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Abstract  We apply a method inspired by Popa’s intertwining-by-bimodules technique to investigate
inner conjugacy of MASAs in graph C*-algebras. First, we give a new proof of non-inner conjugacy of
the diagonal MASA Dpg to its non-trivial image under a quasi-free automorphism, where E is a finite
transitive graph. Changing graphs representing the algebras, this result applies to some non quasi-free
automorphisms as well. Then, we exhibit a large class of MASAs in the Cuntz algebra O, that are not
inner conjugate to the diagonal D,,.
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1. Introduction

This paper is devoted to investigations of conjugacy of MASAs in the C*-algebras of finite
directed graphs. The problem of conjugacy of MASAs in factor von Neumann algebras
has been extensively investigated for many years, in particular with relation to Cartan
subalgebras. Variety of different situations may occur. There exist factors with a unique
Cartan subalgebra or with (uncountably) many ones, e.g. see [17, 21, 23].

This problem has received much less attention by researchers working with C*-algebras.
In particular, the literature on the conjugacy of subalgebras in simple purely infinite C*-
algebras is rather scarce. The present paper is the continuation of investigations of this
problem initiated in [5, 14], where the question of inner conjugacy to the diagonal MASA
of its images under quasi-free automorphisms was looked at in the Cuntz algebras and
more generally graph C*-algebras. The arguments from [5, 14] where based on rather ad
hoc estimations, tailor made for the cases at hand. Now, we aim at developing a more
general technique that may be applicable in many diverse instances. The idea is simple,
see Lemma 2.3, and it is inspired by Popa’s intertwining-by-bimodules technique, see
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Theorem 2.2. We believe that this approach is conceptually sound and may be useful in
many a different situation.

Our paper is organized as follows. Section 2 contains rather extensive preliminaries on
graph C*-algebras, traces on them, and their endomorphisms. In particular, a discussion
of aspects of the classical Perron—Frobenius theory is included, in so far as it is relevant for
our purpose. At the end of this section, we briefly state the key technical device we intend
to use for distinguishing non-inner conjugate subalgebras. Section 3 contains a discussion
of quasi-free automorphisms in relation to aspects of the Perron—Frobenius theory. In this
section, we give a new, and hopefully conceptually more interesting, proof of non-inner
conjugacy to the diagonal of its images under non-trivial quasi-free automorphisms, see
Theorem 3.3. In Section 4, we show that by changing the graph representing the algebra
in question our main result on quasi-free automorphism becomes applicable to some non
quasi-free automorphisms as well. In Section 5, we exhibit a large class of MASAs of
the Cuntz algebra O, that are not inner conjugate to the diagonal MASA D,, thus
generalizing the case resulting from quasi-free automorphisms. In the final Section 6, we
collected proofs of a few technical lemmas needed in the preceding parts of the paper.

2. Preliminaries

2.1. Finite-directed graphs and their C*-algebras

Let E = (E°, E', r, 5) be a directed graph, where E° and E* are finite sets of vertices
and edges, respectively, and r, s : E' — E° are range and source maps, respectively. A
path p of length |pu] =k > 1 is a sequence = (p1, ..., ui) of k edges p; such that
r(py) = s(pjp1) for j =1, ..., k — 1. We view the vertices as paths of length 0. The set
of all paths of length k is denoted E¥, and E* denotes the collection of all finite paths
(including paths of length zero). The range and source maps naturally extend from edges
E' to paths E¥. A sink is a vertex v which emits no edges, i.e. s~*(v) = 0. A source is a
vertex w which receives no edges, i.e. 7~ 1(w) = (). By a cycle we mean a path u of length
|| > 1 such that s(u) = r(u). A cycle u = (p1, ..., pr) has an exit if there is a j such
that s(p;) emits at least two distinct edges. If « is an initial subpath of 3 then we write
a < (. Graph F is transitive if for any two vertices v, w there exists a path p € E* from
v to w of non-zero length. Thus, a transitive graph does not contain any sinks or sources.
Given a graph FE, we will denote by A = [A(v, w)], wepo its adjacency matriz. That is,
A is a matrix with rows and columns indexed by the vertices of E, such that A(v, w)
is the number of edges with source v and range w. If the graph FE is transitive then the
corresponding matrix A is rreducible, in the sense that for any two vertices v, w there is
a positive integer k such that A*(v, w) > 0. Here A* is the k’th power of matrix A and
hence A*(w, v) gives the number of paths from vertex w to vertex v.

The C*-algebra C*(E) corresponding to a graph F is by definition, [19, 20|, the uni-
versal C*-algebra generated by mutually orthogonal projections P,, v € EY, and partial
isometries S,, e € E', subject to the following two relations:

(GA1) S2S. = Pyo,

(GA2) P, = ZS( S.S* if v € EY emits at least one edge.

e)=v
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For a path p = (u1, ..., ux), we denote by S, = S, --- Sy, the corresponding partial
isometry in C*(E). We agree to write S, = P, for a v € E. Each S,, is non-zero with
the domain projection P,(,). Then C*(E) is the closed span of {S5,S} : u, v € E*}. Note
that 5,5} is non-zero if and only if r(1) = r(v). In that case, 5,5} is a partial isometry
with domain and range projections equal to 5,57 and 5,5, respectively.

The range projections P, = 5,5}, of all partial isometries S, mutually commute,
and the abelian C*-subalgebra of C*(FE) generated by all of them is called the diago-
nal subalgebra and denoted Dp. We set D% = span{P, : v € E°} and, more generally,
Dk =span{P, : un € E*} for k > 0. C*-algebra Dp coincides with the norm closure of
Ur—o Pk If E does not contain sinks and all cycles have exits then Dg is a MASA
(maximal abelian subalgebra) in C*(E) by [15, Theorem 5.2]. Throughout this paper, we
make the following

standing assumption: all graphs we consider are finite, transitive and all cycles in these
graphs admit exits.

There exists a strongly continuous action « of the circle group U(1) on C*(E), called
the gauge action, such that ~,(S.) = 25, and v, (P,) = P, foralle € E', v € EY and z €
U(1) C C. The fixed-point algebra C*(E)” for the gauge action is an AF-algebra, denoted
Fr and called the core AF-subalgebra of C*(E). Fg is the closed span of {S,S5) : u, v €
E*, |u| =|v|}. For ke N=1{0, 1, 2, ...} we denote by Fy. the linear span of {S,S; :
p, v € E*, |u| =|v| = k}. C*-algebra Fp coincides with the norm closure of [y, Fp.

We consider the usual shift on C*(E), [10], given by

o)=Y SxS;, z€C*(E). (1)

e€E1l

In general, for finite graphs without sinks and sources, the shift is a unital, completely
positive map. However, it is an injective *-homomorphism when restricted to the relative
commutant (D%)' N C*(E) of DY, in C*(E).

We observe that for each v € E° projection ¢*(P,) is minimal in the centre of F&. The
C*-algebra FE ok (P,) is the linear span of partial isometries S,,S;; with |u| = [v| = k and
() = r(v) = v. It is isomorphic to the full matrix algebra of size >°, o A¥(w, v). The
multiplicity of FE*(P,) in FET R 1(P,) is A(v, w), so the Bratteli diagram for Fp is
induced from the graph FE, see [3, 10, 20].

° ° ce ° ]—"g
A(v,w)
[ ] ) Y F]g}"rl
JT"ESOIH_I (Pw>
We denote
B = (DY) N Fp. (2)
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That is, B is the linear span of elements S.S%, e, f € E', with s(e) = s(f). We note that
B is contained in the multiplicative domain of ¢. We have DlE CBC }"}E and

" (B) = (Fp) NFE 2 P Maww(C) (3)

v,we ko

for all k. For v, w € E°, we denote

va = Z Pe~ (4)
Each ,Q, is a minimal projection in the centre of B and B,Qw = M(y,.,)(C). We put
k=1
Bl = \/ ¢’ (B), (5)
j=0

for k> 1, the C*-algebra generated by Uﬁ:& ©7(B). In general, if A and B are both
C*-subalgebras of a C*-algebra C, then we denote by AV B the C*-subalgebra of C
generated by A and B. Since for all k, we have

k—1
Dy =\/ ¢ (Dp), (6)
§=0
it is easy to see that
D}, C By C Fp. (7)
We observe that
va‘P(v’Qw’) = 5w,v/ Z Pef- (8)
s(e)=v,r(e)=s(f)=w,r(f)=w’
This implies that
Bh= P BuQu Ve(BuQu) V... Ve T (B, Qu,.)

V1o,V 41 €EO

= P BuQuOe(Bn,Qu) 8. @ (B, Q).

V1o V41 €E°

There exist faithful conditional expectations @ : C*(F) — Fg and &p : C*(E) — Dg
such that &£(5,5)) =0 for |u| # |v| and &p(S,S)) =0 for u # v. We note that &p =
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bp odr and
@DO(p:g&O@D on DE,
brop=podyon Fg.

For an integer m € Z, we denote by C*(E)(™) the spectral subspace of the gauge action
corresponding to m. That is,

C*(E)™ = {z € C*(E) | v.(z) = 2™z, ¥z € U(1)}. (9)

In particular, C*(FE)(®) = C*(E)". For each m € Z there is a unital, contractive and
completely bounded map @™ : C*(E) — C*(E)™) given by

P () = /ZGU(D 27 My, (z)dx. (10)

In particular, ° = &x. We have ¢ (z) =z for all x € C*(E)™). If x € C*(E) and
@™ () =0 for all m € Z then a2 = 0.
2.2. The trace on the core AF-subalgebra

We recall the definition of a natural trace on the core AF-subalgebra Fg. For relevant
facts from the Perron—Frobenius theory, see for example [12, 13].

Let 3 be the Perron—Frobenius eigenvalue of the matrix A and let (z(v)),cgo be the
corresponding Perron-Frobenius eigenvector. That is, 8 > 0, for each v € E° we have
z(v) > 0, and

Z A, w)z(w) = fx(v). (11)

we B

We set X := ) o z(v) and define a tracial state 7 on Fp so that

T(SHS;) = 5%”% (12)

for p, v € E*. We have 7(®p(x)) = 7(z) for all x € Fp.

Remark 2.1. Trace 7 defined above is not shift invariant, in general. That is, it may
happen that 7(¢(x)) # 7(x) for some x € Fg. In fact, 7 is @-invariant if and only if

Z A(v,w) =

veEE°

for each w € E°. For example, the matrix

()

does not satisfy this condition.
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2.3. Endomorphisms determined by unitaries

Cuntz’s classical approach to the study of endomorphisms of O,,, [9], has been developed
further in [7] and extended to graph C*-algebras in [1, 4, 18].

We denote by Ug the collection of all those unitaries in C*(E) which commute with
all vertex projections P,, v € E°. That is

Ug :=U(DY) N C*(E)). (13)

If u € Ug then uS,, e € E', are partial isometries in C*(E) which together with projec-
tions P,, v € EY, satisfy (GA1) and (GA2). Thus, by the universality of C*(E), there
exists a unital *-homomorphism ), : C*(E) — C*(E) such that”

A\u(Se) = uS. and A\ (P,) = P,, forec E*, v e E°. (14)

The mapping u — A, establishes a bijective correspondence between Ur and the semi-
group of those unital endomorphisms of C*(E) which fix all P,, v € EY. As observed
in [4, Proposition 2.1], if uw € Ug N Fg then A, is automatically injective. We say A, is
invertible if \, is an automorphism of C*(E). If u belongs to Ur N FE for some k, then
the corresponding endomorphism \,, is called localized, [4, 6].

If u € U(B) then A, is automatically invertible with inverse A, and the map

UB) > ur— A\, € Aut(C*(E)) (15)

is a group homomorphism with a range inside the subgroup of quasi-free automorphisms
of C*(E), see [24]. Note that this group is almost never trivial and it is non-commutative
if graph E contains two edges e, f € E! such that s(e) = s(f) and r(e) = r(f).

The shift ¢ globally preserves Up, Fr and Dg. For k > 1, we denote

ug = up(u) - " (u). (16)
For each u € Ug and all e € E', we have Sou = p(u)S,, and thus

)\U(SMS;) = U’\/LISMS;UTV\ (17)
for any two paths pu, v € E*.

2.4. The Popa criterion

In the analysis of uniqueness of Cartan subalgebras of tracial von Neumann algebras,
Popa’s intertwining-by-bimodules technique has been extremely successful. This method
goes back to [22], but has been polished over the years and recently even extended to
type III case [16]. The following result contains its essential ingredient.

Theorem 2.2 (S. Popa). Let M be a von Neumann algebra equipped with a faithful
normal trace 7. Let A, B be von Neumann subalgebras of M, and let &5 : M — B be a
T-preserving conditional expectation. Then the following two conditions are equivalent.

* The reader should be aware that in some papers (e.g. in [9]), a different convention is used, namely
Au(Se) = u*Se.
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(1) There exist non-zero projections p € A, q € B, a non-zero partial isometry v € pMgq
and a x-homomorphism @ : pAp — qBq such that xv = v®(x) for all x € pAp.

(2) There is no sequence of unitaries w,, € U(A) such that
@nteuni)lls =, 0. Ve, e M. a9

This beautiful theorem is inapplicable to graph C*-algebras, of course. However, the
following simple fact remains valid in the C*-algebraic setting.

Lemma 2.3. Let M be a unital C*-algebra, and let A, B be its C*-subalgebras con-
taining the unit of M. Let & : M — B be a conditional expectation, and let T be a trace
on B. If there is a sequence of unitaries w,, € U(A) such that (18) holds then there is no
unitary v € U(M) such that vAv* C B.

Proof. Indeed, let w,, € U(A) be as in the lemma and suppose v € U(M) is such that
vAv* C B. Then

1= [fownv*[|2 = [|@p(vwnv?)ll2 — 0,
n—oo

which gives a contradiction. O

3. Quasi-free automorphisms

In this section, we apply Lemma 2.3 with M = C*(E), 7 the canonical trace on Fg,
B =Dg, and &5 = &p. We keep the standing assumptions on the graph E. Note that
for unitaries u € B and d € Dy, we have

Au(dip(d) - - @71 (d)) = udu*p(udu™) - - " (udu”).

Lemma 3.1. Let u € B be a unitary such that uDyLu* # D%, and let d € Dk, be a
unitary such that udu* ¢ D},. Then we have

klim ||@p (udu*p(udu®) - - - @~ (udu*))||2 = 0.

Proof. We set dy ., :=d -, Q. Since B -, @, is a full matrix algebra, it has a unique
tracial state 7, ,,. We denote by || - |25, the 2-norm induced by this trace. In view of
Corollary 6.2, we have

Op(udu*p(udu®) - - - " (udu*))

= Z ¢D(U’dur}1 QU2 SD(Udu;k)g st) T Sok_l(ll‘du:k ka+1))

V1,V2,..., Vi1 S

= Z ¢D(udv1ﬂ)2 U*)<P(¢D(Udvz,v3U*)) T @k_l(ép(udvk,vk+1u*))

V1,V2,..., Vi1 S
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We define non-negative numbers { Xy, vy, v i1 Jor,vs,..ops1€B0 DY

)‘U17U2,~~7vk+1 = T(Ul sz(P(ngvg) o (pk_l(Ukak+1))

= A('U]7 UQ)A(UQ, /1]3) . A(vk, vk+1>w

We remark that A(vy, va)A(ve, v3) - A(Vk, vkt1) is the total number of paths of length &
which pass through vy, v, ..., vk in this order. Since », Qu, @ (v, Qus) * + 0" (0, Qupss)
is a central minimal projection of B, for any z € B% . we have

T('r) = Z >‘U17U27--<7’Uk+1TU171127---7111€+1 (x{m szgp(’Uszg) o @kil(vk ka+1)})

V1,02,..., V41 EEO

is a unique tracial state on a full matrix algebra

%%{Ul sz @(vz Qve,) o @k_l(vk ka+1 )}

Where Tvlav2,~~,vk+1

Then since
Tv1,v2,. V41 (a1¢(a2) T @kil(ak){vl QU2¢(U2QU3) o (pkil(vk ka+1)})
= Tvy,v2 (al K Qv2)TU2,U3 (aQ ‘vg QU3> © Tog vk (a‘k vk ka+1)

for all aq, as, ..., ar € B, we have

llasp(az) -~ " H(an)l3

= Z )\U17U2,~'7'Uk+1 ||a‘1 K Qv2‘|§,v1,v2”a2 ‘vo st ||§,v2,v3 o Ha’k

V1,02,V 41 €eRo
s ka+1||§,vk,vk+1'
Thus, we see that
1 (udu*p(udu”) - o (udu))||3 = ||Pp(udu*)p(Pp(udu®)) - = (@p (udu®))|3

= > Xt 0, || 9D (Uldiy 0y W13 1, 0 || 0(PD (Ul 03w )3 0

V1,02,...,0k 41 EEO
k—
T ||§D 1(éD(Udvk,vk+1u*)>‘|%,vk,,vk+1'

By the hypothesis of the lemma, there exist two vertices wy, ws such that

0 < [Judu™ 1y Quy — Pp(udu™ ), sz)||§7whw2
= |[ude” -y Qus 130w, + [P0 (wdu™ -y Qui)|13,001
— 2ReTy, w, ({udu” -1y Quy } P (udu™ -y Quy))
=1+ ||Pp(udu™ -, sz)H%,wl,wz — 2ReTyy sy (P (udu™ -1y Qusy) P (udu™ -y, Qusy))

=1 ||¢'D(Udu* ‘wq QU&)H%,UH,U&
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and hence
c:= || (udu” -y Qu)lI3 0, 0, < 1. (19)
Fori=20, 1, ..., k, we denote by M,iyv the set of all paths p such that
(i) [ul =Fk,
(i) r(p) =,

(iii) in path p, edges from wy to we occur exactly ¢ times.

We remark that M N M,zyv = ()if i # j. Thus, we have Y27 |M} | = wepo AF(w, v),
where |M,§U| denotes the cardinality of M,zv We claim that for all v and ¢

o Mo
k—oo ﬂk

—0. (20)

At first, we note that because of (19) the full matrix algebra B -, Qq, is not isomorphic
to C, and hence A(wy, wa) > 2. Let Ay be the matrix defined in (26) in § 6 for (i1, j1) =
(w1, we), and let E; be the corresponding graph. E; may be viewed as a subgraph of
E obtained by removing all but one edge in E' that begin at w; and end at w,. Set
N, = M, N Ef. Tt is easy to sce that

IMé,v' = |N123,1)| : A(whw?)i-
But now, by virtue of Theorem 6.6, we have

M N} 4 Ak
| é’”' = A(wi,ws)" - | ﬂk’v| < A(wy, we)" - Ly AL, w)

and the claim holds.

NOW7 since ‘|(pj71(¢D(Ude7Uj+1u*))‘|%,vj,vj+1 S 1 and c= ||¢'D(Udu ‘w1 Qw2)||§,w1,w2’
for each ig, we have

— 0
ﬂk k—oo

* * - « x(v
||@p (udu* p(udu®) - * (udu) ][5 < >

veEEC
S5 OO 2IVRIES op I I
vEEC veEO 1=ip+1
and hence
k . .
lim sup ||@p (udu*p(udu*) - - o~ (udu®))||3 = hmsup Z k Z | M., |c!
koo vERD ﬂ i=ig+1
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Since

k k
S S e = 3 S g e

veEEC i=ig+1 veEEC i=ip+1
2v) § 2(v)
<co )y X 3F Z M [ < ey X3F > Afw,v)
veEo i=ip+1 vEEO wek°
oL Y S Aoleto =
weEY veE°

we may conclude that

limsup ||®p (udu*p(udu®) - - - " H(udu*))||3 < .

k—o0

Since ip was arbitrary, the lemma is proved. O
Keeping the hypothesis of Lemma 3.1, we have the following.
Lemma 3.2. For all z, y € Fg we have

klim ||®p (2 - udu*p(udu®) - - - @ (udu*) - y)||2 = 0.

Proof. To prove the lemma, it suffices to consider elements z, y € F%, for an arbitrary
positive integer p. We have

z - udu*p(udu®) - - - " (udu®) -y
= (z - udu*p(udu®) - - - PP~ Hudu*) - y) - @P (udu* ' (udu*) - - - @* "L (udu*)).
Therefore, it is enough to show that
Jim ||@p (- P (udu” p(udu”) - " (udu)))[[2 = 0

for all « € F}.. However, we have

Op (- P (udu*p(udu™)

o Hudu))) = Pp (@) - P (P (udu”p(udu®) - o (udu™)))
by Lemma 6.1 and
Jlim [[?(@p (udu p(udu”) - " (udu™)))[2 = 0

by Lemma 3.1 and Lemma 6.4. Thus, the claim follows. O

Now we are ready to prove the main result of this section. We keep the standard
assumptions on the graph F.
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Theorem 3.3. Let u € B be a unitary such that uDLu* # Dk, and let d € DL, be a
unitary such that udu* € Dy,. Then for all z, y € C*(E), we have

klim ||@p (2 - udu*p(udu®) - - - " H(udu*) - y)||2 = 0.
Thus, in view of Lemma 2.3, Dg and \,(Dg) are not inner conjugate in C*(E).

Proof. By the polarization identity, it suffices to compute the above limit in the case
y = a*. Furthermore, we may assume that = belongs to the dense x-subalgebra of C*(E)
generated by partial isometries corresponding to finite paths. That is, in the case, x is a

finite sum of the form
=Y auS;+z0+ > Suby,
WEE* vEE*

with g, a,, b, € Fg. Applying conditional expectation @ on the core AF-subalgebra
first, we get
D (- udu*p(udu®) - - - P~ H(udu*) - z*)

= Z a,S;, - udu®p(udu™) - - " udu*) - Syal,
] =[w']

*

=L (udu®) - o

+ xo - udup(udu™) - -
+ Z S, by, - udu*p(udu®) - - - "L (udu*) - b%, S
lvl=1v|

Thus, we must show the following three cases:

(1) kliﬂgo |Pp Z a, Sy - udu*p(udu®) - @ (udu®) - Syak, | |2 =0,
i =1p'

(2) T ([P (o - udu” p(udu) -+ " (udu”) - 23) | =0,

(3) klim ||2p Z S, by, - udu*p(udu®) - - - " (udu*) - 0%, 8% | ||2 = 0.

lvl=[v'|

Ad (1). Consider two paths p and g/ with |u| = |4/|. For any « € B and for any [ — 1 >
|| = |p'|, we see that

@S = > SaSiSu = Y. SuSyaSySh Sy =S M ().
wi=i—1 /=1 ||
On the other hand, for any [ —1 < |u| = [¢//|, since both 5,5}, and S/}, are minimal
projections of %lgl and zp(x) - p!71(z) € %‘5‘7 we have
Spap(x) - @' M (@) S = SH(SuS)ze(x) - ' (@) (Sw S ) Sy
= S:(tSMS;/)SH/ = t0p(p),r(u) Prn)
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for some scalar t € C with [¢t| < ||x||'~. Therefore, for any k > |u| = |p/|, we see that
Sy - udu®o(udu’) -+ P (udu) - Sy = 160y (ur) Py - udup(udu®) - " (udu®)

for some scalar t € C with [¢| < |Judu*|[*~! = 1. Since P,(,) € D, the claim follows from
Lemma 3.1.

Ad (2). This is shown in Lemma 3.2.

Ad (3). If v # v/ then

Op(S,b, - udu*p(udu*) - - - " (udu*) - b%,S%) = 0.

Thus

|| Pp Z S, b, - udu*p(udu®) - " (udu*) - 05,85 | ||

[vl=[v'|

< 3 (18p( (b, - udut p(udu®) - oF udu®) - 5)] |2,

lvl=[v'|

and this tends to 0 as k increases to infinity by the same argument as in the proof of
Lemma 3.2. 0

4. An application — changing graphs

The same graph C*-algebra may often be presented by many different graphs, and the
property of being quasi-free is usually not preserved when passing from one graph to
another. This makes Theorem 3.3 applicable to a much wider class of automorphisms
than quasi-free ones. We illustrate this phenomenon with the following two examples.

4.1. Out-splitting

Given a graph F satisfying our standing assumption, we consider its out-split graph
E4(P), as defined by Bates and Pask in [2]. Namely, for each vertex v € E°, we parti-
tion the set of edges emitted by v, that is s~!(v), into m(v) non-empty disjoint subsets

EL ... E™™ Denote by P the resulting partition of E'. The out-split graph E (P)
has the following vertices, edges, source and range functions:
Ey(P)’ ={v"[ve E°, 1 <i<m(v)},
Ey(P)t ={¢ [ec E', 1 <j <m(r(e))},
s(e?) = s(e)’, and r(e) = r(e).
As shown in [2, Theorem 3.2], the C*~algebras C*(E) and C*(E4(P)) are isomorphic by

an isomorphism which maps the diagonal MASA Dg of C*(E) onto the diagonal MASA
Dg, (py of C*(Es(P)). However, the groups of quasi-free automorphims of C*(E) and
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C*(Es(P)) may be different. For example, in the following case

E E,(P)

out-splitting

e

the groups U(*B) in C*(E,(P)) and C*(E) are isomorphic to U(1) x U(1) x U(1) x U(1)
and U(2), respectively.

Thus, the isomorphism C*(E) = C*(E;(P)) may identify a quasi-free automorphism
of one of the two algebras with a non quasi-free automorphism of the other. In this way,
our Theorem 3.3 leads to non-trivial examples of non quasi-free automorphisms of graph
algebras that map the diagonal MASA onto another MASA that is not inner conjugate
to it.

4.2. Two graphs for O,
Consider the following graph:

E

Then the graph algebra C*(FE) is isomorphic to the Cuntz algebra Op = C*(T1, T2),
[8]. Here C*(Ty, T) is the universal C*-algebra for the relations 1 = T\T7 + ToT5 =
T7Ty = T5T,. That is, it is a graph algebra for the graph consisting of one vertex and
two edges attached to it. The isomorphism between C*(E) = C*(S,, Sp, Se, Sq, Se) and
Oy = C* (T, T>) is obtained by the identification

Sa =TTy, Sy=TinTy, Sc =TTy, Sq="TnT;, Se="Tun1Ty.
The inverse map is given by
Tl :Sa+(5b+sc)(sd+se)*7 T2 :Sd+Se-

Note that this isomorphism carries the diagonal MASA Dg of C*(E) onto the standard
diagonal MASA D5 of Os. Indeed, it follows from the above definition that every product
z of the generators of C*(E) is mapped onto an element of the form 7,7} in Og, with
a, f some words on the alphabet {1, 2}. Thus, the range projection xz* of that product

https://doi.org/10.1017/50013091522000530 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091522000530

On Conjugacy of Subalgebras in Graph C*-Algebras. 11 1175

is mapped onto a projection in the diagonal MASA D5 of Os. Hence, the image of Dg is
contained in Dy. But under an isomorphism, the image of a MASA in C*(F) is a MASA
in Oy. Thus, the image of MASA Dg of C*(FE) is the entire MASA Dy of O, as claimed.

Now, using the isomorphism above, we may find a quasi-free automorphism of C*(FE)
such that the corresponding automorphism of Oy is not quasi-free and yet carries the
diagonal MASA Dy of Oy onto a MASA which is not inner conjugate to Ds. Indeed, let

|:£aa Eab:|
Eba  Ebb

be a unitary matrix whose all entries are non-zero complex numbers. Then
U = faaSaS; + §ab5a51f + §baSbS; + gbbSbS; + SCS: + SdS:;lk + SeS:

is a unitary in F satisfying the hypothesis of Theorem 3.3. The above isomorphism
transports the quasi-free automorphism A, of C*(E) onto an automorphism Ay of O
corresponding to the unitary

U =TTV + €T T + EoaTio1 Ty + SpT121 1151 + Th2oT o0 + 175

Clearly, Ay is not a quasi-free automorphism of O,, since U does not belong to the linear
span of T;T7, i, j = 1, 2. Theorem 3.3 implies that there is no unitary w € O, satisfying
’LUDQU)* = )\U(Dg).

5. Certain MASAs in O,, not inner conjugate to the diagonal D,

In this section, we consider the Cuntz algebra O,,, with 2 < n < co. As usual, we view it as
the graph C*-algebra of the graph F,, with one vertex and n edges. Let A\, € End(O,,).
Suppose wy is a sequence of unitaries in a commutative C*-subalgebra A of O,,. We
ask under what circumstances the sequence wy, satisfies the condition of Lemma 2.3 for
M = 0,, A, B=D,, and 7 the canonical trace on the UHF-subalgebra F,,. Clearly, this
is the case if and only if

125, (SaS5uwrS,Slz — 0. (21)

for all paths «, 3, u, v. Let

wp =Y w™ (22)

mEeEZ
be the standard Fourier series of wy, (with respect to the decomposition of O,, into spectral
subspaces O,(lm) for the gauge action). Then (21) is equivalent to the requirement that

@D, (SaShwy™ 5,57)]l2 — 0. (23)

for all paths «, 8, u, v, and all m € Z. Of course, it suffices to consider the case
m = |8+ |v| — |a| — |u|. Clearly, for all x € O,, and all paths o we have

19D, (SazSy)ll2 = n~ 12| @p, ()]]2- (24)

Thus, it suffices to consider condition (23) in the following three cases:
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(ZL1) v =0, 5 0 and m = |8]  |a] — |u],
(ZL2) a =0, u# 0 and m = |B| + [v| — |ul,
(ZL3) a =v =0 and m = |B] — |ul.

Lemma 5.1. If (23) holds for all v, 3, p, v as in (ZL3), it holds for all «, 3, u, v as
in (ZL1) and (ZL2).

Proof. Consider condition (ZL1) first. By (ZL3), we have
190, (S5wy™ SuSa)ll2 — 0.
Thus, by identity (24), we also have
195, (SaS5w™ Sl = 19D, (SaSaSaS5wi™ Su)ll2 = 1€, (SaS5wy™ S, SaSk)|l2
= n~12|Bp, (Sjuwy™ S,Sa)ll2 — 0.
Now, consider condition (ZL2). By (ZL3), we have
190, (S5 S50y Sl — 0.
Thus, by identity (24), we also have
195, (S5w™ S.uS0)lle = 180, (S5wy™ $uS55,5)l2 = 1@, (5,55 S5wy™ $.57)l2
=@, (S7S5w™ Sl — 0. O

Now, we describe a construction of a large family of MASAs of the Cuntz algebra O,,
which are contained in the core UHF-subalgebra F,, and are not inner conjugate to the
diagonal MASA D,,. MASAs obtained by applying to D,, quasi-free automorphisms not
preserving D,, provide very special examples of this more general construction.

We start with a sequence {r}72 ; of positive integers and denote R; := 0 and Ry, :=

Zk:l rj for k > 2. For each k pick a 0 < ¢ < 1 so that

=1
)
[] e =
k=1

For each k let dj, be a unitary in ¢ (D*) and U}, a unitary in o (F7*) such that
|Pp, (UkdiUp)|l2 < k- (25)

Such unitaries may be found through easy matrix considerations. Given these data,
we define A to be the C*-subalgebra of O, generated by the union of all algebras
Upp™* (D} ) Uy

Theorem 5.2. Every C*-algebra A, defined as above, is a MASA in O,, that is not
inner conjugate to D,,.
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Proof. Let A be as above. Then clearly A is a MASA in the core UHF-subalgebra F,,
of O, for example see [11]. We will show that A is a MASA in the entire O,, as well.
Indeed, let = be in A'NO,, and let z =3, (™) be its standard Fourier series.

Then for each m we have z(™ e A’ N ©,,. Consider a fixed m > 0. Both z("™*z(™) and
(M z(M* are in A’ N F, = A. Since both these elements are positive and for every pro-
jection g € A we have ||gz(™z(™=|| = [|gzt™ z(m*q]| = ||a(m* (M| = ||gztmez M),
it easily follows that z(™*z(") = (m)(m)* That is, the element (™) of ©,, is normal.
Now, denote v = S7* and a = (™ (S{*)*. Then a € F,, and we have 2(™) = av. Since av
is normal, we have

7(a*a) = T(vv*a*a) = T(avv*a*) = (v a*av) = "1 (a*a).

Thus, 7(a*a) = 0 and hence a = 0. Consequently, 2(™) = 0 for all m > 0. A similar argu-
ment shows that (™) = 0 for all m < 0. Thus, z = z(©) belongs to A’ N F, = A, and A
is a MASA in O,, as claimed.

To show that A4 is not inner conjugate in O,, to D,,, we verify that condition (ZL3)
holds for

k
W = H Ujde;.

j=1

Since each wy, is in F,,, it suffices to check it with m = 0. So fix 8, p with |3| = |u|. Take ¢
so large that ¢ > || and consider k > t. Since [["

i=t+1 Ujd;U; is in the range of injective
endomorphism pl#, we have

t k
@0, (S5wsS,)l|2 = ||, S;(HUjde;)w @_'“'( I Ujde;) S, | 112
j=1

j=t+1

t k
= ||@p, s;(HUjde;>sM~< 11 Ujde;> I3
j=1

j=t+1
Thus, we have by Lemma 6.1, that

1Pp,, (S5wkSu)ll2

¢ k
=[19p,,(55 HUJ’dJ’U;‘()Su Pp, | oM H U;d;U; I

j=1 j=t+1
t k
<@, | S5 | [TUid;U5 | Su | lI-Nl@p, || [T UsdsU; | | ll2
Jj=1 J=t+1
t k
=||®p, | S5 Uid; U | Su | 1111 T @0, (Ud; U712
J=1 j=t+1
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t k
=loo, S5 [ [TUidsU; | Su | 1I- TT l19n, (U;d;U7)]l2
J=1 j=t+1
t k
<l|@p, | S5 | [TUsdsU; ) Su |1l I ex — 0. O
j=1 j=t+1 e

We remark that it is not immediately clear which of the MASAs considered in
Proposition 5.2 are outer conjugate in O,, to D,,.
6. Technical lemmas

In this section, we collect a few technical facts used in the proofs above.

6.1. The conditional expectations

Lemma 6.1. Let A and B be unital C*-subalgebras of a finite-dimensional C*-algebra,
such that ab = ba for all a € A, b € B. Let Dy and Dg be MASAs of A and B, respec-
tively, so that D := DV Dp is a MASA of AV B. Let T be a faithful tracial state on
AV B, and let Ep, Ep, and Ep,, be T-preserving conditional expectations from AV B
onto D, D4 and Dp, respectively. Then we have

Ep(ab) = Ep,(a)Ep, (b)
foralla € A, b e B.

Proof. If A is a full matrix algebra (i.e., the centre of A is trivial) then AV B~ A® B
and 7(ab) = 7(a)7(b) for all a € A, b € B. Thus, in this case, the claim obviously holds.
In the general case, let {p1, ..., p,} be the minimal central projections in A. Then

AV B= é;(A\/B)pi = éApi®Bpi.

i=1 i=1
The 7-preserving conditional expectation E; from (A V B)p; onto (D4 V Dp)p; satisfies
El(ab) = EDApi (a’)EDBPi (b)

for all a € Ap; and b € Bp;, by the preceding argument. Since
n
Ep(z) = ZEi(l“pi),
i=1

the claim follows. O

Corollary 6.2. For all x1, xa, ..., v, € B, we have

Dp(z1p(22) -+ " Haw)) = Pp(x1)p(Pp(x2)) - " (Pp (k).
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Proof. Since B, p(B), ..., p*~1(B) are mutually commuting unital finite-dimensional
C*-algebras, by Lemma 6.1, we have

Dp(z19(22) - 9" () = Po(21)Pp(p(22)) - Pp ("' (21)).
The claims follow since the conditional expectation ®p commutes with the shift . [

6.2. The Perron-frobenius theory

Let A be an n X n matrix with non-negative integer entries. We assume that A
is irreducible in the sense that for each pair of indices (i, j) there exists a posi-
tive integer k such that A*(i, j) > 0. Let 3 be the Perron-Frobenius eigenvalue and
let (z(1), ©(2), ..., z(n)) be the corresponding Perron-Frobenius eigenvector. That is,
08>0, z(z) >0 for all indicesi =1, ..., n, and

ZAu = Ba(i).

In this subsection, for a (not necessary square) matrix B we write B > 0 if B(i, j) >0
for all (7, j). Likewise, we write B > 0 if B(4, j) > 0 for all (¢, j). For a column vector
y > 0, we set

My, A) = max{\ > 0| Ay > \y}.

The following lemma is part of the classical Perron—Frobenius theory, hence its proof is
omitted.

Lemma 6.3. For an irreducible matrix A, as above, we have

B = max{A(y, 4) |y > 0,||y[| = 1}.

Lemma 6.4. Let 3’ > 0 be the Perron—Frobenius eigenvalue of the transpose matrix
tA. Let {y(v)}, be the Perron—Frobenius eigenvector of ' A. That is,

ZAvw = By(w).

Set m = min, y(v) and M = max, y(v). For any f € Dg, we have

M
Bm

T(p(f)) < 7(f)-

Hence we have

eI < (520) 1512
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Proof. We may assume that f = 5,5}, We see that

TS = Y 7555 ZAM Xﬂli’“fi)l

5 Aty HL D) )

sr(w) _ M _ g
< = (5,50 2

Lemma 6.5. For an irreducible matrix A, as above, we set X = Y. x(i), a = min; (i),
and o = max; x(¢). Then, for every positive integer k, we have

0< — < 72”14% J) ﬁ.
o

S
Proof. Since z(j)/a’ <1 < z(j)/a for all j and >, A* (i, §)a(5) = BFx(i) for all i, we
have
X D AR (i, j)z(7) - > i AR(i, 7) Zngk(l Nx() X 0
o ﬂko/ = ﬂk = lgk T al
For an irreducible matrix A, as above, and a fixed pair of indices (i1, ji) we set
. A(i,g) if (i, 7) # (i1, 1)

A1, 7) = 1) TALT) 7 AL 2%
1(2 ]) {1 if (7’3.7):(7'17]1) ( )

Theorem 6.6. Let A be an irreducible matrix, as above. Assume that A(iy, ji) > 2.
Then A; is an irreducible matrix such that A; < A and we have
> ARG, )

Jim S <0

with 8 the Perron—Frobenius eigenvalue of A.

Proof. It is clear that A; is irreducible and A; < A. Let 3; be the Perron—
Frobenius eigenvalue of A;, with the corresponding Perron—Frobenius eigenvector
(x1(1), ..., z1(n)). We have

X, AT(h5) X, ATGLG) BE

B By pr

Thus, in view of Lemma 6.5, it suffices to show that 5; < 3.
Now, for each pair of indices (i, j) we can find an [; ; such that Alf’j (i, ) < Ala(i, 7).
Indeed, denote by E; a graph with the adjacency matrix A;. We may view E; as a
subgraph of E. Given (i, j) we can find a path u € E* \ E} with source in vertex i and

range in vertex j. To this end, take a path p; from ¢ to i1, a path po from j; to j,
and an edge e € E' \ F{ from i; to j;. Then put p:= pjeps. Setting l; ; := |u| we have
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Alf’j (i, j) < Alii(i, 7), as desired. Let k be an integer such that k > [, ; for all i, j. Then
we have

k k
DA< A
j=1 j=1

Now, we set A = Zf:l Al A = Z?:l Al 3= Z?Zl (7, and B, = Z?:l 31, We have
Az = Bx and Az = $,71. To prove the theorem, it suffices to show that 3; < 3. Thus,
without loss of generality, we may simply assume that A; < A.

Let I be the n x n matrix with I(¢, j) = 1 for all 4, j. Since A > A;, we have

A>A + 1

With X = Zj x1(j) > 0, we see that

X1
Axry > (Ay+ Dy = S + |
X1
We can take a small € > 0 such that
X1
Brei+ | | = (61 + €
X1

This means that A(z1, A) > 1 + € > (1. Since § > A(z1, A), we may finally conclude
that 8 > 3. O
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