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A note on the number of irrational odd zeta values

Li Lai and Pin Yu

ABSTRACT

We prove that, for any small € > 0, the number of irrationals among the following odd
zeta values: ¢(3),¢(5),¢(7),...,¢(s) is at least (co — €)(s'/?/(log s)'/?), provided s is a
sufficiently large odd integer with respect to €. The constant cg = 1.192507 ... can be
expressed in closed form. Our work improves the lower bound 2(1—)(logs/loglogs) of the
previous work of Fischler, Sprang and Zudilin. We follow the same strategy of Fischler,
Sprang and Zudilin. The main new ingredient is an asymptotically optimal design for
the zeros of the auxiliary rational functions, which relates to the inverse totient problem.

1. Introduction

The Riemann zeta function ((s) is one of the most fascinating objects in mathematics. Due to
the work of Euler and Lindemann, it is well known that for any positive integer k, the Riemann
zeta value ((2k) is a (non-zero) rational multiple of 7%¥; therefore, is transcendental. One may
want to further investigate the odd zeta values, i.e., the numbers ((2k + 1). It is conjectured
that 7, ((3),{(5),¢(7),... are algebraically independent over Q, but very little is known.

We mention a few works on this subject. In 1978, Apéry proved that ((3) is irrational [Apé79].
(See also van der Poorten’s report [Poo79] and Beukers’ alternative proof [Beu79]. For a survey,
see [Fis04].) In 2000, Ball and Rivoal [BRO1] (see also Rivoal [Riv00]) showed that for all odd

integers s > 3, we have the following asymptotics as s — 40c0:
) 1+0(1)
dimg (SpanQ(l, ¢(3),¢(5),¢(7),-.., C(S))) = TlogQ lo

The proof of Ball and Rivoal makes use of Nesterenko’s linear independence criterion [Nes85]
and the following auxiliary rational functions:

2r+1 .
R et Ut )
[Tizo(t + )

As a corollary, there are infinitely many irrational numbers among odd zeta values. In 2018,
Zudilin [Zud18] studied the following rational functions (with s = 25):

26n s— 5H (t_n+]/2)
[Ti=o(t + )+

RN (1) =

RO(t) =
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and proved that both series > 2, R (t) and > 2, jri (t+ 3) are Q-linear combinations of
odd zeta values with related coefficients; it provides a new elimination procedure. Zudilin’s
new idea inspired many works afterwards (see Sprang [Sprl8] and Fischler [Fis20]). Based on
further developments in [Zud18] and an important arithmetic observation of Sprang [Sprl8,
Lemma 1.4], in 2018, Fischler, Sprang and Zudilin [FSZ19] proved for all € > 0, for any odd
integer s which is sufficiently large with respect to e, with the help of the following rational
functions:

S0t —n+j/D)

[[o(t+)st 7

that the number of irrationals in the set {C(3),¢(5),C(7),...,C(s)} is at least 2(1—¢)(ogs/loglogss),
(See also [FSZ18].)
In the current work, we prove the following result.

R1(1FSZ) (t) — D3Dnn!s+173DH

THEOREM 1.1. For any small € > 0 and for all odd integers s sufficiently large with respect to
€, there are at least

s1/2

Co—€) — 75—
(co )logl/Qs

irrational numbers among {((3),((5),¢(7),...,{(s)}, where the constant

L R@EE) (| VAT 1Y
CO_\/C(6) (1 log *————— >_1.192507....

The proof is a natural extension to the original ideas of Zudilin [Zud18] and Sprang [Spr18].

Our main strategies are exactly the same as [FSZ19], though an amount of small technical
modifications is involved. The major new ingredient of our work is an asymptotically optimal
design for the rational zeros of the auxiliary rational functions. In an earlier version of this note,’
we made use of the rational functions

D D 3dn .
<II(pmm4>np+D—@pﬂxD+nILkﬂrhz&t—”1+3/@

[Ti=o(t +5)**P

and proved that the number of irrationals in the set {((3),{(5),...,((s)} is at least

%sl/z/logl/2 s for any odd integer s > 10%. In order to improve the constant %0, we need to

consider more technical modifications; see Definition 2.3. Since our constructions inherit the

spirit of R{SY (t), we refer to them (and a class of similar constructions) as FSZ constructions.

It turns out that the optimal design for the zeros of FSZ constructions is in connection with the
inverse totient problem.

d=1

The structure of this note is as follows: in § 2, we introduce the auxiliary rational functions
R, (t) and related linear forms. In § 3, we study the arithmetic of the denominators appearing in
the linear forms. In §4, we bound the growth of the linear forms. In §5, we prove Theorem 1.1.
Finally, in §6, we show that under certain constraints, the FSZ auxiliary functions constructed
in this note are the most economical ones (up to an o(1) term).

! https://arxiv.org/abs/1911.08458v1.
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2. Auxiliary functions and linear forms

Let » = num(r)/den(r) be a positive rational number, where num(r) and den(r) are the numer-
ator and denominator of r in reduced form, respectively. We refer to r as the Ball-Rivoal
length parameter [BRO1]|. Eventually we will take the rational number r arbitrarily close to
ro = (V4e? +1—1)/2 ~ 2.26388 in order to maximize a certain quantity.

Let s be a positive odd integer and B be a positive real number. We will always assume
that:

(1) both s and B are larger than some absolute constant;
(2) s>10(2r +1)B2

Eventually we will take B = ¢s'/?/ log!/? s for some constant c.

DEFINITION 2.1. We define the following two sets which depend only on B:
(1) the denominator set
Uy = {be N | p(b) < B},

where ¢(-) is the Euler totient function;
(2) the zero set

a
fBz{ge@ ‘ beWp,1<a<band gcd(a,b)zl}.

The zero set Fp consists of the zeros in the interval (0, 1] of our auxiliary rational functions,
and the denominator set Wp consists of different denominators of the zeros. We collect some
properties of these two sets. The first property is known in the topic about the inverse totient
problem.

PROPOSITION 2.2.

(1) The size of the set ¥p is

12 b
{b,b,...,b}CfB.

(3) If B is larger than some absolute constant, then

(2) For any b € U, we have

’.7:3‘ < B2

Proof. For the first proposition, we refer the reader to [Dre70] or [Bat72]. Since

[B] |B]-1
|—7:B’ = Z (,D(b) = Z m(|\IJm| - ‘\I’mle = LBJ ’\I]\_Bj‘ - Z |\Ijm|a
bevp m=1 m=1

the first proposition implies that |Fg| = (5(¢(2)¢(3)/¢(6)) +o(1))B2. Now, ((2)¢(3)/¢(6) =
1.94... < 2 and the third proposition follows. For the second proposition, note that if b € U
and b is any divisor of b, then p(b') < p(b) < B, so b/ € Up. Therefore, for any k € {1,2,...,b},
we have k/b = (k/ged(k,b))/(b/ gcd(k,b)) € Fp. O
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We define the integer

PB,den(r) - 2den(’r) ’ LCMbG“PB {p - 1}7 (21)
p|b
where LCM means taking the least common multiple. As a convention, the letter p always denotes
prime numbers.
For given r, s and B, we define the following auxiliary rational functions.

DEFINITION 2.3 (FSZ constructions). For any positive integer n which is a multiple of Pg gen(r),
we define the rational function

15+ (¢ — ) TTper, T120 " (t —rn 45 + 6)

Bult) = A(B) Ao B) iy a7 [Tt +3)°F ’

where

A(B) = H b(2r+1)w(b)7

beVp

we refer to A1(B)™ the major arithmetic (wasting) factor, and

45(B) = T o000/,
bevp plb

we refer to Ao(B)™ the minor arithmetic (wasting) factor.

Notice that by (2.1), both A;(B)™ and Ag(B)™ are integers; also, n/den(r), rn and (2r + 1)n
are integers. The factors A;(B)™ and Ay(B)"™ are technical: approximately speaking, they are
designed to remedy the arithmetic loss from the denominators of rational zeros (it will be clear
later in §3). In the following lemma we estimate A;(B) and As(B).

LEMMA 2.4. We have

A1(B) = exp ((;C(Ezgzﬂ + OB_>+OO(1)> (2r 4+ 1) B log B>

and, for any B larger than some absolute constant,
As(B) < exp (10(2r + 1) B*(loglog B)?) .

Proof. We start by log A1(B) = (2r + 1) > g, ¢(b) logb. Firstly,

log A1(B) = (2r +1) Y @(b)logp(b)
bevp

B
:(2r+1)/ zlogx d|Vyl;

an integration by parts argument with the fact that |W,| = ((¢(2)¢(3)/¢(6)) + 0z—+oo(1))x (see
Proposition 2.2(1)) gives log A1(B) > (2r + 1)(3(¢(2)¢(3)/¢(6)) + 05— +00(1))B*log B. On the
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other hand, it is well known (see, for instance, [MV06, Theorem 2.9]) that

m
2 - — 1 P P
Plm) > (€7 + oo D) it

where v = 0.577. .. is Euler’s constant. For any b € W, since ¢(b) < B, we derive that
b< (€74 0p—100(l))Bloglog B; (2.2)

thus, log A1 (B) < (2r +1)(1 + 0p—+00(1))log B ey, ¢(b) and a summation by parts argu-
ment as above gives log A1 (B) < (2r + 1)(3(¢(2)¢(3)/¢(6)) + 0p—+00(1)) B?log B. Combining
the two parts, we obtain the estimate for A;(B).

Now, for A3(B), by (2.2) and e” = 1.78... < 2, when B is larger than some absolute constant,
we have

lo
logAs(B) < (2r +1) Y ¢@z:fﬁ
b<2Bloglog B plb p

=@+ Y logp Y e

-1
p<2Bloglog B p b<2Bloglog B
plb

Since Zb§2BloglogB go(b) < ZbSZB loglog B b < 432(10g log B)Q/p, it implies that

plb plb
1
log A9(B) < 4(2r + 1) B?*(loglog B)? Z _°8p
~p(p—1)
Because 3, ((logp)/p(p — 1)) < X ,<5((logp)/p(p — 1)) + 32 ,57(1/p'®) < 2, the estimate for
As(B) follows. O

We proceed to construct linear forms in Hurwitz zeta values. Since the numerator and
denominator of R, (t) have a common factor [[j_o(t+j), it can be rewritten as Ry, (t) =
Qn()/TTj=o(t + j)*, where Qn(?) is a polynomial in ¢ with rational coefficients. Since deg R, < 0
(see below), we know that R, (¢) has a (unique) partial fraction expansion

Rut) =33 (t(ji”;)i (2.3)

i=1 k=0

with coefficients a;;, € Q. Note that these coefficients a; ; also depend on n, r, s and B.
We list two properties of R, (t) and a; ; which will be used later in Lemma 2.5.
(1) As a rational function, the degree of R, (t) is

deg R, =1+ 2r+1)|Fpn—(s+1)(n+1) < -2.

This is due to |Fp| < B% and s > 10(2r + 1) B2.
(2) The auxiliary function R, (t) has the following symmetry:

Rp(—t —n) = —Ry(t).
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In fact, if we substitute ¢ by —t —n in the definition of R, (t) (see Definition 2.3), the factor

(t — 1) Tger, [120 " (t—rn 4§+ 6)
[[_o(t + )5t

becomes

(—t — (r+ 1)0) [Tper, T2 0" (—t = (r + D45 + 6)
H?:o(—t —n+j)stl

2r+1)n—1 .
(1) MDA (s D4 ) (t+ (r + n) [oer, I " (E 4 (r+ D= = 6)
[Tt +n—j)*1
r n 2r4+1)n—1 .
vy [loers 1y Hﬁ-:o* "t =4 j+1-0)

=(-1)x [ ¢t+4)x

j=—rn

H;'Z:O (t + j)s+1

We have used the facts that (2r + 1)n is even and s is odd in the above computation. By observing
that

{1-0]0cFp\{1}} = Fp\ {1},
we obtain R, (—t —n) = —R,(t). In particular, since the partial fraction expansion for R, (t) is
unique, we derive that
(—1)'aik = —ain—k

forall1<i<s,0<k<n.
For all 8 € Fp, we define the following quantities:

Tno = Z Rn(m + 9) (2'4)

m=1

The notation r, ¢ is adopted to keep pace with that in [FSZ19]. There is no risk for it to be
confused with the Ball-Rivoal length parameter 7.
We recall the definition of the Hurwitz zeta values:

o)

1

C(i, o) = m»

m=0

where ¢ > 2 is an integer and « is a positive real number.
The following lemma is the same as [FSZ19, Lemma 1] (for a proof, see therein).

LEMMA 2.5 (Linear forms). For all § € Fpg, we have

o =poo+ Y, piC(i,0),
3<i<s
i odd

where the rational coefficient

n
pi = Zai,k for 3 <i < s,i odd,
k=0
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does not depend on 0 € Fp, and

3. Arithmetic lemma

The following proposition is elementary; we omit the proof.

PROPOSITION 3.1. Let L € NU{0}. Suppose that x1,xs, ...,z are any L consecutive terms in
an integer arithmetic progression with common difference b € N; then, for any prime q1{b, we

have
| L
vg(z122 .. 2L) = Z LI’J )
i=1

In the degenerate case of L = 0, we view x1xs ...z, = 1.

For any a/b € Fp with ged(a,b) = 1, we define the following polynomials:

lebp(2r+1)n/(p71) @r+1)n-1 a
_ Cp(2r+Dn o . “w
Fya(t) [ Jden (]I b H (t rn+j+ b)
7=0
lebp(QrJrl)n/(pfl) (2r+1)n—1
= (bt —brn+a+bj). (3.1)
den(r)(2r
(n/den(r))!den(r)(2r+1) <o

Then we define

7 () = Fyq(t) ifa/b#1,

“ (t—rn)Fy(t) ifa/b=1.

Notice that since n € Pg gen(mN, by (2.1), all of (2r + 1)n/(p — 1), n/den(r), rn and (2r + 1)n
are integers. By Definition 2.3, we have

— plstl Ha/bE}—B Fb,a (t) )
[0t + )"+

For a formal series U(t) = > 0%, ust’ € Q[[t]], we denote by [t‘](U(t)) the fth coefficient of
Ul(t), ie., t(U(t)) = ug.

As usual, we denote by d, = LCM{1,2,...,n} the least common multiple of the first n
positive integers. By the prime number theorem, we have lim,_, d,ll/ " = e. We first establish
the following arithmetic property of ]*N},ﬂ(t).

Rn(t)

(3.2)

ProproSITION 3.2. For any non-negative integers { and k, we have
- [t (Fyo(t — k) € Z.

n "

Proof. Note that we only need to prove the proposition with ﬁb’a replaced by Fy,. If £>
deg F}, , = (2r + 1)n, the proposition trivially holds. In the rest of the proof, we assume that
¢ < deg Fy 4.
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For a prime ¢ | b, the g-adic order of the factor [, pErn/(e=1) /(n /den(r))! den(r)Er+1) g
non-negative (recall that vy(m!) < m/(q —1)). So, by (3.1), the g-adic order of every coefficient

of F}, o(t — k) is non-negative. Therefore, for any prime q | b, we have vy (d’, - [t*](Fy.q(t — k))) = 0.
Now consider a prime ¢ { b. Notice that [tg](H(zrgrl)n 1(b(t — k) —brn+a+bj)) is a sum of
finitely many terms all of the form

/+1

o TT I (—0k — brn+a+bj), (3.3)

i=1jeJ;

where J; is a set consisting of L; € NU {0} consecutive integers such that L; + Lo + + -+ + Ly =
(2r 4+ 1)n — £. By Proposition 3.1, we derive that the g-adic order of the expression (3.3) is

v4(Equation (3.3)) i%{ J

i=1 j=1
For a fixed ¢ > 1, we have

%{LJJ >§Lj—(qi_1) _ (2r+1>n+1_£_1> {MJ i

q q" q q"

j=1 j=1

but the left-hand side is a non-negative integer, so we obtain that ZEH |Li/q| >
max(0, [ (2r + 1)n/q'| — ). Therefore,

vg(Equation (3.3)) i Q 2T+ J —5)
k%nj <den )(2r +1) {”/ den(r )J —e)

(2 ) ) ”

(The non-trivial part is for cases ¢ < n; for ¢ > n, the above derivation is also valid but degen-

erates to trivial results.) In conclusion, for any prime ¢ 1 b, by (3.1) and inequality (3.4), we find
that d’, - [t] (Fp,q(t — k)) is a sum of finitely many terms, each of these terms having non-negative
g-adic order; this completes the proof of Proposition 3.2. ]

We prove the following arithmetic lemma, which corresponds to [FSZ19, Lemma 2|. In our
situation, the Ball-Rivoal length parameter r is just a rational number (not necessarily an integer
or a half integer), so we have to modify the proof for dffl_iai,k € 7, but the rest of proof is the
same as [FSZ19, Lemma 2].

LEMMA 3.3 (Arithmetic lemma). We have
& € 7,
for all odd integers i with 3 < ¢ < s, and we have
ds+1po 9 €L

for all § € Fg.

1706

https://doi.org/10.1112/50010437X20007307 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X20007307

A NOTE ON THE NUMBER OF IRRATIONAL ODD ZETA VALUES

Proof. For any k€ {0,1,...,n} and any i € {1,2,...,s}, by comparing (3.2) with the partial
fraction expansion (2.3) of R,(t), and by viewing t*7'R, (t — k) € Q[[t]] as a formal series, we
have

_ [terlfi] (ts+1Rn(t . k))

|8+1 t
_(_1\(s+D)k n s+1 'L - —s—1
— ()t (T Btk IT a5t

a/beFp O<j<n

Jj#k
s+1 (=1)% (Sféj)

_ (" fh.a] _ ¢
(D VR i X e

a/beFp o<y<n
sum(ﬁ) s+1—1 i#k

a; k

)

where the sum is taken for all tuples £ consisting of non-negative integers ¢}, , and ¢; such that

sum({ Z Eba—l—ZE—s—i—l—z
a/beFp 0<i<n
pE
By Proposition 3.2 and the fact that dﬁj(l/(j — k)%) € Z, we derive that
dffl_iai’k S/

Once d$™~%a; ), € Z is established, the rest of the arguments are the same as [FSZ19,
Lemma 2]. We only outline the proof as follows: d3*t1=p; € Z follows immediately from the
expression of p;. The proof for dn " 1p0,¢ € Z is more involved; it is proved by showing that

d8+1

Z n+1%,k
= (+oy

is an integer for any 0 < /< k < n and 0 € Fp. In order to do this, we will use the fact that
R, (t) has zeros —n+60,—n+1+6,—n+2+6,...,0 for 0 € Fp\ {1}. O

4. Analysis lemma

Under our assumptions that s > 10(2r + 1)B? and B is larger than some absolute constant, we
have the following result.

LEMMA 4.1 (Analysis lemma). We have

lim (rn1)"" = g(o),

n—-+o0o

where

X+r) s+l
X) = A,(B)As(B @+DIFsl(x 1 op 4 1)@r+DIFsl (X +T)"
9(X) = A1(B)Az(B)den(r) (X +2r+1) XiriH

and xq Is the unique positive real solution of the equation

fx) = (X2 Fel X 4 T
N X X+r+1 -
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Moreover, for any 0 € Fp, we have

. Tn,1
lim 2= =1.
n—+400 1y g

Before proving the analysis lemma, we first collect some properties of the functions f and g.
Note that these two functions depend only on r, s and B.

PROPOSITION 4.2. Let f(z) and g(x) be the functions in Lemma 4.1 (defined on x € (0, +00)).
Then:

(1) there exists a unique xo € (0,+00) such that f(xg) =1, f(z) > 1 on (0,2¢) and f(z) <1
on (xg, +00); moreover,

r(r+1)|Fg| _
s+1—(2r+1)|Fg|’

Ty <

(2) if we fix r € Q. and assume in addition that B = ¢s'/2/log'/? s for some positive constant
¢, when s — 400, we have

lim g(z0) ) = exp <<(2)C(3)(2r + 1)02> .
s—+00 4¢ T
B:csl/2/ log/2 s

Proof. For the first proposition, by calculating f/(x)/f(z), we find that f’(x) = 0 has a unique
positive solution x1 which satisfies

(s+1—2r+1)|Fp))at + @2r+1)(s+1— 2r+1)|Fp|)zr —r(r+1)(2r + 1)|Fp| =0 (4.1)
and f is decreasing on (0, z1), increasing on (z1, +00). Since f(07) = 400 and f(400) = 1, there
exists a unique xq satisfying all the requirements. The last (very weak) bound for zy comes from
xo < z1 and (4.1).

The second proposition follows from the estimates for Ai(B), Ax(B), |Fp| (see
Proposition 2.2 and Lemma 2.4) and xo — 0. O

Now we prove Lemma 4.1. We claim that it can be proved by the same strategy in [FSZ19,
Lemma 3], but we give a slightly modified proof.

Proof of Lemma 4.1. For any 6 € Fp, since R,(m+60) =0 for m=1,2,...,rn — 1, we define
the shift version of the auxiliary rational functions:

Ry (t) = Ru(t + rn);
then, by (2.4), we have

%ﬂ:§§§Ak+m. (4.2)
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We have the following two expressions for Ry, (t):

(27"—}—1 )n—1 . /
t ]y t+j5+06

n!s+1
szo(t + rn 4+ j)stt

En(t) = AI(B)nA2(B)n (n/deH(T))' den(r)(2r+1)|Fg|
nlstt
= A1(B)"A2(B)" (n/den(r))! den(r)(2r+1)|Fp|
2r+1)n+46) L(t+rn) st
) <F( )> . (4.4)

I(t+(
. t<9,1613 L(t+0) +(r+1)n+1

—10s/7 4:0/2), which is independent of n. To estimate the series (4.2) for

We define ¢; = min(e
rn.0, we divide it into three parts:

Tnﬂ:(Z + > +Z> n(k+0))

0<k<cin  cin<k<nl0  k>nlo

For the first part, by (4.3), for all ¢t € (0,2¢1n], we have

ﬁn(t) 7=0 t+ 0
2 1 1
o1 <t+(r+ )n)_(s 1)n+
t T
> lo L —4s/
g 9%, s/r
>0

So, ﬁn(t) is increasing on ¢ € (0, 2¢in]; we derive that (when n > ¢; ")
> Ru(k+0) < (an+1) Ru([cin] +0). (4.5)
0<k<cin
To deal with the middle part, for all e;n < k < n'%, we denote k = r(k,n) = k/n € [c1, +00).
By applying Stirling’s formula in the weak form

Os—400(1) (E)x
e

INz)==x

for the equation (4.4), a calculation shows that as n — 400

=R nle (s+1)n
Ry(k+0) =n®W . Ay (B)" Ay(B)" ((n/der(l(r/)))/e)(2r+1)|f3n
/e)k+(2r+1)n |75l ((k+ rn)/e)<s+1)(k+m)

' ) ((k+ (r+ D) fe) HDEHE

" <((k + (2r+1)n)
(k/e)
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_ nO(l) . Al(B)nA2(B)nden(r)(%-&-l)\fgm

y <(H+2r+1)N+2r+l>}—B|n< (H+T>n+r (s+1)n
(

K K7+ 1)strtl

=n%W - (f(r)"g(r)"
= nOW . p ()" (4.6)

uniformly for any k € [c1n,n'Y] and any § € Fp (the absolute bound for O(1) depends only on
s, B,r and den(r)); here the function h(x) is defined for x > 0 as h(z) = f(z)*g(z) and a direct
computation shows that h'(z)/h(z) = log f(z). Hence, h(z) achieves its maximum only at x =
with maximal value h(xg) = g(zo).

In particular, we have the following bound for each k € [c1n, n'?]:

Ry (k +6) < nPW . g(zo)™ (4.7)

Finally, we treat the tail part. For any & > n'?, when n is sufficiently large in terms of 7, s
and B (more precisely, when n > max(10(2r + 1),10A;(B)A2(B),10/g(x0))), by (4.3) and our
assumption that s > 10(2r + 1) B2, we have

~ (2K) [Toer H('erﬂ)n_l(zk)
n A1 (B)" Ay(B) (st . £7p I
Ry (k +0) < Ai(B)" A3(B)"n TTj—o (k)=

(241(B)As(B)n)stn
L(9/10)(s+1)n+2

< <2A1<B>A2<B> > e 1
n8 k2

_ <g(92co)>n]€12'

As a conclusion, we obtain the following bound for the tail part for all sufficiently large n:

> Ru(k+0) < <g(;”°)>n (4.8)

Now, in view of the estimates (4.5), (4

.7) and (4.8), we have r,, 1 < n?Mg(zg)"™. On the other
hand, (4.6) implies that r, 1 > R, (|zon]) =

nPMWh(zg 4 o(1))™. Therefore,

lim (rml)l/n = g(z9).

n—-+00

To prove the last statement in the lemma, we first fix an arbitrary (sufficiently) small g9 > 0.
For all 0 € Fp, we have

g > > R, (k +96). (4.9)

(zo—e0)n<k<(zo+eo)n
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In view of the estimates (4.5), (4.6) and (4.8), we also have

Tno < nPW max(h(zo — €0), h(wo 4+ €0))"  + Z ﬁtn(k +0)
(zo—e0)n<k<(wo+e0)n

< (1+e€o) > R, (k+0), (4.10)
(zo—e0)n<k<(zo+e0)n

provided n is sufficiently large with respect to eg, i.e., n = ng(eg). For all k with (z¢ —eg)n <
k < (zo +¢eo)n, let kK = k(n, k) = k/n as before. We now use the fact that, for any fixed real
number T,
I(x+71)
I'(x)

Applying (4.11) to (4.4), we derive that

= (1 + 0pyoo(1)) 27 (4.11)

Ru(k+1) _ (1+0(1)) (’W>|f5(1_9) <W>(s+l)(l_€)
Ry (k + 0) - k+r+1

= (1+0(1)) f(r)? (4.12)

K

uniformly for k € [(xo — €o)n, (xo + €0)n] as n — +o00. By (4.9), (4.10) and (4.12), we find that

Tn,1

Flao+e0) ™0 < < (14 0(1)) (1 +0) f (20 — £0)' ™%

1 1
(1+0() 15— o
thus,

... . r —
f(zo + £0)' 7% < liminf 2L limsup 2L < (1 +e0)f(zo — o)t 7.
1+¢o n—+00 Ty g n—+oo T'n,6

It is true for all sufficiently small g9 > 0. Letting g — 07, we deduce that

. Tn,1
lim
n—-+00 Tn,@

= 1.

This completes the proof of Lemma 4.1. O

5. Elimination procedure and proof of the theorem

We prove Theorem 1.1 in this section. We will use the same strategy as [FSZ19, § 5], namely, an
elimination procedure. So, we only give an outline of this elimination procedure.

We denote I5 = {3,5,7,...,s}. For any subset J C I with |J| = |¥ | — 1, since the following
general Vandermonde matrix (see, for instance, [GK02, pp. 76-77]):

[bj]be\I/B, je{1yuJ

is invertible, there exist integers wy € Z for all b € Wp such that Zbe\I/B wpl? = 0 for any j € J
and Y ,cq,, wpb # 0. (Note that these wy, depend only on J and ¥p.) Since

b . k b oo bl o
Z<<Z,b) =305 e = e, (5.1)
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we derive that (recall Proposition 2.2(2), k/b € Fp)

Tn,b —2:7“nk/b—E:K)Ok/zﬁ-z:mbZ

i€l

is a linear combination of 1 and odd zeta values. By Lemma 4.1, we have 7, = (b + o(1))ry1 as
n — +o0. Let

then
= X Y mant (5 ) 52
beV g k=1 i€l \J be¥p
and, as n — +00,
Tn = ( Z wpb + 0(1)>""n,1 with Z wpb # 0. (5.3)
bev g beVp

Equation (5.2) shows that we can eliminate any |Up| — 1 odd zeta values.

PROPOSITION 5.1. If g(xg) < e~(t1) | then the number of irrationals in the odd zeta values set
{C(i) }ier, is at least |V p].

Proof. We argue by contradiction. Suppose that the number of irrationals in {{(7)}ier, is less
than |¥pg|; then we can take a subset J C I with |J| = |¥p| — 1 such that ((i) € Q for all I\ J;
let A be the common denominator of these rational zeta values. Define 7,, as above for this J;
then, by (5.2) and Lemma 3.3, for all n € Pp gen(r)N, we derive that

AdSHrn e Z.

But by (5.3), Lemma 4.1 and the hypothesis g(xo) < e~¢*1)| we have

0< lim ‘Adsffn n _ eSTg(z0) < 1.

n—-+oo

This is a contradiction. O

So, we seek parameters r, s and B to meet the requirement that g(xg) < e~ (D and at the
same time to make |WUp| ~ (¢(2)((3)/¢(6))B as large as possible. By Proposition 4.2(2), for a
fixed 7 (such that 7" /(r + 1)"+! < e 1), if we take B = ¢s'/2/log'/? s for some constant ¢, then
limg 4 oo g(0) G+ < el if and only if

e 4¢(6) (r+1)log(r+1) —rlog(r) —1
¢(2)¢(3) 2r+1 ‘

The maximum point of the function r — ((r 4+ 1)log(r + 1) — rlog(r) —1)/(2r +1) is

Va2 +1-1
ro = % ~ 2.26388,
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with maximal value 1 — logrg. The constant ¢y in Theorem 1.1 is designed by

_[4¢(2)¢(3)
= \/C(6) (1 —logro).

This leads to the following proof.

Proof of Theorem 1.1. Given any small € > 0, we first fix a rational number r = r(¢) sufficiently
close to rg such that

co — /10 <\/ 4¢(6) (r+1)log(r + 1) — rlog(r) — 1
((2)¢(3)/¢(6) ¢(2)¢(3) 2r + 1 '

Take B = ¢s'/2/1og!/? s with constant ¢ = (co — £/10)/(C(2)¢(3)/¢(6)); by Propositions 4.2(2)
and 2.2(1), there exists so(r, £) such that for any odd integer s > s¢(r, £), we have g(zg) < e+
and |¥p| > (¢(2)((3)/((6) —¢/10)B. Therefore, by Proposition 5.1, the number of irrationals

among ((3),¢(5),...,((s) is at least
s1/2
Ugl > (co—e)———. O
sl > (e )
6. Remarks on FSZ constructions

If we choose a general finite set F C (0, 1] of rational numbers to be the zero set of the auxiliary
function R(t), like [FSZ19] and this note, we design the factor

H den(§)r+in (6.1)

ocF

to remedy the arithmetic loss from the denominators of rational zeros. Suppose that our goal is
to prove that there exist D irrational numbers among ((3),¢(5),...,{(s). In order to eliminate
D — 1 zeta values, in view of (5.1), we assume that there exist D pairwise different positive

integers by, bo, ..., bp such that
1 2 b;
— ., — 2
Folmap) (62)

for any i = 1,2,..., D. Then F contains the following disjoint union:

D
fDU{Z
i=1 > !

1 <a<b,ged(a,b;) = 1} .

Hence, we have

p(2r+ 1)

7

,':]b

=1

Now we consider the minimal magnitude of A;(F).
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PROPOSITION 6.1. We have

minf[lbf(b") = exp (@C(gggz?)) + oD%Oo(l)) D?log D) ,

where the minimum is taken for all D-tuples (b1, ...,bp) such that by, bs, ... ,bp are D pairwise
distinct positive integers.

Proof. We have

D D

log [Tof" >3~ w(bi) log p(:)
=1 i=1
D

> (b)) log (b)),
=1

where b}, b5, ..., b}, are the D smallest positive integers in the linear order < defined by
mi < mg < (p(m1) < @(ma) or (p(m1) = ¢(ms2) and m; < ma)).

Recall that for any positive real number x, we define ¥, = {b € N | ¢(b) < z}. Then there exists
an integer B such that ¥p_y C {b],...,V,} C ¥p. By Proposition 2.2(1), we have the asymp-
totical relation B = ({(6)/¢(2)¢(3) + 0p—+oo(1))D. Following the first paragraph in the proof
of Lemma 2.4, we derive that

D
D ) loge®) = > o(b)logp(b)
i=1

This shows that

i]f[lbf(bi) > exp ((;Cég% + OD_>+OO(1)) D?log D)

for any pairwise distinct positive integers b1, ba, ..., bp. On the other hand, if we take (b}, ..., V)
as defined above, then Lemma 2.4 also implies that

ﬁbgp(bi) < H pe(b)
=1

bevp

el oBﬁ+oo(1)> B?log B)

= exp (@éﬁm + oDH+OO(1)> D? logD> .

We complete the proof of Proposition 6.1. O
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Proposition 6.1 shows that, under the constraints (6.1) and (6.2), the choice F = Fp in
Definition 2.1 is optimal up to an o(1) term for minimizing the major arithmetic wasting factor
A1(F). We do not need to consider the minor arithmetic wasting factor Ao(F) for general F,
since Ay(Fp) is asymptotically negligible with respect to A;(Fp) (see Lemma 2.4); we already

have that
14(2)C(3
A1(Fp)As(Fp) = exp <(2C(<zg§) + OBH+OO(1)) (2r + 1)B?log B> )
For the factorial factor
n!s+1

(n/den(r))' den(r)(2r+1)|F|’

comparing to the corresponding factor n!st1=(r+DIZl in [BRO1] or [FSZ19], we have an extra
waste of

n (2r+1)|F|
( n n > < den(r)(2r+1)\]:|n’

den(r)”" "’ den(r)

den(r) in number

which is asymptotically negligible with respect to A;(F)™ (at least for F = Fp). Usually the
Ball-Rivoal length parameter r is taken to be an integer in the literature, since in the case that
r is integral, the corresponding arithmetic lemmas (see [BRO1, Lemme 5] and [FSZ19, Lemma
2]) can be proved in a simpler way. We need to take non-integral rational r in order to let it
be arbitrarily close to rg. The idea of taking non-integral r is not new: it has appeared in the
literature (for example, [Zud01]), but in a different form.

There exist some arithmetic saving factors known as ®,, factors. They are certain products
over primes in the range Cp /1 < p < n (here we can take Cp, = \/2(r + 1)Bloglog B). We
mention that the saving from @, ! plays an important role in small cases for the odd zeta
problem; see, for instance, [Zud01, RZ20], [Zud02, §4] or [KR07, Chapitre 11|. However, like
[FSZ19, Remark 2], the known types of ®,, factors have no effect on asymptotics. The reason is
that, by Definition 2.3, (2.3) and (3.2), for any k € {0,1,...,n},

asj = ((t+k)*Rn(t)) [i=—r

n\°nl(k+ 1)pm(=k+n+1)m,
= (-1 <k> (n/den(r))! den(r)(2r+1) H

Fb,a(_k))
a/beFp\{1}

where (), == x(z+1)--- (x +m — 1). For any prime p with Cp,v/n < p < n, the p-adic order
of as g is relatively small. If we define

(/in — H p”P(ng{‘lS,k}Tkl:())’
Cp o /r<p<n

then we can show that ®,, < Aa(B)™ - d%den(r)(QrH)Jrl)'fB ‘, which is asymptotically negligible with

respect to A1 (Fp)™. One may want to directly save the common divisor of dflill poe and dflfl Di
but it is out of current research. The small cases are more difficult to study; up to now, besides
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Apéry’s theorem [Apé79] that ((3) is irrational, the most remarkable result is that at least one
of ¢(5),¢(7),¢(9),¢(11) is irrational, due to Zudilin [Zud01] in 2001. The question whether ¢(5)
is irrational remains open.
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