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The Navier-Stokes equations for viscous, incompressible fluids are studied in the
three-dimensional periodic domains, with the body force having an asymptotic
expansion, when time goes to infinity, in terms of power-decaying functions in a
Sobolev-Gevrey space. Any Leray-Hopf weak solution is proved to have an
asymptotic expansion of the same type in the same space, which is uniquely
determined by the force, and independent of the individual solutions. In case the
expansion is convergent, we show that the next asymptotic approximation for the
solution must be an exponential decay. Furthermore, the convergence of the
expansion and the range of its coefficients, as the force varies are investigated.
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1. Introduction

The Navier-Stokes equations (NSE) are nonlinear partial differential equations that
describe the dynamics of viscous, incompressible fluids. The mathematics of NSE
has proven to be quite important, intriguing and challenging. In particular, under-
standing the long-term behaviours of the solutions of NSE would be insightful to
many hydrodynamical phenomena. Unfortunately, such a level of mathematical
understanding is still not available in general. However, under some circumstances,
the mathematics is more accessible and much has been understood. One such case
is when the body force is potential, which has many papers devoted to [3-7,9,11—
14, 16]. (We caution that these works provide a deep understanding of the solutions
despite the fact that they go to zero as time becomes large. They are different from
those studying the case of large forces, which are more oriented toward the theory
of turbulence.) The case when the force is nonpotential and decays exponentially in
time has only been studied recently in [19]. The current paper follows this direction
of research. We aim to understand the long-term behaviour of the solutions in case
the force is larger than those considered in [19]. More importantly, we hope to find
new phenomena due to the different structure of the force, and describe precisely
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how the asymptotic properties of the force determine the asymptotic behaviour of
the solutions.

First, we recall the mathematical formulation of the NSE, and specify the con-
text in which we study them. Let u(x,t) € R? denote the velocity vector field and
p(x,t) € R denote the pressure of a viscous, incompressible fluid, where x € R?
is the vector of spatial variables, and t € R is the time variable. The (kine-
matic) viscosity of the fluid is a constant v > 0. The body force acting on the
fluid is f(x,t) € R3. The NSE are the following system of partial differential
equations

%—?+(u-V)u—vAu:—Vp+f on R? x (0, 00), (L1)

divu=0 onR®x (0,00).

Above, the first equation is the balance of momentum, while the second one is the
incompressibility condition.
The initial condition specified for the velocity is

u(x,0) = u’(x), (1.2)

where u’(x) is a given divergence-free vector field.

In our current study, the force f(x,¢) and solutions (u(x, t), p(x, t)) are considered
to belong to the class of L-periodic functions for some L > 0, that is, the class of
functions g(x) that satisfy

g(x+ Lej) =g(x) forall xe R3 j=1,2,3,

where {e, ey, es} is the standard basis of R?. Such a consideration will simplify
our mathematical analysis since it avoids the case of unbounded domains, and the
no-slip boundary condition usually imposed on bounded domains.

By a Galilean transformation, see for example, [19], we can assume that f(x,t)
and u(x,t), for all ¢ > 0, have zero averages over the domain = (—L/2,L/2)3,
that is, their spatial integrals over () are zero.

Thanks to the Leray-Helmholtz decomposition, and for the sake of convenience,
we assume further that f(x,t) is divergence-free for all ¢ > 0.

By rescaling the variables x and ¢, we assume throughout, without loss of gen-
erality, that L = 2 and v = 1. With this assumption, the equations in (1.1) are
adimensional now.

In studying the dynamics of NSE, the function u(x,t) of several variables can
be viewed as a function of ¢ valued in some functional space. For time-dependent
functions of such type, their asymptotic properties, as time goes to infinity, can be
understood most precisely if some form of asymptotic expansions is established. We
discuss, in this paper, the following two types of expansions. Briefly speaking, one
expansion is in terms of exponential decaying functions with polynomial coefficients,
and the other of power-decaying ones.
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DEFINITION 1.1. Let (X, || - ||) be a real normed space, g be a function from (0, c0)
to X, and (7,,)22; be a strictly increasing, divergent sequence of positive numbers.
(a) The function g is said to have the asymptotic expansion

g(t) R Z gn(t)e "t in X, (1.3)
n=1

where g, (t)’s are X-valued polynomials in ¢, if for any N > 1, there exists Sy > v
such that

=0(e ") ast — oo.

N
9(t) = gnlt)e ™"
n=1

(b) The function g is said to have the asymptotic expansion

oo
g(t) ~ > &ut 7 in X, (1.4)
n=1
where £,,’s are elements in X, if for any N > 1, there exists Sy > vy such that
N
g(t) — Z Ent || = O PY) ast — oo,
n=1

Throughout the paper, we will make use of the following notation
u(t) = u('at)v f(t) = f(7t)7 UO = uO(_).

Note that u°, and each value of u(t), f(t) belong to some functional spaces.

In case the force f in NSE is a potential function, that is, f(x,t) = —V(x,t)
for some scalar function ¢, it is well-known that any Leray-Hopf weak solution
becomes regular eventually and decays in H'(2)-norm exponentially. The first
precise asymptotic behaviour is proved by Foias and Saut [5]. Namely, for any
nontrivial, regular solution u(¢) in bounded or periodic domains, there exist an
eigenvalue \ of the Stokes operator and a corresponding eigenfunction £ such that

tlim eMu(t) = ¢, where the limit holds in all Sobolev norms.
— 00

Moreover, they showed in [7] that any such solution admits an asymptotic
expansion

u(t) 23 g (t)e (15)
n=1

in Sobolev spaces H™(Q)? for all m > 0. Here, {1, : n € N} is the additive semi-
group generated by the spectrum of the Stokes operator. It was then improved
n [18], for the case of periodic domains, that the expansion holds in any Gevrey
spaces G0, see §2 for details.

Studying the asymptotic expansion (1.5) leads to theories of associated normal-
ization map and invariant nonlinear manifolds [4-7, 9], Poincaré-Dulac normal form
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for NSE [11, 14, 16]; they were applied to the analysis of helicity, statistical solu-
tions of the NSE, and decaying turbulence [12,13]. It provides fine details for the
long-time behaviour of the solutions, and sheds some insights into the nonlinear
structure of NSE. See also [20] for a result in R3, [22] for expansions for dissipative
wave equations, and the survey paper [17] for more information on the subject.

Regarding the problem of establishing the expansion (1.5), the simplified
approach in [18], for NSE in the periodic domains, turns out to be easily adapted
to the case of nonpotential forces [19]. We recall here a result in this direction —
theorem 2.2 of [19].

Assume there exists o > 0, such that

f@t) = Z fa®)e™ in Gop for alla > 0. (1.6)
n=1

Then any Leray-Hopf weak solution u(t) of (1.1) and (1.2) admits an asymptotic
expansion

u(t) X Z qn(t)e™™ in Gy o for all a > 0. (1.7)
n=1

We note that the expansion (1.6) of f is of type (1.3), and so are the expansions
(1.5) and (1.7). A natural question arising is whether one can establish the same
results for other types of decaying forces. This paper studies a particular case when
f has an asymptotic expansion of type (1.4) instead. More specifically, assume there
exist & > 1/2 and o > 0 such that

FO) ~ D at™ ™ in G (1.8)
n=1

We will derive a corresponding expansion for solutions of NSE. First, rewrite
(1.8) as

f(t) ~ Z (antiun in G(x,a,
n=1

where (p,)22; is an appropriate sequence of powers generated by v,,’s.

We prove that there exist &, € Go41,0, for all n € N, which are explicitly deter-
mined by ¢,,’s, such that any Leray-Hopf weak solution u(t) will admit the following
expansion

U(t) ~ Z fntiﬂn in Ga+1—p,aa for all pe (Ov 1) (19)

n=1

The expansion (1.9) has the following new features.

(a) All Leray-Hopf weak solutions have the same expansion, depending only on
the force, regardless even their uniqueness and global regularity.
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(b) The expansion of solution wu is established with the force f belonging to
a Sobolev-Gevrey space G, for fired o and o. This contrasts with the
requirement in (1.6) that f € G, , for all a > 0.

We also note that the force in (1.8), though decays to zero, is much larger than
the one in (1.6), as t — occ.

Although our proof follows the scheme installed in [7] and [18,19], we take
advantage of the new structure of the force f to make significant improvements in
estimates, and succeed in quantifying the effects of such structure on that of the
solution w.

Since the expansion (1.9) is convergent in many cases, we investigate what may

be the next approximation of the solution after this expansion. Specifically, if

f@) =301 ¢pt™™ and u(t) def oo &ut™™ are uniformly convergent in appro-

priate spaces for large ¢, then wu(t) — u(t) is proved to decay at least at the rate
tfet, as t — oo, for some number § > 0. This result rules out any intermediate
approximation of u after u that is between the power and exponential decays.

The paper is organized as follows. Section 2 reviews the functional setting for
NSE, some basic inequalities for Sobolev and Gevrey norms, and estimates for the
bi-linear form B(u,v) in NSE. Lemma 2.2 describes the asymptotic behaviour of
certain integrals which will be utilized repeatedly in asymptotic estimates for large
time. Particularly, it is used in lemma 2.3 to establish the limit, as t — oo, and the
remainder estimates for solutions of certain linearized NSE. This will be a building
block of proving the asymptotic expansion (1.9). In § 3, we establish the power-decay
for any Leray-Hopf weak solutions, cf. theorem 3.2. It combines standard energy
estimates, when time is large, with theorem 3.1, which proves strong asymptotic
bounds for solutions in Gevrey spaces when the initial data and the force are small.
In §4, the asymptotic expansion (1.9) is obtained, either as a finite sum in theorem
4.1, or an infinite sum in theorem 4.3. As mentioned in remarks (a) and (b) above,
the same expansion holds for all Leray-Hopf weak solutions, and only requires the
force f to belong to a fized Sobolev-Gevrey space, namely, G, . Moreover, the
expansion of the solution u holds in even more regular space, Go+1—p,s, than that
of f. This feature is possible because of the higher regularity for the elements &,,’s in
lemma 4.2, and the remainder estimate in lemma 2.3. It is also worth mentioning
that the &,’s are explicitly determined by the recursive formulas (4.6) and (4.7)
without solving any ordinary differential equations (in functional spaces) which was
the case for the expansions (1.5) and (1.7). Section 5 deals with the convergence
of the expansions, and the range of £,’s as the force varies. In case v, = p, =
n for all n, it turns out that the expansion (1.9) can be any finite sum, or an
infinite sum with the norms ||, ||g..,, , decaying in a certain, but still very general,
way, see theorem 5.1, example 5.2 and corollary 5.3. Since the sequence (&,)22
completely determines the asymptotic expansion (1.9), it plays a similar role to the
normalization map W in [7,9]. Therefore, a number of comparisons between them
are made in remark 5.5. Another topic in this section is to find out what will be
the next approximation of the solution u after the expansion (1.9). It is proved in
theorem 5.6 that, in case the expansion converges, say, to u, the remainder u — @
must decay exponentially.
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2. Preliminaries

2.1. Background for NSE

Let L?(Q) = H(Q2) and H™(Q2) = W™2(Q), for integers m > 0, denote the stan-
dard Lebesgue and Sobolev spaces on 2. The standard inner product and norm in
L?(Q)? are denoted by (-,-) and |- |, respectively. (We warn that this notation | - |
also denotes the Euclidean norm in R™ and C", for any n € N, but its meaning will
be clear based on the context.)

Let V be the set of all 2m-periodic trigonometric polynomial vector fields which
are divergence-free and have zero average over ). Define

H, resp. V = closure of V in L?(Q)3, resp. H*(Q)*.

Notice that each element of H is divergence-free and has zero average over (2, and
each element of V' is 27-periodic.
We use the following embeddings and identification

VcH=H cV/,

where each space is dense in the next one, and the embeddings are compact.

Let P denote the orthogonal (Leray) projection in L?(€2)? onto H.

The Stokes operator A is a bounded linear mapping from V to its dual space V'
defined by

ou Ov

Q.

3
<Au7v>V’,V = <<u’ V>> éf <

> for all u,v € V.
J

As an unbounded operator on H, the operator A has the domain D(A) =V N
H?(Q)?, and, under the current consideration of periodicity conditions,

Au=—PAu=—-Auc H forall ueD(A).
The spectrum of A is known to be
o(4) = (K : ke 7%k £ 0},
and each A € o(A4) is an eigenvalue. Note that 0(4) C N and 1 € o(A), hence, the
additive semigroup generated by o(A) is N.

For n € o(A), we denote by R,, the orthogonal projection in H on the eigenspace
of A corresponding to n, and set

P.= > R

Jj€a(A),j<n

Note that each vector space P, H is finite dimensional.
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Fora,c e Rand u=73", u(k)e™ > define

A%y = Z |k|2o¢ﬁ(k)eik-x7 eUAl/Qu _ Z eo’|k|ﬁ(k)6ik-x7
k#0 k#£0

and, hence,

AaeoAl/Qu _ 6UA1/2Aau _ Z |k|2aea|k\ﬁ(k)eik-x'
k40

Fora € R, 0 >0o0r a >0, 0 =0, the Gevrey spaces are defined by

Gao = ’D(AanAI/Q) o {ueH:|ups def |A°‘e"Al/2u| < 00}

)

In particular, when o = 0, the domain of the fractional operator A% is
D(A%) = Gpo={u€ H:|A%| = |ulao < o0} fora>0.

Clearly, each space Gq,, with the norm |- |4, is a Banach space.
Thanks to the zero-average condition, the norm |Am/ 2u| is equivalent to

[l g7 () on the space D(A™/?) for m = 0,1,2,...
Note that D(A%) = H, D(AY?) =V, and |u| def |Vu| is equal to |A'/?u] for
u € V. Also, the norms |- |4, are increasing in «, o, hence, the spaces G, , are

decreasing in «, o.
Regarding the nonlinear term in the NSE, a bounded linear map B : V x V — V’

is defined by

@mwxmwy:Mmmwﬂg/«wVwaﬁgﬁxm u,v,wev.
Q

In particular,
B(u,v) =P((u-V)v), forall u,veDA).

The problems (1.1) and (1.2) can now be rewritten in the functional form as

di(ti(tf) + Au(t) + Bu(t),u(t)) = f(t) in V' on (0, 0), (2.1)
W(0) = b € H. (2.2)

(We refer the reader to the books [1,21,23,25] for more details.)
The next definition makes precise the meaning of weak solutions of (2.1).
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DEFINITION 2.1. Let f € L2 ([0,00), H). A Leray-Hopf weak solution u(t) of (2.1)

loc

is a mapping from [0, 00) to H such that

u e C([0,00), Hy) N L2 ([0,00), V), ' € Li/2([0,00), V"),

loc
and satisfies

;%@Nﬂﬂﬁ+«UU%v»+bW@LUQ%v)=<f@%v> (2.3)

in the distribution sense in (0, 00), for all v € V, and the energy inequality

g OF + [l ar < ) + [ @ )

to

holds for to = 0 and almost all tg € (0,00), and all ¢ > tg. Here, Hy, denotes the
topological vector space H with the weak topology.

If a Leray-Hopf weak solution belongs to C([0,00),V), it is called a regular
solution.

IfT > 0and ¢t — u(T + t) is a regular solution, then we say u is a regular solution
on [T, c0).

We denote by 7 the set of ¢y > 0 such that (2.4) holds for all ¢t > 5. Then R\ 7
has zero measure.

We assume throughout the paper that

(A) The function f belongs to L2 .(]0,00), H).

loc

Under assumption (A), for any u® € H, there exists a Leray-Hopf weak solution
u(t) of (2.1) and (2.2), see for example, [10]. The large-time behaviour of wu(t) is
the focus of our study. More specific conditions on f will be imposed later.

We note that, thanks to remark 1(e) of [15], the Leray-Hopf weak solutions in
definition 2.1 are the same as the weak solutions used in [10, Chapter II, § 7], even
though they have slightly different formulations. Hence, according to inequality
(A.39) in [10, Chapter II], we have for any Leray-Hopf weak solution w(t) (in
definition 2.1) that

t
lu(t)]* < e *|u(0)[? +/ e EDIf(r))Pdr vt > 0. (2.5)
0
2.2. Basic inequalities

Below are some inequalities that will be needed in later estimates. First, for any
o,a > 0, one has

o —oxT\ __ def g «
max(a”e™7") = do(o,0) £ ()7 (2.6)
and, hence,
e 7% = e 7T e Cdo(a, 0)e? (1 +2)™% Yz > 0. (2.7)
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Thanks to (2.6), one can verify, for all a, o > 0, that
|A%e Y| < do(a, 0)|v| Yo € H, (2.8)

\A“e_”A1/2v| < dop(2a,0)|v] Vv € H,
and, consequently,
|A%| = [(A%7A")e7 Ay < do(20,0)[e”A 0] Yw € Goo.  (2.9)

For the bi-linear mapping B(u,v), it follows from its boundedness that there
exists a constant K, > 0 such that

| B(u,v)|lv: < Killull|v]| Yu,v e V. (2.10)

For stronger norms of B(u,v), we recall from [18, lemma 2.1] a convenient
inequality. (See Foias-Temam paper [8] for the original version.)
There exists a constant K > 1 such that if 0 > 0 and o > 1/2, then

|B(u,v)

o, < Ka|u|oz+1/2,a|v‘a+1/2,a VU,’U € Ga+1/2,0~ (211)

LEMMA 2.2. Let o, A > 0. One has, for allt > 0, that

t —o(t—7) d ()\ )
e 1A, O
R P , 2.12
/O A+ T ST+ (2.12)
where
A+1
e A+1 1
di(\, o) €2 do(A+1,0)e” +071) = 2> ( i ) e"—&-].
eo o
Proof. First, we have
t —o(t—T) t/2 —o(t—T) t —o(t—7)
def € e e
1= ——dr = —d —|—/ —d
/o<1+T>A ! / A+ T T S
t/2 1 t t 1 1
g —at/2 d / —o(t—7) d g v —ot/2 L
/0 ‘ Ay ),° TSt Ut aEger o
Note, by (2.7), that
e—o’t/2 < d0<>‘+ 170)60
SO (1427
which implies
[ C
—e Mt — h =d 1 o,
5 L where C =dp(A+1,0)e
Thus, we obtain
1 1 22 1 di(o, \)
I< —(C+—-) < c = L
L+ t/2) < +a) 1+ ( +o—> L+ D)
which proves inequality (2.12). O
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2.3. Large-time behaviour of solutions of the linearized NSE

We discuss the asymptotic behaviour, in Sobolev-Gevrey spaces, of weak solutions
of the linearized NSE.

LEMMA 2.3. Let a,0 2 0, £ € G0, and f be a function from (0,00) to Go . that

satisfies
1F(O)]ae < MA+1)"* a.e in (0,00) for some M > 0. (2.13)
Suppose
w € C([0,00), Hy) N L ([0,00), V),  with w' € L, ([0,00), V"), (2.14)

is a weak solution of
w =—-Aw+E+ fin V' on (0,00), (2.15)
that is, it holds, for all v € V', that

%<w7v> = —{w,v) + (€ + f,v) in the distribution sense on (0,00).  (2.16)

Assume w(0) = wg € Gu,». Then, for any e € (0,1), there exists C > 0 depending
one, A\, M, |{|a.c and |wola,s such that

lw(t) — A7 |agg1-co SCA+)™ VE= 1. (2.17)

Proof. Let N € o(A), and set Ay = A|p, g which is an invertible linear map from
Py H onto itself. By taking v € Py H in equation (2.16), we deduce that Pyw solves,
in the Py H-valued distribution sense on (0, c0), the equation

Since PyH is a finite-dimensional FEuclidean space, one has Pyw €
C([0,00), PyH) and (Pyw)" € L ([0,00), Py H). Then the variation of constants
formula still holds true for the solution Pyw of (2.18). (See, e.g., the arguments in
[19, lemma 4.2].) We have, for any ¢ > 0,

t
Pyw(t) = e 7N Pywg + / e”ITDAN (Py& + Py f(7))dr
0

t

= e AN Pywo + A;,l (PnE — eftANPNf) + / 67(t77)ANPNf(T) dr
0

t
= e “Pywy + AN (PyE — e M PyE) + / e~ DAPy F(r)dr,
0

which yields

t
Py(w(t) — A7Y€) = e Pywy — A e Py + / e~ DAPy f(r)dr. (2.19)
0
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Let € € (0,1). Applying A'~¢ to both sides of (2.19), and estimating the |- |4 o
norm of the resulting quantities, we obtain, for all ¢ > 0,

| Py (w(t) — A_1§)|Ot+176,0' < |A1_66_tAw0|a,a + |A_Ee_tAf|a,0
t
+ / e =DALI ()| dr (2.20)
0

We find bounds for each term on the right-hand side of the preceding inequality.

e Firstly, for ¢t > 1, rewriting the first term on the right-hand side of (2.20) and
applying (2.8) yield

l1—e
e e _ 1—¢ _
|A1 e tA’LU0|a,0 = |A1 femt/2%e tA/2w0|a,<T < |:( )} ‘6 tA/2w0|Ot7<T

ot/2
< [2(15)} R

e |w0|a,a-

To compare e~*/? and (1+t)~*, we apply (2.7) to obtain

|A17667tAw0|a7a <

[2(1 - 5)} 175 do(N, 1/2)e!/2 0] (2.21)

e (140>
e Secondly, the second term on the right-hand side of (2.20) can be easily
estimated by

<D De o)

|A_Ee_mf|a,a < |€_tA€|a,<7 < e_t|€ a,0 X (1+¢)

e Thirdly, dealing with the last integral in (2.20), we split it into two integrals
t
/ e~ =DALI2 f(r)| dr = Iy + I, (2.23)
0
where
t/2 t
b= [ e OO Do dr, To= [ (e AN () dr
0 t/2
For I, we have for t > 1 that

dr

g

t/2
I = / ‘e—(t—r)A/Q (ef(tf'r)A/ZAlfsf(T))
0

a7

dr.

a,o

t/2
g/ ‘ef(t/4)AA17567(t7'r)A/2f(7_)
0
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Utilizing (2.8) and then using hypothesis (2.13), we obtain

K Y
I < —(t—71 2 aad
< [ A e e

1—e rt/2
1—-¢
< —(t—T)/QM 1 —>\d

Lt/ﬁl} /0 ‘ (L) dr

1-¢]'"° t/4 2 (t)2—7)/2 A
=M - T\emT 1 —Adr.
{et/él] e /0 e (1+7) T

Then by lemma 2.2

o [4(1 — 5)] e rad01/2) {4(1 — 5)] 178 e=t/4 92, (A, 1/2)

I < <
! et (1+t/2)0 e thi—e (14t

Thus, for t > 1

A4(1 — 1—¢
(5)] =149 (A, 1/2)—

aro (2.24)

IlgM[
e

For I5, we apply (2.8) and use (2.13) to estimates its integrand, for ¢/2 < 7 < t,
by

|67(t7'r)AA175f(7_)|a7a < ef(tf-r)/Q|67(t77)A/2A175f(7_)|a7a

Cmp [ 1= ] 21— )] F e~ (-2 M
St I e B = el e
20-¢)1""° M e—(t—7)/2
g{ e ] (1+t/2> (t—7)i—=

Hence,

1—¢ t —(t—
2(1 — M (t=7)/2
b<[< @} < I dr

e L4t/2)* Jy)o (8 —T)17¢

o 1—e A t/2 —z/2
209 M / e

e (1+0)* ), 21—=

We estimate the last integral by
t/2 —z/2 1/2 ,—z/2 t/2 —z/2
/ ¢ dz :/ ¢ dz+/ ¢ 4
0 2l-e 0 2l-e 1/2 zl-e

12 4 t/2
< / . dZ —+ 2175 / eiz/z dZ
o ¢ 1/2

<2 eyt /A= 27 (e + 46’1/4).
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Therefore,

1—¢
e

1

1-¢
L<M |: :| 21—25+)\(€—1 +4€—1/4) .
Combining (2.20)—(2.25), we obtain

1Py (w(t) = A7 ) lag1—c0 SCL+1)7 VE=1,

(14t

081

(2.25)

(2.26)

with constant C' independent of N. Since A~'¢ belongs to Gat1-ec,0, this bound
shows that w(t) also belongs to Go+1-¢ ». By passing N — oo in (2.26), we obtain

(2.17). The proof is complete.

O

The particular case & = 0 has a special meaning, and we state the result separately

here.

LEMMA 2.4. Let ov,0 > 0, and suppose f is a function in LS ([0,00), Ga,0). Let w

satisfy (2.14) and be a weak solution of
w' =—Aw+ f in V' on (0,00).

(1) Then w(t) € Got1—c,o for alle € (0,1) and t > 0.

(i) If, in addition, f satisfies (2.13), then, for any e € (0,1), there exists C > 0

depending on e, A, M and |w(0)|q,, such that

|w(t)|a+1—s,d < C(]. + t)i/\ Vit > 1.

(2.27)

Proof. We set £ = 0in (2.15) and follow the proof of lemma 2.3. In this case, (2.20)

reads, for all t > 0, as

t
IPxw(t)|as1—co < AT e P wgla.0 +/ lemEDAAL f (7)o AT (2.28)
0

(i) Let T'> 0. There is My > 0 such that |f(¢)|a,c < My a.e. in (0,7T). For t €

(0,T), we use (2.8) to estimate

a,0

1—e —tA I
A e wo a0 < - lwo

t 1—e .t
/ |e_(t_T)AA1_Ef(T)‘Oc7O' dr < |:1 — 6] / |f(T)
0 0

e

_ l—e t _ 1—
<[5 e 5] e
0

e t—r7)l-e
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Utilizing these estimates, we can pass N — oo in (2.28), and obtain

i e—1 —14e
[WO)lar1-eo <[] (7 wolaw + Moc™1),

thus, w(t) € Gat1—c,0-

(ii) This part is the same as lemma 2.3, and (2.27) follows (2.17). O

3. Asymptotic estimates for the Leray-Hopf weak solutions

The goal of this section is to establish the power-decay for any Leray-Hopf weak
solutions whenever the force is power-decaying. The first theorem concerns the
Gevrey estimates for the solutions for positive time when the initial data is small
in a Sobolev norm, and the force is small in a Gevrey norm.

THEOREM 3.1. Let A\ >0, 0 >0, and a > 1/2 be given numbers. Suppose

|A%u’| < co, (3.1)
|f(D)|a-1/2,0 <c1(1 +6)7  a.e. in (0,00), (3.2)
where
co = cola, \) Lof m and ¢ = ci(a, \) f \/;*72, (3.3)
with
Co=cCra ﬁ My =My, Cdo(2X\ e, My = M,y < dy (21, 1).

Then there exists a unique regular solution u(t) of (2.1) and (2.2), which,
furthermore, satisfies u € C(]0,00), D(A%)) and

u(t)]a,e < V2e(1+8)™ V> t,, (3.4)

t+1
1
[ B dr < 2 (1+2M2> A+ W>n, (35
t

where t, = 120.

Proof. We will perform formal calculations below. They can be made rigorous by
applying to solutions of the Galerkin approximations and then pass to the limit.

(a) Case o > 0. We denote by ¢ a C*°-function on R that satisfies ¢(¢) = 0 on
(—00,0], ¢(t) = 0 on [t.,00), and 0 < ¢'(t) < 20/t. =1/6 on (0, t.).
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We derive from (2.1) that

A1/2%

dt
— (1) AOH2ep A pa e A Ay By, u) + f).
(3.6)

dg(Aae“”(t)Alﬂu) = cp’(t)Al/zAae‘”(t)Al/Qu + A%e?®
t

By taking the inner product in H of (3.6) with A‘)‘e‘P(t)Al/2u(t), we obtain

1d

o 1/2 o 1/2
S ey APy = @ (AT 20Ny g0y
— (Aae“"(t)Al/zB(u,u),Aae‘p(t)Al/zu)

+ <Aa_1/2e“’(t)Al/2 /5 AaH/Ze“”(t)Al/zu).

Using the Cauchy-Schwarz inequality, and estimating the second term on the
right-hand side by (2.11), we get

1d

5 dt‘ul o) T |A1/2U\i,¢(t) ¢ ()| A2

a,p(t)

+ Ka|A1/2u‘o¢ o( t)|u|ll @(t)
+ |f(t)|a—1/2,¢(t)|A U|a,<p(t)- (3.7)
Using the bound of ¢’(t) and applying Cauchy’s inequality to the last term gives

1d

5l taew + 1A 2l oo < |A1 “ul;

a,p(t)

+K |u|a ,o(t) ‘A /2u|a ,o(t)

+ 6|A1/2U|i,<p( *|f( )z 1/2,0(t)>
which, together with the fact ¢(t) < o, implies

T 3
aot) T (1 -3 K |U|a,¢(t)> |AY2ul? ) < §|f(t)li,1/270. (3.8)

(b) Case o = 0. Let ¢(t) = 0 for all t € R. Then the first term on the right-hand
side of (3.7) vanishes. Applying Cauchy’s inequality to the last term of (3.7), we
obtain
1 1

g (1§ = kel ) a2 < Jae g < Sasiag,

2dt
(3.9)
Hence, we have the same inequality as (3.8).
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(c) For both cases 0 > 0 and 0 = 0, let T € (0, 00). Note that
[u(0)a0(0) = [A%u’| < 2¢0 < 2.
Assume that
[u(t)|a, o) < 2c VEE[0,T). (3.10)
This and the definition of ¢, give
K*u(t)]a,pt) < 2c.K*=1/6 Vte[0,T). (3.11)

For ¢t € (0,T), we have from (3.8), (3.9), and (3.11) that

d
@Mi,ﬂt) + |A1/2U\i7¢(t) < 3|f(t)\(2k1/27a- (3.12)

Applying Gronwall’s inequality in (3.12) yields for all ¢t € (0,7") that
t
W0 0 < B +3 [ OO pdr
¢ 2 o [t e
(by (31) and (32)) < € Cy + SclA de

Using (2.7) to compare e~! with (1 +¢)~2*, and estimating the last integral by
(2.12) yield

Mic3 3ci M. 2c2
\u(t)i o < 1% Ciivia < G
v (14+1)2r 1+ ~ (141)2

This implies
[u()|apry < V2er(1+1)7> VE€[0,T). (3.13)
Letting ¢ — T~ in (3.13) gives

i [u() () < V2e,(14+T)™ < 2¢,. (3.14)
t—T—

Comparing (3.14) with (3.10), and by the standard contradiction argument, we
deduce that the inequalities (3.10) and (3.13) hold for T = co. Then, thanks to
©(t) = o for all t > t,, inequality (3.13) implies (3.4).

(d) For t > t,, by integrating (3.12) from ¢ to t 4+ 1, and using estimates (3.4),
(3.2), we obtain

t+1 t+1
/ |AY2u(r) 2, dr < |u(t)]2, + 3¢} / (1+7)"Pdr
t t

<221+ +33(141)~
2

C
= (22 + ) 1472
< Mo ( )

Then inequality (3.5) follows. The proof is complete. O
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In the next theorem, we establish the power decay, as ¢t — oo, for any Leray-
Hopf weak solutions. Its proof combines the energy inequalities (2.4) and (2.5) with
successive use of theorem 3.1.

THEOREM 3.2. Assume that there are o > 0, a > 1/2 and pq > 0 such that
|[f()|ao =01 ) ast— oc. (3.15)

Let u(t) be a Leray-Hopf weak solution of (2.1). Then there exists Ty > 0 such
that u(t) is a regular solution of (2.1) on [Ty, o0), and for any e € (0, 1), there exists
C > 0 such that

|U(T* + t)|a+176,0 < C(l + t)_mu (3-16)

|B(uw(Ty +t), u(Tx + t))|a+1/2,5’0 <C(1+ t)_2“1, (3.17)
for allt > 0.

Proof. The proof is divided into two parts.

Part A. We prove the following weaker version of the statements.
For any X\ € (0,p1), there exists Ty > 0 such that u(t) is a regular solution of
(2.1) on [Ty, 0), and one has for all t > 0 that

(Lo + )| at1/2,0 < KTV (14+1)7, (3.18)

|B(u(Ts + ), u(Ts + )| oo < KN 1+1)72, (3.19)

where K is the constant in inequality (2.11).
The proof of this part consists several steps.
Step 1. By assumption (A) and (3.15), there exists M > 0 such that

|F(6)] < M(1+t)7" a.e. in (0,00). (3.20)
It follows (2.5) and (3.20) that, for all ¢ > 0,
u(t)]2 < eHuo|? + M2 /t K
o (1+7)2m
(by (2.7) and (2.12)) < Oy (1 +¢) 2 jug|* + M2Co(1 +t) 21,

where Cy = do(2p1,1)e and Cy = dy(2p1,1). Thus,

lu(t)]? < (Jug|>Cy + M?Cy) (1 + )72Vt > 0. (3.21)
In (2.4), we estimate
) u(m)] < ()P + 21 < ue? + L
’ =9 2 =9 2 ’
Hence, we obtain
() + / ()12 dr < Ju(to)]? + / F(@)? dr, (3.22)

for all to € 7 and all t > t.
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Letting t =t + 1 in (3.22), using (3.21) to estimate |u(tg)|?, and (3.20) to
estimate | f(7)|, we derive

to+1
/ lu(r)* d7 < (Juo[*Cr + MPC2) (1 + o) 7 + M?(1 + to) ~2"

to

= (Juo|?*Cy + M?*Cq 4+ M?)(1 + to) 2. (3.23)

To establish (3.23) for any ¢y, we use the following approximation. Let ¢ > 0 be
arbitrary. There exists a sequence {t,}52; C 7 N (0, 00) such that lim,,_. t, = t.
By (3.23) with ¢ := t,,, we have

tn+1
[ mRar < (ke + s + 1) (1 4 1)
t

n

Then letting n — oo gives
t+1
/ lu()|2 dr < <|u0|201 £ M2Cy + Mz)(l LTV 0. (3.24)
t

Step 2. We prove that there exists T € 7 N (0,00) so that
| AT 2(T)| < o +1/2,\), (3.25)
AT+ )]ao <cila+1/2, )14+ vt=0. (3.26)

(a) Case o > 0.

Set X = (A + p1)/2, which is a number in the interval (A, p1). Thanks to the decay
in (3.24) and (3.15), there exists to € 7 N (0, 00) such that

|Al/2u(t0)| < 00(1/27 )\I)a
1f(to + oo < cr(1/2, )1+~ Vvt =0,
where ¢o(+,-) and ¢ (-, ) are defined in (3.3).

Applying theorem 3.1 to the solution ¢ +— wu(ty +t), force ¢t +— f(top +t) with
parameters o = 1/2 and A = X', we obtain from (3.4) that

lulto + )]1/2.0 < V2ea10(1+8) N < K214+ vzt ¥ 120 (3.27)

Then by (2.9), we have for all ¢ > ¢, that
| A2ty + 1) < do(2a + 1,0) " " ulto + )] < do(20 + 1, 0)|ulto + 1)1 /2.0,
and, thanks to (3.27),

A% 2ulto + 1)) < do(2a+ 1,0) K2 (14+ 1) (3.28)
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o87

Since X > A it follows (3.28) and (3.15) that there is a sufficiently large T € T

and T > to + t. so that (3.25) and (3.26) hold.
(b) Case o = 0. First, we claim that

Claim: If j € N such that j < 2o+ 1 and
t+1
lim |AI/20(7))? dr = 0,

t—o0 t

then

t+1 )
lim |AUHD/2(7))2 dr = 0.

t—oo t
Proof of Claim. Note that (j — 1)/2 < «, and thanks to (3.15), we have
|AU=D/2 (1) = O@t™") ast — oc.
By (3.29) and (3.31), there is T € 7 N (0,00) so that

|AJ/2U(T)‘ < CO(j/2> >‘)7

[APTRHT O < (/200 + 07 V>0,
Applying theorem 3.1 to u(T 4 -), f(T + ), a := j/2, o := 0, we obtain

t+1
/ IAGHD/20(1)2 dr = O(=2Y)  as ¢ — oo,
t

which proves (3.30).
Now, let m be a nonnegative integer such that 2a < m < 2a + 1.

(3.29)

(3.30)

(3.31)

Note that m > 1, and, because of (3.24), condition (3.29) holds true for j = 1.
Hence we obtain (3.30) with j = 1, which is (3.29) for j = 2. This way, we are able

to apply the Claim recursively for j = 1,2,...,m, and obtain, when j =m
(3.30) that

t+1
flim |AHD /2 (7) 2 dr = 0.
L — OO t

Since a < m/2, it follows that

41
lim |A‘X'~'1/2u(7')|2 dr = 0.

t—oo t

, from

(3.32)

By (3.32) and (3.15), we assert that there is 7' € 7 N (0,00) so that (3.25) and

(3.26) hold.

Step 3. With T' > 0 in Step 2, we apply theorem 3.1 to u(T +-), f(T + )
a + 1/2, and obtain that there is T, > T + ¢, such that

_ 1 _
‘U(T* + t)|a+1/270’ < ﬁc*,a-‘rl/Q(l + t) A < W(l + t) A vt > 0.
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This proves (3.18). Then applying inequality (2.11) with the use of estimate (3.18)
yields (3.19).
Part B. We now prove (3.16) and (3.17). We write equation (2.1) as

w4 Au= F(t) < —B(u(t),u(t)) + f(t). (3.33)

By Part A, we set A = p1/2 in (3.19) to obtain

[ B(u(t), u(t))

aoe =0@7") ast — oo, (3.34)
From this and (3.15), we have
|F(t)]a,c = O(t™H) as t — oo.

Applying part (ii) of lemma 2.4 to (3.33) on (T, 00) for some sufficiently large T'
and any € € (0, 1), we obtain the first inequality (3.16). Then the second inequality
(3.17) follows (2.11) and (3.16). (In these arguments, the values of T, and C' were
adjusted appropriately.) The proof is complete. O

REMARK 3.3. The estimates (3.18) and (3.19) are similar to those in [19, proposi-
tion 3.4]. The improved estimates (3.16) and (3.17) with the stronger norms come
from the better regularity result in lemma 2.4.

4. Asymptotic expansions

This section consists of the first main results of this paper. Briefly speaking, when
the force has a finite or infinite expansion in terms of power-decaying functions,
then any Leray-Hopf weak solution will have an asymptotic expansion of the same

type.

4.1. Finite expansions

We start with the following consideration for the force f(t).

(B1) Suppose there exist numbers o >0, o > 1/2, an integer Ny > 1, strictly
increasing, positive numbers 7y, and functions ¢, € Go,o for 1 <n < Ny, and a
number § > 0 such that

= Ot ™0~  ast — oo. (4.1)

No
f(t) - Z ’(/}nt_’yn
n=1

a,o

Note from (4.1) that f(t) belongs to G, for all ¢ sufficiently large.

Although the force f(t) has an expansion in terms of t~7’s, the solution u(t)
of the NSE may not. In fact, due to the system’s nonlinearity and time derivative,
u(t) may be expanded in terms of functions of different powers, which we describe
nOw.
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We define the following set of powers generated by v,’s and 1:

p
S*:{ Z%]- +k:forsomep>1, 1< ng,ng,...,n, < Ny,
j=1

and some integer k > O}.
Note that S, contains =, for all 1 < n < Ny, is an infinite subset of (0, 00), and
possesses the property
Ve,y € S,: x+1,z+y€S,. (4.2)
By ordering this set, one has
Se ={pn :n €N}, where u,’s are strictly increasing. (4.3)
The set of powers that will be used for the expansion of u(t) is
S = 5.0 [y1, 7]
This set S is finite, and
S ={pn:1<n< N} for some N, > Ny. (4.4)

Note that p; =1 and py, = yn,. Then we rewrite (4.1) as

N

F&) =t

n=1

= Ot "% ast — oo, (4.5)

a,o

where ¢, € G, for 1 < n < N,, which can be defined explicitly as follows. If there
exists k € [1, No] such that u,, = 7%, then, with such k, ¢,, = ¢y; otherwise, ¢, = 0.
Our first result on the expansion of Leray-Hopf weak solutions is the following.

THEOREM 4.1. Assume (B1l). Let u,’s be as in (4.3), and let the corresponding
equation (4.5) hold true. Define &1, &, ..., En, recursively by

& =A""¢, (4.6)

En=A""bntxn— D>, Bl&m)| for2<n<N., (47

1<k, m<n—1,
Pkt Hm=Hn
where
{,upfp, if there exists an integer p € [1,n — 1] such that p, +1 = pi,,
Xn =

0, otherwise.

(4.8)
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Let u(t) be a Leray-Hopf weak solution of (2.1) and (2.2). Then it holds for all

€ (0,1) that

N

u(t) =Y &t Hn — O(t™¥-")  ast — oo, (4.9)
n=1 a+l—p,0

where
in{d, . 1 N, =1,

e, = mintd 1} ¥ (4.10)

min{d, un, — PN, —1, AN, +1 — UN, } if No > 2.

We make a couple of notes on the formulas of £, ’s.

(a) In case n =1, we set x; =0, and use the convention that the last term on
the right-hand side of (4.7) vanishes, then formula (4.7) agrees with (4.6),
and hence holds also for n = 1.

(b) The relation between ¢,’s and &,’s is one-to-one. Indeed, the ¢,’s can be
solved recursively from (4.6) and (4.7) by

(bl = Agla
Gn=ALn—xXn+ Y.  B(&k&m), n>2. (4.11)
/—"hi;:zjl:#n

where the x,,’s are still defined by (4.8).

The fact that we can have «a fixed instead of requiring (4.5) to hold for all a > 0
comes from the following regularity property of &,’s.

LEMMA 4.2. Let ¢, and &,, for 1 <n < N, be as in theorem 4.1. Then
én €Gat1,0 YN =1,2,...N,. (4.12)

Proof. We prove (4.12) by induction.
When n =1, since ¢; € G, we have §; € A~ lg € Gotl,o-
Let 1 <n < N,, and assume that all &;,...,&, € Gaq1,0. It implies that

Xn+1 S Ga+1,a C Ga,<7~

This and the fact ¢,,11 € Go,» yield AN (Gpi1 + Xnt1) € Gati,0-
For 1 < k,m < n, we have from the induction hypothesis that &, &, € Gati,0-
Then, by (2.11),

B(&ky&m) € Gavi1-1/2.0 = Gag1/2,0
which yields

A_lB(gkagj) € Ga+3/2,a C Ga—i—l,o’-
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Therefore,
£n+1 = A_1(¢n+1 + Xn+1) - Z A_lB(fkvfm) € Ga+1,0~
1<k,m<n,
Pkt Hm=Hn+1
By the induction principle, &, € Gq41,0 for all 1 <n < N,. (]

Before proceeding with the proof of theorem 4.1, we observe from (4.5) that if
1 < N < N, then

N N. N.
‘f(t) =Y S atTE ) =D dat T ) gt
n=1 o0 n=1 o0 n=N+1
= Ot M0 4 Ot HN+1) as t — oo,
hence,
N
)= gt =0TV, (4.13)
n=1 a0
Thus, one has, for 1 < N < N,, that
N
‘f () =D dat™| =0 T), (4.14)
n=1 o0

where

(4.15)

Sn — un+1 —pn for 1< N < N,
N 1) for N = N,.

Proof of theorem 4.1. (i) We first prove that if N is any integer in [1, N,], then
there exists a number e > 0 such that for all p € (0,1)

=0 HNTEN)  ast — oo. (4.16)

N
u(t) =y ut
n=1

Proof of (4.16). We use the following notation. For an integer n € [1, N,], define

a+l—p,o

n

Fo(t) = dpt™Hn,  Fo(t) = ZFj(t), and  F,(t) = f(t) — E,(t),

n

un(t) = Eut ™1, Tu(t) = Zuj(t), and v, = u(t) — an(t).

In calculations below, all differential equations hold in V’-valued distribution
sense on (T,00) for any T > 0, which is similar to (2.3). One can easily verify
them by using (2.10), and the facts u € L _([0,00),V) and v’ € L} _([0,00),V’) in
definition 2.1.
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We prove (4.16) by induction in N.
First step: N = 1. Let w1 (t) = t"u(t). We have, for ¢ > 0, that

Wi (1) + Awi (1) = ¢n + Hi(0), (4.17)

where

Hy(t) =t [Fy(t) — Blu(t), u())] + pat" " ut).
(a) We estimate |H1(t)|q,o- Equation (4.14), for N = 1, particularly reads

|f(t) = g1t a0 = Ot 70). (4.18)
It follows that
|f(D)]a,0 = O™H1). (4.19)

Thanks to (4.19), we can apply theorem 3.2 with ¢ =1/2 and obtain from
inequalities (3.16) and (3.17) that, as t — oo,

[u(t)at1/2,0 = OE), (4.20)
|B(u(t), u(t))]a,e = Ot 2). (4.21)

Combining estimates (4.18), (4.20) and (4.21), we deduce that there exist Ty > 0
and Dy > 0 such that, for ¢t > 0

(To + )" |FL(To + t)]ae < D
(To + )" Hu(To + B)las1/2.0 < Do(1+1) 7,
(To + )" |B(u(To + t),u(To + t))|ae < D
Thus, we have
|Hy(To + t) |00 <3Do(1+1)751 ¥Vt >0,
where
€1 = min{oq, 11, 1}. (4.22)

(b) Applying lemma 2.3 to equation (4.17) in G, with solution wy (Ty + t), for
t € [0,00), yields

wi(To +1) = A G1lat1-po = O()
for any p € (0,1), and consequently,
w1 (t) = A d1las1-po = O™,
Multiplying this equation by t7#! yields

|u(t) - glt_m |a+17p,c7 = O(t_m_al) Vp € (07 1)'
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This proves that

the statement (4.16) holds true for N =1 with ¢; defined by (4.22). (4.23)

Induction step. Let N be an integer with 1 < N < N,, and assume there exists
en > 0 such that

loN () |at1—poe = OFHNTEN) Vp e (0,1). (4.24)

(a) Equation for vy. Since vy = v’ — @y, we calculate v’ and @)y in terms of the
quantities that are more appropriate for the analysis of vy.
e Calculating u’. By NSE,

u = —Au — B(u,u) + f(t)
= —Avy — Aty — B(an +vn,an + o) + Fy + Fxi1 + Fyii,
hence,
u' = —Avy — Aty + Fy — B(ay, in) + o1t "N+ hypn,  (4.25)
where
hn+1,1 = —B(tun,vn) — B(un,un) — Blun,vn) + FN+1~
Firstly, note that

N
iy By =3k

n=1

Secondly, we write

N
B(QN,QN): Z t_um_HjB(fmagj)

m,j=1
AR
- Z thin Z B(gm’fj)
n=1 1<m,j<N,
e e
1
tUN+1 Z B(&m, gJ) + hnyi2,
1<m,j<N,

Hom F =[N +1
where

hnti2 = S T B, &)
1<m,j<N,
Hom i ZUN 42
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e Calculating @'y Note that puny + 1 > pv+1 and

{p +1:1<p< NN [, pnva] C{uk 1 1< k<N + 11

Thus,
Y Hpé, o X X
T PSP n N+1
— Uy = Z thp+L i + v + hnt1,3, (4.26)
p=1 n=1
where
- ppép
hnt13 = Z g
1<p<N,
pp+1ZpN 42

e Combining the above equations (4.25)—(4.26) yields

a Z B(§7n7§j)+¢N+1—|—XN+1

1<m,j<N,
BmtHj=HN+1

I
vy = —Avy + i

N

1

_Zm A§"+ Z B(fmagj)_(bn_Xn +hN+1747

n=1 1<m,j<N,
Pom 1=

where
hnt14=hnt11 — hnyi2 + AN 3. (4.27)
Note, for 1 < n < N + 1, that

Z B(gmvgj) = Z B(fmvgj)'

1<m,j<N, 1<m,j<n—1,
Hm i =Hn HomFHj=Hn

Therefore, one has, for 1 <n < N,
Afn"' Z B(gmagj)_ﬁbn_)(nzov

1<m, <N,
P+ =n

and
N Z B(gm’gj)+¢N+1 + XN+1 :A£N+1,

1<m j<N,
Hm T =1N+1

These yield
vy = —Avy + TN AEN 1 4 hvgal(t). (4.28)
(b) Define wy41(t) = t*N+1on(t) for t > 0. We have

/ — $UN / N+1—1
Wy = PN 4 pn T T o,
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which, thanks to (4.28), yields

w§v+1 = —Awnyi + ANt + Hy1a(8), (4.29)
where
HN+1(t) = hnN+t hN+1’4(t) + MN+1t”N+1_1UN(t). (4.30)

Let p be any number in the interval (0,1).
(c) We estimate Hpy1(t) now. From (4.24) and the fact uy +1 > pny1, it
follows

N o () ag1—po = QPN THTHNTEN) — O(¢7N), (4.31)
By (4.14), we have
N4 Fy g (1) ano = O(t708+1),
Clearly,
an ()|at1,0 = OF). (4.32)
By inequality (2.11), estimate (4.24) for p = 1/2, and (4.32), it follows that
N B(on (1), Uy (1)) oo
"N B(an (t), un (1)) |a,e = OFNFHTHNTENETIY) = O($7°N),
"N Bon (8), on (1)) |ano = OHNFIETHNTENGTRNTEN Y = O(E75N).
Above, we used the fact 2uny > pn + 1 = pn+1- Hence,
N 11 ()]s = O(EON4) 4 O(FY).
It is obvious that

PN TR B(En. &g = Ot (),

1<m,j<N,
Mt Z N 42

and thus,

N4 g1 0() e = O(f(umruwﬂ)).
It is also clear that

N4 By g1 3(8) e = Ot~ (N +2 RN+,

Combining these estimates of t#~¥+1hy 1 ;(t) for j = 1,2, 3, with (4.30), (4.27)
and (4.31) gives

[Hy 41 (Blais = O(E75%) + O(75) 4 O(F 032 en)) = O(4=58+),
(4.33)
where

eN+1 = min{dn11,EN, AN+2 — UN+1}- (4.34)

(d) Note that from lemma 4.2 that A{ny11 € Go,». By applying lemma 2.3 to
equation (4.29) and solution wyy1(Ty +t) for some sufficiently large 77 > 0
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with the use of (4.33), we obtain
lwn1(T1 +1) — AN (AéN 1) lat1-po S O(L+8) 75N VE> 1.
Thus,
[wn+1(t) = Envtilati-po = O ).
Multiplying this equation by t~#~N+1 yields
[on (1) = Enat TV ag1po = O(ETHNTITENE),
that is,
lons1(t)]ati—po = O HNTITNH),

This proves

the statement (4.16) holds for N := N + 1 with ey defined by (4.34).
(4.35)
By the induction principle, we have (4.16) holds true for all N = 1,2,..., N,.
This completes the proof of (4.16).

(ii) We now prove (4.9).

Case N, = 1. We have in this case, thanks to (4.15), 1 =9 and £ in (4.22)
equals ¢, in (4.10). Thus, the statement (4.9) just follows (4.23).
Case N, > 2. Similar to (4.13), one has from (4.16), for N = N,, that

081 Olat1—po = OH). (4:36)

We repeat the induction step in part (i) for N = N, — 1, but now with

dn+1 =0y, =0 and, thanks to (4.36), ex = en, -1 = N, — UN, —1-
Then one obtains from (4.35) that
lon. (O)lat1-p,0 = O@EHN-77Nx),

where, according to formula (4.34), ey, = en41 = min{d, un, — 4N, —1, UN, +1 —
i, } which exactly is e,. This completes our proof. O
4.2. Infinite expansions

We focus, in this subsection, the case when the force has an infinite expansion,
and obtain an infinite expansion for any Leray-Hopf weak solution of the NSE. The
force’s expansion considered will be of the following type.

(B2) Suppose there exist real numbers o >0, a > 1/2, a strictly increasing,
divergent sequence of positive numbers (7,)22, and a sequence of functions (¢, )22 4
in Ga,o such that, in the sense of definition 1.1,

oo

FO) = pt™ " in G (4.37)

n=1
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Similar to the previous subsection, the appropriate set of powers generated by
Yn’s and 1 is

P
S = nynj +k: forsomep =1, ni,ng,...,np =1,
j=1

and some integer k > 0

Then So C (0,00), and property (4.2) still holds with S, replacing S,. Since
Yn — 00 as n — 00, we can order S, and denote

Soo = {ptn : n € N} with p,’s being strictly increasing,. (4.38)

(This is possible by ordering finitely many elements in each set So, N (n — 1,n], for
all n € N.) Note that p,, — oo as n — 0.
Then rewrite (4.37) as

f(t) ~ Z antiun in Ga,d ast — oo, (439)
n=1

where the sequence (¢,,)5%; in G, is defined by ¢,, = ¢, if there exists k > 1 such
that u, = vk, and ¢,, = 0 otherwise.
By the same arguments as in §4.1, the estimate (4.13) now holds for all N > 1.

THEOREM 4.3. Assume (B2) and the corresponding expansion (4.39). Then any
Leray-Hopf weak solution u(t) of (2.1) and (2.2) has the asymptotic expansion

u(t) ~ Y &t in Gayi—pe.  Vp € (0,1), (4.40)

n=1

where &, is defined by (4.6) for n =1, and by (4.7) for n > 2. More precisely, one
has for any N > 1 that

=0t "N+1)  ast— o0, Vpe(0,1).  (4.41)

N
u(t) = Y &t
n=1

a+l—p,o

Proof. Clearly, f satisfies condition (B1) for any Ny > 1, and (4.5) for any N, >
1. Hence, applying theorem 4.1 for each N, > 1, we obtain the expansion (4.40)
for u(t). Then similar to (4.13), we obtain from (4.40) that (4.41) holds for all
N >1. O

5. Properties of the expansions

According to theorem 4.3, for each force f satisfying the required conditions, there
exists a unique sequence (&,)22; such that the expansion (4.40) holds for all Leray-
Hopf weak solution u(t). The first part of this section investigates the range of
(&n)22; when the force f varies.
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Below, we focus on the infinite expansions in §4.2, with v, = n for all n € N in
Assumption (B2), which implies that u,, = n for all n € N. In this case, (4.39) and
(4.40) read as

F)~ Y ¢ut™ inGay, (5.1)
n=1
u(t) ~ Y &t in Gag1opo, Vp € (0,1), (5.2)
n=1

where ¢,,’s and &,’s, referring to (4.6) and (4.7), are related by

&1 =A""¢1,

. — (5.3)
§n=A4 Gn+(n—1)6 1 — Z Bk &nk)|, n=2.
k=1

Above, we used the fact that x,, given by (4.8) now is (n — 1)§,—1 for all n > 2.
We recall note (b) after theorem 4.1 that the relation between (¢,)52; and
(€,)52 in (5.3) is one-to-one, and (4.11) now reads as

o1 = A&y,
n! 5.4
¢n = Afn - (n - 1)€n—1 + Z B({k,§n—k)7 n = 2. ( )
k=1

The following proposition gives a sufficient condition for (£,)52,; so that
Yoo &nt™™ is an expansion of a Leray-Hopf weak solution with some force f as in
(5.1).

THEOREM 5.1. Let (¢,)02, be a sequence of nonnegative numbers such that

o0
ann < 00, where d, = max{cgcp_ 1 <k<n—1}. (5.5)

n=2
Given a > 1/2 and o > 0. Suppose ((,)02; s a sequence in G411, such that
[nlat1,0 < VneEN. (5.6)

Then there exists a forcing function f(t) such that any Leray-Hopf weak solution
u(t) of (2.1) and (2.2) satisfies

ut) ~ Y Gt™"  in Gar1-pe, Yp € (0,1). (5.7)
n=1

Moreover, the series of the expansion, > C,t~", converges in Goi1,, absolutely
and uniformly on [1,00).
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Proof. In case ¢, = 0 for all n, then ¢, = 0 for all n. We simply take f = 0, which
gives ¢, = 0 for all n. Then we have expansion (5.2), where the £,’s are given by
(5.3), which obviously yields &, = 0 = ¢, for all n. Hence (5.7) follows (5.2).

We now consider the case that there exists ng € N such that ¢,, > 0. Clearly,
from the definition of d,, one has ¢,,¢, < dpyn, for n > 1. Using this and (5.5)
yield

oo oo oo d
ch < chn < Zn daxih
n=1

1 o0
— Z (n+no)dntn, < 0. (5.8)
n=1 n=1 Cno Cn 0 n=1
Define
¢)1 = Acla

] 5.9
¢n = ACn - (TL - 1)Cn—1 + Z B(Cka Cn—k); n > 2. ( )

(This, in fact, is the construction of ¢,’s in (5.4) with ,’s being replaced with
Cn's.)

We estimate, for n =1,

|¢1|o¢,o’ = |ACI|Q,U = |<1|o¢+1,o’ < C1.

For n > 2, we have from (5.9) and (2.11) that

n—1
|¢n|a,a < ‘A<n|a,a + (n - 1)|Cn71‘o¢,a + Z ‘B(Ckn Cnfk)|a,a

k=1

n—1
g ‘CnlaJrl,a + (n - 1)‘Cn71|a+1,0 + K« Z |C/€|a+1/2,a|Cn7k|a+1/2,a'-
k=1
Then, by (5.6),
n—1
|¢n|o¢,a < cp + (n - 1)07171 + K“ Z CkCn—k

k=1

<cp+(n—1ecp1 + K*n—1)d, < cc.
Therefore, by (5.8) and (5.5),

i‘(én a,o < icn+incn+K0‘i(n—1)dn < Q.
n=1 n=1 n=1 n=2

It follows that > 7 | ¢,,t~" converges in G4, absolutely and uniformly on [1, c0).
Thus, we can define f(t) for ¢ > 0 as following:

X n if 0 <
f(t)_{Zi’f_mnt—" ift>

Clearly, f satisfies (A), and f(¢) ~ > 07 | ¢nt™™ in G4, hence f satisfies (B2)
too.

(5.10)
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Let u be a Leray-Hopf weak solution of (2.1) and (2.2). Applying theorem 4.3
gives the expansion (5.2) for u(t), where the &,’s are given by (5.3).
Solving for (,’s from (5.9) gives

G=A""¢y,
n-l 5.11
Cn = A™! On + (n - 1)<n—1 - Z B(Cka Cn—k‘) , n=2. ( )
k=1

Comparing (5.3) and (5.11) shows &, = (, for all n € N. Therefore, (5.7) follows
(5.2).
By (5.6), we have, for all ¢ > 1 and n > 1, that

|Cnt_n‘oz+1’0 < |<n‘a+1’a < Cn. (5~12)

This estimate and (5.8) imply that Y | (,t~" converges in Go41,, absolutely and
uniformly on [1,00). The proof is complete. a

EXAMPLE 5.2. In theorem 5.1, assume there exist M > 0, A > 2 and Ny > 1 such
that ¢, < Mn~> for all n > Ny. Then the sequence (c,)2%; is bounded by, say, a
number ¢, > 0. Let n > 2Ny. If 1 <k <n/2, thenn —k >n/2 > Ny and

ClCn—k < CuCpgp < e M(n — k)_’\ < c*M(n/2)_)‘.
If n/2 < k < n, then k > Ny and
Chln— < Cree < cuME™ < C*M(n/2)*)‘.
Hence, d,, < 2*Mn~> for all n > 2Ny. Therefore, condition (5.5) is satisfied.

As a special case of theorem 5.1, the next corollary shows that the expansion of
u(t), essentially, can be any finite sum in G441, (of course, of the same type.)

COROLLARY 5.3. Let o« > 1/2, 0 >0 be given numbers, and (1,...,(n be given
elements in Goi1,0, for some N > 1. Then there exists a forcing function f(t)
such that any Leray-Hopf weak solution u(t) of (2.1) and (2.2) has the expansion
w(t) ~ > Eat™ " in Gagi—po for all p € (0,1), where &, = ¢, for1 <n < N and
&, =0 for alln > N.

Proof. For n > N, set ¢, = 0. Define ¢, = [(p]at1,0 for 1 <n < N, and ¢, =0 for
n > N. Let d,, be defined as in (5.5). One can verify that d,, =0 for all n > 2N.
Hence, the condition (5.5) is satisfied. Then the conclusion of this corollary follows
theorem 5.1. (In fact, following the construction of f(¢), we have ¢,, = 0 for n > 2N,
and f(t), for t > 1, is simply the finite sum ZZJL Pt ™) O

ExAMPLE 5.4 (Divergent expansions). For a given and fixed force f, the expansion
(4.40) may not converge. We give here a simple example. Let ¢ # 0 be a function
in R1H such that B(¢1,¢1) =0, and let ¢, =0 for all n > 2. (For e.g., ¢1(x) =
gesfet® X + e~ %] for any € > 0.) From (5.3), one can easily verify that &, =
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(n —1)!¢ for all n € N. Hence, the expansion Y~ ; £t~ ™ is divergent in H for all
t>0.

REMARK 5.5. We recall the normalization map for NSE, in case the force is poten-
tial, defined by Foias and Saut [7,9]. First, rewrite 0(A) = {\,, : n € N}, where A,
is strictly increasing. For any u® € V such that the solution u(t) of (2.1) and (2.2)
is regular on [0, 00), there exists £ = (§,)22,, with &, € Ry, H for all n € N, such
that the expansion (1.5) of u(t) can be reconstructed explicitly based on & only,
that is, ¢, (t) = ¢, (t,€) — a polynomial in both ¢ and £. The normalization map is
defined as W (u®) = ¢ = (£,,)°%,. Thus, regarding the reconstructions of the asymp-
totic expansions for solutions, the sequence (£,,)2% ; in (5.2) and W (u®) have similar
roles, because they totally determine the expansions (5.2) and (1.5), respectively.
We now briefly compare (a) their ranges, and (b) the convergence of their generated
expansions.

Regarding (a), it is known that given small elements (, € Ry, H, for n =
1,2,..., N, there exists u® such that W (u®) = (£,)%; with &, = (, for 1 <n < N.
However, it is not known what &,’s might be for n > N. For the expansion (5.2),
theorem 5.1, example 5.2 and corollary 5.3 give specific and simple characteristics
of the possible values of (&,)52 ;.

Regarding (b), it is not known what might be a general, nontrivial W (u°) such
that the expansion (1.5), when generated by W (u), is convergent. (See [11,14]
for more information about this topic.) In contrast, the expansion (5.2) is just
a power series having &,’s as its coeflicients. Hence, a simple condition such as
limsup,, ., |§n|i/ ¢ < 00 is enough to conclude that the expansion (5.2) converges
in G, for sufficiently large ¢.

The second part of this section investigates the possible type of decay for the
Leray-Hopf weak solutions after all the power-decaying terms. More specifically, in
theorem 5.1, w(t) ~ Y 07 &t in Gop with > 07 €,t7™ converging to @(t) in
Got1,0 for all t > 1. Hence, by this expansion and the theory of power series,

lu(t) = @(t)| a0 = OF™*) ¥y > 0. (5.13)

The next theorem states that, the remainder in (5.13), decays faster and, in fact,
it decays exponentially.

THEOREM 5.6. Given a > 1/2 and o > 0. Suppose that
flt)= Z Ot " inGo, Vt=Ty, for some Ty > 0, (5.14)
n=1

where (¢,)0%; is a sequence in Go .
Let (£,)52, be defined by (5.3), and assume

lim sup (‘€n|¢11/flo) < 0. (5.15)

n—oo
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Then

() The series Y~ | &Eat™™ converges in Gai1,0 to a function u(t) for sufficiently
large t.

(ii) If u(t) is a Leray-Hopf weak solution of (2.1) and (2.2), then one has for all
p € (0,1/2] that, as t — oo,
O(e™), if & =0,
|u(t) - a(t)|a+%fp,a = 8 —t ) (516)
O(t’e™") for some B >0, if& #0.
Proof.

(i) This part is a straight consequence of power series theory in Banach spaces,
see for example, [2, Chapter IX]. Indeed, (5.15) implies that there is R > 0
such that 07 | &,2™ converges in Gq41,, absolutely and uniformly for z €
[ R, R]. Hence, denoting Th = 1/R, we have
a(t) = Z &,17" converges in Go41,, absolutely and uniformly for all ¢ > T7.

n=1
(5.17)

(ii) One can verify from (5.14) that f satisfies (A) and (B2). Let Th =
max{Ty, T }.

(a) First, we claim that, for all ¢ > Tb,
a'(t) + Au(t) + B(u(t),u(t)) = f(t) in Gae- (5.18)
Indeed, if t > T5 then

in Ga,o.

=240
-2

By (2.11), (5.17), and Cauchy’s product, we infer that

e’} n—1
B(ﬂ(t),ﬂ(t)) Z tln Z B glwgn k)] in Ga+1/2’0 for t > Ts. (519)
n=2

Thus, we have for t > T5 that the following identities hold in G, »
w'(t) + Au(t) + B(u(t),u(t))

A S e+ Y B
= r o n n—1 n ks Sn—k

= Z Pt " = f(t)

n=1

This proves (5.18).
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(b) Let p € (0,1/2]. Let w = u — . Suppose there exists T, > T5 such that

KO0 (ju(Olas1-po + [10)]as1opo) <1 ¥E>To  (5:20)
We claim that, for ¢ > T,
|w(t)|a+1/27p,a < |w(T*)|a+1/27p,ae_t+T*
% eKoc+(1/2)*P f,}*(|u(7’)|Q+1_pya+‘ﬁ(‘r)|a+1_p‘,,)dT’ (521)

Proof of this claim. Subtracting (5.18) from the NSE (2.1) yields
w' + Aw + B(w,u) + B(a,w) = 0 in V' on (T, 00). (5.22)
Let N € o(A), taking Py of (5.22) gives
(Pnw) + A(Pyw) + Py (B(w,u) + B(u,w)) =0 on (T, 00), (5.23)
in the Py H-valued distribution sense. Denote
Axn = APy and wy = Aa+(1/2)_pe”Al/2PNw = A?‘V+(1/2)_pe”A}\f/2PNw.
Then it follows (5.23) that
Wy = — Ay — AT/ D=rem A2 DBy w) + B(a, w)). (5.24)
In the finite dimensional space Py H, we have for ¢ > T,

|A’U~JN| < \/N‘Al/zﬁ)f\" < \/N(|u(t)‘oz+1—p,a + |ﬂ(t)‘a+1—p,a) < \/NKi(a+1/2ip)a
(5.25)
and, by using inequality (2.11),

|Aa+(1/2)7peUA1/2PN(B(’lU, U) + B(ﬂv ’LU))|
< IB(w, wlat(1/2-p.0 + 1Bl w)la+(/2)-po
< Ka+1/2_p|w‘a+1—P7U(|u‘a+1—P7U + |’U|a+1—p,a)

< ‘w|a+1—p,o g |u|a+1—p,o + |a|o¢+1—p,a g Kﬁ(aJrl/Qip)-

Hence, both wy and @)y belong to L (T}, co; Py H). Thus, see for example, [24,
Chapter II, lemma 3.2], equation (5.24) implies that, in the distribution sense on
(T*’ OO),

d

30N [? = 2@y, dn) = ~2(Ady, d) - 2(A*H/270 oA P (B (w, u)
+ B(ﬁ,w)),ﬁw).

For t > T, applying Cauchy-Schwarz inequality and (2.11) yields

d _ 9 /2~ |2 _ ~
Ele| < 72|A / wN‘ +2(|B(w7u)|a+1/2fp,a + |B(uaw)|a+1/2fp,a)|wN|

< =204 2@ [? + 2KV 2 fwla 1 p o ([ulati-po + [Elat1—po) A dn].
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In the last term,
‘w|a+lfp,o' < |PNw|a+17p,U + ‘(Id - PN>w|a+17p,0'

= |AY 20| 4 |(1d — Px)wlasi—po-

< 72[1 — K270 (Ju| g1 po + [t 1—po ) | |AY 20|
+ 2Ka+(1/2)7p(|u|a+1—p,a + Ula+1-p,0)|(Id = PN)w|a+1—p,U‘A1/27~DN|-
Then using condition (5.20) and the relation |A'/24@y| > [y for the first term

on the right-hand side, we derive for t > T,

d ) _ B ;
—lin]? < =2[1 = K22 (lylir oo o 70] 2
dtlwzvl (Julat1-p.o + 8lat1-po) | |DN] (5.26)

+2|(Id = Py)wlat1—po]AY 20|

By using the integrating factor, even for weak derivatives, one still obtains from
(5.26) the following elementary inequality

|PNw(t)|Z+1/2—p,U

2 —2(¢—T.) 2K TA/D=0 [L (ju(m)|at1—p,0H]8(T)at1—p,o) dr
< |PNw<T*)|a+1/27p,ae € T g i

t
n 2/ 672[5‘ [1—K“+(1/2)"’(\U(7)\a+1_p,a+|ﬂ(‘r)|a+1—p,a)} dr

< (14 = Py)w(s)|as1—pr | AY B (5)ds.

Utilizing (5.20) in the second summand on the right-hand side of the preceding
inequality yields
PN 12 < [PNw (T[] ge 20T

o,0

w 2K L ([u()lat1—p,oH () [at1-p,0) dT (5.27)
t
+2 / 1(1d = Pr) ()]s 1 po | AY2dx (5)[ds.
T,
Observe, for all s > T, that
|(Id = Py)w(s)[at1-p,0 | A2 (s)]

N

w(s)[as1-p.o
< (Ju(8)at1—po + [T(8)|ar1—po)? < 4K ~20F1/2)=0),

We pass N — oo in (5.27), noticing, by Lebesgue’s dominated convergence
theorem, that the last integral goes to zero, and obtain

2
‘w(t)|a+1/2—p,a

2 —2(t—T.) 2K A/2=0 L (ju(P)|at1—p,o (7 at1—po) dT
g |w(T*)|a+1/2—p7o'€ € T« ¢ ° * 4 .
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Inequality (5.21) then follows.
(¢) We consider the two specified cases in (5.16). First, we note, thanks to the
expansion (4.40) and (5.17), that

lu(t) — &1t~ — &t |ag1—pos [U(t) — &t — &t ?|ag1-po = O(7%).  (5.28)

Case & = 0. Thanks to (5.28), there are T, > 0 and Dy = |€2]a+1-p,0 + 1 such
that

K—(at(1/2)~p)

0(Olas1pos [lasiopo < Do/t < =———— WIZT..  (529)

Hence, condition (5.20) is met. By (5.21) and (5.29), one has for ¢t > T, that

- L Ket(/2=p b oop 12y -
|w(t)|a+1/2—p,o < |w(T*)|a+l/2—p,ae t+T, eK ,fT*2 o/T=dT < Mye t

)

where M; = |w(T*)|a+1/2,p,geT*+2Ka+(1/2)7pD0/T*. This proves the first relation in
(5.16).
Case & # 0. Again, thanks to (5.28), there are T, > 1 and Dy = 2|&i|at1-p,0
such that
. K (@+(1/2)-p)

0 oripor [8Dlasiopo < Do/t < T ST (530)
Again, condition (5.20) is satisfied, and (5.21), together with (5.30), implies, for
t > T,, that

‘w(t)|a+1/27p,a < ‘w(T*)‘a+1/27p’Ue—t+T* eKa+(1/2)—P fqﬂ* 2Dg/TdT
< \w(T*)\aH/g,p,ge_HT*eQK““l/z)*"Do It _ ppyfet,
where My = |w(T*)|a+1/2,pygeT* and B = 2K*t(1/2=, Dy This proves the second
relation in (5.16). O

REMARK 5.7.

a) An equivalent condition to (5.15) is that the series —, &pt ™™ of expansion
n=1
5.2) converges in G411, at least at one point ¢t =ty € (0, 00).
+1,

(b) According to part (ii) of theorem 5.6, the remainder w(t) — @(t) cannot have
any intermediate decay between the power and exponential ones. For example,
it cannot be approximated by any e=#V? for € (0, 00).
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