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SUMMARY
In this paper, mathematical models of kinematics, statics and inverse dynamics are derived firstly
according to the mechanical structure of leg hydraulic drive system (LHDS). Then, all the above mod-
els are integrated with MATLAB/Simulink to build the LHDS simulation model, the model not only
considers influence of leg dynamic characteristics on hydraulic system but also takes into account
nonlinearity, variable load characteristics and other common problems brought by hydraulic system,
and solves compatibility and operation time which brought by using multiple software simultane-
ously. The experimental results show the simulation model built in this paper can accurately express
characteristics of the system.

KEYWORDS: Leg hydraulic drive system (LHDS); Kinematics; Dynamics; Position-based
impedance control; Simulation model.

1. Introduction
Mobile robots generally include wheeled robots,1 tracked robots2 and legged robots.3 Compared with
wheeled robots and tracked robots, legged robots are more adaptable to unknown environments and
have broad application prospects.4 In particular, its combination with compliance control can effec-
tively alleviate the external rigid impact. As a commonly used active compliance control method for
legged robots, impedance control can be divided into two common forms: position-based impedance
control (i.e., impedance control with position control inner loop) and force-based impedance control
(i.e., impedance control with force control inner loop). At present, many scholars have done some
research on position impedance control, such as a novel Cartesian space impedance control,5 neu-
ral networks impedance control6 and joint position-based impedance control.7 There have also been
many scholars research on force-based impedance control such as force-based variable impedance
learning,8 adaptive impedance control,9 invariance control10 and impedance-based force control.11

Compared with the position-based impedance control, the force-based impedance control has faster
response speed and robustness, but the position-based impedance control has higher accuracy than
the force-based impedance control. Therefore, position-based impedance control is taken as the
research object in this paper. Impedance control is not only applied in electric-driven robots such
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as Scara,12 Thevenin,13 Stewart,14 rehabilitation robot,15 Tekken,16 Scout,17 KOLT18 and Cheetah,19

but as the hydraulic robot becomes more popular, it is also applied in robots such as Bigdog,20 HyQ,21

Scalf-1,22 LWR robot23 and StarlETH,24 LS3,25 JINPOONG,26 Atlas.27

Due to the complex structure of the robot, adopting traditional design and manufacturing methods
cannot shorten the design cycle and save the cost. Virtual prototyping technology takes the kine-
matics, dynamics and control theory of the mechanical system as the core, combines with mature
computer technology and graphic-based user interface technology and provides a new design method.
By using system simulation software, the motion and force under various working conditions are
simulated and analyzed, and different designs are simulated and tested. The whole system can be
constantly improved, which can shorten the development cycle, reduce the cost and improve the
product quality.28, 29 Therefore, as soon as this technology emerged, it attracted the attention of schol-
ars from all over the world, and they introduced virtual prototyping technology into robot research.
Lin Bi30 used Solidworks and ADAMS to simulate and analyze the dynamics of the amphibious
robot and obtained the rotation angle, angular velocity, angular acceleration and torque of each joint,
which verified the correctness of Lagrange dynamic equation. However, MATLAB/Simulink cannot
be used to optimize the control method. Yang Shanguo31 built the virtual prototype of two-degree-
of-freedom (DOF) hybrid-driven planar parallel manipulator by Pro/E and integrated the model into
MATLAB/Simulink to make the virtual model run along the expected trajectory, which verified the
effectiveness and practicability of the virtual prototype model. L.F.P. Oliveira32 used Solidworks to
establish the three-dimensional virtual prototype model of the bionic hexapod robot and the contact
model between the foot and the ground. The simulation was carried out in MATLAB/SimMechanics
to obtain the simulation curves of the joint position and contact force of the robot, which provided a
certain reference for the structure and motion control method of hexapod robot; C.A.G. Gutiérrez33

introduced the kinematics analysis of a five-DOF robot. The model of the robot arm was simulated
by MATLAB/Simulink to verify the accuracy of the robot position and applied to robot teaching;
He Bin34 used UG, ADAMS and ANSYS software to carry out cooperative simulation. After estab-
lishing the kinematics model of manipulator based on D-H method, the kinematics simulation and
numerical simulation of the virtual model were carried out. In addition, the forward and inverse kine-
matics simulation were completed quickly by using MATLAB. The relationship between the forward
motion and the reverse motion of the manipulator was obtained. Finally, the kinematics experiment
was carried out on the physical prototype of the manipulator, which proved the accuracy of the
kinematics calculation and the rationality of the design based on the rigid-flexible coupling virtual
prototype; Xie Hualong35 et al. studied a wearable biped robot and carried out continuous walk-
ing simulation based on Pro/E, ADAMS and MATLAB/Simulink, which verified the feasibility of
joint simulation; Lan Zhi36 built the virtual prototype and co-simulation platform based on ADAMS
and MATLAB/Simulink software, simulated the kinematics, dynamics and control methods of the
upper limb rehabilitation robot, obtained the kinematics parameters of each joint and determined the
parameters of the controller.

In the above references, references30–33 use a software to build a simulation model for research.
References34–36 use multi-software co-simulation for research. However, most of the simulation stud-
ies in the above references only focus on the nature properties of robot mechanical structure or the
characteristics of a certain aspect of robot control system, such as robot dynamics analysis,30, 36

robot kinematics analysis,31–36 robot mechanical structure optimization31, 34 and robot motion con-
trol method research.32, 35, 36 Actually, leg hydraulic drive system (LHDS) is mainly composed of
control system, hydraulic system and mechanical structure, if we adopt the method of multiple soft-
ware co-simulation in the above references, due to the different simulation framework for research,
which will result in some problems, such as complicated operations, poor fit and slow running speed.
So how to build a simulation model that contains mechanical structure, hydraulic drive system and
control system, which can accurately represent the characteristics of the system, and reflect the cou-
pling relationship between mechanical structure, hydraulic drive system and control system by only
using one software, and can also really simulate motion of LHDS. It can lay a foundation for related
experimental research and practical application and has important significance for shortening the
development cycle and reducing the research cost.

LHDS is the basis for the research of legged robots; its performance directly determines the con-
trol performance of the entire robot. The joint actuator of LHDS is the second generation hydraulic
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Fig. 1. The quadruped robot prototype, LHDS and hydraulic drive unit (HDU-2nd) performance test platform.
(a) Quadruped robot prototype; (b) LHDS; (c) HDU-2nd.

driving unit (HDU-2nd). As the core component of LHDS, the accuracy of its position control sys-
tem model will directly affect the accuracy of the overall simulation model. In the author’s previous
researches, a mathematical model for nonlinear position control has been built for the first gen-
eration hydraulic driving unit (HDU-1st) with a valve-controlled symmetrical cylinder structure,
which includes servo valve dynamic characteristics, pressure-flow nonlinearity and initial displace-
ment and friction nonlinearity of the servo cylinder piston. And the sensitivity analysis theory is
applied to quantitatively analyze the influence degree of various parameters changes on system con-
trol performance in HDU-1st position control system. The HDU-2nd applied in the LHDS adopts the
asymmetric cylinder structure for improving load capacity. The structure size and component type
are very different from the HDU-1st. The author’s previous research work on HDU-1st can provide
a reference for the construction of the mathematical model of the HDU-2nd position control system.

2. Mathematical Model of LHDS

2.1. Mathematical model of HDU position-based control system
Figure 1 shows the photos of the quadruped robot prototype; the LHDS uses HDU-2nd with valve-
controlled asymmetrical cylinder.

Fig. 2 shows the mathematical model of the HDU-2nd position control system, in which Fig. 2(b)
is the simplified Fig. 2(a). The derivation in detail and performance analysis are presented in
Appendix.

In Fig. 2, Xr is input position, X p is position tested by position sensor, E p is error between the
desired position and the actual position, �X p is output position , K X is position sensor gain, nKPID is
PID controller gain, Ug is input voltage for servo amplifier board, Ka is the servo valve amplifier gain,
Kxv is servo valve gain, Kaxv = Ka Kxv , ω is natural frequency of servo valve, ζ is damping ratio of
servo valve, Kd = Cd W

√
2/ρ (Kd is defined as conversion coefficient in this paper), Xv is servo valve

spool displacement, ps is system supply oil pressure, p1 is inlet cavity pressure of servo cylinder, p2

is outlet cavity pressure of servo cylinder, p0 is system return oil pressure, Q1 is inlet oil flow, Q2 is
outlet oil flow, Cip is internal leakage coefficient of servo cylinder, Cep is external leakage coefficient
of servo cylinder, L is total length of piston rod, L0 is initial length of piston rod, Vg1 is volume
of input oil pipe, Vg2 is volume of output oil pipe, Ap1 is inlet cavity effective piston area of servo
cylinder, Ap2 is outlet cavity effective piston area of servo cylinder, Ff 1 is internal Coulomb friction,
Ff 2 is outer Coulomb friction, FL is load force, mt1 is conversion mass, mt2 is load mass, Bp1 is
damping coefficient, Bp2 is damping coefficient of load, G f (s) is the transfer function applied to the
system by the disturbance force, and both G1(s) and G2(s) are the transfer functions of the system.

2.2. Kinematics and statics analysis of LHDS
During the motion, LHDS needs to obtain the position and force of the foot end in real time to
realize the motion control of LHDS. As shown in Fig. 1(c), a position sensor and a force sensor are
mounted on both the knee and ankle joints. Position sensor is used to detect elongation of HDU-2nd;
force sensor is used to detect output force of HDU-2nd. Through the structural relation of LHDS,

https://doi.org/10.1017/S0263574720001204 Published online by Cambridge University Press

https://doi.org/10.1017/S0263574720001204


A mathematical model including mechanical structure 1331

Table I. D-H parameters of LHDS mechanical structure.

Connecting rod ai−1 ηi−1 di θ i

1 0 0 0 θ1

2 l1 0 0 θ2

3 l2 0 0 –

(a)

(b)

Fig. 2. Block diagram of HDU-2nd position control system. (a) The mathematical model of the HDU-2nd
position control system. (b) The simplified mathematical model of the HDU-2nd position control system.

the relation between the position and output force of the foot and the elongation and output force of
HDU-2nd applied to each joint can be obtained.

Due to complex mechanical structure of LHDS, the picture shown in Fig. 1(b) is simplified to
picture in Fig. 3 for convenient analysis and calculation. In Fig. 3, root joint O is the origin of
coordinates, horizontal right is the positive direction of x0 axis and the vertical direction is the positive
direction of y0 axis. OD is the length of thigh component and set as l1. DF is the length of the calf
component and set as l2. The positive rotation angle between thigh and x0 axis is the rotation angle θ1

of the knee joint; the rotation angle in the direction of the extension line between the leg and the thigh
is the rotation angle θ2 of the ankle joint. The counterclockwise is the positive direction of the joint
rotation angle. AB and CE are the total length of HDU-2nd on the knee and ankle joint, respectively,
and the drive torque of the knee joint is τ1, T the drive torque of the ankle joint is τ2 and the force of
F point on the foot end is F = (

fx , fy
)
.

D-H parameters of LHDS mechanical structure are shown in Table I.
In Table I, ai−1 is defined as the distance measured from zi−1 to zi along xi−1. ηi−1 is defined as

the angle from zi−1 to zi around xi−1. di is defined as the distance measured from xi−1 to xi along
zi .θi is defined as the angle from xi−1 to xi around zi .

In D-H coordinate system as shown in Fig. 3(a), the position relation can be expressed by the
transformation general formula of the connected rod i−1

i T

i−1
i T =

⎡
⎢⎢⎢⎢⎢⎣

cos θi − sin θi 0 ai−1

sin θi cos ηi−1 cos θi cos ηi−1 − sin ηi−1 −di sin ηi−1

sin θi sin ηi−1 cos θi sin ηi−1 cos ηi−1 di cos ηi−1

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ (1)
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(a) (b)

Fig. 3. (a) Diagram of LHDS kinematics model; (b) diagram of LHDS statics model.

According to Table I, and combining with Eq. (1), the transformation matrix between adjacent
links is obtained.

0
1T =

⎡
⎢⎢⎢⎢⎢⎣

cos θ1 − sin θ1 0 0

sin θ1 cos θ1 0 0

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ (2)

1
2T =

⎡
⎢⎢⎢⎢⎢⎣

cos θ2 − sin θ2 0 l1

sin θ2 cos θ2 0 0

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ (3)

2
3T =

⎡
⎢⎢⎢⎢⎢⎣

cos θ3 − sin θ3 0 l2

sin θ3 cos θ3 0 0

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦ (4)

0
3T can be obtained by multiplying Eqs. (2), (3) and (4), respectively.

0
3T = 0

1T 1
2T 2

3T

=

⎡
⎢⎢⎢⎢⎢⎣

cos (θ1+θ2+θ3) − sin (θ1+θ2+θ3) 0 l1 cos θ1 + l2 cos (θ1+θ2)

sin (θ1+θ2+θ3) cos (θ1+θ2+θ3) 0 l1 sin θ1 + l2 sin (θ1+θ2)

0 0 1 0

0 0 0 1

⎤
⎥⎥⎥⎥⎥⎦

(5)

The positive kinematics solution can be obtained from Eq. (5).{
x = l1 cos θ1 + l2 cos(θ1 + θ2)

y = l1 sin θ1 + l2 sin(θ1 + θ2)
(6)

If angle of the knee joint and ankle joint and length of the connected rod are known, then according
to Eq. (6), the position relation of the foot end relative to the root joint O can be obtained.
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The inverse kinematic solution can be obtained by combining Eq. (6), that is, when the foot end
position of LHDS is independent variable, the joint of knee and ankle can be expressed as follows:⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩
θ1 = arctan2(y, x) − arccos

(
x2 + y2 + l2

1 − l2
2

2l1

√
x2 + y2

)

θ2 = arccos

(
x2 + y2 + l2

1 − l2
2

2l1l2

) (7)

According to the virtual work principle, the sum of the work done by the virtual position of each
joint is equal to the sum of the work done by the end-effector, so the relation of the statics inverse
solution can be expressed as follows:

τ = JT (q) F (8)

where J T(q) is the force Jacobean of LHDS, that is, the linear relationship between the foot end force
and joint torque under static equilibrium state can be expressed as follows:

J T(q) =

⎡
⎢⎢⎣

∂x

∂θ1

∂y

∂θ1

∂x

∂θ2

y

∂θ2

⎤
⎥⎥⎦=

[−l1 sin θ1 − l2 sin(θ1 + θ2) l1 cos θ1 + l2 cos(θ1 + θ2)

−l2 sin(θ1 + θ2) l2 cos(θ1 + θ2)

]
(9)

Prescribed positive direction of the joint torque vector is counterclockwise, so the joint torque
vector τ can be expressed as follows:

τ = [τ1, τ2]T (10)

Inserting Eqs. (9) and (10) into Eq. (8), the inverse static solution can be obtained, that is, when
the foot end force is independent variable, and output torque of knee and ankle joint can be expressed
as follows: {

τ1 = − fx (l1 sin θ1 + l2 sin(θ1 + θ2)) + fy (l1 cos θ1 + l2 cos(θ1 + θ2))

τ2 = − fx l2 sin(θ1 + θ2) + fyl2 cos(θ1 + θ2)
(11)

Inversing Eq. (8), the positive static solution can be expressed as follows:

F = [
JT (q)

]−1
τ (12)

where

[
J T(q)

]−1 = 1

l1l2 sin θ2

[
l2 cos(θ1 + θ2) − [l1 cos θ1 + l2 cos(θ1 + θ2)]

l2 sin(θ1 + θ2) − [l1 sin θ1 + l2 sin(θ1 + θ2)]

]
(13)

Inserting Eq. (13) into Eq. (12), and combining Eq. (10), the positive static solution can be
obtained. ⎧⎪⎨

⎪⎩
fx = 1

l1l2 sin θ2
[τ1l2 cos(θ1 + θ2 − τ2 [l1 cos θ1 + l2 cos(θ1 + θ2)]]

fy = 1
l1l2 sin θ2

[τ1l2 sin(θ1 + θ2) − τ2 [l1 sin θ1 + l2 sin(θ1 + θ2)]]
(14)

2.3. Inverse dynamics of LHDS modeling
To reduce the effect of dynamics characteristic on the position-based impedance motion control.
The paper solves the inverse dynamics by the measured value of the position sensor of LHDS; the
compensation of the gravity and inertia force in current motion state is calculated. Therefore, the
accuracy of the position-based impedance motion control system can be improved.

Because center-of-mass of HDU-2nd has a little change during the motion, for convenient cal-
culation and modeling, change of center-of-mass can be ignored. Therefore, the picture shown in
Fig. 1(b) can be simplified to Fig. 4.
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Fig. 4. Simplified diagram of LHDS dynamics model.

In Fig. 4, α1 and α2 are the deviation angles of the center-of-mass of component OD and com-
ponent DF relative to the straight line OD and the straight line DF, respectively. p1 and p2 are the
distance of the center-of-mass of component OD and component DF relative to the point O and the
point D.

According to geometrical relationship in Fig. 4, center-of-mass coordinate of components OD
m1(x1, y1)can be obtained. {

x1 = p1 cos(θ1 + α1)

y1 = p1 sin(θ1 + α1)
(15)

When component OD rotates around z1 axis, the rotational inertia is J1, the kinetic energy Ek1 of
component OD can be obtained

Ek1 = 1

2
m1(p1θ1)

2 + 1

2
J1θ̇

2
1 (16)

The potential energy Em1 can be expressed

Em1 = m1gp1 sin(θ1 + α1) (17)

where g is the gravitational acceleration.

According to geometrical relationship in Fig. 4, center-of-mass coordinate of components OD
m2(x2, y2) can be obtained {

x2 = l1 cos θ1 + p2 cos(θ1 + θ2 + α2)

y2 = l1 sin θ1 + p2 sin(θ1 + θ2 + α2)
(18)

When component DF rotates around z2 axis, the rotational inertia is J2, the kinetic energy Ek2 of
component DF can be obtained

Ek2 = 1

2
m2l2

1 θ̇
2
1 + 1

2
m2 p2

2(θ1 + θ̇2)
2 + m2l1 p2(θ̇

2
1 + θ̇1θ̇2) cos(θ2 + ∞2) + 1

2
J2(θ̇1 + θ̇2) (19)

The potential energy Em2 can be expressed

Em2 = m2gl1 sin θ1 + m2gp2 sin(θ1 + θ2 + α2) (20)

The Lagrangian kinetic equation can be obtained

d

dt

(
∂Lag

∂q̇ j

)
− ∂Lag

∂q j
= Q j (21)
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where q j is the generalized coordinates, Q j is the generalized force corresponding to the generalized
coordinates and Lag is the Lagrangian function.

Lag = Ek − Em (22)

The Lagrangian function is used to solve the dynamic equation. Inserting Eq. (16), (17), (19), (20)
and (22), the torque of the knee joint and ankle joint can be obtained during different motion; the
mathematical relation of the inverse dynamics of LHDS can be solved as follows:{

τ1 = D11θ̈1 + D12θ̈2 + D112θ̇1θ̇2 + D122θ̇
2
2 + D1

τ2 = D21θ̈1 + D22θ̈2 + D211θ̇
2
1 + D2

(23)

where ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

D11 = m1 p2
1 + m2 p2

2 + m2l2
1 + 2 · m2l1 p2 cos(θ2 + α2)+J1 + J2]

D12 = m2 p2
2 + m2l1 p2 cos(θ2 + α2)+J2

D112 = −2m2l1 p2 sin(θ2 + α2)

D122 = −m2l1 p2 sin(θ2 + α2)

D1 = m1gp1 cos(θ1 + α1) + m2gl1 cos θ1 + m2gp2 cos(θ1 + θ2 + α2)

(24)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

D21 = m2 p2
2 + m2l1 p2 cos(θ2 + α2)+J1

D22 = m2 p2
2+J1

D211 = m2l1 p2 sin(θ2 + α2)

D2 = m2gp2 cos(θ1 + θ2 + α2)

(25)

It can be seen from kinematics model in Fig. 3 that the joint angle displacement θ1 and θ2 are
related to two cylinders’ displacement. The terms that contain θ̈1 and θ̈2 are the joint inertia torque
term caused by the acceleration. The terms that contain θ̇1 and θ̇2 are the coupling torque term caused
by the centripetal force. The terms that contain θ̇1θ̇2 is the coupling torque term caused by the Coriolis
force. The terms that contain θ1 and θ2 are the joint torque term caused by the Coriolis force.

3. LHDS Simulation Model of Position-Based Impedance Motion Control
This section based on kinematics, statics and inverse dynamics of mechanical structure and mathe-
matical model of HDU-2nd position-based control system is derived in second section, a simulation
model of LHDS that contains mechanical structure, hydraulic drive system and control system is
built and the principle of LHDS position-based impedance motion control is introduced.

Combining the mathematical models of kinematics, statics and inverse dynamics derived and the
mathematical model of HDU-2nd position control system in second section, the principle of the
position-based impedance motion control built by MATLAB/Simulink is shown in Fig. 5.

It can be seen from Fig. 5, position-based impedance motion control of LHDS can be carried out
in three steps.

Firstly, through impedance control outer loop, the disturbance signal of the foot end measured by
the force sensor can be obtained.

When the foot end is disturbed, the force sensor applied to the knee joint and ankle joint can
detect force signal. The force signal consists of two parts. First part is the force signal component
acting on the foot end of the disturbance force detected by the force sensor. Second part is the force
signal component of gravity and inertia force of the mechanical structure detected by the force sensor,
because the force signal of the second part is not generated by the disturbance force acting on the foot
end. If the force detected by force sensor is taken as the disturbance force of the impedance control
directly, the accuracy of the motion control will be influenced. In order to obtain the disturbance
force of the position-based impedance control, it is necessary to combine with inverse dynamics to
obtain the force signal of the second part.

Secondly, through impedance control outer loop, the disturbance signal is converted to the input
signal of the position control inner loop.
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Fig. 5. The principle of the position-based impedance motion control of LHDS.

Fig. 6. The simulation model of HDU-2nd position control system.

After the disturbance force acting on HDUs applied to the knee joint and ankle joint is obtained,
the disturbance force acting on the foot end can be solved by the statics positive solution. Then,
through impedance characteristic solver, the position variation corresponding to the disturbance force
signal can be solved. Finally, through kinematics inverse solution, variation of the input signal of the
potion control inner loop can be solved.

Lastly, input and output control are realized in position control inner loop.
When the position control inner loop is given an input signal, it is converted to control signal of

the control component (servo valve), and then control signal is converted to the output position signal
of the actuator (servo cylinder).

In Fig. 5, the blue part is the position control inner loop of HDU-2nd, which is the impedance
control core component of LHDS; its accuracy of the position control system model will directly
affect the accuracy of the whole simulation model. Then based on the block diagram of HDU-2nd
position control system shown in Fig. 2, the simulation model of HDU-2nd position control system
is built on MATLAB-Simulink simulation platform, which is shown as Fig. 6.

The simulation model of HDU-2nd position control system shown in Fig. 6 is used to simulate
the position control performance of HDU-2nd in the actual motion. The model includes the servo
valve dynamic characteristics, the pressure-flow nonlinearity, the initial position of the servo cylinder
piston and the friction nonlinearity, which makes the position control system built in this paper more
close to the real system. In Fig. 6, there are three input modules: modules 1, 2, 3 and one output
module: module 4. The input of module 1 is the desired impedance position of cylinder 1 (cylinder 2)
shown in Fig. 7, the input of module 2 is the output position of cylinder 1 (cylinder 2) shown in
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Fig. 7. Simulation model of leg mechanical structure.

Fig. 7 and the input of module 3 is load force of cylinder 1 (cylinder 2) shown in Fig. 7. The output
of module 4 is the output position of cylinder 1 (cylinder 2) shown in Fig. 7.

In Fig. 5, the green part is impedance control outer loop, which is built based on the simulation
model of mechanical structure of LHDS. Therefore, simulation model of the mechanical structure is
built by using SimMechanics in MATLAB. SimMechanics can establish 3D model of the mechanical
structure clearly. The advantage of SimMechanics is the analysis of the control system and dynam-
ics simulation of the mechanical system, and the basic kinematics algebraic equations and dynamic
differential equations are encapsulated. However, the ability of 3D modeling is weaker than profes-
sional CAD software; the assembly file of the leg mechanical structure is exported into an XML file
and several STL files by using SimMechanics Link tool of Solidworks software. Then, running the
simport command in the MATLAB, MATLAB will automatically read the corresponding XML file
and STL files, and automatically built the SimMechanics model of LHDS mechanical structure as
shown in Fig. 7.

In Fig. 7, model prismatic is used to connect piston rod and cylinder block and has one input
module: module 2 (module 6), and two output modules: modules 4 and 5 (modules 7 and 8). Among
them, the input of module 2 (module 6) is the output of module 4 in Fig. 6 (the output position of
cylinder 1/cylinder 2), the output of module 4 (module 7) is the input of module 2 in Fig. 6 (the actual
position of cylinder 1 (cylinder 2) is measured through the sensing attribute in Prismatic module),
the output of module 5 (module 8) is the input of module 3 in Fig. 6 (the load force of cylinder 1
(cylinder 2) is actually measured through the sensing attribute in Prismatic module).

The simulation model of leg mechanical structure shown in Fig. 7 is used to connect the impedance
control outer loop and the position control inner loop of HDU-2nd. This model can realize real-time
control of foot-end position through the output of module 4 in Fig. 6. The load force of cylinder
1 (cylinder 2) is actually measured through the sensing attribute in Prismatic module and output
to module 3 in Fig. 6, which is used to simulate the load force of the position control inner loop.
External force and torque module is imposed force to the foot end to simulate the disturbance force
of the foot end in the actual motion.

Combining the above analysis, finally, a simulation model of LHDS including mechanical struc-
ture, hydraulic drive system and control system is built. After running the simulation program, the
3D model of LHDS can be seen as shown in Fig. 8, through which the motion state of LHDS can be
observed.

4. Simulation and Experiment
In this section, the accuracy of the simulation model of LHDS position-based impedance motion
control established in this paper is tested. The LHDS experimental platform is shown in Fig. 1(b),
and its principle of the hydraulic system is shown in Fig. 9. The HDU-2nd of each joint is controlled
independently and uniformly supplied with oil.

Setting the stiffness coefficient of X-axis and Y-axis of LHDS as 10 N/mm, and the damping
coefficient as 0.5 Ns/mm.
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Fig. 8. 3D model of LHDS.
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Fig. 9. Schematic diagram of hydraulic power system.

Working condition 1:
LHDS is suspended at the initial position (θ1 = −120◦, θ2 = 60◦). In the static state, the random

disturbance force is applied to the foot end by hand. The disturbance forces on the X axis and Y
axis of the foot end are recorded by the controller, and the measured disturbance force is inputted
into the simulation model built in the third section. In this paper, the disturbance force curves, posi-
tion response curves and the impedance control response curves of the experimental system and
simulation model are given as shown in Fig. 10. The impedance desired position is the ratio of the
disturbance force acting on the foot end to the desired impedance characteristic, and the impedance
actual position is the actual output position of the system.

As can be seen from Fig. 10, the maximum disturbance force in X direction of the foot end near 2
s is 61.45 N, and the corresponding desired, simulated, experimental impedance control responses in
X direction are 5.96, 6.18 and 6.61 mm, respectively, The maximum disturbance force in Y direction
of the foot end is 134.98 N, and the corresponding desired, simulated, experimental impedance con-
trol responses in Y direction are 13.35, 13.42 and 13.52 mm, respectively. The maximum disturbance
force in X direction near 6 s is 66.12 N, and the corresponding desired, simulated and experimental
impedance control responses in X direction are 6.54, 6.87 and 7.08 mm, respectively. The maximum
disturbance force in Y direction is 135.42 N, and the corresponding desired, simulated and exper-
imental impedance control responses in Y direction are 13.54, 13.68 and 13.76 mm, respectively.
It can be obtained that both simulation and experiment can achieve good impedance characteristics.
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(b)
(a)

(c) (d)

(e)

Fig. 10. Motion control response curve of LHDS position-based impedance in static state. (a) Disturbance
forces in the X and Y directions of the foot end. (b) Position response curves of the knee joint. (c) Position
response curve of the ankle joint. (d) Impedance control response curves in X axis direction of the foot end. (e)
Impedance control response curves in Y axis direction of the foot end.

It can be seen from Fig. 10(b)–(c) that the actual and simulated position responses of the HDU-2nd
lag behind the desired position, and the position responses at the two maximum disturbance forces
exceed the desired position response. When the foot end is at the initial position and subject to ran-
dom disturbance force in static state, the simulation model built in this paper has a high fitting degree
with the experimental system and can accurately present the system characteristics.

Working condition 2:
LHDS is suspended and is made with a circular motion of a frequency of 0.5 Hz and a radius

of 10 mm with the initial position as the origin. The disturbance force of the foot end measured in
experiment is inputted into the simulation model built in the third section. The relevant simulated
and experimental curves are shown in Fig. 11.

As can be seen from Fig. 11, the foot end is not disturbed in the first 2 s, and the simulation model
and the experimental system achieve good position tracking in both the X and Y directions. The
maximum disturbance force in X direction of the foot end near the 7 s is 64.39 N. At this time, the
motion direction of the foot end is opposite to the direction of the force in X direction, and the ampli-
tude is reduced. The corresponding desired, simulated, experimental impedance control responses
in X direction are −2.12, −2.76 and −2.47 mm, respectively. The maximum disturbance force in Y
direction of the foot end near the 7 s is 132.52N. At this time, the motion direction of the foot end is
same to the direction of the force in Y direction, and the amplitude becomes larger. The correspond-
ing desired, simulated, experimental impedance control responses in Y direction are 20.69, 20.39 and
19.94 mm, respectively. The maximum disturbance force in X direction of the foot end near 13.2 s
is −36.53 N. At this time, the motion direction of the foot end is same to the direction of the force
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(b)(a)

(c)
(d)

(e)

Fig. 11. Motion control response curves of LHDS position-based impedance in motion state. (a) Disturbance
forces in X and Y directions of the foot end. (b) Position response curves of the knee joint. (c) Position response
curves of the ankle joint. (d) Impedance control response curves in X direction. (e) Impedance control response
curves in Y direction.

in Y direction, the amplitude becomes larger. The corresponding desired, simulated, experimental
impedance control responses in X direction are −13.58, −13.29 and −13.80 mm, respectively. The
maximum disturbance force in Y direction of the foot end near the 13.2 s is −109.12N. At this time,
the motion direction of the foot end is same to the direction of the force in X direction, and the
amplitude becomes larger. The corresponding desired, simulated, experimental impedance control
responses in X direction are −16.23, −17.46 and −17.92 mm, respectively. LHDS is placed in a
suspended position and is made with a circular motion of a frequency of 0.5 Hz and a radius of 10
mm with the initial position as the origin. Both the simulation model and the experimental system
achieve the desired impedance characteristics while achieve good position following under the effect
of the different disturbance forces. The simulation model built in this paper has a high fitting degree
with the experiment and can accurately present the system characteristics.

5. Conclusion
In this paper, mathematical models of kinematics, statics and inverse dynamics of LHDS mechanical
structure are derived. Based on the derived model, the mathematical model of HDU-2nd position
control system and the principle of LHDS position-based impedance motion control, a simulation
model of LHDS including mechanical structure, hydraulic drive system and control system is built.
By analyzing simulated and experimental results, it is verified that the model built in this paper can
accurately represent the system characteristics. Moreover, the mechanical structure, hydraulic drive
system and control system of the simulation model are carried out simultaneously under the same
simulation framework, which makes the whole simulation model simpler and better compatibility
than the joint simulation using multiple software. The research work in this paper can lay a foundation
for the related experimental research and practical application of LHDS and can provide a certain
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reference for the design, manufacture and optimization of the hydraulic drive legged robot, and for
the construction of the simulation model of the mechanical system with complex structure in the
future.
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Appendix
The servo valve of HDU-2nd in Fig. 1(c) is approximately equivalent to a second-order oscillation
link, and the transfer function of the spool position and the input voltage of the servo amplifier is as
follows:

Xv

Ug
= Kaxv(

s2

ω2 + 2ζ

ω
s + 1

) (A.1)

Since the pressure loss in the pipeline and valve cavity is much smaller than the throttling pressure
loss at the valve port, it can be ignored. Considering the pressure-flow nonlinearity, the oil inlet flow
of the servo valve can be expressed as follows:

q1 = Kd xv

√ [1 + sgn(xv)]ps

2
+ [−1 + sgn(xv)]po

2
− sgn(xv)p1 (A.2)

The return oil flow of servo valve can be expressed as follows:

q2 = Kd xv

√ [1 − sgn(xv)]ps

2
+ [−1 − sgn(xv)]po

2
+ sgn(xv)p2 (A.3)

where convert flow coefficient Kd is as follows:

Kd = Cd W

√
2

ρ
(A.4)
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For asymmetric cylinder hydraulic system, the influence of servo cylinder leakage and oil
compressibility are considered, the servo cylinder inlet flow can be expressed as follows:

q1 = Ap1
d�x p

dt
+ Cip(p1 − p2) + Cep p1 + V1

βe

dp1

dt
(A.5)

The return oil flow of the servo cylinder can be expressed as follows:

q1 = Ap2
d�x p

dt
+ Cip(p1 − p2) + Cep p2 + V2

βe

dp2

dt
(A.6)

where x p is the piston position of the servo cylinder, and the variation of piston position relative to
its initial position is as follows:

�x p = x p − L0 (A.7)

In Eq. (A.5), V1 is as follows:

V1 = V01 + Ap1�x p

V01 = Vg1 + Ap1L0 (A.8)

In Eq. (A.6), V2 is as follows:

V2 = V02 + Ap2�x p (A.9)

V02 = Vg2 + Ap2(L − L0) (A.10)

Considering the influence of load characteristics on the position control system, the force balance
equation of the servo cylinder is as follows:

Ap1 p1 − Ap2 p2 = (mt1 + mt2)
d�x2

p

d2t
+ (Bp1 + Bp2)

d�x p

d
t + K�x p + (Ff 1 + Ff 2) + FL (A.11)

The transfer function between the feedback voltage of the position sensor and the position of the
servo cylinder piston rod is as follows:

Up

X p
= K X (A.12)

Combining with Eqs. (A.1)–(A.12), the block diagram of the position closed-loop control system
of HDU-2nd is shown in Fig. 2.
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