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Abstract

We provide upper and lower bounds for the mean .# (H) of sup,..o{Bu(r) — t}, with By (-)
a zero-mean, variance-normalized version of fractional Brownian motion with Hurst
parameter H € (0, 1). We find bounds in (semi-) closed form, distinguishing between
H e (0, %] and H € [%, 1), where in the former regime a numerical procedure is pre-
sented that drastically reduces the upper bound. For H € (0, %], the ratio between the
upper and lower bound is bounded, whereas for H € [%, 1) the derived upper and lower
bound have a strongly similar shape. We also derive a new upper bound for the mean of
Supyeqo,17 Bu (@), H € (0, %], which is tight around H = %
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1. Introduction

Due to its ability to model a wide variety of correlation structures, fractional Brownian
motion (fBm) is a frequently used Gaussian process. Indeed, whereas for classical Brownian
motion the increments are independent, depending on the value of the Hurst parameter
H € (0, 1), fBm covers the cases of both negatively (H < %) and positively (H > %) correlated
increments. Owing to its broad applicability, fBm has become an intensively studied object
across a broad range of scientific disciplines, such as physics [30, 31], biology [7], hydrol-
ogy [26], mathematical finance [4, 8], insurance and risk [3, Chapter VIII], and operations
research [33].

This paper considers the all-time supremum attained by an fBm with negative drift. This
supremum is clearly a key quantity in the application areas mentioned; for example, think of
ruin probabilities in the insurance context. Importantly, such suprema are also of great impor-
tance in queueing theory, due to the fact that the stationary workload has the same distribution
as the supremum of (the time-reversed version of) the queue’s net input process [19, Theorem
5.1.1]. The main objective of our work is to analyze the expected value of the supremum
attained by fBm with negative drift as a function of the Hurst parameter H. As exact analysis
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has been beyond reach so far (apart from the Brownian case of H = %), we focus on identifying
upper and lower bounds on its expected value.

Throughout this paper By(-) denotes a zero-mean, variance-normalized version of fBm with
H € (0, 1). More specifically, By(-) is a Gaussian process with stationary increments such that
E By(t)=0forall t € R, and

Var(By (1) — Bu(s)) = |t — s|*!!

for all s, € R. As mentioned, the primary focus of this paper is on deriving upper and lower
bounds on the mean of the all-time supremum of fBm with negative drift. In other words, we
wish to analyze, for some ¢ > 0,

M(H, c):= E|:sup{BH(t) - ct}i|.

>0

Interestingly, exploiting fBm’s self-similarity, for any ¢ > 0 we can express .# (H, c) directly
in terms of .# (H) := .7 (H, 1). This can be seen as follows. Renormalizing time yields, with

y=QH-2)7",
sup{Bp(t) — ct} = sup {BH(czyt) —c- CZVI} =sup {BH(czyt) - CZH”t}. (1)
=0 =0 20

As a consequence of the self-similarity of fBm, By (x?) is distributed as x7 By (7), and therefore
Br(c21) is distributed as ¢*¥ By (¢). Hence the random variable (1) is, in the distributional
sense, equal to

sup {By (¥ 1) — CZHVI} =17 sup(By (1) — 1).

>0 >0
In other words, in order to analyze the behavior of .# (H, ¢) for any ¢ > 0, it suffices to consider
its unit-drift counterpart . (H). Only in the Brownian case is the value of this function known:
for H = % sup,-o{B1/2(t) — t} is exponentially distributed with parameter 2, so that .#/ (%) = %

A substantial body of literature has focused on characterizing the distribution of the supre-

mum of fBm, either over a finite time interval (often assuming that the drift equals 0), or over
an infinite time interval (in which a negative drift ensures a finite supremum). In general terms,
one could say that the vast majority of the results obtained are of an asymptotic nature. For
instance, in [16], [23], and [27] a function f(u) is found such that, as u — oo,

fu)- P( sup{Bp (1) — 1} > M) -1 (@)

>0

for the precise statement see [19, Proposition 5.6.2]. We also refer to [9], [14], and [17] for
extensions of (2) to a broader class of Gaussian processes with stationary increments and
to [15] for a seminal paper on the corresponding logarithmic asymptotics. Similar large-
deviations results in another asymptotic regime can be found in [11], namely a setting in
which the Gaussian process is interpreted as the superposition of many i.i.d. Gaussian pro-
cesses. Other asymptotic results relate to higher-dimensional systems, such as tandem queues;
see e.g. [12] and [20]. The logarithmic asymptotics of long busy periods in fBm-driven queues
have been identified in [21], where it is noted that a similar approach could be relied upon
to characterize the speed of convergence of fractional Brownian storage to its stationary
limit [22].
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While computing bounds pertaining to the extreme values attained by Gaussian processes is
a large and mature research area (see e.g. [1], [29], and [32]), there are only a limited number of
results that provide computable upper and lower bounds on the expected supremum. A notable
exception concerns the recent results by Borovkov et al. [5, 6], presenting (non-asymptotic)
bounds on the expected supremum of a driftless fBm over a finite time interval (as functions
of the Hurst parameter H, that is). The same setting is considered in [18], but a more prag-
matic approach has been followed: the objective is to accurately fit a curve to estimated values
of the expected supremum. In addition, we would like to stress that an intrinsic drawback of
asymptotics is that, in the absence of error bounds, one does not know whether such asymptotic
results provide any accurate approximations for instances in a pre-limit setting. The above con-
siderations motivate the objective of our work: identifying computable bounds on the expected
supremum of fBm with drift. We note that the identification of such bounds is clearly relevant
in its own right, but in addition they play a pivotal role when one aims to apply Borell-type
inequalities [1] so as to obtain uniform estimates for the tail distribution of suprema.

We proceed by stating some of our results. With .4~ denoting a standard normal random
variable, we define, for H € (0, 1),

k(H) =E[|.4/1=D],

which can be given explicitly in terms of the gamma function (see Lemma 1). The first main
result concerns the behavior of .Z (H) for H |, 0 and H 1 1, respectively.

Theorem 1. We have

1 H AMM(H
02055~ ——— <timinf 22 < jimsup L < 1 605, 3)
2@ H|0 ﬁ H0 \/ﬁ
and M (H 1 JMH) 1
lim inf (H) lim sup () <= @)

e U= Hye(H) — 2¢° Hi1 K(H) ~ 2

The asymptotic inequalities (4), in combination with the exact value of «x(H) derived in
Lemma 1 in Section 2, straightforwardly imply that .# (H) and « (H) ‘logarithmically match’

as H 1 1, in the sense that
log Z(H)

1m = 1.
Ht1 logk(H)

The second main result concerns bounds for H € (0, 1). These differ by at most a multiplicative
constant that is uniformly bounded over H € (0, %], whereas they differ by at most a factor

e/(1 — H) for H € [}, 1). We define

U (H) He,3], {max (LH), LH)} He, 5],

wnNH) Helz, D), Z1(H) Hel3. D),

with functions %1(-), Z41(-), (), Z5(-) that are defined in Propositions 1-4, and a function
Uy (-) that is defined in Corollary 2 and that uses the function %4(-) from Proposition 5. As
such, 7/ (H) and -Z(H) are the best upper and lower bound for .# (H) that we were able to find.
It is noted that all these functions can be computed through elementary numerical procedures.

Theorem 2. We have £ (H) and % (H) satisfying
ZLH) < #(H)<%H),
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FIGURE 1: All upper and lower bounds for .# (H) derived in this work.

such that
w (H)

sup
He©,1/2] £ (H)

< 18.063,

whereas for H € [%, 1) it holds that 2/(1 — H) < % (H)/ £ (H) < e/(1 — H).

The proofs of Theorems 1 and 2 will be given later in the paper, as well as the proce-
dure to compute .Z(H) and % (H) in Theorem 2. The bounds %;(-), and .2 (), ("), Z3(-)
are explicit functions of H, whereas the tightest upper bound %.,°(-) follows by performing a
numerical procedure on the (semi-) closed-form upper bound %5(-). The resulting bounds are
summarized in Figure 1. We note that the bounds are tight in H = % Notably, as a by-product
of the proof for the upper bound %,°(-), we present in Corollary 1 a new upper bound on the
mean of SUP,c(0.1] By (¢) for the regime H € (0, %]. Further, this bound is tight at H = %, and
improves the upper bound that was established in [5].

This paper is organized as follows. As it turns out, we have to consider the cases H € (0, %]
and H € [%, 1) separately. As in the former case Var By (f) grows slower than linearly, in the
physics literature [24, 25] this regime is sometimes referred to as subdiffusive. Analogously, in
the latter case Var By () is superlinear in #, explaining why this regime is called superdiffusive.
Section 2, dealing with the superdiffusive case, presents an upper and lower bound that have a
strongly similar shape. Then, in Section 3, we focus on the subdiffusive regime, with an upper
bound and two lower bounds (one of them being tighter for small H € (0, %], the other one
being tighter for larger H). This section also presents additional bounds and a procedure to
numerically improve the upper bound. Section 4 covers the proofs of Theorems 1 and 2. The
paper is concluded in Section 5.

2. Superdiffusive regime

In this section we consider the case H € [%, 1). We start our exposition with a useful
auxiliary result; see also [34].
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Lemma 1. For H € (0, 1),

1 _ 2—H
=Ly (355 )

Proof. Observe that, performing the change-of-variable x> = 2y,

K (H) = /E/OO e /2, 1 /(1=H) 4, /l(ﬁ)l/u_ﬁ)/“’ eIy H/Q0-H) 4y,
T Jo b4 0

which, after interpreting the integral in terms of the gamma function, proves the claim. O

With this lemma at our disposal, we can present our lower bound. It relies on the ‘principle
of the largest term’: the probability of a union of events is bounded from below by the prob-
ability of the most likely of these events. The following quantity will feature regularly from
now on:

v(H)=H"(1 —H)'H,

Proposition 1. For H € [%, 1) we have . (H) > £1(H), where

ZA(H) = %v(H)l/“—H) -k (H). )

As noted from the proof, the lower bound .Z(H) holds in the entire domain, i.e. for any
He(0,1).
Proof. This proof is due to [28]. Let #, be the maximizer, for a given u > 0, of the mapping

t> PBy(1) —t > u)=1 —q><”;t),

with ®(-) the cumulative distribution function of a standard normal random variable. As ®(-)
is increasing, t,, is the minimizer of (u + 1)/ 1, that is,

Iy=1u

1—-H

This means that we have the lower bound

M (H) = /OO P(sup{BH(t) —t} > u> du
0

>0

Z/OOIP(BH(IM)—tu>u)du
0
o u-+t,
SAGECOIE
oo 1-H
o)
0 v(H)

= gH/(1-H) /OO VA= — @ (v)) dv.
0
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By an elementary application of integration by parts, we obtain that the integral in the last
expression can be written as

/ (1= ®W)d((1 — Hp/I-Hy = —H)/ vl/(l_H)QD/(v)dv:%(l — H)k(H),
0 0

from which (5) follows. O

We proceed by deriving an upper bound. It will make use of the following results, which
were proved in Debicki et al. [10, 13]. We define

—1

2, H) = (/Oo (2r2") ™2 exp (= e+ w?/ (2021)) df)
0

Lemma 2. Let B(-) = B1,2(-) denote a standard Brownian motion. Then, for any H € (0, 1),
we have

2—2H <Mu, H) - ]P’(sup {B(rPH) — 1} > u> <2. ()

>0

For H > %, a tighter upper bound holds:

Au, H) - IP’(sup {B(*") -1} > u) <. (7
>0
Proof. See [10] for the proof of (6) and [13] for the proof of (7). U

Proposition 2. For H € [%, 1) we have .# (H) < % (H), where

1
Ui(H)= 3 - (H).

Proof. Informally, Slepian’s lemma compares the tail probabilities pertaining to the suprema
of two Gaussian processes when the corresponding variance and mean functions are equal and
the variograms are ordered; for the precise statement see e.g. [1]. In the case of H € [%, 1),
applying Slepian’s lemma yields that

]P’(sup{BH(t) —1} > u) < IF’(sup {B(tZH) — t} > u>,

>0 >0

for all u e R.
Using this bound in the first inequality, and equation (7) from Lemma 2 in the second
inequality, we obtain

M (H) = /00 P(sup{BH(t) —t} > u> du

0 >0
o0
< f ]P’(sup {B(IZH) —1}> u) du
0 t>0

</°O/OO ! (t+ w2 du dr
X —_—— u
“Jo Jo orH P\ 2
o0

=/(; P(B(*) > 1) dt
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1 o0
=— P(|JV|>I1_H) dr
2 Jo
L[ 1/(1-H)
=3 P(|.4 > 1) dr,
0
which equals % -k (H). U

3. Subdiffusive regime

This section covers the case H € (0, %]. Section 3.1 provides various bounds that allow
(semi-) closed-form expressions. Then in Section 3.2 we develop a numerical procedure that
improves the upper bound, and in addition we present bounds on various quantities featuring
in Section 3.1.

3.1. Closed-form bounds

We start with a theorem that is the immediate counterpart of Proposition 2. Due to the nature
of Slepian’s inequality, however, for H € (0, %] it constitutes a lower bound. As its proof is
essentially analogous to that of Proposition 2, we only provide the main steps.

Proposition 3. For H € (0, %) we have M (H) > £»(H), where
(H) = —H)-«x(H).
Proof. For H > %, Slepian’s lemma yields
o0 o0
/ P(sup{BH(t) —t} > u) du > / ]P’(sup {B(tZH) _ t} - u) du,
0 >0 0 >0

which majorizes, by the lower bound in (6),

@ 211)/00/oo ! < (t+”)2)d dt
— exp|— u dt,
o Jo 2nH 220
equalling (1 — H) - k(H). U

We now present a second lower bound, -Z3(H). It is noted that this Z3(H) provides a lower
bound on .# (H) for all H € (0, 1), but for H (%, 1) it performs worse than the bound £ (H)
from Proposition 3. In this lower bound the object

1/(1-H)
W(H) :=IE|:< sup BH(t)> :| ®)
1€[0,1]

plays a key role. This quantity will be analyzed in greater detail in Section 3.2: while we lack
a closed-form expression for w(H), we derive upper and lower bounds. From Lemma 4 and
Corollary 1, which will be stated and proved in Section 3.2, we conclude that

W(H) < u(H) < ji(H),

with
—\ I/(—-H) )
WH) = (ﬁ) . H(H) = (o, 1)V 4 %((ﬁ"(l-l, D) Ry <),

(€))
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where .4 denotes a standard normal random variable, ¢(H):=H/(1 — H), and C~ and
7°(-, 1) are introduced in Lemma 4 and Corollary 1. It is noted that E|#"|#D can be expressed
in terms of the gamma function, similarly to how this was done in Lemma 1.

Proposition 4. For H € (0, %] we have 4 (H) > £5(H), where
Ly(H) = v(HE) T (). (10)

Proof. Using the time-scaling property of fBm we obtain that .# (H) equals

- * Bu(t
/ ]P’(sup{BH(t) — 1> u) du= f p(sup Bu(®) _ ul—H) »
0 120 0 =0 1+1

5 ( BH(r>> Y=
= Sup .
>0 141

The last expression in the previous display obviously majorizes, for any 7 > 0,

< BH(I)>1/(1_H)
E sup —— .
refo,r] 1+1

Again using the time-scaling property of fBm, we see that

Byy(n)\ /(0D pH N\ /(=) 1/(1-H)
E sup —— > — -E sup Bpy(?) .
refo,7] 1+1¢ L+T 1€[0,1]

For a given H, the maximum of a function 7+ T /(1 4 T) is attained at T = H/(1 — H) and
equals v(H), which in combination with (9) yields the bound in (10). U

Numerical experiments show that 23(H) is the tightest of the two lower bounds for H close
to 0, whereas .25(H) is the tightest for larger values of H.

The next objective is to derive an upper bound. In this result we make extensive use of the
quantity

. 1-2H
w(T,H)::mln{T~ ,1},

2H

which is non-negative for H € (0, %]. After the proof of the following proposition, we will
comment on the computation of the quantity w(H) that features in this upper bound. We recall
that w(H) was defined in (9).

Proposition 5. For H € (0, %] we have M (H) < %> (H), where

U (H) = w(H) - 11(H), (11)
and 1-2H TH\ 1/(1—-H)
w(H) = inf{TH/“H) + <M> } (12)
7>0 V(T H)+T
In addition, w(H) < min{w(H), w2(H)}, where
w1(H) =2 - QEH)T/U= _opy(1-2D/C=2H) ) ()= (13)

V(H)
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Proof. Our starting point is again

///(H):f

o° Bu(t
]P’(sup ﬂ > ul_H> du.
0 1+1¢

>0

The idea is now to split the interval [0, co) into [0,7) and [T, c0), in the sense that the
expression in the previous display is majorized by

R By(t o By (t
/ ]p( sup Bu(®) >u1_H) du+/ p( sup Bu() >u1—H) du
0 refo,7] 1+1 0 te[T,00) 1 +1

B\ /U1 B\ /U
=E (sup ﬂ) +E ( sup H—()) .
refo.r) 1+1 te[T,00) 1 +1

The next step is to consider these two terms separately. We deal with the second term using
self-similarity and the fact that

(Bu®)},cp, = {P'Bu1/0), 5

with the objective of arriving at an expression similar to the first term. Concentrating on this
second term, we thus obtain

BH([) BH(I/I)
sup ——= sup ———
telT,o0) L +1 se01ym 1+ 1/t
d 1By (1)
= sup ———
re,1/71 1+1/t
(t/T)"* By (t/T)
1e(0,1] 1 -+ T/t

(~2HTH
= sup ——— - By(t)
reco,n 1+ T/t
A—2HTH
= sup ——— - By(1).
reo,1] t+T

Upon combining the above,

B0\ /U Bu(n)\ /A—H)
refo,r) 1+1 re[T,00) 1 +1
TH 1/(1—H) A-2HTH 1/(1-H)
=K (sup -BH(t)) +E <sup _ -BH(t)>
reo,1) 1 +1T o) t+T

- (A—2HpH N 1/(1=H) /(=)
<|T7/"“~ +<sup —) -E <sup BH(I)> .
refo,] t+T re[0,1]

It takes some elementary calculus to verify that, for given values of 7 and H, the supremum
of the function ¢ — ¢!—2# /(t+T) over [0,1] is attained at (T, H). This, combined with (9),
proves that, indeed, (11) holds with w(H) as defined in (12).
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It is left to show that w(H) < min{w(H), w>(H)}. The bound w(H) < w;(H) results from
taking the infimum in w(H) in (12), but over a subinterval of (0, co). More concretely, we
consider the interval (0, t(H)) with t(H):=2H/(1 — 2H), in which we can replace (T, H)
with T(1 — 2H)/(2H). We obtain

w(H) < wi(H)

1-2H~H\ 1/(1—-H)
= inf {TH/(I_H)+<M> }

T Te0,t(H)) v, H)+T
— inf (TH/(lfH) L HIO-E () 2H)(172H)/(17H)(2H)2H/(17H))‘ (14)
Te,t(H))

Computing the derivative with respect to 7 and solving the first-order condition yields that the
infimum above is attained at

T =2H(1 — 2H)1 2H/2H

It is directly seen that this minimizer does not exceed 2H /(1 — 2H), and hence it is also the
minimizer of (14). Further standard algebraic manipulations yield the expression in (13).
Further, the bound w(H) < w,(H) results from realizing that ¢ (T, H) < 1:

THN 1/(=H)
w(H) < wy(H) = inf{TH/(l_H) + <_) }
>0 T

The infimum above is attained at

1 —H\'-H
H

and again simple algebra then directly leads to the expression 1/v(H) in (13). U

Although we have the two upper bounds from (13), it is worthwhile exploring whether
we can analyze w(H) in a more precise fashion. The next lemma deals with this issue. Here
Hp ~0.1541 is the unique solution to the equation

H 2 — H\—-Q-H)/(1-H)
1—H:<1—H) : (15)
and 7°(H) is the unique solution to the equation, for T > (1 — H) !,
H H
_ _ 1 —2-m)/(-H) _ 16
1—H+(1—H T>( +7) (16)

Lemma 3. The function w(H), as defined in (12), with H € (0, %], satisfies

{min{a)o(H), w1(H)}) H < Hy,
w(H)=
w1(H) H > Hy,
where
1
__ o H/(1-H)
wo(H) =t°(H) <1+ (1+ro(H))l/(l—H)>'
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Proof. Above we already considered the infimum in (12), but with the minimization per-
formed only over 7' < t(H) :=2H /(1 — 2H). This resulted in the expression for w(H) as given
in (13).

We continue by considering the infimum in (12), but now with the minimization performed
only over T > t(H). To this end, we define the functions

-T

o
f(T)=uo+ W.

1
FT)y=T{1+ ——),
@ ( " (1+T>“+1)
Hence, for a given value of H € (0, %], the infimum we are looking for is infr F(T), with
T>t(H)ande =H( — H)" L. Itis directly seen that F'(T) = T“_lf(T), so that the first-order
condition reduces to f(T) = 0. We also have that f(0) = 2«, lim7—  f(T) = «, and
1+«

(I T+
This means that the function f(-) is strictly decreasing on T € [0, 1 4+ «) and strictly increasing
on (1 + «, 00), that is, it attains its minimum at 7 = 1 4+ «. As a consequence, the function f(-)
has at most two zeros. We distinguish between three cases.

(= (T —(1+a)).

(1) Suppose f(1 4+ «) > 0. In this case the equation f(7) =0 does not have any positive
solutions and thus F'(T) > 0 for all T, meaning that the infimum of function F(-) over
T > t(H) is attained at T = t(H).

(2) Suppose f(1 + «)=0. Then the equation f(7) =0 has exactly one solution, namely
T=1+a=(1 —H)~". This means that the infimum of F(-) over T > t(H) is attained
at max{t(H), (1 — H)~'}.

(3) Suppose f(1 + «) < 0. Then the equation f(7) = 0 has at most two solutions, say 77(H)
and T>(H), where T1(H) < 1 + a < T(H). The infimum of F(-) over T > t(H) is then
attained at max{t(H), T»(H)}. Finally, since t1(H) <1+« for He (0, 1 — %«/5], we
remark that the maximum is attained at 7>(H) as long as H belongs to that interval.
Observe that T»(H) solves (16), so that we can identify it with t°(H).

Now that we have analyzed the minimum over T < t(H) and T > t(H), we have to pick the
smallest of these numbers. Across all H € (0, %] we have that F(t(H)) > w;(H), because

A 1, 1y
5)

ol(H) ~— 2

where = (1 —2H)"/@=2H) in combination with the known equality g + 8~ > 2, for any
B > 0. It thus suffices to compare w;(H) with the value of function F(-) at 7°(H). Observing
that /(1 4+ o) = 0 coincides with (15), we obtain the desired result. [

3.2. Numerical techniques for improved bounds

We start by stating and proving an upper and lower bound on the function pu(-). These are
the functions 7z(-) and E(')’ which were given in (9) and appeared in Propositions 4 and 5. Then
we focus on developing numerical procedures to find a tighter upper bound on .Z (H). We do

so by studying the object o
WH, o) = E[( sup BH(I)> i|,
te[0,1]

where we note that u(H, (1 — H)™H= Ww(H), with wu(-) as defined in (8).
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The next lemma presents (i) bounds on w(H, «) in terms of w(H, 1), and (ii) explicit bounds
on u(H, 1). With [x] denoting the smallest integer larger than or equal to x, we note that
2/ log, 2?7 = H when 2%/H is an integer.

Lemma 4. Forany H € (0, 1) and a > 1,
(u(H, 1)* < p(H, @) < (u(H, 1))* + max{1, 2“‘2}a\/§ ((H, D+ B, (17)

For He (0, 1],
C- ct
—=<uH, ) SWH, 1) i= e,
vH V2/log, [22/H7
where C~ == (2/melog 2)~1 2 0.2055 and Ct = 1.695.

(18)

Proof. The inequalities (18) are due to work by Borovkov et al.: for the lower bound consult
[6, Theorem 1(i)] and for the upper bound consult [5, Corollary 2].

Hence the inequalities (17) are left to be proved. The lower bound is an immediate conse-
quence of Jensen’s inequality. For the upper bound we rely on the Borell-TIS inequality [2,
Theorem 2.1.1]: locally abbreviating u := u(H, 1),

w(H, a)=foop< sup By(f) > ul/“) du
0

te(0,1]

e 00 1
5/ 1 du +/ exp(——(ul/“ — M)2> du
0 o 2

o

o )
:/ 1du+a/ (e -+ Vexp (—y?/2) dy
0 0
o
gu"‘—i—max{l,Z“*z}a/O (1" +y* Y exp (—y?/2) dy

= p* +max {1,272} a\/g(,ua_l +E[ 47,

where in the fourth line we used the inequality (x + y)” < max{l, 2°~'} . (x" +y”), which holds

for any x, y, p > 0. O
We further improve the upper bound in (18) with the following result. For H° € (0, %),
define
A )= 2D (19)
T 1-2H°

Lemma S. For any H € [H®, %],

1
w(H, 1) < A(HIH")M(E, 1) + V1 —AH | H°) w(H®, 1),

where p(%, 1) = /7/2.
We remark that A(H | H°) — 1 as H 4 %, so this upper bound is tight at H = %
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Proof. Consider a new process X(-), defined by

X(t):=+AH|H°)B(t)++/1 —A(H | H°) By-(1), (20)

with processes B(-) = B1,2(-) and By-(-) being independent. We will write A .= A(H | H®) for
brevity. Then

Var X(1) — Var By(1) = At + (1 — AP — 20 =1(A + (1 — A2~ — 2071,

The function 7> A+ (1 — A)2°=1 — 2H=1 attains its global minimum at #=1, which
implies that Var X(f) > Var By (¢) for all > 0. This means that we are in a position to apply
Sudakov’s inequality; see e.g. [2, Theorem 2.6.5] or [6, Proposition 1]. For all s, 7 € [0, 1]
we have E[By ()] =E[X(f)] =0 and (due to the stationarity of the increments of Bg(-)
and X(-))

E[(Bu() — Bu()*] = E[(Bu(t — s))*]

<E[X(|r - s1))*]
E[(X(1) — X(s))*].

This gives us

W(H, )=E| sup BH(o}
Lte[0,1]

<E| sup X(t)i|
| 1€[0,1]

=E| sup {\/XB(I)+V1—ABH°(t)}:|

L1€[0,1]

S«/ZE[ sup B(t)] +4/1 —A-]E|: sup BHo(t)i|,

1€[0,1] 1€[0,1]
which completes the proof. U

Lemma 5 can be used to improve the upper bound for w(H, 1) that was presented in
Lemma 4. The following corollary provides this sharper upper bound.

Corollary 1. For any H € (0, %],
u(H, 1) <°(H, 1) == min{i(H, 1), 7' (H, D},

where

EH D= VAH |H%) - /24 /1 — A(H | H°) i(H, 1)},

with w(H, 1) defined in (18).

inf {
°e(0,H)

Notably, in the neighborhood for H = % the upper bound in Corollary 1 improves the upper
bound that was found in [5]; see Figure 2. More precisely, the figure shows that the above upper
bound improves the previous bound 1x(H, 1) for H € [0.412, 0.5]. The discontinuities are due
to the upper bound in (18) being piecewise constant.
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1.50 A

1.25 4

0.36 0.38 0.40 0.42 0.44 0.46 0.48 0.50
H

FIGURE 2: Comparison between the upper bounds for p(H, 1) given by Lemma 4 and Corollary 1.

Relying on similar ideas, we can improve the upper bound %(-) found in Proposition 5.
Recall that %4 (-) has the undesirable property that it has a jump at H = % where the exact

value of .#Z(H) is known (.#(3) = %). For H° € (0, 1), define

1 —2H )<1—2H°>/(2<1—H°>)

y(H | H°) = (m

We remark that y(H | H°) - 0 as H 1 %, so the upper bound in the following lemma is tight at

1

Lemma 6. For any H € [H°, %],

AM(H) < %(%) +y(H|H°).#(H®).

Proof. Analogously to the proof of Lemma 5, the application of Sudakov’s inequality, with

A defined as in (19) and process X(¢) defined in (20), for any fixed c € (0, 1), yields

A (H) =E| sup{Bp (1) — t}]

Lt>0

<E _sup{X(t) — t}i|

L >0

=K _sup{x/ZB(t) 4+ 1 —ABpgo(t) — t}]

Lt>0

=E-sup{(\/ZB(t) —ct)+ (VI —ABpe() — (1 — c)t)}]

Lt>0

< E-sup{x/ZB(t) - ct}j| + ]E|:sup{\/1 —ABye(t) — (1 — c)t}].

L >0 >0
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Finally, an application of the self-similarity property with ¢ = A yields, after some straightfor-
ward computations, the desired upper bound. (]

We remark that Lemma 6 can be further improved by optimizing over all constants A (or
equivalently H°) and c in the proof; the resulting optimized bound is not explicit (but can be
obtained numerically using standard software).

In the following corollary, the upper bound of Lemma 6 is combined with Proposition 5,
and in addition optimized over H° € (0, H].

Corollary 2. For any H € (0, %],

A (H) < Uy (H) = min {2%(H), %, (H)},
where 1

W(H) =5+ inf oy H) ()

and 94 (+) is defined in Proposition 5.

4. Proofs of Theorems 1-2

In this section we use the results from the previous sections to establish Theorems 1-2,
using the bounds developed in the previous sections.

Proof of Theorem 1. The result concerning H 1 1, in (4), is an immediate consequence of

the results presented in Propositions 1 and 2, in combination with the observation that
tim g#/0-1 — L
HH1 e

We continue by showing the result concerning H | 0, i.e. (3). From the proofs of
Propositions 4 and 5, w(H) and w;(-) defined as in Proposition 5, we have

(1 —ma=i <Py - 0o,
(H)

which implies that limg o .# (H)/u(H) = 1. From the first part of Lemma 4, locally using the
short notation y := u(H, 1), and with @ = (1 — H)~' and H < 1/2,

a—1 a—1
ot B oy TR BT
w W
Now, due to the second part of Lemma 4, we know that C H 12 < n=< CTYH™'/2, where

C~ =0.2,and C* is some constant larger than the C* = 1.695. This shows that
e N E|ly |1

I o n
tends to 0, as H | 0. What is more,

(/A=) | g=H/QU=H) < a1 _ (cHyH/(=H)  g—H/Q(—H)

which shows that ¢~ — 1 as H |, 0. We thus conclude that limy 10 4 (H)/1w =1, and hence
(3) holds. O

Proof of Theorem 2. The first part follows directly from the numerical computations under-
lying Figure 3. The second part follows from Propositions 1 and 2 by observing that, on the
interval H € [%, 1),H— HH/H-D monotonically increases from 2 to e. O
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FIGURE 3: The ratio between the upper and lower bounds for .# (H) for H € [0, %].

5. Discussion and conclusions

In this paper we have developed upper and lower bounds on the expected supremum of
fBm with drift. Some of these bounds are in closed form, whereas we also include numerical
procedures to improve on such bounds. Future work could aim at further shrinking the gap
between the upper and lower bounds. In addition, one could pursue developing similar bounds
for higher moments of the supremum, or alternatively the variance. Regarding the variance,
various complications are foreseen, most notably the magnitude of the best lower bound on the
second moment potentially exceeding the square of the best upper bound on the first moment,
rendering the resulting lower bound on the variance useless. Another branch of research could
concentrate on finding bounds on the expected supremum for non-fBm Gaussian processes.
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