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We derive a class of Navier-Stokes—Cahn—Hilliard systems that models two-phase flows with
mass transfer coupled to the process of chemotaxis. These thermodynamically consistent
models can be seen as the natural Navier—Stokes analogues of earlier Cahn-Hilliard—Darcy
models proposed for modelling tumour growth, and are derived based on a volume-averaged
velocity, which yields simpler expressions compared to models derived based on a mass-
averaged velocity. Then, we perform mathematical analysis on a simplified model variant
with zero excess of total mass and equal densities. We establish the existence of global weak
solutions in two and three dimensions for prescribed mass transfer terms. Under additional
assumptions, we prove the global strong well-posedness in two dimensions with variable fluid
viscosity and mobilities, which also includes a continuous dependence on initial data and
mass transfer terms for the chemical potential and the order parameter in strong norms.

Key words: Cahn—Hilliard equation, Navier—Stokes equations, mass transfer, chemotaxis,
volume-averaged velocity, mass-averaged velocity, well-posedness

1 Introduction

Biological phenomena such as tumour growth often involve complex interactions between
various actors that take place over multiple spatial and temporal scales [16,17,22,23,
32,37,50,53]. While discrete models that track the evolution of individual cells are able
to capture the biophysical rules proposed from biological intuition, the rapid increase
in computational costs with the number of cells and the difficulties encountered with
model calibration place limitations on discrete models. On the other hand, continuum
models, which group multiple characteristic properties into one or more phenomenological
parameters, tend to be too coarse at resolving the microstructures occurring at the level
of individual cells, but in exchange they offer a tractable phenomenological description
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of the key dynamics for which mathematical analysis and numerical simulations can be
carried out.

Within the class of continuum models, we focus on the category of diffuse inter-
face models, also commonly known as phase field models [9]. Although it is natural
to view interfaces separating different components of matter as idealized hypersurfaces
with zero thickness, these so-called sharp interface models break down when the interface
experiences topological changes. The diffuse interface models replace this hypersurface
description of the interface with a thin layer where microscopic mixing of the macroscop-
ically distinct components of matter are allowed. This not only yields systems of equations
that are better amenable to further analysis, but topological changes of the interface can
also be handled naturally (see e.g., [9,48]).

In continuum models, the ensemble of cells is often assumed to be tightly packed and
move together with some averaged mixture velocity. Grounded in the observation that
the morphology of certain cells and tissues behaves akin to viscous fluids [7,10,22,52],
many models treat the cells as viscous incompressible fluids, leading to a mathematical
consideration with the Navier—Stokes equations or Darcy’s law for the macroscopic
cellular velocity. The latter has been a popular choice for tumour growth (see, for
example, [17,23,32,63] and the references therein), which treats the cells as viscous
inertia-less fluids, similar in spirit to the approach taken in [8].

In this work, we include inertia effects into the modelling, and obtain a Navier—Stokes
system for the mixture velocity. More precisely, we derive a thermodynamically consistent
model for a two-component fluid mixture, which allows for mass transfer between the
two components, in the presence of a chemical species that is subject to diffusion and
other transport mechanisms such as convection and chemotaxis. The general model is a
Navier—Stokes—Cahn—Hilliard system of the following form:

d:p + div (pv - ”ngm(q;)w) — I+ T, (1.1a)
r r
dive = — 4+ =2, (1.1b)
Pr P2
0¢(pv) + div <pv ®v— %m((p)v ® V,u> = —Vp +div (25n(¢)Dv) (1.1¢)
—div (BVp ® Vo),
. r, I,
Orp + div (v — m()Vu) = — — —, (1.1d)
Py P
u=AV'(p)— BAp+N,  (Lle)
0,0 +div(ov — n(@)VN,) = S. (1.11)

Here, p;, i = 1,2, is the constant mass density of a pure component of fluid i, v is the
volume-averaged velocity of the mixture, Dv = %(Vv + (V) T") is the rate of deformation
tensor, p denotes the pressure and p and  denote the (averaged) density and viscosity
of the binary mixture, respectively. The order parameter ¢ is the difference in volume
fractions, with {¢p = —1} representing fluid 1 and {¢ = 1} representing fluid 2. In
terms of ¢, a typical form of the averaged density p is given by the affine function
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ple) = @go + @ u stands for the chemical potential associated to ¢, in which the
function ¥’ is the derivative of a potential ¥ that has two equal minima at +1. The
constants 4, B > 0 are related to the surface tension and the thickness of the interfacial
layers, while m(¢) denotes a non-negative mobility. The functions I';, i = 1,2, model the
mass transfer of fluid i. The density of a chemical species is given by ¢, and S models a
reaction term for ¢. The mobility of ¢ is given by n(¢) = 0, and the functions N, and N,
are the partial derivatives of the chemical free energy density N(¢, o) with respect to ¢
and g, respectively. In the analysis below, we will take N(¢, o) as

1
N(p,0) = 3 |o'|2 +y0(l—¢@) = N,=—y0, Nyo=0+y(l—-0), (1.2)

for a non-negative constant y (see, e.g., [32]).

Equations (1.1a) and (1.1¢) are the mass and momentum balance for the fluid mixture,
respectively, while (1.1b) relates the divergence of the volume-averaged velocity to the
mass transfer terms. Equations (1.1d) and (1.le) constitute a convective Cahn—Hilliard
system for the order parameter ¢, and equation (1.1f) is a convection—reaction—diffusion
equation for the chemical density ¢. Under suitable boundary conditions, the above model
satisfies an energy identity of the form:

d
E/edx+/ (m(w)lvﬂlz+n(<p)|VNa|2+2n(<p)|Dv\2) dx
Q Q
B
=—/ifcw+ N+—2;“'§—p—Awwr—2WwV—NwJ0dx
Q

2

Py — Py |0

-~ | U,+ N;S
+/Q <u 3 2) 0T

where the total energy density

dx, (1.3)

| |+ A% (p) + IVQD\ + N(o,0)

is the sum of the kinetic energy density § \v|2, the chemical free energy density N(¢, o)
and the Ginzburg-Landau energy density AY (o) + 2 \Vgo|2, and
vo=tp oy, =D
Pr P2 Py P1
System (1.1) is a generalization of the model derived by Abels et al. [5] for two-phase
flow with unmatched densities, where we account for mass transfer between the fluids
and coupling to the dynamics of a chemical species. Furthermore, (1.1) can also be seen
as the Navier-Stokes analogue of the general Cahn—Hilliard—Darcy model derived in
Garcke et al. [32]. In Section 2.5.5, we briefly discuss how to obtain Darcy’s law from the
momentum equation by an averaging procedure (see [18] for a simpler situation), which
allows us to formally recover Cahn—Hilliard—Darcy models from (1.1). To the authors’ best
knowledge, a similar Navier—Stokes—Cahn—Hilliard system was first derived by Sitka [53]
for modelling tumour growth with chemotaxis, which can be obtained from the more
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general model (1.1)—(1.2) with the following specific choice of mass transfer terms:

I, =—T4, (1.4)
so that
_ . 1 1 _ 1 1
Uv = OCFz, qu = pSFZ Wlth o= —_— — —, pS = — + —. (15)
P2 P1 P2 P
The choice I'y, = —I'y stands for the case of zero excess of total mass, as any mass

loss by fluid 1 is equal to the mass gained by fluid 2, and vice versa. Furthermore, by
integrating (1.1a) over the physical domain @ and under suitable boundary conditions,
the total mass fQ p dx is conserved. For the modelling of tumour growth, Sitka [53], and
also [16,17,23,32,50,63], considered the following biologically relevant choices:

P=3Gr - Ap+1), §=-3Colp+1)

where the non-negative constants G, A and C correspond to the constant proliferation,
apoptosis and nutrient consumption rates, respectively. These mass transfer terms model
the evolution of a tumour at its early stage, whose growth is proportional to the local
chemical density, and experiences cell death at a constant rate. The prefactor (p+1) in I,
and S ensure that these source terms only affect the tumour, which is given as the region
{® = 1}, and not the healthy tissues {¢ = —1}. Next, let us mention that for the choice
(1.2) of the chemical free energy density N, the fluxes for ¢ and ¢ are given by

qp = —m(@)Vu=m(p)yVa —m(@)V (A¥'(p) — BAo),
4o = —n(@)V N, = n(@)zVo —n(p)Vo.

As pointed out in [32], the parameter y is related to transport mechanisms such as chemo-
taxis (movement of fluid 2 towards high regions of ¢) and active transport (establishing
a persistent concentration difference between the different fluid components even against
the chemical concentration gradient). The former is due to the fact that the term m(¢) Vo
in the flux ¢, points in the direction of increasing ¢, and the latter is due to the fact
that the term n(¢)yVe in the flux ¢, points in the direction of increasing ¢. Note that
Vo is only non-zero in the vicinity of the interface between the two fluids, as the order
parameter takes distinct constant values in the fluid regions, and hence we expect that the
term div (n(@)xVe) in (1.1f), with the choice (1.2) for N, attempts to drive the chemical
species towards fluid 2, ie., the region {¢ = 1}, leading to a higher chemical density in
fluid 2 than in fluid 1 near the interface. We refer the reader to [32, Section 5, Figs. 9 and
10] for numerical simulations investigating this mechanism, and to [31,32] for a discussion
on how to decouple the chemotaxis and active transport mechanisms as at present they
are both related to the parameter y.

As a first step toward the mathematical analysis of system (1.1), we will study the
special case of matched densities p; = p, = 1 and zero excess of total mass I'y = —1I,
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for which the system (1.1) reduces to

00+ (v- Vv =—-Vp+div(2y(p)Dv — BV ®@ Vo), (1.6a)
dive =0, (1.6b)

0;p +v-Vo=div(m(p)Vu) + 2I,, (1.6¢)
u=AY'(¢) — Bdp — yo, (1.6d)

00 +v-Vo =div(n(e)V(e — y9)) + S. (1.6e)

We remark that obtaining useful a priori estimates from the energy identity (1.3) for the
general model (1.1) turns out to be rather complicated due to the source terms U, |v|2,
U, |v\2 involving the velocity and U,p involving the pressure. Unlike in the analytical
treatment of the Cahn-Hilliard—Darcy variant with source terms performed in [28,29,40],
useful estimates for the pressure p involving the left-hand side of (1.3) seem not available
a priori in the case with the Navier—Stokes equations. Hence, as a first contribution to the
mathematical treatment of Navier—Stokes—Cahn-Hilliard systems with mass transfer and
chemotaxis, we focus on the case of zero excess of total mass (1.4) and matched densities,
so that « = 0 and U, = 0 in (1.5). We leave the analysis of the general model for future
research.

The above approach to model chemotaxis bears both similarities and differences to the
classical approach of Keller and Segel [41]. In the context of coupling Navier—Stokes flow
with chemical chemotaxis, the mathematical model by Tuval et al. [56] for oxygen-driven
bacteria swimming in viscous incompressible fluids has been intensively studied by many
authors, see for example [13,14, 19,20, 39,44,46,60-62, 64, 65]. For the oxygen density c,
bacteria density n, fluid velocity # and pressure p, the model in [56] reads as

O+ (u-Vu=—-Vp+ndu+g,
divu =0,
0,c+u-Ve=D.Ac — nf(c),
om~+u-Vn=D,An — div (r(c)nVc),

(1.7)

where D. and D, are the diffusivities of ¢ and n, respectively, r(c) denotes the chemotactic
sensitivity, f(c) is a consumption rate of the chemical by the cells and g accounts for
external forces such as gravity or buoyancy forces.

Writing (1.1d), (1.1e) and (1.1f) (with the specific choice (1.2)) as

09 + div (ov) = div (m(@)V(A¥'(¢) — BAg)) — div (m(p)yVe) + U,,

0;0 + div (ov) = div (n(@)Vo) — div(n(@)yVe) + S, (18

then, we have a correspondence between ¢ and ¢ as the chemoattractant, between ¢ and n
as the variable exhibiting the chemotactic movement, between v and u as the fluid velocity
and between the terms div (m(¢)yVeo) and div (r(c)nVc¢) as the mechanism for chemotaxis.
The main differences between (1.6) (with the choice (1.2)) and (1.7) are the appearance of
a cross-diffusion type term —div (n(¢)xV¢) in the equation of ¢ accounting for the active
transport mechanism, and the fact that ¢ is subject to a fourth-order diffusion operator.
Besides, (1.6) is essentially a two-phase model.
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Last, let us mention that the models derived here, and also in [5,32], utilizes a volume-
averaged velocity, which is in contrast to the models of [16,17,23,42,48,50,63] that employ
a mass-averaged velocity. In the two-phase model of Lowengrub and Truskinovsky [48],
the mass-averaged velocity is not solenoidal (with mismatched densities), whereas in
the two-phase model of Abels, Garcke and Griin [5], the volume-averaged velocity is
divergence-free, which seems to be an advantageous property in the analytical treatment
as the pressure variable can be eliminated. In the present setting with mass transfer
between the two components in the Navier—Stokes flow, the velocity is not divergence-
free in general. However, as we will present in Section 2.8 below, the corresponding
model derived with a mass-averaged velocity has a much more complicated expression
than (1.1b) for the divergence equation. Another feature of the model with a mass-
averaged velocity is that the pressure appears explicitly in the equation for the chemical
potential p.

The outline and contributions of the present work are as follows:

e In Section 2, we derive the general model (1.1) from balance laws. Under specific choices
of the source terms and free energy we obtain the Navier—Stokes analogue of the models
in Garcke et al. [32]. The sharp interface limit ¢ — 0 of (1.1) with the choice 4 = g,
B = fe is also stated, which can be deduced following the formally matched asymptotic
analysis presented in [5,18,32].

e In Section 3, we study the simplified model variant (1.6) and introduce preliminary
results that will be used in our analysis, as well as a summary of our main mathematical
results.

e In Section 4, we establish the global existence of weak solutions in two and three
dimensions under general assumptions on the source terms I' and S, the potential ¥,
the viscosity # and the mobilities m and n. The assertion is given in Theorem 1.

e In Section 5, under additional assumptions on the initial conditions, the source term
I', the mobilities m and n and the viscosity #, we prove the global existence of strong
solutions to (1.6) in two dimensions. The assertion is given in Theorem 2.

e In Section 6, we show the continuous dependence of strong solutions to (1.6) in two
dimensions on the initial data and source terms. This is stated in Theorem 3, and
the proof is based on a similar procedure used in [30,31], which allow us to deduce
continuous dependence for the chemical potential p in L*(0, T ; L?(Q)) and for the order
parameter ¢ in L*(0, T; H*(Q)) as well. In particular, thanks to the regularities of the
strong solutions, the continuous dependence result is valid for variable fluid viscosity
and mobilities.

2 Model derivation
2.1 Balance laws

We begin with the following modelling assumption: in a bounded domain @ C R¢,
d = 2,3, there is a two-component mixture of immiscible fluids and a chemical species.
Let p;, i = 1,2, denote the constant mass density of a pure component i, while p; denote
the actual mass of the component i per volume in the mixture. We define the volume

https://doi.org/10.1017/50956792517000298 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000298

Thermodynamically consistent Navier—Stokes—Cahn—Hilliard models 601

fraction u; = p;/p; for i = 1,2, which lies in the physical interval [0, 1]. Assuming the
excess volume of mixing is zero, i.c., the fluids behave like a simple mixture, it holds that

uy +uy; =1. (2.1)

We define the mass density p of the mixture as p = p; + p», and introduce the volume-
averaged velocity:

v = uvy + upvy, (2.2)

where v;, i = 1,2, is the individual velocity for component i.
The balance laws for mass and linear momentum are given as

Orpi +div(pivi) — I'i =0, (2.3a)
0:(pv) 4+ div (pv ® v) — div (S — pI) =0, (2.3b)

where I'; denotes a source term for component i, S is a tensor yet to be identified, p
denotes the pressure, I is the identity tensor, and for two vectors a,b € RY, the tensor
product a ® b is defined as a ® b = (a;b;)i«; j<q¢- Furthermore, the divergence of a tensor
A is taken row-wise. Note that upon dividing (2.3a) by p; and using (2.1) and (2.2), we

obtain
. ry r
dive == +2 =0, (2.4)
P1 P2
Introducing the fluxes
S, J JJ
Jio=pivi—v), J=di+d, J,=2-2 K="l (2.5)
Py P Pr P2

Then, by the definition of K, J; and the volume-averaged velocity v, it holds that
K=u(vi—v)+uw@v,—v)=v—(u +uw)v =0, (2.6)

which implies

J=Ji+ = P2—91JQ+P2+91K: Pz—Plj(p
2 2 2
From (2.3a), we deduce that
. 1 . I
Ou; + div (uv) + —divJ; = ﬁ— 2.7)
i i

Defining the order parameter ¢ as the difference in volume fractions
¢ = uy —uy, (2.8)

so that fluid 2 is represented by the region {¢ = 1} and fluid 1 is represented by the
region {¢ = —1}, we can deduce from subtracting (2.7) for i = 1 from (2.7) for i = 2
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that
. . r, T
819 + div (o) + divd, = = — L =: U,,. (2.9)
Py P
Furthermore, on the one hand, the mass density p can be expressed as an affine function
of ¢:
— — Pr—P PrtP
p(¢) = Prus + Pyt = =2 S+ 2 5 L (2.10)
and on the other hand, by adding (2.3a) for i = 1,2 and using (2.5), we obtain a balance
law for p:
dp+div(p) +divi =T +T,=:0 with J =22 3 Pry,. 2.11)

Remark 2.1 It is straightforward to verify that (2.11) is equivalent to (2.9) under the rela-
tion (2.10). Thus, in the sequel we will solve the order parameter ¢ and determine the mass
density p using the relation (2.10), instead of considering the balance law (2.11) for p itself.

Besides, the density of the chemical species present in Q, denoted by o, satisfies the
following balance law:

0;0 +div(ov) +divd, =S, (2.12)

for some source term S and flux J, that we will determine later.

The prototype model consists of equations (2.3b), (2.4), (2.9) and (2.12), and we will
employ the Lagrange multiplier method of Miiller and Liu (see [43, Chapter 7] and [5,
Section 2.2]) to determine the constitutive assumptions on §, J, and J,; so that the
resulting model is thermodynamically consistent.

2.2 Energy inequality

We postulate a general energy density of the form
B
e="L1of +4¥(9) + 5 Vol + Nig.0) (2.13)

where A, B are positive constants and ¥ is a potential with equal minima at +1. The
first term of e is the kinetic energy, and the second and third terms of e form the so-
called Ginzburg-Landau energy, which accounts for the interfacial energy and unmixing
tendencies. The last term of e is the free energy of the chemical species, in which we
incorporate possible interactions with the fluids by introducing a dependence on ¢. In
contrast to [32], here we include the effects of inertia that leads to the appearance of the
kinetic energy density in (2.13). We mention that this effect has also been considered in
the thesis [53], but below we will derive a more general model.

We now derive the model based on a dissipation inequality for balance laws with source
terms that has been used in [32,34,35,51], see also [36, Chapter 62]. The second law of
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thermodynamics in the isothermal situation can be formulated as a free energy inequality,
which states that for all volumes V' (t) C Q transported by the fluid velocity, the following
inequality has to hold:

d
— edx+/ Je-vdeflf/ coUp+cyUy +c5Sdx <0,
dt Jyq av (1) V(1)

where v is the outer unit normal on 0V (¢) and J, is an energy flux yet to be determined. In
the above, dx and dH‘~! denote integration with respect to the d dimensional Lebesgue
measure and (d — 1) dimensional Hausdorff measure, respectively. The source terms U,
U, and S carry with them an energy contribution of the form

/ coUy + cyUy + cs8 dx,
V()

where the prefactors c,, ¢,, cs Will be determined below.
By the Reynold transport theorem and divergence theorem [36], this leads to the
following local inequality:

die +div(ev) +divd, — c, U, — ¢,Uy — ¢sS < 0. (2.14)

Instead of asking (2.14) to hold only for variables (¢,o,v,U,, U,,S) that satisty the
prototype model equations (2.3b), (2.4), (2.9) and (2.12), the Lagrange multiplier method
of Miiller and Liu relaxes the constraint on the model equations by introducing Lagrange
multipliers (see, e.g., [43, Chapter 7]), in our case A, and A, for (2.9) and (2.12), and
instead it asks that the following inequality

—D = 0,e+div(ev) +divJ, — c, U, — ¢,Uy — csS
—Jp (3 +div (pv) + divJ, — U,) (2.15)
— As (0,0 +div(ov) +divd, — S) <0

holds for arbitrary (¢,o,v,U,, U,,S,0;¢,0;c), where the material derivative 0;f of a
function f is defined as

o7 f =0, +v-Vf.

We introduce the notations

ON ON
N( ==, Nﬂ- ==, :=A'II/ 7BA N(,
= 5 5 M (o) ¢+ Ny

and recall the identities

0, oV = 0,0V + (Vo @ Vo), (2.16)
Ve -0'(Ve) =div(@ eVe) —3%pdp — Vo : (Vo @ V), (2.17)

d

where for vectors a,b € RY, Va : Vb = P

(2.11), we compute that

0;a;0;b;. Then, using (2.3b), (2.4) and
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. . . 1, oo
0; (g |v|2> = (0:(pv) + div(pv @ v) — p(divo)w) - v — = |v\26[p

=div(S —pl)-v |v\ (divJ — @ — pU,)
(2.18)
= div ((sT pr)v+§|v| J) —Vo:(S+v®J)
|v| (@ +pU,) +pU,.
Furthermore, using the relations
r=2w,-v,), n=2U+0, sotat 0=21y, 422y,
we can express (2.18) as
a7 (4 lof*) = div (( )Tt > lol J) — Vo (S+v@J)
_(<p+P2+P1) o) — )U _7‘ |2P2 PlU
Then, after a long but straightforward calculation, we obtain from (2.15) that
—D =div ( — dodp = 2ady + (ST — pho + |v| J + Bo; (pV(p) +J,-Vi,
+J5 - Vig+ (—12) 070 + (Ny — /1,;)6:0 + (A —cs5)S
(2.19)

+ </lq,—cq, — Pz;ﬂliMz) Uy,—Vv:(S+v®J +BVp® Vo)
+U, (f(q),V(p,a) —Co =A@ = Ae0 = @% jof? +p) ;
where we recall that f(¢,Vo,0) = AV (p) + 5 |V<p| + N(¢,0) denotes the free energy.
2.3 Constitutive assumptions and the general model

In order for —D < 0 to hold for arbitrary (¢,0,v,U,, Uy, S,0; ¢,0; g), where —D is given
in (2.19), we make the following constitutive assumptions:

Jo =1 g =Ny, (2.20a)
Jo=pdy+Noyd, — S v+ po— ; WP P2 . Pr= Py BatoVe, (2.20b)
S =2(@)Dv —v®J — BVp® Vo, (2.20¢)
Jo = —m(@)Vu, J, = —n(@)VN,, (2.20d)
cs =N;, cp=pu— @1 |v\2 (2.20e)
e = AV (9)+ 3 Vol + N(p.0) — o~ Noo ~ TP D p 2207)
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where Do := 2(Vv +(V)T) is the rate of deformation tensor, 5(¢) is the mixture viscosity
and m(¢),n(¢p) are positive mobilities. Equations (2.20a)—(2.20f) yield that the right-hand
side of (2.19) is non-positive, namely,

—D = —m(e) |Vu|* — n() [VN,|* — 2n(¢) |Do|* < 0

We remark that the constitutive assumption (2.20b) for the energy flux J, is chosen so
that the divergence term in (2.19) vanishes. The term (pI — ST )v accounts for energy
change due to work done by macroscopic stresses (see [5]), while energy flux due to mass
diffusion are described by the terms uJ, and N,J;. Changes of kinetic energy due to mass
diffusion is given by 1 [Baeli] ’” |v\ =1 |v|2 J, and the term 37 V¢ arises from the moving
phase boundaries.

The above constitutive assumptions lead to the following Navier—Stokes—Cahn—Hilliard
model with mass transfer and chemical coupling:

r, r
divo =U, = — + =2, (2.21a)
Py P2
Py — P+
o) =" zp'<p+p22p1, (2.21b)

di(pv) + div (pv Qv %m(w)v ® w) = —Vp +div (25(¢)Dv) (2.21¢)

—div (BVp ® Vo),
F2 Fl

0, + div(pv — m(e)Vpu) = U, = (2.214)
2T

p=AY'(p) — BAdp + N,, (2.21e)

0,0 +div(ov — n(p)VN,) = S. (2.211)

Formally, by integrating (2.19) over Q, where we recall (2.15), the constitutive assumptions
(2.20a)—(2.20f), and now ¢ and o satisfy (2.9) and (2.12), we can obtain an energy identity
that is given by

d
& [ B IP 4 a)+ T Vol + N0 dx
Q
+ /g m(@) [Vil® + n(@) VN, + 2n(e) Do dx

7,47, 1 B
+/ U, <cpu+aNU+ P2 2p12|v|2pA?’(<P)2V<0|2N(cp,6)> dx
Q

5 =7, 1
_/ <#_022912|v|2> Uy + NS dx
Q

+/ ( \v| + AY¥ (¢) + |V<p| + N(p,0 ))v-v—n((p)NgavN,,d’Hd_l
oQ

(2.22)

- /OQ m(¢) (u +3 of? ek 3 pl) dypt+ 2n(@)(Do)v - v + BO,;pd,p dH* " =0,

where 0,f = Vf - v is the normal derivative of f on 0Q.
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2.4 Modified pressure and reformulation of the momentum equation

We now present three reformulations of the pressure and the corresponding momentum
equation (2.21c¢). Associated to each reformulation is the prefactor 4, = —c, that is
multiplied with U, in the energy identity (2.22). We consider, as in [32, Remark 2.1],

B
(1) g =p+A¥(¢)+ 7 Vol
B
Q) r=p+A¥(@)+ 5 Vo' + N(g.0).
B
(3) s =p+A¥(9)+ 5 Vol + N(@.0) ~ ou— Noo.

leading to the corresponding momentum equations

0:(pv) + div (pv ®v— %m(q))v @ Vu— Zn(w)Dv>

—Vq+ (= Ny)Vo,
=4 —-Vr+uVe+ N,;Vo,
—Vs— @Vu—aVN,,

as well as the prefactors

Pr+p 1
qou+oNa+p22pl%|v|2—N(w,o)—q,
fp = go,u—}—aN(;—}—pz—i_plfvz—r, (2.23)
2 2
P+l o
SEREAe

2.5 Reduction to special models
2.5.1 Absence of the chemical substance

In the absence of chemical substances, by setting ¢ = 0, N(p,0) = 0 and S = 0, we
obtain a Navier—Stokes—Cahn—Hilliard system with source terms that is composed of
(2.21a)—(2.21d) and

p=AY'(¢) — Bdop,

which can be seen as the Navier—Stokes analogue of [32, (2.35)]. Furthermore, if I'y =
I', = 0, then we obtain the Navier—Stokes—Cahn-Hilliard model of Abels, Garcke and
Griin [5]. For the existence of global weak solutions to the Navier—Stokes—Cahn—Hilliard
models, we refer to, for instance, [2-4,6,11,26,27,59,66], where the reformulation of the
momentum equation with the modified pressure variable r has been used.

2.5.2 Zero excess of total mass

We consider the case
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Define

1 1 1 1
o==——=, psi=—+—=0=0, Uy=al, U,=psl.
P Pi P2 Pi
This leads to the Navier—Stokes analogue of [32, (2.33)] that consists of equations (2.21b),
(2.21¢), (2.21e), (2.21f) and
dive =al, (2.24a)
0rp + div (v — m()Vp) = psI. (2.24b)

Furthermore, in the case of equal densities p; = p, = p. so that p = p, is constant, then

o= Oa ps = —,
P
and the resulting system becomes
dive =0, (2.25a)
P« (B0 + (v- V) = =Vp+div(2y(¢)Dv — BV @ V), (2.25b)
2
0ip+v-Vo=divim(e)Vu) + —TI, (2.25¢)
p=AY'(¢p)— BAdp + N,, (2.25d)
00 +v-Vo=div(n(p)VN,)+ S, (2.25e)

which is the Navier—Stokes analogue of [32, (2.34)]. If in addition, we set v = 0, then
neglecting the first two equations of (2.25) leads to [32, (2.36)].

2.5.3 Scaled zero excess of total mass

Alternatively, we consider the case

then it holds that

, _
Uy=0, U,=—T>, @=( —"‘)rz,

1) P>

which leads to the model consisting of (2.21b), (2.21¢), (2.21e), (2.21f) and
dive =0, (2.26a)

2
0+ div (pv = m(p)Vp) = =T (2.26b)
2

An interesting feature of this model is that the densities are allowed to be different, i.e.,
P # p, while we retain a solenoidal velocity field.
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2.5.4 No mass exchange for fluid 1

Setting
_I
P2
leads to the model consisting of (2.21b), (2.21¢), (2.21e), (2.21f) and

F1=0, I :

dive =T, (2.27a)
0, + div(pv — m()Vu)=1T. (2.27b)

Neglecting o, the resulting model is the Navier—Stokes analogue of [32, (2.43)]. Note that
the source terms for the divergence equation (2.27a) and the equation (2.27b) are equal,
and this feature has also appeared in the work of [40] (see [47,57,58] for the case I' = 0).

2.5.5 Recovering Darcy’s law

Darcy’s law can be obtained from the momentum equation (2.21c¢) by performing a
proper averaging procedure in a Hele-Shaw geometry, that is, the domain Q is given as
Q = U x [0,0] for some positive constant § < 1 and a bounded domain U c R4~
Rescaling the pressure p and the constant B appropriately with ¢, and employing formal
asymptotic expansions of the variables (p,v, @, u,0,I';) in J, by examining the equations
order by order in 0, one can derive the Cahn—Hilliard—Darcy model of [32] from the
Navier—Stokes—Cahn—Hilliard system (2.21). For further details, we refer to the recent
work [18], in which a Hele-Shaw—Cahn—Hilliard model is derived from the Navier—
Stokes—Cahn—Hilliard model of [5], see also [49, Chapter 4].

2.6 Some analytical issues
2.6.1 Restriction of the order parameter to physical values

One of the main mathematical issues with the analysis of the general model (2.21) is to
ensure that the order parameter ¢ stays in a physically reasonable interval, say ¢ € [—1,1].
This is due to the fact that the averaged mass density p(¢), defined via the relation (2.10),
can become negative if ¢ is outside the interval [—1, 1], which in turn causes difficulties
in the analysis of the momentum equation (2.21c). One possible approach is to consider
the class of singular free energies, where the potential ¥ is non-smooth and finiteness of
the integral [, ¥ (¢)dx implies that ¢ is indeed confined to a bounded interval. We point
out that the logarithmic potential

0 0.
Viog(s) = F((1 +5)log(1 +5) + (1 — s) log(1 — 5)) — 352
for constants 0 < 6. < 0, and the obstacle potential

1 2 .
Wo(s) = 5(1 —s57) ifse[-1,1],

400 otherwise,
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would ensure ¢ stays in (—1,1) for the former and in [—1,1] for the latter. However,
other technical issues arise with the use of a non-smooth free energy, e.g., the regularity
of solutions [2,11,33]. Besides, a further detailed analysis is required when mass transfer
terms are also included. We believe that the weak existence theory for the model (2.26)
with scaled zero excess of total mass, which can be viewed as the model of [5] but
including source terms for the Cahn—Hilliard system and a coupling to a convection—
reaction—diffusion equation, can be treated with the techniques used in [3] by employing
the logarithmic potential ¥jqg.

2.6.2 Boundary conditions for the velocity

We now examine the boundary term involving the velocity v in the energy identity (2.22),
which reads

B
/m (’2) o +p+A¥(9) + 5 Vol + No, 0)) v-v—2n(p) (Do) -vdH~"  (2.28)

Natural boundary conditions for the velocity are

no-slip b.c. v=20 on 0Q,
or free-slipb.c. v-v=0 and Vx(vxv)=0 ondQ,

so that (2.28) would vanish in both cases. However, integrating (2.21a) and applying the
divergence theorem yields that

0=/ v-vdH! =/divvdx=/ U, dx, (2.29)
oQ Q Q

which implies that U, necessarily has to have zero mean over . This is not an issue for
the models (2.25) and (2.26), but for non-zero U,, analysis of the corresponding Cahn-
Hilliard—Darcy model has utilized this compatibility condition, see for instance [28,40].
In the case that the source term U, is a function of the variables ¢ and o, condition
(2.29) may not hold in general, and thus alternative boundary conditions for the velocity
have to be considered, see for example [29] for a Cahn—Hilliard—Darcy model with U,
depending on ¢ and o, along with a Dirichlet (or Robin) boundary condition prescribed
for the pressure.

2.6.3 Remarks on the source terms

To obtain useful a priori estimates from the energy identity (2.22), which are essential for
the proof of existence of solutions, it suffices to control the source terms (neglecting the
boundary term for the moment)

5+, 1 B
v (o one+ PP < p - v 9) = 5 (9P - (oo ) dx
Q

Pr—p 1
—/(u—M|v|2) Uy + NySdx
0 2 2

(2.30)
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with the “good” part

4
dt J,

T / m(@) [Vu> + n(@) [V N, + 201(0) Dol dx.
Q

B
£l +4%(9) + 5 [Vol* + Nig,0)dx

The fundamental difference between the source terms encountered in the previous works
[15,25,28,30,31,40] for Cahn—Hilliard/Cahn—Hilliard—Darcy systems and (2.30) is the
appearance of |v|2 multiplied with U, and U,,. Suitable assumptions on the integrability
of U, and U,, are required to control their products with the kinetic energy. Moreover,
estimating (2.30) is further complicated by the presence of the term U, p involving the
pressure. In contrast to Cahn-Hilliard-Darcy models, for which an estimate of the L>-
norm of the pressure can be obtained by studying Darcy’s law as a second-order elliptic
equation for the pressure (see [28,29,40]), in the present setting involving the Navier—
Stokes equations, such estimates seem not available at first glance. However, we mention
the work of Abels [1] for some results in this direction.

We also point out that the pressure reformulations in Section 2.4 do not entirely remove
the above technical issues, as from (2.23), the source term U, will always be multiplied with
a nonlinear term containing |v|2 and the pressure. Furthermore, additional nonlinearities
may appear in the boundary term (2.28) instead. For instance, consider the reformulation
s=p+AY(p)+ 2 \V(p|2 + N(¢,0) — ou — Nya, so that (2.30) becomes

Prtpil, Pr—pil,
/QU,; (2212|U| —S)—(u—2212|v|>U¢,—Nanx,

but, in exchange, the boundary term (2.28) becomes
/ (g o> + s+ ou+ Nm) v-v —2n(p)(Do) - vdHL
oQ

In particular, if one considers non-standard boundary conditions for the velocity (so that
U, need not have mean zero), controlling terms such as gu and N, become harder when
they appear as part of the boundary terms. Hence, to allow for interesting effects (e.g., U,
does not have mean zero), there will be a delicate balance between choosing appropriate
reformulations and boundary conditions to arrive at a tractable description of the model
for which can be further analysed.

2.7 Sharp interface limit

Let us consider the general model (2.21) with the following choices:

1
A= g B=fe N(g.o)=5 lo* + yo(1 — @), (2.31)

where f > 0 denotes the surface tension, ¢ > 0 is related to the thickness of the diffuse

interface and y > 0 is the chemotaxis parameter. Furthermore, we allow the source terms
S =S8(p,u,0), 't =T'1(p,u,0) and I'y = I'r(p, u,0) to depend on ¢, u,¢ but not on any
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derivative. The motivation for considering a dependence on u for the source terms comes
from the works [37,38]. Besides, we take a non-degenerate mobility 0 < ng < n(s) for all
se R

From the formally matched asymptotic analysis performed in [5], different sharp
interface models in the limit ¢ — 0 can be derived from the Navier—Stokes—Cahn—
Hilliard system for different choices of the mobility function m(¢). To compare with the
results in [32] we confine ourselves to the constant mobility m(¢p) = 1. Furthermore, we
rescale the potential ¥ such that

1
/ V2¥(s)ds = 1,
—1

and then the constant y in [32, (3.17)] becomes 1.

Let Q(t) denote the region for fluid 1 and Q,(t) denote the region for fluid 2, which
are separated by a hypersurface X(t). We denote the variables defined over ©; with the
subscript 1, and similarly for variables defined over @2, with the subscript 2. For the sake
of convenience, we use the following notations:

5, in Qi n(=1) inQ, n(—1) in Qy,
— = n=
P=15, o, N+ in Q, n(+1) in Q,

_{Fi(—l,m,m) in @, SZ{S(—I,m,m) in @,

i1 2, 02) in Q,, S(1, t2, 02) in Q,

when writing equations over the union ©; U ©,. Furthermore, let v and V denote the unit
normal (pointing into ;) and the normal velocity of X(t), respectively. We define the
jump of a quantity f along X as

[11} (x) = lim (f2(x + 0v(x)) = f1(x = 0v(x)))

for a point x € X such that x + dv(x) € ©, and x — dv(x) € Q. Then, following the
procedure outlined in [5, Section 4, Case I] and [32, Section 3], while considering a similar
treatment for the pressure variable as in [18, Section 3], ie., the pressure variable has a
term scaling with % in its asymptotic expansion, we obtain the following sharp interface
model:

dive=p,I'1 +p,I in QU (2.32a)

(3,0 + div (v @ ) — @div (0@ Vi) = —Vp+2ndiv(De) in @ UQs,  (2.32b)
0,0 + div(ov) = ndo + S in Q U, (2.32¢)

—Apy = —2p7 ' in Q,, (2.32d)

—Apy =2p,'T, in Q, (2.32¢)
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along with the free boundary conditions:

W} =0, [6)?=2y onZ, (2.33a)
2
2u=pr—1 [kﬂ L 2e-v=V)=[delf on X, (2.33b)
li=0, v-v-V=1[,ui, [pl—2yDoljv=xpv onZ, (2.33¢)

where x is the mean curvature of the hypersurface X. We remark that equations (2.32a),
(2.32¢)—(2.33b) also appear in the sharp interface model [32, (3.49)—(3.50)], while (2.32b),
(2.33¢) are present in the sharp interface limit of [5, Section 4, Case I].

Remark 2.2 We point out that it is also possible to consider mobilities scaling with ¢, i.e.,
mi(@) = &, or a two-sided degenerate mobility my(¢) = (1 — @?), := max(1 — ¢>,0). In these
two cases, the analysis of [5, Cases II and IV] will yield a sharp interface model consisting
of (2.32a), (2.32¢) along with

p(@w +div(r ®v)) = —Vp+2ndiv(Dv) in Q1 UQ,,
20,7 'Ti(L,02) =0 in Qs
20, 'Ta(~1, 1) =0 in Q,

1 2
Zﬂzﬁk—§ “6‘2}1’ 0,61 =0, [6]} =21 onZ,
w]}=0, [pl—2yDovliv=xpv, V=v-v onZX.

In particular, the choices of my; and my lead to the relation V = v - v, which means that
the interface is passively transported by the fluid velocity. Note that there are no differential
operators acting on the variable p, and the source terms I'y, I'y must be chosen such that
I'n =01in Q, and I', = 0 in Qy in order for the above sharp interface model to be well
defined.

2.8 A model with a mass-averaged velocity

In the modelling, a mass averaged velocity could also be used (see for instance, [17,42,48]
and the references cited therein). In this section, we will sketch the derivation of a
model using a mass-averaged velocity that includes mass transfer between the two fluid
components, which serves to compare with our model (2.21) with a volume-averaged
velocity.

Our starting point is the balance law (2.3a) for p;, i = 1,2. Let u; = £ be the volume
fraction of component i, and p = p; + p, as the mass density of the fluid mixture. We
now consider the mass concentration ¢; := % = plf’;pz € [0,1], i = 1,2, which satisfies the
relation:

o

Ci— = U;.
pi

The assumption on zero excess volume of mixing (2.1) then implies that the mass density
p as a function of the order parameter ¢ :=c¢; —c¢; € [—1,1] is

https://doi.org/10.1017/50956792517000298 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000298

Thermodynamically consistent Navier—Stokes—Cahn—Hilliard models 613

1 c1 1) 1—-¢c 1+4c¢
—— =t ===+ =—, (2.34)
plc) Py P2 2p 2p,

due to the relation ¢; +¢; = 1. Let v;, i = 1,2, denote the individual velocity of fluid i,
then the mass-averaged velocity w is defined as

p(c)w = prv1 + pavy. (2.35)
Adding (2.3a) for i = 1,2 and employing the relation (2.35) yields the mass balance

Op+divipw)=I1+T =0 = divw= %(@ — 07 p), (2.36)

where 07 f = 0,f +w-Vf now denotes the material derivative with respect to w. To obtain
an equation for the order parameter c, interpreted as the difference in mass concentrations,
we introduce the fluxes:

Li = pi(vi — W) - Gz(pci) + div (pCiW) + div Ll‘ = F,’. (237)

Furthermore, using (2.35) and the relation p = p; + py, it is easy to see that Ly = —L,.
Setting L := L, — L, we then obtain from (2.36) and (2.37) that

0/(pc) +div(pew)+divL =T, — Iy,
which implies
pOfc+divL=T2(1—¢)—T1(1+¢c)=:7Y. (2.38)
For the linear momentum, we consider a balance law of the following form:
O:(pw) + div(pw @ w) = p(O;w + (w - V)w) + Ow = div (T — pl), (2.39)

for a symmetric tensor T and a pressure function p, while for the nutrient density ¢ we
have analogously

0;0 +div(ow) +divJ, = S. (2.40)

To derive the constitutive assumptions for T, J, and L so that the resulting model is
thermodynamically consistent, we postulate a general energy density of the form

= @ wl* + Ap(c) ¥ (c) +p(c)§ Ve]® + N(o,0), (2.41)

where, as before, A and B are positive constants and ¥ is a potential with equal
minima at +1. We note that the difference between (2.41) and (2.13) is that the
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Ginzburg-Landau energy density is now multiplied with p(c) (cf. [48, (3.36)]). Similar
to Section 2.2, we use the Lagrange multiplier method of Miiller and L1u to investigate
the local inequality

—D :=0ie, +div(e,w) +divd, —cyY —ce® — csS
— e (pOfc+divL — Y) — Js (0] 0 + adivw +divJ, — S) <0

holding for arbitrary (c,o,w,0;¢,0;0,Y,0,5) with an energy ﬂux J. and prefactors cy,
co and cg yet to be determined. Denoting E := 3 Liw]> + A% (c +3 B |V¢|?, and the partial
derivatives of N(o,c) with respect to ¢ and ¢ as N, and NL, respectively, then a long
computation shows that

-D=div(J, — AL — 2:J; + (T — pI)w + Bpd;cVc) + (A — cy)Y
+S(e—cs)+L-Vi+Jd;- Vi, —Vw : (T +BpVec® Vc)
+07c (p'(c)E + Ap¥P'(c) — div(BpVe) — plc + Ne) + 0; 6(Ny — A5)
+(p+ pE — Jo0)divw — (co + W)@

Using the expression in (2.36) for div w leads to a simplification of the above equation:

—D =div(J, — 2L — 2;J5 + (T — pI)w + Bpd;cVe) + (4 — cy)Y
+S(As—cs)+L-Vi+J, Vi, —Vw (T +BpVc® Vc)

/

+ore (Apav’(c) —div(BpVe) + Ne — pie — %(p - zm) +0%a(Ny — Ay)
- <c@ +|w|* — lf)— E + 1/100) 2]
P p
In choosing the constitutive assumptions
As = Ny,  ¢s = Ag,

p'(c)
p(c)

1
Jo = = AV0) = iV (p(0)V) + = Nilo,o) =

Cy = ;Lfca L= _m(c)v:u’ J = _n(C)VNo‘a
T = 2n(c)Dw + 6(c)divwl — Bp(c)Vc ® Ve,
Jo = AL+ Aed; — (T — pI)'w — Bp(c)d; cVe,

(p — No(0,¢)a),

1
o = —(p— Nyo f\w| +AY(c \Vc|
p(c)

for non-negative functions #5(c), 6(c), m(c) and n(c), we obtain the analogue of system
(2.21) with a mass-averaged velocity w:

https://doi.org/10.1017/50956792517000298 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000298

Thermodynamically consistent Navier—Stokes—Cahn—Hilliard models 615

. 1 p'(c)
divw=——(T1+1>)—
o T
| R A
plc)  2p; 2p,
0:(pw) + div(pw @ w) + Vp = div (25(c)Dw + 0(c)divwl — Bp(c)Vc ® V), (2.42¢)

(I'>2(1 —¢)—T'1(1 +¢) +div(m(c)Vy)), (2.42a)

(2.42b)

p(c)0;c = div(m(c)Vy) + I'2(1 —¢) — I'i(1 +¢), (2.42d)
= AP'(c) - %Bdiv (p(c)Ve) + ﬂN (a,¢) — 2’28 (b — No(0,c)a), (2.42¢)
070 = div (n(c)VN,(ao,c)) — adivw + S. (2.42f)

Let us point out that (2.42) can be seen as a generalization of the quasi-incompressible
model of Lowengrub and Truskinovsky [48, (4.14)] to include mass transfer and chemotaxis
effects. In particular, by setting I'y = I, = ¢ = N(g,c) = 0, we recover [48, (4.14)].
Furthermore, in comparison with the volume-averaged variant (2.21) obtained above,
we observe that the equation for the divergence of the volume-averaged velocity (2.21a)
is considerably simpler than the corresponding equation (2.42a) for the mass-averaged
velocity, and the pressure does not explicitly appear in the equation for the chemical
potential (2.21e), unlike in (2.42¢).

3 Analysis of the simplified model with zero excess of total mass and equal densities
3.1 Problem setting

For the rest of the paper, we analyse the model (2.25) with zero excess of total mass and
equal densities, and consider the following typical form of the chemical free energy N:

1
N(g.0) = 5 lo]" +z0(1 —¢) for z>0, (3.1
which has also been considered in [28-31]. Then, we have
Ny =—yo, Ns=o0+ 11— o). (3.2)

For any given T € (0,+00), we set p, = 1 and absorb the prefactor 2 into the source
term I, leading to the system

dive =0 in Q x (0, T), (3.3a)

o+ (v- Vo =—-Vq+div(2n(e)Dv) + (u+ x6)Ve in Q x (0, T), (3.3b)
0p+v-Vo=divim(e)Vu)+ T in Q x (0,7T), (3.3¢)
u=AY'(¢) — BAdp — yo in Q x (0, T), (3.3d)

0,0 +v-Vo=div(n(p)V(e + (1 — ¢))) + S in Q x (0,T), (3.3¢)

where we have also reformulated the momentum equation with the modified pressure
variable q. We now prescribe the following initial-boundary conditions:
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v(0) =v, ¢0)=¢o, d(0)=09 inQ, (3.4a)
v=0, m(p)oyu=0,0=n(p)0,N, =0 ondQ x(0,T), (3.4b)

so that the energy identity (2.22) reduces to
d
—/ = o] + AV (p) + |V<p| + = |a| + yo(1 — )| dx
dt Jo
+ [ [m@) VA + i) V(e + 21 = oD + 2@ D ax (33)
Q

—/Q[(a—l-x(l—go))S—i-,uF] dx = 0.

3.2 Preliminaries

Assume that Q ¢ R% d = 2,3, is a bounded domain with smooth boundary 0Q. We
denote by Q = Q x (0, T) the space—time cylinder with 2 :=0Q x (0, T'). For the standard
Lebesgue and Sobolev spaces, we use the notations L? := LP(Q) and Wk? := WkP(Q) for
any p € [1,400], k > 0 equipped with the norms || - ||z, and || - ||ys. In the case p = 2,
we use H* := Wk?2 and the norm || - || g«. The L?-scalar product between two functions f
and g is denoted by (f, g). The dual space of a Banach space X is denoted by X', and the
duality pairing between X and its dual will be denoted by (,-)x.

We express R?-valued functions and function spaces consisting of vector-valued /tensor-
valued functions in boldface. The matrix of second derivatives of a scalar function f is
denoted by V?f, and similarly the tensor of second derivatives of a vector f is denoted
by V2f. For Bochner spaces, we will often use the isometric isomorphism between
LP(0, T;LP(Q)) and LP(Q) for 1 < p < oo. Similarly, we reuse the notation L?(Q) for
LP(0, T; LP(Q)) for 1 < p < co. Since the pressure is determined up to a time- dependent
constant, we ask that the pressure ¢ belongs to the space L2 = {f € L*(Q) : f = 0},
where f := ﬁ Jo f dx denotes the mean of f. Furthermore, we set

HY :={f € H* :3,f =0 on 0Q}.

We now introduce the classical function spaces for the Navier—Stokes equations [54].
For a vector-valued/tensor-valued Banach space X, we define Xy, as the completion of
Cso =1{f € (CE2(Q))! : div f = 0} with respect to the X-norm. In the case X = L%, we
use the notation L7 := Lj,. The space Hj, is endowed with the scalar product

(u,0)g = (Va,Vv) Vuv € Hy,,

and we denote its topological dual as H~!. It is well known that L? can be decomposed
into the sum L2 @ G(Q), where G(Q) := {f € L? : 3z € L? with f = Vz}, i.e., the space
G(Q) is the orthogonal complement of L2. Then, for every f € L? we have the unique
decomposition (up to an additive constant for z)

f =fo+ Vz, where fo € L2, Vze G(Q),
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and as a consequence, we obtain a bounded linear operator Py : L?> — L2 defined by
Py (f) = fo, which is more commonly known as the Leray projection onto the space of
divergence-free functions. We recall the Stokes operator S : D(S) — L2 defined as

(Su,8) = (Va,V¢) V¢ € H],

with domain D(S) = H* N H,,. Then, the following estimates hold (see [45, Lemma 3.4]
and [54]):

Lemma 3.1 For any u € D(S), consider the Helmholtz decomposition Su = —Au + Vn
where the pressure-like function 7 is taken such that fQ ndx = 0. Then, for any v > 0, there
exists a positive constant C, independent of u such that

Inll2\r < V[Sullr2 + C [ Val| 2. (3.6)
Moreover, there exists a positive constant ¢ = c¢(d, Q) such that

lall 2 + [Inllr < c|[Sull - (3.7)

Furthermore, we state some inequalities that will be useful in the subsequent analysis:

e Poincaré’s inequality : There exists a positive constant C depending only on Q such that,
forall f € WP, pe[l,00],

If =7, <ClIVfiw. (3.8)

e The Gagliardo—Nirenberg interpolation inequality in dimension d: Let Q be a bounded
domain with Lipschitz boundary, and f € W™ N L1, 1 < q,r < oo. For any integer j,
0 < j < m, suppose there is « € R such that

1 j 1 1- ]
,:l_|_ i_m o+ O() igagl, (3.9)
p d r o d q m

Ifre(l,0) and m — j — 14 is a non-negative integer, we additionally assume o # 1.
Under these assumptions, there exists a positive constant C depending only on Q, m, j,
q, r and o such that

1Dl < ClIfIGpme I 11 (3.10)

where D/f denotes the jth weak partial derivatives of f. An alternate variant of the
Gagliardo—Nirenberg inequality we will use is

ID7f Nl < CID"FIEANf I + ClIf e,

where p, j, m, r, q¢ and « satisfy (3.9), and s > 0 is arbitrary.
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e Korn’s inequality : For any u € H, there exists a positive constant C, depending only
on  such that

1
| Va2 < C||Dul|2, where Du = 5 (Vu+ (Vu)"). (3.11)

e The Brézis—Gallouet interpolation inequality for d = 2 (cf. [12,21]): There exists a positive
constant C depending only on Q such that

lglle= < Cliglluv/In(1 + llgllwz) + Cligllm Vg € HAQ). (3.12)

e Elliptic estimates: If f € H*(Q) satisfies 0,f = 0 on 0, then there exists a positive
constant C depending only on Q such that

£l < € (IAf N2z + 115 1122) - (3.13)

If f € HY(Q) satisfies 9, f = 0,(4f) = 0 on 9Q, then there exists a positive constant C
depending only on Q such that

£l < C (147 [z + If [122) - (3.14)

3.3 Main results

Our first result concerns the existence of global weak solutions to the system (3.3)—(3.4)
in both two and three dimensions.

Theorem 1 (Global weak solutions in 2D and 3D) We assume that
(1) m,n,n € CO(R) and satisfy

mo < m(s) <my, nog<n(s)<ny, n<n(s)<n VseR,

where mgy, my, ng, hy, Ny and 1y are given positive constants.

(2) The external source terms S € L*(Q) and I' € L*(0, T;L>(Q)) are prescribed func-
tions.

(3) The potential ¥ € C*(R) is non-negative and satisfies

()| < Co(L+1s"), [P/ ()| < Ci¥(s)+Ca ¥(s)=Csls|” — Ca (3.15)
for all s € R with positive constants Cy, Cy,Cy, C3 and Cy4 that are independent of s.
Ifd=3,re[0,4);ifd=2,r € [0,+00).

(4) The coefficients A > 0, B > 0 and y = 0 are given constants and the following
condition holds:

(3.16)
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Let T € (0,400) be an arbitrary but fixed terminal time. Then, for any initial data ¢ €
HY(Q), 69 € L*(Q) and vy € L*(Q), there exists at least one global weak solution (¢, i, a,v)
to problem (3.3)—(3.4) on [0, T] such that

@ € L®(0,T;H')YNL*0,T;H)NH'(0,T;(H"Y), wueL*0,T;H"),
o€ L>0,T;L*)NL*0, T;H)yn W (0, T;(H')),
ve L=0,T; L) N L0, T; Hy,) n W™ (O, T;H™),

where y =2 ifd =2,y = % if'd = 3. Moreover, the quadruple (¢, i, o,v) satisfies for a.e.

te(0,T)
0=(01p,O)n + (v-V,0) + (m(@)V, Vi) — (I',{), (3.17a)
0=(u—AY'(p)+ x0,{) — (BVo, V), (3.17b)
0= 00+v-Vo,\)m + m(e)V(e + y(1 — ), V) — (S, ), (3.17¢)
0=@w+ - V)v,&)m + (2n(p)Dv, D) — (1 + x0)Ve, ), (3.17d)
and

(P(O) = Qo, <O—(0)7C>H1 = <O—0’C>Hl’ <v(0)7 §>H1 = <v07€>H1,

for all { € H\(Q) and & € Hj .

Remark 3.1 (1). The initial value for ¢ is attained precisely due to the (compact) em-
bedding L>=(0, T; H')Yn H(0, T;(H')') cc C%[0, T]; L?). Meanwhile, for ¢ and v, in two
dimensions we use the continuous embedding L>(0, T; H'YNH'(0, T;(H'Y') c C°([0, T]; L?)
to deduce that ¢(0) = gy and v(0) = vy. In three dimensions, we use the continuous embed-
ding W13(0, T;(H'Y) C C%[0, T];(H'Y) to deduce that the initial conditions for ¢ and v
are attained.

(2). To recover the pressure, we argue as follows. The distribution F, defined as

F, =0,v+ (v-V)v — div(2y(¢)Dv) — (u+ o)V

belongs to L”(0, T ; H~') and vanishes on the subspace C§°([0, T1; Cse) by (3.17d). Applying
[54, Lemma IV.1.4.1] allows us to deduce that there exists a function q € L*(0, T ; L§) such
that F, = —Vq holds as an equality in the sense of distributions for a.e. t € (0, T).

Our next result yields the existence of global strong solutions to problem (3.3)—(3.4)
when the spatial dimension is two.

Theorem 2 (Global strong solutions in 2D) In addition to the assumptions of Theorem 1,
we assume that

(1) me Cf(]R), ne Cl}(]R), ne Cg(]R) with bounded derivatives.

(2) The potential ¥ € C3(R) satisfies

1P"(s)| < Co(1+[s|"™")  for r € [1,400), (3.18)

instead of the first assumption in (3.15).
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(3) The source term I’ belongs to L*(0, T; H'(Q) N L>(RQ)).
Then, for any T > 0 and arbitrary initial data vy € H'(Q), oo € H'(Q) and ¢y € H3(2) N
HZ(Q), there exists at least one global strong solution (¢, u,a,v) to problem (3.3)~(3.4) such
that

@ € L0, T;H>NHY) N LX0, T; HY) N HY 0, T;H') N C°([0, T]; C(Q)),
pe L>®0,T;HYNL*0, T;H® N H}),
o€ L>®0,T;HYNL*0, T;H})NH0,T;L?),
v € L0, T; H)NL*0,T; H*)NH'(0, T; L2),
g€ L*0,T;H' nLY),

for some 0 <6 < 1. For ae. (x,t) € Q, the quadruple (o, u, o,v) satisfies

0=0,p+v-Vo—divim(e)Vp) —T, (3.19a)
0=pu—AY'(p) + BAgp + yo, (3.19b)
0=0,0+v Vo —div(n(e)V(c + (1 — ¢))) — S, (3.19¢)
0=00+ (v-V)v—div(2(n(¢)Dv) + Vg — (u + o)V . (3.19d)

Furthermore, it holds

0(0) =g@o, d(0)=09, v(0)=vy, ae. inQ.

Remark 3.2
(1) We used the compact embedding L>(0, T ; H*)nH' (0, T; H') cc C°([0, T];C'*(Q))
to deduce the Holder spatial regularity for ¢.
(2) The assumption @y € H3(Q) implies that py := A¥'(¢o) — BApy — yo0 € L*(Q), and
if o € H3(Q), then py € H'(Q).
(3) We point out that one can weaken the assumptions to m € Cg(]R) with bounded
derivatives and ¢y € H3(Q) to derive a strong solution with less regularities:

@€ L=(0,T;H>NHY) N L*0, T;HY)NHY 0, T;L?),
we L0, T;L?) N L*0, T; HY).

In essence, we neglect the fourth a priori estimate in Section 5.

The last theorem gives a continuous dependence on the initial data and source terms
for global strong solutions in two dimensions.

Theorem 3 (Continuous dependence in 2D) Let {o;, ti, 05,0, qi }iz12 denote two global

strong solutions to problem (3.3)~(3.4) corresponding to initial data {@o;, 00, 00,}i=12 and
source terms {I';,S;}i—1, obtained in Theorem 2. Besides, we assume that m(-), n(-) and n(-)
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are Lipschitz continuous, and ¥ satisfies
[P/ (s1) = V' (s2)| < Cs (14 [s1] +[s2]") Is1 — 2]  Vsi.s € R, (3.20)

for some r > 0 and constant Cs > 0. Then, there exists a positive constant C, depending on
T, Q, 7 no. no, mo, [0y, 7'l [ lLe@w), A, B, Ci (i =1,....5), [[Vaill20,1:14),
il Lro.1:n) 1 + 20l 20,700y [V @illLeriee) ([Hill2o.rm). [IV(0i = 1@l L4g) and
| Dwj|| L4y such that
2 2 2 2
S(l(l)r;] (@1 = @2)(@)lI72 + (e1 = 02)(@O)1 72 + (01 = a2)(O)]|72) + [l — 12l 72g)
t€(0,
+[|V(a1 — 0’2)”%2(@ + V(o1 - 1’2)||22(Q) + llo1 — (PZHiZ(O,T;HZ) (3.21)

< C (lloos — d0all7> + [[wos — vo2llz: + 901 — @o2llz2)

+C (I = Dl + 151 = SaliEg)) -

In particular, the global strong solution to problem (3.3)—(3.4) is unique under the above
assumptions.

Remark 3.3 It is worth mentioning that the above results concerning global weak existence
and strong well-posedness also hold when the mass transfer terms I’ and S are functions of
@ and o. For example, one may consider the typical choice

I' = h(@)P(c), S = —h(e)Ca,

where h(s) is a non-negative, bounded, Lipschitz function such that h(—1) =0 and h(1) =1,
C = 0 can be seen as a constant consumption rate, and P is a non-negative, bounded,
Lipschitz function modelling growth by consuming the chemical species. Similar types of
mass transfer terms have been studied in [30,31] for the Cahn—Hilliard system modelling
tumour growth.

4 Proof of Theorem 1: global weak solutions

Theorem 1 can be proved by using a suitable Galerkin approximation scheme based on
the energy identity (3.5).

4.1 Galerkin approximation

We recall that the set of eigenfunctions {w;};en of the Neumann-Laplacian forms an
orthonormal basis of L? and is also an orthogonal basis of H. Furthermore, we can
choose w; = 1. Meanwhile, by the Lax-Milgram theorem, for every f € L2 there exists a
unique v € Hy, satisfying

(Vo,V0) = (f.{) Ve H],. (4.1)

Defining the operator A : L] — Hj, by A(f) = v, where v solves (4.1) with data f. The
operator A can also be identified as the inverse to the Stokes operator S. It is clear that A
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is a linear, continuous and self-adjoint operator. Furthermore, by the compact embedding

H(}’g CC L2 it holds that A is a compact operator, and thus by spectral theory there exists

an increasing sequence {4;}en of positive real numbers and a family {y;}en C HZHH&U

of eigenfunctions that forms an orthonormal basis of L? and an orthogonal basis of H( .
We define the finite-dimensional subspaces

W, = span{wy,...,w,} and Y, :=span{y,...,y,}

with corresponding orthogonal projections Py, and Py, and look for functions of the

form
(p,,(x, t) = Z an,i(t)wi(x)’ ."Ln(xa t) = Z ﬁnﬂi(t)wi(x)’
i=1 i=1
(%, 8) ==Y puilt)wi(x), 0,(x,1) =Y _ Sui(D)i(x)
i=1 i=1
that solve the following approximating problem:
0= 0,00 + Py, (v, - Vo) — Py, (div (m(9,)V pn)) — Py, (I'), (4.2a)
0= azo-n + IPW”(UH : VO'n) - IPW,,(diV (n(¢il)v(an + X(l - qon)))) - IPWn(S)5 (42b)
0 =0, + Py, (v, - V)vi) — Py, (div (2n(¢,)Dvy)) — Py, ((1tn + x00)V @n), (4.2¢)
0= p, — APy (V'(@n)) + BA@, + y0n, (4.2d)

subject to the initial data

©n(0) = Py, (@o), 04(0) =Py, (00), v,(0) = Py, (vo).

It is easy to see that (4.2) is equivalent to

0= (0r@n, Wi) + (V0 - Vo, wi) + (m(@n)V i, Vi) — (I', wi), (4.3a)

0= (6t¢7m Wi) + (vn Vo, Wi) + (n((Pn)v(an + X(l - (Pn))’ VWZ') - (S, Wi)7 (43b)

0= (atvn,yi) + ((vn : V)vn,)’i) + (277((pn)DvnaDyi) - ((.un + XUn)V%,.Vi)a (430)

0= (,Lln, Wi) - (A'P/(QDn), Wi) - (BV(Pna VWZ') + (Xana Wi)a (43d)
for all i € N.

The approximating problem (4.2) is equivalent to solving a system of nonlinear ordinary
differential equations in the 4n unknowns {o;, fni, Vni> Oni}i_;. The continuity of P'(-),
m(-), n(-), #(-) and the Cauchy—Peano theorem allow us to deduce the existence of a local
solution (a, B,y,8) € C'([0,t,),R*") for some t, € (0, T].

4.2 A priori estimates and passage to the limit as n — +o0

We now derive a priori estimates to show that t, = T for all n € N and the approximate
solutions (¢y, ty, 04, v,) are uniformly bounded with respect to n in suitable function
spaces. Below the symbol C denotes a generic positive constant that is independent of the
parameter n and may vary from line to line.
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First estimate: We obtain from testing (4.2a) with p,, testing (4.2b) with g, + x(1 — ¢,),
testing (4.2c¢) with v, and testing (4.2d) with 0,;¢, an analogous energy identity to (3.5):

d

E/ |”n| +A'P(‘Pn)+ |V(Pn| + 5 ‘Un‘ + 20,(1 — @) dx

+ /Q (@) [Vital” + 1(0n) [V(an + 2(1 — @) + 21(¢,) D> dx  (4.4)
- / (60 + 71— 0))S + T dx.
Q

Here, we use the fact 0,9, € W, so that

(IPW”('P/((Pn))a Oipn) = (lP,((Pn)a IPW,,(at(Pn)) = (l]/’((pn)’ 01 @n)-

Similarly, during the testing procedure, we shift the projection operators from the nonlin-
earities onto u,, o, + y(1 — ¢,) and v, and this leads to (4.4).

Besides, by the Sobolev embedding theorem H' C L* for s € [1,+00) if d = 2 and for
s € [1,6] if d = 3, and assumption (3.15), we see that the initial approximating energy
satisfies

1
/Qf|vn W+ AP ( wn(O))+ |V<pn W+ = |on(0| + 70,(0)(1 — ¢,(0)) dx

C

with a constant C that is independent of n due to the fact that

2 + ||¢o||’+2+ looll72)

IPw, (N)llx < Clfllx for any X 2 HY,  |[Py,(f)llz < C||f|z for Z = L7 or H,.

By the assumptions on I' and S, we see that the right-hand side of (4.4) can be
estimated as

IRHS| < [IS]|2 (loull2 + xll@nlle + C) + llall o 11 [l 45)
S C(L+l@allz + lloullez) [1Slz + 1T ([ ln = Fall ot + [l (17 ]| e
Note that by assumption (3.15) it holds that
[l < C (17" (@a)llr + lloulle) < C (L+ ¥ (@)l + llonlle) - (4.6)

Then, applying Poincaré’s inequality in L', Holder’s inequality and Young’s inequality to
(4.5), we have

mo
IRHS| < C (14 [lulli + loulli:) + ISIZ: + CIT IZx + Va2 47

+ ClIT oo (T4 [[¥ (@)l + [lonll)-

Employing the lower bounds of #, m and n, the inequality

1
§||V0'n||iz < |IV(en = @allz: + [V oulz:
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and the quadratic lower bound of ¥ in (3.15), we obtain from (4.4) the inequality

d 1
o L3l AV @+ 3 Vol + 5 lol + gl — ) dx

t Jo?2

+/ IV | + 00 \Van| + 250 | Doy dx (4.8)

Q
< |IS[IZz: + € (1 + ||FHL<») (L+ 12 (@)l + IV eullZ2 + lloul72) -
Applying Young’s inequality and (3.15), we see that (cf. [28, (4.37)] or [31])
I o
[ A¥ @+ 5l + 01 = o) dx
e (4.9)

2y 2 1
(A—)HW¢mm Yol - c.

Then, integrating (4.8) in time from 0 to arbitrary s € (0, T'], by assumption (3.16) and
estimate (4.9), we find that

(loaz2 + 1 (@u(Dll + IV eu(s)172 + llon(s)]172)
+ ||Vﬂn||i2(o,s;L2) + ||V0n||%2(0,s;L2) + HDvn“iZ(O,s;LZ)

< ISz 0722 +C/0S (LT [Ze) (L + 12 @llr + [V @ullz: + llowll72) di +C.
Applying Gronwall’s lemma in integral form (see e.g., [31, Lemma 3.1]) leads to
sup (el + ¥ (oulNler + IV@uOI + llon(0)z:)
+ I VialZg) + 1V 0ull22g) + IDwallZ20) < C.
Using Korn’s inequality, Poincaré’s inequality, (3.15) and (4.6), we see that

H”n||L°C(0,T;L2)HL2(O,T;H1) + ||€0n||LOC(0,T;H1) + ”ql(q)n)HLOO(O,T;Ll) (4.10)

+ |lonll Looo.1:22)nL200.7:01) F || nll 2007201 < C.

In particular, the uniform estimate (4.10) ensures that we can extend (¢, iy, o4, 0,) to the
full time interval [0, T], and so t, = T for all n € IN.

Second estimate: In order to obtain higher order estimates for ¢,, we view (4.2d) as
an elliptic equation for ¢, subject to a homogeneous Neumann boundary condition. For
d = 2, we see that

IPw, (" (@)l < C (VP (@uD)l2 + 17 (@n)l]12)

<
< CIY " (@a)lls [ V@nllLs + CI¥ (@n)l22
1 1
o) lonll 7 IV @alls + € (14 [l@allFhdn)
1
C”(Pn”;_p +C,

< C (14 ol
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where we have used (3.15), the Gagliardo—Nirenberg inequality ||f||;« < C||f ||,%11 1711 iz for
two dimensions, and the fact that (4.10) implies ¢, € L*>(0, T;L*) for all s € [1,+00).
Then, by the elliptic estimate for (4.2d) and Young’s inequality, we get

l@ullrs < € (Iallar + AIPw, (' (@)l + 2lloullr + [loull2)

< 5llealla: + € (lualla + loullm + 1), (4.11)

| —

which together with (4.10) yields the higher order estimate

@nll 20,7205 + 1" (@)l 20,7311 < C. (4.12)

In the case d = 3, since the potential ¥ has at most polynomial growth of order 6, we
can appeal to the bootstrapping argument used in [28, Section 4.2] and [30, Section 3.3]
to obtain the higher order estimate (4.12).

Third estimate: Using the facts that Vo, € L*0,T;H?) C L*0,T;L>®) and v, €
L>(0, T; L?), we have

05 - Voull 20 < C. (4.13)

Then, by testing (4.2a) with an arbitrary test function { € L*(0, T; H'), we easily see from
(4.10) and (4.13) that

10:@ull 20,7511y < C. (4.14)

Fourth estimate: We now estimate the convection term for ¢. In two dimensions, we
recall the following Gagliardo—Nirenberg inequalities

s=1 1 1 s=1
1l < Cllfll WAL 1A, 2o < ClFllIFILS

s—1

for any s > 1. Using boundedness of v, and o, in L>(0, T; L>)NL*(0, T ; H'), for arbitrary
{ € L*(0, T;H"), we see that

T
/ / oy, - V{dxdt
0o Ja
T

< [ ol ol 2, 19
0 .

1 s—1 s—1 1
< C||G'1H]ioo(O,T;LZ)anHL;o(O,T;LZ)HO'HHL;((),T;HI)”vnH]iZ(O,T;Hl)HVCHLZ(Q)

for any s > 1. This implies that v, - Vg, is uniformly bounded in L?*(0, T;(H')’). Then,
from equation (4.2b), we find that

[0conll 2.7 yt1yy + 10w - Voull 20,7y < C. (4.15)
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1 1
In three dimensions, the Gagliardo—Nirenberg inequality ||f{|s < C||f]|;, [|f]l;. yields that
for arbitrary { € L*(0, T;H'),

T
/(vn - Vo, dxdt
Q

T
< [ Il ol d
0
1 1
< C”vnHioo((),T;Lz)HGHHL?(O,T;H‘)||vn||1242(o,T;H1)||CHL“(O,T;H‘)a
which implies

196l - aryy + 10 Vol 3 <c. (4.16)

LTy HY L30,T:HY)

Fifth estimate: We proceed to estimate the convection term in the momentum equation.
Note that, by the boundedness of u, + yo, in L?>(0, T;H') and V¢, in L>®(0, T;L?), it
holds

| (ttn + %02)V ]| < |IVoullL,r:22) |0 + 100l L200.7:19)5

L20.T:L3)

and so we find that (u, 4+ x0,)Ve, is bounded in L2(0,T:L3) C L*O0,T;H"'). In

two dimensions, thanks to the boundedness of v, in L>°(0, T;L*) N L?(0,T;H") and
1 1

the Gagliardo-Nirenberg inequality |f|[.+ < C||f|.[lf|l;:;» we see that for arbitrary

{ e L*0,T;H"),

T
(v, ®@v,) : V{dxdt </ ||vn||i4||VC||det
0

< Can||L°°(0,T;L2)||vnHL2(0,T;H‘)”CHLZ(O,T;H‘)~
This implies

10c0u | 20,7201y + (0 - V0|l L200.7:0-1) < C. (4.17)

In three dimensions, the Gagliardo—Nirenberg inequality ||f||+ < C||f ”1%42” f Hil yields for
arbitrary { € L*(0, T; H"),

T
(00 © 0,) : VC dx di </ oal 2 IVC | 12 dx
Q 0

1 3
< C”vnHzoo((),T;LZ)anHzZ(o,T;HI)HC”L“(O,T;H')-
Hence, we obtain

Hatvn” + H( v)vn” <C. (4.18)

Lz(OTH 1) L3 (0,T;H—1)
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Passage to the limit as n — +4oo: The above a priori estimates (4.10)—(4.18) are suffi-
cient to obtain compactness results that allow us to obtain a convergent subsequence
of the approximate solutions (¢, iy, 04, v,), Whose limit denoted by (¢, u,o,v) satis-
fies the weak formulation (3.17) as well as the initial conditions. Since this procedure
is standard (see, e.g., [11] for the Navier-Stokes—Cahn-Hilliard system), we omit the
details.

5 Proof of Theorem 2: global strong solutions in two dimensions

Keeping the a priori estimates (4.10)—(4.14) in mind, we proceed to derive further higher
order estimates for the approximate solutions (¢, u,,o,,v,) obtained via the Galerkin
scheme.

First estimate: Testing (4.2a) by A%>¢, € W, and using (4.2d), we get

d

1 2 2 2
— = |4¢, dx+B/ m(@,) |47 @,|” dx
dt /Q 2 | | o | ’

—— [0 Voado,dx-+ 4 [ mo,) a0, (7' (@) 0, dx
Q Q
+ / m' (@n)(V @y - vﬂn)Az(Pn dx — X/ m((Pn)AO'nAz(Pn dx (>.1)
Q Q
+ / I A, dx
Q
= R1 +R2+R3+R4+R5.

The terms on the right-hand side of (5.1) can be estimated as follows. Using Hdolder’s
inequality, Young’s inequality and the Gagliardo—Nirenberg inequality (for d = 2)

1 2
||v§0n||L°° < CHvﬁDn”;.]}HV(PnH;‘z, (52)
the boundedness of v, in L>°(0, T; L?) and ¢, in L>(0, T;H'), and the elliptic estimate
(3.14), we have
Ry < [[on]l 2|V pul| o< |47 @] 2
1 2
< CIVoulli IV @ul 1214 @nll 2

1 2
<C (”Az(/’nHL2 + ||9911||L2)3 ||99n||13-11HA2(Pn||L2
< SHAZ(PHH%? +C,

for some positive constant ¢ yet to be determined. Next, noticing that from integration
by parts and using 0, ¢, = 0,(4¢,) = 0 on 0%, it holds that

|40 = / on g dx < | £20]| 2 |00l 2
Q
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Then, together with estimates (4.10) and (3.14), Youngs inequality and the Gagliardo—
Nirenberg inequality ||V,||+ < C\|(p,,||H4||V(p,,HL2, we have

1A(Pw, (P (@u)ll 12
C (II4C# " (@u)llz2 + 17" (@)l 1)
CIIY" (@)l IV @ullZs + CIIP " (@u)l | A@all 2 + CIIP (@)l 2

< C (14 ||loall}~ )||90n||H4||V90n||Lz+C( +HconHloo)IIAzconllizllsoH;
+C( + [l@all7E)

C (1+ lloally=) 1420ull5 + € (14 ll@ullie) 4%l +C (1 + llgall )
< C(1+ lgallie) 1420ull} + € (1+ llgalli).

<
<

Applying the Brézis—Gallouet inequality (3.12) for ¢,, using estimates (3.13) and (4.10)
and Young’s inequality, we deduce that

[ A(Pw, (P (@n)))]| 2
C[1+n(t+ [ 4pul) ¥ | 14052+ C [1+ (o1 + o) ] (53)

L L
< C(l + ||A‘PnH£2)||A2‘PnH22 + Cl|4epu|| 2 + C.
For the second inequality in (5.3), we used the fact that for any k > 1,

(In(1 + x))*

X2

z(x) ==

— 0 asx— +oo,

) = (In(14-x))*!
- 1

as its derivative z/(x
x2

(li—\ — ln(;’)‘)) becomes negative for sufficiently large

x. As a consequence,

Ry < Amy[|APw, (¥ (@)l 12142 @n]l 12
< él| A7 @ull7> + Clldg@allz> + C. (5.4)

Next, using the following estimate

14malli2 < A APw, (' (9)l12 + Bl A% @ull12 + xll A0l 2

< B £gullzz + 2l doulliz + ClA@ul 1| A ul 1 + Cll A2 +C
S C (L+[|2ull2 + | 4@ull 12 + | 40n] 1) ,
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we obtain from (3.13) and Young’s inequality that R; can be controlled as follows:

Ry < [ (@) | [Vl 4 Va3 420 12
< Clloallfol ol lall a3 420l
<€ (1 14012 ) Nl (sl + Ndmal ) 142l
< C (1414l il |40l (5.5)
+ Cllaallly (L4 11820l + [A@allis + 1 40,l112) " 4204112

1 1 1
+ Clill i |1 A@allz> (1+ 1420l + | 4@all2 + 1 40al12) * 470l 12
< el A @ullz: + elld0al72 + C (14 [lmallzp) |40ullzz + CllwllF + C.

By Young’s inequality, we easily have

2.2
xm
Ry < ymy||doy|| 2| 4@l iz < &l| A2 @all72 + 431 A (5.6)
and
Rs < ||| 2|47 <el|A,|7 + C||T |3 5.7
s < T ll47@alle < el|47@all7> + CIIT |72 (5.7)

Now testing (4.2b) by —4a, € W,,, we get

d /1 2 / 2
— | =|Va,|" dx+ | n(e,)|de,|” dx
5 |51V dct [ non)ldo,

= /(vn -Vou)d06,dx + X/ n(@n)dppdo, dx
o 0 (5.8)

- / n/(Q’n) (Vo, -V (o, — xon) Ao, dx — / SAc, dx
Q Q

= R¢ + R7 + Rg + Ro.

The terms on the right-hand side of (5.8) can be estimated as follows. By the Gagliardo—
i 1
Nirenberg inequality ||f[|.+ < C||f[[;;|If]l;2> (3.13) and the estimate (4.10), it holds

Rs < Cllvg|| 4[|Vl 2] 40| 2
< Clloall 22 V0l 22 1V6 2 ol | a1
< CIVull 1Yol (loall s + 1403 ]12) 1403 .2
< el doull3 + € (1+ [ Voull32) [Vl

By Young’s inequality, we easily have

Ry <&l doulliz + CllAgullz,  Ro < ell day||Z: + CS||7-. (5.9)
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Meanwhile, for Rg, we have by applying estimates (4.10) and (3.13),

Rs < |1 (@u)ll [V @ull 2 [V aull el donll 2 + 2l (@u) | o= [V @ull 7l A0l 2

< CllollZ IV @ul 2 loall 2 IVl 22 | A6l 2 + Cllgalla IV @all 2] A0l 12
<C (loally: +140all ) 190l 2 (ol + 1404l52) [0l 2140012

+C (loalliz + 1140all12) 1V @ull 211 40412 (5.10)
<C (14 40al 1) (14 1400112 ) V00l 3 14012

+C (14 [|[4@ull12) | 40|12
<eldou|l7: + C (14 [|Vaull72) | 4@ull7: + ClIVaul7. + C.

Then, multiplying (5.8) by ¢~2, adding the resultant with (5.1), we deduce from the above
estimates (5.3)—(5.7) and (5.9)—(5.10) that

1d _
3 ([4@allZ: +e2(IVaull72) + (Bmo — Se)[|4>@all7:

no 4 sz% 2
o (et - (511)
< C (14 [l + V0l + 1V0l12) (4l 2 + [ Voul3:)
+ C (1 + [luallzp + IVoullzs + 171172 + IS1172) -

[\

We can choose

. { Bmo 2”0 }
e=min< 1, >

10 7 20 + 2m3
then, by Gronwall’s lemma, (5.11) and the lower order estimate (4.10), we obtain

es[l(l)l;] (HAQDn([)”iZ + Hvan(t)”%}) + ”AZQDHH%Z(Q) + ||Ao'n||i2(Q) <C,
tel0,

which further implies

”(Pn”LN(O,T;Hz)ﬂLZ(OﬁT;H“) + Ho—n||L°°(0,T;H1)0L2(O,T;H2) <C. (512)

Besides, we infer from (4.2d), (5.3) and (5.12) that

el 20,7 :12) < C. (5.13)

Second estimate: By definition of the Stokes operator S, we can write Sv,, = —Av,+Vn,,
which implies that (cf. [11, (3.30)])

- / 1(@n) A0, - Sty dx = / n(@n) |Stl” dx — / N(@)V T - Sty dx.
Q Q Q
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Then, testing (4.2¢) by Sv, € Y, using (4.2d) and the above fact, we get

d /1 2 / 2
3, 2 vvn dx + ’7(%) Svn dx
5 ). 370! [ n(on) IS0

= —/ [(vn . V)vn] . Svn dx +/ 2’7/((,0”)vq7n . (Dvnsvn) dx
Q Q
+/ n(@,)Vm, - Sv, dx — B/ A,V @, - Sv, dx (5.14)
Q Q

+4 / Py, (Y (@n))V @y - Sv, dx
Q

=: Ry + Ry1 + Ryp + Ri3 + Rya.

Keeping in mind the estimate (5.12), the reminder terms on the right-hand side of (5.14)
can be estimated as follows. Using (3.7), we have
Rio < ||oul[ 4[| Voul 1+ Sonl| 2
1 1
< CH”n”zz||an||L2van”1211 Sv,]| 2
1 3
< Clloal| 2211V oul 12 [Sval| 1
< e||Svall72 + C||Vonll}a-

Using (5.2) and Young’s inequality, it holds

Riy < 2[[n"(@n)l|o [V ul[ Lo [Dvn]| 22| Sva | 2
1 2
< ClIVOullza IV @ull 2l Vonl[ 2 [Sva]l 2

1
< C (1420ullz + ll@ulli)” [ Voall 2 |Svall 2
< &l|Svillz + C[Vuullz: + Cll42@al7: + C.

Applying integration by parts and the estimate for the Stokes problem (see Lemma 3.1),
and the facts that div(Sv,) = 0 as well as Sv, - v = 0 on 0Q, we infer from the higher
order estimate (5.12) that

R =— /Q 0 (@n)uV @y - Sv, dx
<7 @l oo 175l 41V @l 1 [ S0
< Cllmall L 1mall 1V @l ol e[S 2
<C. (vISvllz: + CIVn:) Sl

c2c?

< CorlSul: +elSu 3 + =5 [ Va3

where the constant C, is independent of ¢ and v. Next, for R;3, we deduce from (5.2) and
(5.12) that
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Ri3 < B[l 4@l 2 [Vl o< [|Sval| 2

1 2
[4@ull L2 IV @ul 7 |V @ull 12 |00 2

<
2 2 2
< 8||Svn||L2 + CHA (anLz +C.

Finally, thanks to the fact that ¢, € L>°(0, T ; H*), we observe

Rig < A|| Py, (P (@) 2|V @nl| 252 || Sn | 12

1 2
< C (14 0l ) IV @ull s IV @l 5 Stnll 22
< e|[Sva3: + Cl| 40413 + C.

Collecting the above estimates, we infer from (5.14) that
1d

2 dt

< (CHVvAiz+

[Voull72 + (10 — 56 — C.v) ||Svu| 72

Cc2¢C?
o) IVl + Cla ol + .

In the above inequality, choosing

_ Mo _ Mo
8—20 and v ok

then, by Gronwall’s lemma and (5.12), we get

sup ||V”n(f)”iz + “Sv”HiZ(O,T;LZ) <C,
te[0,T]

which together with Lemma 3.1 yields that

ol Loo 0,720, 7:02) < C.

(5.15)

Third estimate: We now obtain further estimates for the time derivatives 0,¢,, 0,0, and

0,v,. Thanks to the estimates
[Pw, (@1 - Vou)lrz < [[on - Veoullr2 < [[onll 4 [ Vepu| 14
and

”IPWn(diV (m(@n)vlun))HLz < Hle (m(gon)v.un)‘l]}
< M (@)L= IV @ull 1| Vitul| 4 + lm(en) || o | Aptal| 2,

we infer from equation (4.2a) and estimates (5.12), (5.13) and (5.15) that
10 @nllL20,7:02) < C-
In a similar manner, from the estimates

[Pw, (v - Vo)l < [[on - Vo2 < [[on]| 4] Vonl| s
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and

HIPWn(diV (n(@n)V(oy — X(Pn)))”LZ
< Hle (n(qon)V(an - X(pn))”Lz
< [ (@n)lle= IV @ull e ([[Voulle + 2l Veull 1)
+ [n(@n)ll= ([40ullr2 + 2l A@all12)
as well as (4.2b), we conclude

||azan||L2(Q’T;L2) < C. (517)

Finally, testing (4.2¢) with 0,v, (again 0,v, € Y, and thus the projection operator Py, can
be shifted to 0,v,) and using (5.12) and (5.15), we get

18:wall72
= / div (2n(@,)Dv,) - 8,0, — (v, - V)0, - 00, + (n + %0,)V @y - 010, dx
Q

< 2[n(@n)lle [[4vall 2 10conll 22 + 2[[n" (@)l oe [V @ull oo [V 0ul 22 [0 22

(5.18)
+ ol o[V ou | s 1000nl 2 + [ (ttn + 260)V @il 121|810 22

1
< 5[0wallz: + Clldvallz: + ClIV@allzee [ VoallZ: + Cllonll gl Vollz:

+ CH(lun + XO'n)Hiz ”V(PHHZLOO'

Using the facts that u, + yo, € L>®(0,T;L?) and Vo € L*(0,T;H?*) C L*0,T;L>),
the last term on the right-hand side of (5.18) belongs to L'(0, T). Furthermore, by the
Gagliardo—Nirenberg inequality

[2a| 74l V0allze < Cllonllz2 [ Voull 2 Voul| g
and estimate (5.15), we can conclude that
10:0n | 20,7.02) < C. (5.19)
Fourth estimate: Taking the time derivative of (4.2d) leads to

Oettn = APw,(¥" (¢n)01pn) — BAD; @y — 10,04 (5.20)
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Then, testing (5.20) with —Au, and using integration by parts and (4.2a) yields that

d 1
& 31Vl dx+ B [ i)V, dx

= —A/ Y (0,)0,pndu, dx + ;(/ 00, Ay, dx — B/ VI -VAu,dx
0 Q Q
_ B/ m' (@) A,V @, - VAu, dx — B/ \Y (m'((p,,)Vun . V(p,,) -VAu, dx
Q Q

+B/vwWVerMMx
Q

=: Rys + Ri¢ + Ri7 + Ris + Ry + Ry, (5.21)

where we have used the fact that Au, € W, and thus

(]PWn('PH((Pn)at(pn)a A;un) = (qll/((Pn)at(Pn»IPWH(A,un)) = (ql/,(@n)azq)m A,un)-

Here, we point out that the assumption m € C(R) is used for this estimate. It follows
from (5.12) and Young’s inequality that

Ris < A qﬂ/((Pn)HLoo 10 @nll 1 HA:unHLz

1 1
<C (1 + H(PnH;_m) ”atq’n”Lz“vﬂrl||22||VAﬂrl“iz
<&l VA7 + Clowallzz + ClI Vil 72,

Ry

< 70wl |4 pnll 2
<& VAul3: + Clloioull7> + ClIVallzas
Ri7 < B||VT || 2|V Al 12 < €| VA7 + CIIVT |2,

where we use the fact that 0,(4u,) = 0 on 0Q and integration by parts to deduce that

| Apll3: = / VAt - Vit dx < [V A 12|V a2
Q

1 1
By Agmon’s inequality [|f{| = < C||f[|f-||f]|f>, we see that

Rig < Bm'(@u)l o< | Al 21|V @l IV At 2

1 1 1 3
< CIIVoullzallonlli IV il 21V Apta 72
< el VAulz + Clloallip |V iz

https://doi.org/10.1017/50956792517000298 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792517000298

Thermodynamically consistent Navier—Stokes—Cahn—Hilliard models

In a similar manner, expanding the gradient term in Rj9 leads to

Ri9 < Bllm"(¢n)| L~ ||V(Pn|‘i°° IVl 2|V A || 2
+ Bl[m' (@)l L= 1V @ull o< |V il 22 [V At 2
+ BHml((Pn)HL“’ ”V(PHHLOO ||v2,un||L2 HVA/,LnHLZ
< CIVoullz [ @nll s IV | 21V At 2
1 1
+ C”(Pn”[z{zH(PHHIZJ4”V.“nHLzHVA.“n”LZ

1 1 L 1
+ CIIVoull 2 lonll 73 IV a2 1V [l 52 IV At || 2
<l VA3 + C (1 [ @ull2) 11V ial2o.

Last, for Ry, we have

Roo < C||Vuu|| 2|V @ul o< ||V Al 12 + Cllval| 24| V@]l 12|V At | 22
< C”V')””L2 H(anH3 ||VA,un|

L2

1 1 1 1
+ Clloall 22 l[oall g ll@nll 72 |l 7 [V A 2
< SHVA,UnHiZ + C””n”ip + C”Q’n”%{s-

Collecting the above estimates together, we infer from (5.21) that

1d
37|Vl + (Bmo — 62) |V ApuI7:
< C (L+lloallfe) IVmll2: + CllR@allz: + Clldion]lZ;

+Clloallz + Clloullz + CIVT |72
Taking ¢ = %, then it follows from (5.12), (5.15) and Gronwall’s lemma that
Sup, IV @117 + IV Al 720, 722) < C-
The above estimate combined with (4.6) and Poincarée’s inequality yields
[tnllLow 072102207 :0%) < C.
Going back to (4.2a), we further deduce that
||at§0n||L2(0,T;H‘) <C

and by (5.12), it follows

| @nll Lo 0,707 < C.

635

(5.22)

(5.23)

(5.24)

Passing to the limit as n — +oo: By the above higher order a priori estimates, there
exists a quadruple of functions (¢, u, o, v) that satisfies the regularities stated in Theorem
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2 and
0=0,p+v-Vo—divim(e)Vu) — T, (5.25a)
0=u— AY'(¢)+ Bdop + yo, (5.25b)
0=0,04+v-Vag —div(n(¢)V(ec + x(1 — ¢))) — S, (5.25¢)
0=00+ (v-V)v—div(2n(p)Dv) — (u+ yo)Vo, (5.25d)

hold a.e in Q. Thus, it remains to derive estimates for the pressure. From (5.25d), there
exists a function g € L*(0, T'; L3) such that

0ro(t) + (0(1) - V)o(t) — div (2n(¢(6))Do (1)) — (u(t) + 20(1) V(1) = =Vq(t)

holds as an equality in the sense of distribution for a.e. t € (0, T'). Since the left-hand side
belongs to L? for a.e. t € (0, T), we obtain that Vg € L*(0, T ; L?).
The proof is complete. O

Remark 5.1 (Further Holder regularity for ¢) In the case y = 0 and S = 0, equation
(5.25¢) reduces to

00 +v-Va —div(n(p)Va) = 0. (5.26)

If in addition, oy € L*°(Q), then by a weak comparison principle, i.e., testing (5.26) with
(6 — 1) = max(l—0,0), | =infcg oo(x), and testing (5.26) with (¢ —m)y = max(c —m,0),
m = sup,cq oo(x), it follows that ¢ € L>(0, T; L) and ||c || (0,1:L) < ||00||Lo. For more
details, see for instance [29,45]. We just remark that the convection term can be handled
as follows:

1 1 ..
(v V(e ~1.(e =) =50,V |0 = D)-) = 5dive. (e~ )-) =0.

Then, the divergence-firee property of v and the fact that v € L*(Q) allow us to deduce the
existence of constants C > 0 and o € (0, 1), depending on ||o||L~,1:L) and |[v]|1sg) such
that

o(x.) = alr9)] <C (K =yF+lt=sl) Voo ns) €0 x#p. s £t

The above estimate follows from similar arguments to the proof of [55, Lemma 3.2] (see
also [24, Lemma 2] ).

6 Proof of Theorem 3: continuous dependence in two dimensions

Let {¢i, pi, 04,01, q; }i=12 denote two global strong solutions to problem (3.3)—(3.4) cor-
responding to initial data {q,, 00, v0,}i=12 and source terms {I';,S;}i—12. Denoting the
differences as f for f € {0, 1, 0,v,q, o, 00,0, ", S}, we obtain the system satisfied by the
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difference of solutions

0=23p+8-Voi+0v:- Vo —div((m(@1) — m(¢2)) Vs +m(g2) Vi) — T, (6.1a)

0=f— AP (p1) — ¥'(92) + BAD + 18, (6.1b)

0=0,6+9-Vo,+v,-V6 -8 (6.1¢)
—div(n(@1) V(6 — 1) + (n(p1) — 1(92)) V(o2 + (1 — 02))),

0=0+ D Vo + (v2- VD + VG — (L + 76)Veo1 — (o + x02)Vd (6.1d)

— 2div (n(e1)Dd + (n(@1) — n(p2))Doa),
with
?(0) = po, 6(0) =60, (0) = do.
Testing (6.1a) with B, (6.1b) with m(¢p,)it, (6.1¢) with &, (6.1d) with » and (6.1b) with

K ® for some positive constant K yet to be determined, after integration by parts and
summing the resultants, we obtain

| =

(Bllolz: + lolz- + 18172)

| —
L

t
1 A 1 A 1 A A
+ [lm> (@)l 12 + 2/ln? (01)Dd]|7> + [In? (1) V6|72 + BK||VdI|7

- /Q B - Vi + BI§+m(a) (AP (01) — W (o)t — 16 dx
+ /Q Bt (p2)iV 9 - Vipdx + /Q (0 + 16)V01 - b+ (2 + 702)V - b dx
+ /Q 201(¢2) — 1(¢1))Des - Db — (- Vyoy - b
+ /Q 86 + (n(g2) — n(¢1)V (02 — 792) - Vé dx
- /Q 1191V - V6 + 66 - Voy dx - /Q Bn(g1) — m(¢2))Vs - Vi dx

K [ Gt 100 = A(P (01) = ¥(02) s
8
=) 1, (6.2)
j=1
where we have used the following facts:

R R 1 R 1 .. o
(§,02- V) = 5(02,V [0]") = =3 (diver, [§) =0,
L ..
(02 V)b.8) = 5 (divon. [#]") =0,
(Vq,8) = —(divd,q) =0, (v2-V6,8)=0.
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We now proceed to estimate the right-hand side of (6.2) term by term. First, assumption
(3.20) yields that

I+ 1 < B|§ll2 6l V@il + BIT |21l + mugll 6] 2|2l 2
+mA (1+ @17 + [l@2lli) 1021
+ Bl|m'[| = [V @ o= |l 2| V@ || 2
<O|alt: + Colllli + CITNIE + 18117 + ClIVealli= IVl
+C (1+lo1]li~ + lpallF= + IV @1l ) 1§17,

12

for some 6 > 0 yet to be determined. Similarly, we have

Is < K (|1l + 2160:2) 101l + KA (L + @1l + o2l ) 191172

<
< O[lallZ. + 11817 + (CK? + CK (14 [loulli + [l@2lioe)) D117

Next, thanks to the Lipschitz continuity of m, we have
I; < ClIVulle= 19l IV @ 2 < IV Iz2 + Cll 17 117

Similarly, the Lipschitz continuity of n, Young’s inequality and Korn’s inequality allow us
to deduce that

Is + Is < |81|.2161l.2 + CIIV (02 = 20211210141 V6 | 12
+ CIIVOl Vel + 2l sllo ]l [ Vo s
< 81172 + CIIS 72 + el Va7 + C. (IV (02 = z2)lIzl| 0117 + [ V2I17)
+0|D3[|7: + Coll8ll7: + CollVaullz: 1517,

for some positive constants ¢, 6 yet to be determined. By the Gagliardo—Nirenberg in-
1 1
equality ||f][.+ < ClIflI:IIVfll;. + C|f]lr> in two dimensions, we have

V(02 = 102)l[74101[7+ < CIV(02 = 292)|1 7+ (101 2[V P22 + [1D172)
<V@lz: + € (1+ V(o2 = 102)172) 161172
Then, it follows that

Is+ 16 < &l|V6 |1 + Cl[Vo7. + 0]Db|[3. + (1 + Col|[Var3:) 163
+C. (14 V(02 = 292)17+) 12117 + Callll7: + CIIS 72

Last, thanks to the Lipschitz continuity of #, it holds that

I+ L < [[Voulle= (1Al + 218213 2 + |2 + xoallL< [1B]] [V Pl 2
+ C|[Do2 | 4[|Dd | 2| @] e + [ Voull2 19174
<Oalz: + 18112 + IVolL: + (CslIVilli~ + Cllua + zo2lli) 9]

All2 2 IAl2 112
+ 0[|Do]| 7> + Col|Doa[ 4[] 15 + | Vor[| 229 4
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1 1
By the Gagliardo-Nirenberg inequality ||f|[.+ < C|f||;.[IVf|l;. + C||f]|r> in two dimen-
sions and Korn’s inequality, we have

Vo812 < ClIVoille (18] 22D3]| 22 + [[8]]72)
< 12+ (ColVollz: + Cl[Vorl2) 872,

ColDoa||7l|l17s < CollDoa ||+ @ 1221Vl 22 + 12]172)
< IVoll7: + Co(1 + [IDoa |74 19117

As a consequence,

I3 + 14 < 20D |32 + 8|l 72 + 2V Iz + 181122 + Co (1 + [Doallze) 19117
+(GslIVoillis + Cllia + 202l + CollVor |72 + C) [1B|Z-

In summary, we infer from (6.2) and the above estimates that

1d
3 (B|®)172 + 19]|22 + ||0||L2)
+ (mo — 38) |12 + (no — &)[|V&]1% + (250 — 30) | D[] (6.3)
+ (BK -3-C,— C6||V(P2||%°°(O,T;L°°)) ||V¢||2L2
S C(IP 12+ 1I8112) + o832 + hi(@)[[B]32 + ha(e) |12,
where
ot) == C (1+ [ Vou[}).
(6) == C (14 |Vl + [l12 + 7023 + [[V01][2:)
A1) == C (1 + o1l + loallz~ + [ Verllz=)

C (IIV(o2 — 29217+ + [Dval e + [l [35) -

In the expression of hy, h; and hy, the constant C may depend on the parameters 9, 0, ¢
and K.

Since |[@2]|pe (0,713 is bounded (see (5.24)), so is [|[V@a| L~ r:z>~) by the Sobolev
embedding theorem. Then, in (6.3), we can choose

1o 1
d="p, t=5, 0=7, K=g (4+ Co+ CsIV@2lli o)) -

On the other hand, by regularities of the global strong solutions {¢;, w;, oi,v; }i=12 stated
in Theorem 2 and the continuous embedding L>(0, T; L>) N L*(0, T; H') ¢ L*(Q) in two
dimensions, it holds that hg, hy,h, € L'(0, T). Then, applying Gronwall’s lemma to the
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differential inequality (6.3), and then using Korn’s inequality, we have
A 2 A 2 A 2
sup (97 + [8()II7: +16(017:)
te(0,T]
T
+ [N + 1920 + 1981 + IV e
< C (I Bagy + I81220) + 16012 + 13013 + I1doll3) = €.

To obtain continuous dependence of ¢ in the L*(0, T ; H?)-norm, first we see that by (3.20)

[/ (p1) — lP,((P2)HiZ(Q) <C (1 + ||<P1||%r<>c(Q) + ||<P2||ir°°(Q)) H@Hiz(g) <),

then viewing (6.1b) as an elliptic problem for ¢ and applying the elliptic regularity theory
we obtain

020712 < C ([|All1200) + 1P (@1) = ¥ (@2)||12(0) + 1611 120)) < CV.

The proof of Theorem 3 is complete. O

7 Conclusions

In this work, we derive a class of thermodynamically consistent Navier—Stokes—Cahn—
Hilliard system for two-phase fluid flows with density contrast, based on a volume-
averaged velocity in the spirit of [5], which also allows for mass transfer between the
fluids and chemotactic response to a chemical species present in the physical domain.
The presence of mass transfer leads to a non-solenoidal velocity field, and while models
derived with a mass-averaged velocity also involve non-solenoidal velocity fields, it turns
out that the model equations in the volume-averaged variant are considerably simpler
than the mass-averaged variant. Besides, we state the sharp interface limit and present
various simplified versions of the general volume-averaged velocity model. As far as
the mathematical analysis is concerned, for the general model some difficulties will be
encountered in deriving a priori estimates due to the mass transfer terms, especially when
the volume-averaged velocity is not divergence-free. Hence, we consider the simplest model
variant as a starting point, which has a divergence-free velocity and matched densities,
but allows the fluid viscosity and mobility to be dependent on the order parameter ¢.
By a suitable Galerkin approximation, we establish global weak existence in both two
and three dimensions for prescribed mass transfer terms, and then under additional
assumptions we show global strong well-posedness as well as continuous dependence in
two dimensions. We believe that the a priori estimates derived here will also be useful
to study long-time behaviour of the system. Furthermore, we expect that global weak
existence to the more general model variant (2.21¢), (2.21¢e), (2.21f) and (2.26) that has
a solenoidal velocity but allows for density contrast can be shown by employing the
approach of [3].
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