the cos2 (u) taper
results would predict a quality factor of 2100, with a 17% differ-
ence from the conical measured result. For the folded cavities
constructed, the frequencies of the implementations of the first
and second cavity differ from the design frequencies by 1.7 and
1.6%, respectively. As is generally the case, the measured quality
factors were both lower than the theoretically calculated values.
The respective differences for the small and large radii cavities
were 18 and 9%. Note that disturbance of the electromagnetic
fields at the base of the cavity due to the coupling structure
have been ignored in the analysis. There is also potential for
error due to conductivity differences, surface imperfections,
solder joints, and uncertainty in the dielectric parameters.

V . C O N C L U S I O N

The feasibility of shortening the QWCCR by step tapering,
and then concentrically nesting cylindrical structure inside
of itself has been demonstrated. This allows more compact
implementations of QWCCR and operation at lower frequen-
cies where longer designs may be physically undesirable.
When considering cavities designs that use odd multiples of
l/4 larger than one, the quality factor can be enhanced by
making the high magnetic field sections along the cavity
length have large radii.

An approximate analysis procedure to estimate the per-
formance of such nested and tapered designs has been out-
lined. Despite considerable simplifications, the presented
method can be used to estimate quality factors of the
tapered and nested designs. More accurate results can be
obtained with exact field distributions including fringing
and capacitive loading at the step discontinuities. The
approximate results suffice to allow the estimation of the
approximate power requirements, P, in order to achieve
breakdown and plasma formation for a given tip radius via
(6). The folded cavity design performance is comparable
with the performance of tapered design.
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