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Abstract  Let G = SLp4+1 be defined over an algebraically closed field of characteristic p > 2. For
each n > 1, there exists a singular block in the category of Gi-modules, which contains precisely n + 1
irreducible modules. We are interested in the ‘lift’ of this block to the category of G1T-modules. Imposing
only mild assumptions on p, we will perform a number of calculations in this setting, including a complete
determination of the Loewy series for the baby Verma modules and all possible extensions between the
irreducible modules. In the case where p is extremely large, we will also explicitly compute the Loewy
series for the indecomposable projective modules.
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1. Introduction

Let G = SL, 41 with n > 1 be defined over an algebraically closed field k of characteristic
p > 2. We will also assume that p is a very good prime for G (i.e. pfn+ 1 for SL,41).
The setting of this paper is centered around the representation theory of the subgroups
G1 and G1T, where G is the Frobenius kernel and T' C G is the subgroup of diagonal
matrices. More specifically, we will focus on an important class of representations known
as the baby Verma modules. These are certain finite-dimensional representations, which
are highly analogous to the ‘classical’ Verma modules for complex semisimple Lie algebras.
We are also interested in an important invariant known as the Loewy series (or the radical
series) of a module. The invariant provides a significant amount of information on the
submodule structure of a representation but is often impractical to compute.
Determining the Loewy series of baby Verma modules for G317 has been a particu-
larly important topic in the history of representation theory for algebraic groups. Major
progress was first made in the 1990s, when Andersen, Jantzen, and Soergel demonstrated
that for p > 0, the Loewy series of any baby Verma module whose highest weight is
p-regular can be expressed in terms of the periodic Kazhdan—Lusztig basis (see [4]).
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Recently, Abe and Kaneda in [1], building on a 2010 result by Riche [9], were able to
extend these results to include baby Verma modules of any highest weight. Their meth-
ods depend on the validity of Lusztig’s character formula, as well as some additional
assumptions from [9] (see [1, Theorem, p. 2]). Unfortunately, by the well-known result of
Williamson [11], these character formulas are often only valid for extremely large primes.
It is also worth mentioning that the periodic Kazhdan—Lusztig basis is highly difficult to
compute. So even in the case where p is sufficiently large, it remains challenging to obtain
precise information with these methods.

In this article, we take a more specialized approach and restrict ourselves to a particular
subcategory of G;T-modules, which is related to an interesting singular block of G (see
(2.12) for an explicit definition). The most significant result is Theorem 6.3 which gives
precise formulas for the Loewy series of every baby Verma module in this subcategory. A
key consequence is that these baby Verma modules are rigid (see Proposition 6.5). Our
formulas are independent of p, and thus agree with the results of [1], but our techniques
differ considerably from loc. cit. Another major result is Theorem 5.1, which gives a
complete determination of the extensions between the irreducible objects. Amazingly, we
are able to prove all of these results under the mild assumption that p is very good.

Finally, in §7, we impose an additional condition on p which is known to hold when p is
extremely large (see Remark 7.2). In this case, our methods also lead to an explicit descrip-
tion of the Loewy series for every indecomposable projective module in Theorem 7.3.
The strategy of our proof involves combining our baby Verma calculations with the results
of [1] and by adapting the techniques from [3] over to our setting.

To the author’s best knowledge, this paper gives the first known example of an infinite
family of non-trivial singular blocks for G1T with G = SL,, 41 (as n > 1 varies), in which
[1, Theorem, p. 2] holds for ‘reasonable’ primes.” By contrast, recall from [11] that if we
consider the corresponding family of principal blocks and let p(n) be the minimal prime
for each n such that [1, Theorem, p. 2] holds, then the growth rate of the function p(n)
is actually non-polynomial (see [5] for an explicit upper bound to p(n)).

As a consequence, we can see that even though the principal block is often poorly
behaved for smaller primes, there can still exist interesting singular blocks which are well
behaved under milder assumptions on the characteristic. These kinds of blocks have also
been the subject of a recent preprint [8], where the authors studied a family of singular
G1-blocks occurring in a categorified slz(C) representation.

The case of general linear groups: It is important to note that the results of this
paper can be adapted to the case where G = GL, 11 (see Remark 2.3). Moreover, since
all primes are very good for GL,, 1, it should also be straightforward to check that all of
our results from §2 to §6 extend to every odd p in this situation.

2. Notation and preliminaries

Maintaining the same assumptions as in the introduction, we let B C G denote the Borel
subgroup consisting of lower triangular matrices. The weight lattice of G is given by

X =Z""/ (er + -+ engr),

* Similar results for some low-rank groups already exist in the literature (cf. [10, 12, 13]).
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where eq, ..., e, 41 are standard basis vectors. Set ¢; =¢; € X fori =1,...,n+ 1, and let
w; =€ +---+¢ fori=1,...,n be the fundamental weights. The root system is given
by

G={e—e; | 1<ij<n+1,i#j}
We take
O ={e;i—¢ | 1<i<j<n+1}

to be the set of positive roots with basis
S:{Eifei_i_l | 1§’LSTL}

We will set o; = ¢; —€;41 fori=1,...,n.

The Weyl group is W = X, (the group of permutations on n + 1 letters), and its
action on X is induced by the natural action of permuting coordinates. The longest
element wy € W is the permutation given by

wo i n+2—1 (2.1)

fori=1,...,n+1.
The affine Weyl group is given by

W, =W x pZ®,

where Z® acts on X by translations (and hence pZ® acts by translations of elements in
pZP C ZP). We similarly define the extended affine Weyl group

WS’“ =W x pX.

As usual, we set p =13 4 and define the dot action of W), (or W) on X by
w- A =w(A+p) —p for any w € W, (or W5**) and X € X. This extends to an action on
X ® R and defines a system of facets for X @ R.

For any group scheme H, let Rep(H) denote the category of finite-dimensional H-
modules, and let K(H) denote the Grothendieck group. For an H-module M, let [M] €
KC(H) denote its class, and for an H-module N, take [M] < [N] to mean [M : L] < [N : L]
for every irreducible H-module L (where [M : L] is the multiplicity of L in any Jordan—
Holder filtration). In particular, the class of any H-module M has the unique expansion

M= S ML (2.2)

Lelrr(H)

where Irr(H) denotes the set of (isomorphism classes of) irreducible representations.
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The radical of an H-module M, denoted rad M, is defined to be the intersection of all
maximal submodules of M. For i > 0, rad® M is given by
rad’ M = M
rad’ M = rad(rad’~* M) for i > 1.
The it"-radical layer of M is given by
rad; M = rad’ M /rad"™" M.

Similarly, let soc M denote the socle of M, which is the sum of all simple submodules of
M. For i > 0, soc® M is given by

soc® M =0,
soc! M = 7~ (soc(M /soc' =t M))  with 7 : M — M/soc'™* M for i > 1.
The i*"-socle layer is the subquotient
50¢; M = soc! M /soc™1 M.

We will also set
cap’ M = M /rad" M,
for i > 0. Observe that cap! M = rad(M), this is often called the head of M.
Suppose N C M is any submodule, then it is easy to verify that for i > 0,

M

rad M + N
rad* M + N~

soc! N = (soc' M)N' N, rad' M/N = N ,

cap' M/N = (2.3)
In particular, if 7 : M — M’ is a surjection, then 7(rad’ M) = rad’ M.

The Loewy length of M is defined to be the smallest integer » > 0 such that rad” (M) = 0
(or equivalently soc” M = M); we will denote this by £/(M) (see [7, I1.D.1]). For all
0<i<(M),

[M] < [soc’ M] + [cap®) =% M. (2.4)
The module M is said to be rigid whenever equality holds for all i (see [3, (4)] or [7,
D.9]).

Another useful observation is that if 7: M — M’ is surjective and £((M') = r, then

there is an induced surjection

7:cap” M — M'. (2.5)

(Equivalently, any surjective map from M to a module of Loewy length r factors through
cap” M.)

Remark 2.1. If M is a G;T-module, then
radi(M|G1) & (radiM)|G1, soci(M|G1) = (SOCi M)|a, -
So in particular, £0(M) = L(M|q, ).
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The irreducible representations of GGy are indexed by the set of p-restricted weights
X1 ={> a,w; | 0<a; <p} and will be denoted by L(A) for A € X;. The irreducible

~

representations of G1T will be denoted by L(A) for all A € X, where we recall that if we
write A = u + pr for some p € X; and v € X, then

L) 2 L(p) ® pr. (2.6)

Let BT denote the opposite Borel subgroup consisting of upper triangular matrices.
For any A\ € X, we define the baby Verma and dual baby Verma modules, respectively,
by

5 . G 5 . G

Z(\\) = comdB%}; A, Z'/(\) =ind§ ] A
(see [7, IL9] for an overview). We also let Q(\) denote the projective cover of L()) (see
[7, I1.11]). The corresponding Gp-modules are given by

Z(N) = coindfl A, Z'(0) =indZ A, Q(N)

for any A € Xj.

Let 7 : G — G be the anti-automorphism given by matrix transposition. In this specific
case, it is obvious that 7 fixes T' and interchanges B and B (see [7, Corollary I1.1.16] for
the more general statement). It is also well known that 7 commutes with the Frobenius
map, and hence preserves G and G17T.

If H < @G is any subgroup scheme preserved by 7 and M is any H-module, then the
twist "M is an H-module called the 7-dual of M (see [7, 1.2.15]). We also have

T(cap’ M) = soc' ("TM), 7(rad; M) = 506¢,41(" M) (2.7)

for ¢ > 0, and in particular, £¢(" M) = ¢4(M) for any H-module M.
If H = G1T, then by [7, I1.9.3(5), 11.9.6(13), IL.11.5(5)],

~

TZN)=Z'(N), L) =LK, TQM) = Q) (2.8)
for any A € X. Consequently,
50¢i41Z'(N) 2rad;Z(\),  50ci41 Q(A) 2 rad;Q(N) (2.9)

for ¢ > 0. (Similar statements hold for H = G.)

o~

For any A € X, let C(\) denote the block of Rep(G1T") whose irreducible objects are

given by L(w - ) for w € W, (cf. [7, 119.22]). Let C € X ® R denote the closure of the
bottom alcove C, and recall from [7, I1.6.2(5)] that C' N X is a fundamental domain for

~

the dot action of W}, on X. Thus, since C(\) = C(w - ) for any w € W), it follows that
C'NX forms an indexing set for the blocks of Rep(G1T'). For any facet F C C', and any
A\ p € FNX, the GyT-translation functors T (—) and T} (—) are mutually inverse and

~

induce an equivalence C(\) = (?(p) (see [7, 11.9.4]).
For any A € X, we similarly let C(\) denote the block of Rep(G1) whose irreducible
objects are given by L(u) for pe (WS- X) N Xy (see [7, 11.9.22(1)]). We also let C())

~

denote the subcategory of Rep(G1T) generated by blocks of the form C(\) where
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N e (Wt -X)NC. By (2.6), the L(p) ® pv for pu € (Wgt-A)NX; and v € X (or equiv-
alently, the E(w - A) for w e W), form the set of isomorphism classes of irreducible
objects of C(y). We will refer to C() as the lift of C(u) to Rep(G1T).

The subcategory C(\g): We will now describe the subcategory under consideration
in this paper. For ¢ =0,...,n, set
Mi = €41 — P- (210)

Each p; has a unique representative A\; € X, which is given by

Ai =i +pp—pwiy1 =€p1+(P—1)p—per — - —peyr for 0<i<n—1, (2.11)
)\n:/”'n+pp:€n+l+(p_1)p_p€1_"'_penJrl- .

It is easy to verify that
(W X0) N Xy = {Xo, .-, An},
and thus C(\g) is the block of Rep(Gy) where {L(\g),...,L(\,)} gives the complete set

of isomorphism classes of irreducibles. The lift C(\g) is the full abelian subcategory of
Rep(G1T') which is generated by the set

{L+pv) | i€{0,...,n}, ve X} C I(GiT). (2.12)
Remark 2.2. More generally, for 1 < a < p — 1, we can define the weights

MN=(a-Nmw+@p-Nw+-+(p— 1w,
M=p-1Dwi+p-—Dwa+-+{p—Dwp_1+(p—a—1)w,,

AN =pP-a—1)w;+ (a—1)w;t1 + Z (p—Nw; forl1<i<n-—1,
Jg{ii+1}

(2.13)

and observe that A} = \; for all i. Also, for any fixed i and v € X, the weights ¢ + pv
defined above are all contained in the same facet for any choice of a. It then follows from

7, 11.9.22(2), 11.9.22(4)] that the translation functors T3¢ TP (—) and TN TP (Y induce
A +pr Ni+pr

equivalences CA()\‘Z’ + pv) = C(\; + pv), and also C(A&) 2 C(No).
Remark 2.3. All of our results extend to any group GG whose derived subgroup is iso-

morphic to S L, 1. This includes the case where G = GL,, ;1. Another important example
is given by taking G to be the Levi factor Ly C SL, 1,41 for any r > 1, where

I={e1—e€,... .60 —€ny1}.
We can then let C;(A\g) denote the block of (L;); whose irreducible objects are given by

Lr(Mo),- .-, Lr(An). (Notice that the weights €1, ..., €,41 are linearly independent in this
situation.)
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3. Baby Verma modules for parabolic subgroups

In this section, we will review some key properties of baby Verma modules. We will also
consider an analogous family of modules associated with arbitrary parabolic subgroups.
All of the results in this section should be applicable to arbitrary (connected) reductive
algebraic groups.

Let P;” C G be a (positive) parabolic with Levi decomposition P;" = L x U} for
I CS (cf. [7, I1.1.8]). Also, let W; C W be the Weyl group of L;. (We will often write
P =P; and L =L; when the subset I is implicit.) Let EI(/\) and 21()\) denote the
irreducible and baby Verma modules for LT (or Pl+ T by inflation), respectively. For any
A € X, we define the G;T-module

M;(A) = coindglf; L/(N). (3.1)

If A € Xy, then M;(\) = coindgll+ L;()) is the restriction of M;(\) to Gy.

Remark 3.1. The duals of these modules are obtained by applying indgf%: (=) to
L;()), and are denoted by I\7I’I(A)

We now recall an alternative description of the baby Verma modules. Let U =
Dist(G1) = UPl(g) and U = Dist(G1T) be two subalgebras of Dist(G), where UPl(g) is
the restricted universal enveloping algebra of G. Following [7, 11.1.11], let {X, }aece and
{H;}i=1,...n denote the Chevalley basis of gz.

Now by [7, 11.1.12], U < Dist(G) is the subalgebra generated by X,, and H; for i =
1,...,n. Similarly, U < Dist(G) is the subalgebra generated by X,, and (Ifn) for i =

1,...,n and m > 1, where
H;\ _Hi(H;,—1)---(Hi—m+1)
m) m! ’
For any A = a1y + -+ + apw, € X, let I\ U be the left ideal generated by H; — a; - 1
and X,, for i =1,...,n. There is a well-known isomorphism
Z(\) = U/I,.

Likewise, let Ty </ be the left ideal generated by [(Ijn) —(%)]-1and X, fori=1,...,n
and m > 1. We also have an isomorphism

Z(\) = U/T,.
By [7, 11.9.2], the clements
Moeas X2 T (3.2)

for 0 < n(a) < p give a basis of weight vectors for Z(A) (The weight corresponding to
the element IT,ecq+ Xf(aa) is given by A — (3_,cor n(a)a).)
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To obtain a similar description of the M 1(A), let us first set
D; = Dist((Ur)1) = U (uy),

where Dist((Ur)1) is the distribution algebra of (Ur); and UP!(u;) is the restricted
enveloping algebra of ;. We also note that D; has the natural structure of a T-module
arising from the conjugation action of T" on (Ur);. Following the notation of 7, I1.1], the

elements
1 L xe (3.3)
acdt \';151 .

—x

for 0 < n(a) < p give a basis of weight vectors for D; with respect to this action. In
particular, the lowest weight of Dy is given by

pr= Y, —(p-1a

acdt\of

For any L;-module M (regarded as a P, -module), the arguments from [7, 11.3.6] give a
vector space isomorphism

coindgll+ M=D;® M, (3.4)

which is compatible with the natural (U7); and L; module structures on Dy ® M. Specif-
ically, (Ur); acts on Dy by the regular representation and acts on M trivially, while L,
acts on Dy by the adjoint action (induced from conjugation) and on M by left multipli-
cation. Furthermore, these actions are compatible with the conjugation action of L; on
(Ur)1, and thus (3.4) is actually an isomorphism of Pj-modules.

Likewise, if M is a L;T-module (regarded as a P;"T-module), then the arguments from
[7, I1.9.2] give a PyT-module isomorphism

coindglf; M =D;® M. (3.5)
Lemma 3.2. Let A € X.
1. M;()) is a quotient of Z(\).

2. The lowest weight of |\7|1()\) is given by pr + wy(\), where wy € W is the longest
element of W7.

Proof. The first claim follows from exactness of coinduction. (In particular, the sur-

jection 2()\) — E()\) factors through |\7II(A)) The second claim can be deduced from
(3.5). O

Remark 3.3. An immediate consequence of the first statement in this lemma is that
M;(A)/rad' My(A) = L()).
In particular, M 7(A\) has an irreducible head, and hence, is indecomposable.

We now prove an analogue to [7, Lemma I1.2.11].
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Lemma 3.4. Let A € X be arbitrary and regard E()\) as a P;"T-module, then there is
an L1T-module isomorphism

L)W =Ty (0).

Proof. Let I\A/I’I()\) = indgllg EI()\) as in Remark 3.1. The ‘dual’ of (3.5) gives a P, T-

module isomorphism
M) = k(U )] @ Lr(V),

where, in particular, (U;r)l acts via the left regular representation on the first term and
trivially on the second term. Thus,

M ()W = k[(U7 )] U0 @ L (A) = (),

where the last isomorphism follows from the fact that ]1<§[(UI+)1}(UI+ n=k.

Moreover, the ‘dual’ of Lemma 3.2 gives an inclusion h7|'1()\) < Z'(\). Thus, there also
exists an inclusion E()\) — |\7I’I()\) since |\7I’I(A) must contain the (simple) socle of 2’()\).
This implies

~

L)@ € M ()T = T, (0).

Finally, since the first term is non-zero (because non-zero (U;"); invariants always exist),
and the middle term is irreducible for Li7T, then we must have equality. (I

The next proposition will be essential to our Loewy series calculations.

Proposition 3.5. Let M be an arbitrary L,T-module (regarded as a P; T-module
with a trivial (U;"), action), and let N = coindgf; M, then
1

[rado N : L(1)] = [rado M : Ly (1))
for all i € X.

Proof. It suffices to show that dim Home, (N, L(x)) = dim Homp, 7(M, L7 (1)) for all
€ X. Observe,

~ ~ -~ +
Home, 7(N, L(1)) = Hom . (M, L()) = Homy, 7 (M, L(w) 7" ),

where the first isomorphism follows from [7, 1.8.14(4)] and the second isomorphism holds
because (U;"); acts trivially on M, so the image of any morphism must also be (U}");-
invariant. Finally, by Lemma 3.4,

~ +
Homyp, 1 (M, L(p) Y )1) = Homp, (M, Lr()).

Therefore, dim Home, (N, L(1)) = dim Homp, (M, Ly (1)) O
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4. Multiplicity and dimension formulas

We now fix two subsets I = {e; —€a,...,6,-1 —€,} and J = {ea —€3,..., €, — €41} Of
S for the rest of this paper. Our first result gives a remarkable property of C(Ao).

Proposition 4.1. Fori=0,...,n,
V(Ai)la, = L(N),
where V() denotes the Weyl module of highest weight A € X.

Proof. We will use Jantzen’s criterion for the simplicity of Weyl modules (cf. [7, 11.8.21]
or [6]). Set v; =\, +p for i =0,...,n. It will suffice to show that for any i =0,...,n
and 1 <k < j <n-+1, the quantity

<Vi)€k) - €J>

satisfies the criterion. We will proceed by dividing this problem into the following cases:

Casel i=0
1.1) k=1,2<j<n+1

1.2) 2<k<j<n+1

Case 2 i=n
21) 1<k<n,j=n+1

22) 1<k<j<n

Case3 1<i<n-1
3.1) 1<k<j<i

3.2) i+2<k<j<n+1
33) 1<k<i j=i+1
34) k=i+1,i+1<j<n+1

35) 1<k<i<i+2<j<n+1

(Note that some of these sub-cases may be empty for certain choices of i and n.)
Let us first consider Case 1. We calculate (vp,e; —e3) =1, and for 2 <k <mn,
(vo, €k — €x+1) = p. In the situation of 1.1), first observe

<V07€1 - 6]) =1 + (] 72)p7

for 2 < j <n+ 1. Following the notation in [7, I1.8.21], set a =1, b=j — 2 and s = 0.
The criterion is satisfied by setting Gy = €1 — ez and 5, = €,41 —€,qoforr=1,...,7 —2.
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Similarly, in the case of 1.2), first note that for 2 < k < j <n+1,
(vo,ex —€5) = (1 — k)p.

If we write j —k =ap* ! +bp® for some s>1 and 0<a <p, then (vo, e, —¢;) =
ap® + bp**T1. Finally, set By = €, — €ktaps—1, aNd Br = €ppaps—14(r—1)ps — Ektaps—14rps LOT
r=1,...,b.

Now we consider Case 2. Again, we calculate for 1 <k <n—1, (v, — €xy1) =P
and (v, €, — €,41) = p — 1. In the situation of 2.1), note that for 1 < k < n,

<Vna €L — 6n+1> = (p - 1) + (” - k)p,

soa=p—1,b=n—kands=0. The criterion is satisfied by setting Gy = €, — €,+1 and
Br = €r4k—1 — €4k for r =1,... n — k. In the situation of 2.2), we get

(Vs ex —€5) = (1 = F)p,

for 1 <k < j<n. If we write j —k = ap®~' 4 bp® for some s > 1 and 0 < a < p, then
(Un, € — €;) = ap® + bp**1. Now set [y = ex — €upe-145, and [, = €htap 1 4(r—1)p* —
€htaps—14rps for m=1,...,b as in 1.2).

Finally, we consider Case 3. For 1 <k <i—1landi+2 <k <n+1, wehave (v;, e, —
€kt1) =D, (Vi€ — €i11) = p — 1 and (v;, €;41 — €;,42) = 1. To handle 3.1) and 3.2), note
that in both instances

(vi,er. —€5) = (4 — k)p-
These cases then follow by writing j — k = ap®*~! + bp® with 0 < a < p, and defining 3
and . for r=1,...,b as in 1.2) and 2.2), respectively. Similarly, the verifications of
3.3) and 3.4) are identical to the verifications of 2.1) and 1.1), respectively.
Thus, we only need to consider 3.5). We first observe

(vi, e —€j) = (4 —k = 1)p,

and write j —k —1=ap* ! + bp® where 0 < a < p. Now there are two further sub-
cases:

a) k+ap*~t>i+1,
b) k+ap*~! <.

In the situation of a), we set By = € — €4 q14aps—1 and G, = €kt 1aps—14(r—1)p° —

€ht1taps—14rps for 7 =1,...,b. In the situation of b), we set By = € — €44 4p-—1 and
. 71 .
€ktaps—1+(r—1)p° — Ek+aps—14rps ifk+ap®™" +rp® <1
. 71 .
5, = €htaps—14(r—1)p* — Ehtltaps—1+rps if k+ap* + (r—1)p° <iand
=

k+aps_1+rp32i+1

6k+1+ap571+(’r‘—1)p5 — €k+1+ap571+7“p5 otherwise

forr=1,...,b. O
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Remark 4.2. If we assume p > n + 1, then the preceding proof can be dramatically
simplified since (v;, ex — €;) < p? for all possible choices of i, j, k.

Corollary 4.3. The dimensions and characters of the irreducible modules in é(AO) can
be deduced from Weyl’s dimension formula and Weyl’s character formula, respectively.

Observe now that
DT\DT = {e1 — €nt1,€2 — €ni1soey€n — €nt1}
which implies dimy Dy = p”, and that the lowest weight of Dy is

Hr = 7(p - 1)(61 — €n+t1 + €2 — €nt1 +ten — €7z+1)

(4.1)
=—(p-1(n+w,.
The longest element w; € W7 is the permutation given by
— 1 <<
Wy i n+1—1 for%_z_n7 (4.2)
n+1 fori=n-+1.

Analogously, the lowest weight of D is
pr=—p—-1n+ 1w

and wy € Wy is given by

1 fori=1
wy i . ore K (4.3)
n+3—i for2<i<n+1.

Our goal is to explicitly describe the modules M 1(\;) and M. (A:). We begin with the
following dimension formula for the restrictions of these modules to G.

Lemma 4.4.
1. Fori=0,...,n—1,

dimy My (A;) = dimyg L(A;) + dimy L(X;41).
2. Fori=1,...,n,

dimy M (\;) = dimyg L(\;) + dimy L(X\;—1).

Proof. It will be enough to prove (1), since (2) will follow from the exact same argu-
ments. For notational simplicity, set v; = A\; + p fori = 0,...,n — 1. By Corollary 4.3, we
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can apply the Weyl dimension formula, which gives

— HlSk‘<j§n+1<Vi7€k —€5)

B H1§k<jgn+1<l)a €k — €j> ’

dimg L(\;)

where
II (e—e)=nln—1r--211
1<k<j<n+1

By (3.4), the description of the weight basis of Dy in (3.3), and the analogue of
Corollary 4.3 for the Levi factor L; (applied to L;(}\;)), we can deduce

. P" [lichejonlvioer — €)
dimy M7 (\;) = E;L _<]1_)|...211| :

Thus, the equation in the statement of the lemma is equivalent to

[T wea-a+ JI @aa-g)y=np" J[ wia-—«), 44

1<k<j<n+1 1<k<j<n+1 1<k<j<n
for i =0,...,n— 1. Notice that if we treat p as an indeterminate variable, then the
expressions

(Vis€ir1 —€ng1) =(n—1—i)p+1, (viy1,e1 —€iq2) = ([ +1)p—1

are exclusive to the first and second terms appearing in (4.4), respectively. So it will be
helpful to introduce the notation

={(k,j)|1<k<j<n+1}.
Claim. For i =0,...,n— 1,
H <Vz',€k — €j> = H <Vi+17€k — Ej>.
M\ {(i+1,n+1)} \{(1,i+2)}

Suppose for now that this claim holds, then by the observation immediately preceding
the claim,

H (Vi ek — €5) + H (Vigr, €5 —€;) =np H {vi, e =€)
1<k<j<n+1 1<k<j<n+1 T\{(i+1,n+1)}
Combining this with the following identity:

<I/i,€k—6j> = H <I/i,6k —6n+1> H <I/i,6k —6j>
D\{(i+1,n+1)} 1<k<n, k#i+1 1<k<j<n

=0 JI wier—e),

1<k<j<n

verifies (4.4).
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The remainder of the proof will be devoted to proving the preceding claim. Let
X={(k,))el |j=i+1,i+2, ork=i+1,i+2}.

It can be checked that |X| = 2n — 1 and that X is the subset of I' consisting of all (k, )
satisfying

i .
(viyex — €5) # (Vig1, €k — €)

In particular, the sets X\{(i+1,n+ 1)} and X\{(1,7+ 2)} have precisely 2n — 2
elements. We get immediately that

[ wier =€) = [T irn e — €5),

N\X N\X

and we only have to check the (2n — 2)-fold products

H (vi, € —ej>, H (Vig1, € —€j>-

X\{(i+1,n+1)} X\{(1,i+2)}

Ifi =0,

H <V07€k 7€j>

X\ {(1,n+1)}
()20 (= 00) ) (0 1) o+ 1)+ (2 =2+ 1))
= H <V1,€k - €j>7

X\ {(1,2)}

and for i =n — 1,

H <Vn*176/€_€j>

X\{(n,n+1)}

=(UH—UP—D«n—%p—U-~@—10
< (=0 (-2 ()
= H (Un, €1 — €5).

X\{(1,n+1)}
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Finally, suppose that 1 < i < n — 2, then

11 (Vi, ek — €5)

X\{(i+1,n+1)}
(== 20 =)= r=1) ) () (= 1)~ )
><<(p+1)(2p+1)~-~((n—2—i)p—|—1)>

< (D)@ (0 -1-0m)

= [ @ire—e) O

X\{(1,i+2)}

It will now be helpful to recall that if we let A € X be arbitrary, and write A = u + pv for
uwe Xy, ve X, then the lowest weight of L()) is unique to A and is given by wq(u) + pr.

Lemma 4.5.

~

1. Fori=0,...,n—1, L(Aiy1 — pmn) C Mi(N).

~

2. Fori=1,...,n, L(\i_1 — pww1) C My(\).

Proof. The proofs of (1) and (2) are identical, so we will only prove (1). It will be
sufficient to show that the lowest weights of M;();) and L(Ai4+1 — pw,) coincide. This is
because Lemma 4.4 will then imply that the modules E()\Z-H — pw,,) and E()\l) account for
the complete set of composition factors (including multiplicity) of M 1(A\i). The fact that
E()\i) is the unique simple quotient of I\A/II()\Z') by Lemma 3.2 will then force E()\Hl — pwy)

to be a submodule. R
By Lemma 3.2 and (4.1), the lowest weight of M;();) is

—(p=1(n+ Dw, +wr(N).
Likewise, the lowest weight of E()\,»Jrl — pwoy,) is
wo(Ait1) — pwn.
Hence, the result will follow if we can prove that
—(p— 1) (n+ Dwn +wi(Ni) — wo(Aig1) = —pwn. (4.5)

(Recall the definitions (2.1), (4.2), and (4.3).)
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To verify this identity, let us first define
1 1
= 5 Z o€ §X,
aeé?

then

1
p:pl+§(61_EnJrl+€2_€n+1+"'+6n_6n+1)

1
(n;r ) o

=pr+

Thus, w(p) = —pr — (ngl)wn and wy(p) = —pr + w@,. We also observe that for

i=1,....,n—1, wi(w;) = @, — Wn_1-; and, by recalhng the p; from (2.10),

(n+1)

n—+1
wI(Mi)=€n—i+P1—( 9 ) ns
n+1
wO(Ni+1):€n—i+Pl+( 5 )wm

for i =0,...,n — 1. Finally, we verify (4.5) by substituting the preceding identities into
(2.11). O

The following proposition will give us some insight into the structure of the modules
M; (s + pr) and M (X + pu).

Proposition 4.6. Let v € X.

1. Fori=0,. -1, MI()\ + pv) is an indecomposable length 2 module where we
have rady MI()\ +prv) = L()\ +pv) and rad; M[()\ +pr) = L()\2+1 + pv — pwy,).
Also,

M; (A + pr) = Z(A, + pr).

i +pv)isan 1ndecomposable lengtb 2 module where we have

2. Fori=1,. l\7|
=~ L(\; + pv) and rad; MJ()\, +prv) = L()\l,l + pv — pwy). Also,

rady MJ()\ —|—p1/)
Mo +pv) = Z(0 +pv).
3. Restricting to G gives similar descriptions for Mr(\;) and M j(\;).

Proof. Without loss of generality, we can assume v = 0. Also, it will be enough to
prove (1), since (2) will follow from an identical argument.

The description of M;()\;) for ¢ =0,...,n — 1 follows immediately from Lemmas 4.4
and 4.5. On the other hand, the description of M 1(A\n) is a consequence of [7, Lemma
I1.11.8]. Namely, since (\,, + p, ") = pfor all & € I, then it follows that EI()\n) & 21()\n).
By transitivity of coinduction, we obtain

~

Mr(An) = coind 2 TcomdgiT)lTA =~ 7(\n). 0
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We can now compute the composition multiplicities of the baby Verma modules and
the indecomposable projective modules of C(\p).

Proposition 4.7. For 0 <i,5 < n,

200t = (7))

Proof. We shall perform induction with respect to n, where G = SL,,; 1. For the base
case, when n = 1, we have

)\0:0, )\1:])72

In this case, C(\g) is actually the regular block and the claim can be verified through
explicit computation (eg. [7, 11.9.10]). Now suppose n > 2 and that the formula holds
for SL,y1 with r <n —1. We set G’ = [Ly, L;] and note that G’ 2 SL,,. Similarly, set
B'=BNG cBNL;yand T =T NG, where B’ is the (lower) Borel subgroup of G’
and T” is the torus of G'.

By the remark following [7, Proposition 1.8.20],

Z;(N)|y = coind(B) (A7)

and by [7, 11.2.10(2)]
Li(Mler = L(A|7).

Fori=0,...,n—1, set \; = A\;|rv. Applying the inductive hypothesis to G’ yields

el n—1
210l + Lileg] = Fona (o, ) L] = (")
for 0 < 4,5 <n—1. The modules L;(\g),...,L;(A,—1) form the entire set of irreducibles
of the Rep((Ls)1) block Cr(N\g). Now since Z;()\;) is an object of Cr(Ag) and for each
i=0,...,n—1,L7(\;) is the only irreducible of C;(Ao) which satisfies L1(\i)|cr = L(A}),
then we must also have

n—1
zi00 o= (" ).
If we take any Jordan—Holder filtration of Z7(\;) for 0 < ¢ < n — 1 and apply the exact
functor coind(GPlI) + (=), we will get a filtration whose layers are of the form My();) for
1
0 <j<n-—1. Thus,

200 M) = 20 Ll = (7). (46)

where [Z(X;) : M7(\;)] denotes the filtration multiplicity.
By Proposition 4.6, each M;();) contributes a single copy of L(A;) and L(\;41). Thus,
[Z(A;) : L(Ao)] = 1 and [Z(N\;) : L(A\n)] = 1 since by (4.6), [Z(A;) : M;(X\g)] = 1 and [Z(\;) :
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Mr(An—1)] = 1. Likewise, for 1 < j < n — 1 the multiplicity

Z(0) - L)) = (";- 1) * (?_D

arises from the ("fl) copies of M7(\;) and the (?:11) copies of M7(A;_1). The proposition
now follows from the well-known identity

(5)-(57)+ (o)

= . + 1. .

J J J—1

Thus, we have verified the formula for Z()\;) when 0 < i <n — 1. The Z(),) case can be
verified by replacing I with J and repeating the same arguments. O

Remark 4.8. An alternative argument is to simply apply Theorem 6.3, whose proof
is independent of this proposition.

If we let [Q(A) : Z(u)] denote the multiplicity of Z(x) in any baby Verma filtration as
in [7, Proposition I1.11.4], then the following identity

is known as BGG reciprocity for baby Verma modules.

Corollary 4.9. For 0 <i,j <n,

Qo) L) = e () (7))

Proof. By BGG reciprocity,

where the last equality follows from Proposition 4.7. (]

5. Extensions between irreducibles

The goal of this section is to prove the following theorem.
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Theorem 5.1. Let V = L(w;) be the standard representation for G, then for 0 <
1,7 <n
Vi) = (i 4 1,9),
Extg, (L), L)) ™Y = q Vi (i) = (i,i+ 1),

0 otherwise,

where (—)(~1) denotes the inverse Frobenius twist (see [7, 1.9)).

It will be helpful to recall the identity

Extl, (L), L — pv) = (Exta (L), Lm))) (5.1)

pv

for any A\, € X7 and v € X, where the right-hand side denotes the pr-weight space of
the corresponding G-module’ (cf. [7, 1.6.9(4), (5)] and [7, I1.9.19(3)]).

We also recall from §1 that our assumption of p being very good for SL,+1 (i.e. pt
n+ 1) is equivalent to the condition that the quotient X/Z® contains no p-torsion. In
particular,

pX NZP = pZP. (5.2)
As a consequence, for any pu,v € X
pv <pp <= v <. (5.3)
Before proceeding to the proof of the theorem, we will record the following corollary.
Corollary 5.2. Let G = SLy 1 withn > 1, then for 0 <i <n,

rad; Q(Xo) = @E(M — PWnt1-k + PTnt2-k),
k=1

rad; Q) = @ L1 — p@ki1 + pon),
k=1

and fori=1,...,n—1,

S

rad; Q()\z) = ( E()\i—l — pwWg erwk—l))
k

1

® ( L\t — pont1k +Pwn+2k)> ,
k

Il
-

where we set wy = 0 and w,,+1 = 0 for notational simplicity.

T Tt also has the structure of a G//G1-module.
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Proof. First recall that for any A\, p € X,
[rady Q(A) : L(p)] = dim Extg, (L), L(w)), (5.4)
which we obtain by applying HomGIT(—,E(M)) to the short exact sequence
0 — rad' Q(A) — Q(A) — L(A) — 0.

On the other hand, if we combine Theorem 5.1 with (5.1), then we can deduce that the
dimensions

dim Extl, (L(A), L(A; — pv)),

for 0 <4,7 <n and v € X are given by the appropriate weight multiplicities of V' and
V. O

Determining the top two radical layers of the Z(\;) will also be essential to our Ext!-
calculation. Before stating this result, we will introduce some additional notation.
First fix I,J C S asin §4, and for 0 <i <n — 1, set

Fl(\i) = comd(ﬁ;ﬁl (rad’ Z;(\;)). (5.5)

Similarly, for 1 < i < n, set

F(\) = Coindg_];J+

. (rad’ Z;(\;)). (5.6)

We also set T7(A;) = FJ(\;)/FIH(\;) and T () = F (A,)/F L ().
The exactness of coinduction implies

_ coindg;+)1 (rad’ Z;(\:)) .
) — L & 0oj 1 . .
Fr(%) coind(GPlﬂl(TBLdj+1 Zr(\i)) Comd(Pf)l(rad] Z21(s)), (57)
I

with a similar statement for Pj.
Lemma 5.3. Set \_; = A1 = 0 and declare that M®° = 0 for any module M, then
rad; Z(A\;) = L(Ai_1)® @ L( Ao 0
Proof. The case for n =1 follows from [7, 11.9.10] and the n = 2 case follows from
[12, Theorems 2.4-2.5]. Now suppose n > 2 and that the statement of the lemma holds
for SL, 1 whenever 1 < r < n. By the same argument as in the proof of Proposition 4.7,

we can assume the statement also holds for Z;(\;) with 0 < <n — 1 (respectively, for
Z;(N\;) with 1 < i <n).
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The inductive hypothesis gives
rad; Zr(\i) = Li(A— )P @ Ly(Niq) ot (5.8)
for0<i<n-—1, and
rad; Z;(\i) = Ly(Nim)® 7t @ Ly(Aigr) P

for 1 <i < n. Now we coinduce to get

70 . [
Fr(h) = Comd(cji;)l(fado Z1(Ai)) = M1(),
and
—1 . — . o
FI()\i) = COlnd(GPIf)l(I‘adl Z[()\Z)) = MI()‘ifl)@Z s MI<)\i+1)@n 1—14 (59)

for 0 <4 <n — 1. (The formulas for Fg()\i) and FlJ()\Z) are similar.)
Let us focus on [ for now. By Proposition 4.6,

rado Fy(\) = LO\),  tadi Fr(\) = L(Ait1). (5.10)
We also have
rado FA(\) = LO—1)® @ L(Ais1)®" 1 = tado Fy () (5.11)

for 0 <i<n—1, where the first isomorphism is a consequence of (5.8) and Proposi-
tion 3.5 and the second isomorphism is deduced from (5.9) and Proposition 4.6. It then
follows that the surjective map

Fr(\)
rad' F1(\;) + F3(\)

is an isomorphism since the left- and right-hand sides have the same dimension.
Consequently,

F2(\;) Crad'F}(\). (5.12)
Now let M = rad' Z(\;)/rad'F}();) and observe
[M] = [rad" Z(A;)] — [rad F1 ()] = [Z(A0)] = [LA)] = [F1(A)] + [rado F1 ()]
= [F7 ()] = [LOW)] + [rado F (M)
Thus, if we combine this with (5.10) and (5.11), we deduce the formula
(M) = L] + (1= DIL i)
Now observe that rad' F}()\;) C rad? Z()\;) since F+(\;) C rad' Z()\;). As a consequence,

rad' M = rad® Z(\;) + rad’ F7(\:) _ rad® Z()\;)
rad' F7 () rad' F}();)’
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and hence,

Tado M — — Tad, Z(O\).

rad' Z(\;) / rad® Z(\;)
rad' F}()\;)/ rad' F}(\;)

Moreover, radg F+(\;) = F()\;)/rad'F}(\;) < M. Thus by (5.11), there exists an injec-
tive map

L )P e L) e M,

whose image must account for every irreducible factor of M except for a single copy of
L(Ai11). Consequently, M fits into a short exact sequence of the form

0— L()\ifl)@i D L()\H,l)@n_l_i L> M — L()\ZJrl) — 0.
Now let N = ¢(L(A\;—1)®?) so that [M/N] = (n — i)[L(A\;+1)]. From [7, Proposition 11.12.9],

we know that any G1-module with precisely one isotypic component must be semisimple.
It follows that M/N 2 L(\;41)®" . In particular, we get a surjection

rad" Z(\;) = M/N = L(X\41)®" "

Finally, since every map from rad' Z(\;) to a semisimple module factors through
rad; Z(A;) (recall that the latter is the head of the former), we get a surjection

rad; Z(X\;) = L(Aig1)®" 0 (5.13)

(Recall that radg M = rad; Z();).) Observe now that if i = 0, then the preceding map
must be an isomorphism since every possible factor of rad; Z();) has been accounted for
and we are done.

On the other hand, if 1 <4 <n, then by replacing I with J and repeating the same
arguments, we also obtain a surjection

rad; Z(X\;) — L(Ni_1)®% (5.14)

Therefore, the lemma follows by combining (5.13) and (5.14) which account for every
possible factor of rad; Z(\;). O

We can now compute the top two radical layers of 2()\1)
Lemma 5.4. Let us set wg = 0 and w,,+1 = 0 for notational simplicity. We then have

ra 1/2\()\0)
=L(A1 = p@n) ® LA\ — pwn—1 + pwn) @ -+ @ L(A\1 — pw1 + pwa),
rad; Z(A\n)

= E(/\n—l — pw) @E(An—l — pwy +pwy) B - @E(An—l — Py + PWn—1),
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and fori=1,...,n—1,

%1 /Z\()\z) = ( /L\()\Z 1 — Pk —l—pwk1)>

n—i
<@ |— i+1 — PWn+1—k +pwn+2—k)> .
k_

Proof. The n =1 case follows from [7, I11.9.10], and the n = 2 case is given in [12,
Theorems 2.4-2.5]. Suppose now that n > 2, and that the statement holds for SL,
with 2 < r < n. The inductive hypothesis can be applied to L; and L; as in the proof of
Proposition 4.7. More precisely, for L; and i = 0,...,n — 1, [7, Lemma I1.9.2(3)] implies
that the highest weight of every composition factor of 21 (\;) is of the form \; — v for
various v € ZI.

If we set G' = [L;, L] 2 SL,,and T" =T NG’ we get

ZiOW)leyr 2 Z(ilr), LG = Nlayr = Lile =),

with [/Z\I()\i) LN — 7] = [2()\i|:r/) L\l — v|77)]. Furthermore,

n—1 n—1
Y1 = ZGZ( € — €ir1)|T = v= Zal € — €it1)- (5.15)
=1 i=1

So the inductive hypothesis is applied to L by first expressing the irreducibles occurring
in the inductive hypothesis for SL,, as ()\ |7+ — 7y|r/) for various uniquely determined
7, and then employing (5.15) to obtain the corresponding formulas for rad; Z 1(A\i). (The
case for Ly with ¢ =1,...,n is similar.)

Thus, the inductive hypothesis gives

~

rady 21()\0) =LA — pwn—_1 + pwy) @EI(M — PWn—2 + PWn_1)
S ~-@E1(>\1 — pw1 + pwa).

So the formula for rad; 2()\0) follows from Proposition 4.6 and the proof of Lemma 5.3.
Fori=1,...,n — 1, the hypothesis also gives

radlzj( <@ Lr(Ni—1 — pwg, + pok— 1))

k=1
n—1—1¢

@ < EB Lr(Nig1 — pOng1-k +pwn+2—k)> :
k=1

Now once again, the formula for rad; Z(\;) is obtained by applying Proposition 4.6 and
then proceeding as in the proof of Lemma 5.3.
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Finally, the formula for rad; 2()\n) is verified by first applying the inductive hypothesis
to Ly, which gives

rad; 2](/\n) = E.J()\n—l — pwy + pwy) © EJ()\nq — pws + pwa)
- EBEJ(/\nq — Py + PWn_1),

and then proceeding as above. O

The following lemma helps characterize modules which admit a surjective map from a
baby Verma module.

Lemma 5.5. If E € ExtélT(E()\),E(u)) for A, i € X is non-trivial and A\ £ p, then E
is a quotient of 2()\)

Proof. By definition, E is an indecomposable length 2 module with head E()\) and
socle E(,u) In particular, F is a cyclic module for U which is generated by some A-weight
vector vy. Now every weight v occurring with non-zero multiplicity in E(u) satisfies v < p,
and hence, A £ 7. On the other hand, any weight v occurring with non-zero multiplicity in
L(A) with v # X must also satisfy v < A, and thus, A + a; € v for ¢ = 1,...,n. Therefore,
A+ «; cannot occur as a weight of £ which forces X, - vy = 0 for all i. As a result, the

surjective map
U—-E
(5.16)
X— X U\

factors through the ideal Iy, and so it follows that E is a quotient of 2()\) = LA[/:T\)\ O

Lemma 5.6. If M = Extg, (L()\;),L()\;)) is non-zero for |i — j| > 2, then there exists
v € X such that pr < \j — \;.

Proof. The G/G1-module M is non-zero if and only if M, # 0 for some v € X*. By

Lemma 5.3, we know that there does not exist an extension £2 € M which is isomorphic to
a quotient of Z(\;). Hence, there are no extensions E € M, = ExtélT(L()\i), LA, —pv))

which occur as a quotient of 2(&) Thus, by Lemma 5.5, we must have A\; < \; — pv if
My, # 0. O

The vanishing portion of Theorem 5.1 will follow provided that if | — j| > 2, then there
does not exist any v € X which satisfies

pv S >‘j - /\1
Lemma 5.7. If 0 < 4,j < n are such that |i — j| # 1, then

Extd, (L(A), L(A,)) = 0.
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Proof. We begin by noting that the i = j case immediately follows from [7, Proposition
11.12.9]. So we only have to consider the case when |i — j| > 2. By the comments imme-
diately preceding this lemma, it suffices to show that there exist no dominant weights v
such that

pVS)\J_)\7,7

whenever |i — j| > 2. Applying (2.11), we compute

€j+1 — €it1 + p(—wjp1 +@ip1) H0<d,j<n—1,
)\j*)\i: €j+1 — €nt1 — PWj41 1f0§j§n—1and2:n,
€nt1 — €it1 + PWit1 ifj=nand 0<i<n-—1.

First suppose that 57 > i, then we can see that
. . if 17 <n,
A= A < ( Wi+1 + Wit1) 1 ] n (5.17)
PWit1 if j =n.

The j = n case is now obvious since w;41 is minuscule, and thus pr < A\, — A; implies
pv < pwiq1. Hence by (5.3), v < w;y1 which is impossible for » € X*. On the other
hand, for i < j < n,

Aj =X <p(—@jq1 + Tig1) < PDpg1—(j—i)

where the rightmost inequality comes from the fact that @, +1_j_y) = w(—w;j11 + @it1)
for some w € W. Now by applying (5.3) as above, we can see that if pr < X\; — \;, then
V < Wy41—(j—i), Which is also impossible for v € X,

Suppose now that j < i. When ¢ = n, we can see that \; — A, € pX soif pr < A; — A,
(and thus (A\; — \,) — pv € Z>oP™), then

(Aj = An) = pv = (€41 — €ng1) + (—p@j41 — pv).

If we set v = —wj;1 — v and then compare both sides of the preceding equation, we can
deduce that py € pX N ZP = pZP, where the equality follows from (5.2). So we can write
PY = Y p_y Pcray where ¢, € Z for all k. Moreover, v € Z>o®* since

7 n
(6j+1 — 6n+1) +py = chkak + Z (ka + 1)O[k,
k=1 k=j+1

and thus if ¢ < 0 for some k, then pci, + 1 < 0. But this contradicts the assumption that
()\j — >\n) —pr € ZZ()@—’_.
Hence,
pv < —pwjt1 < Wo(—P@j+1) = PWn—;

and so by (5.3), v < w,_;, which is impossible for v € XT. For j <i < n, the same
reasoning shows that if py < A\; — A;, then pv < p(—w,4+1 + w;1+1) < pw,;—;_1. This forces
v < w;_j_1, which again is impossible for v € X*. O
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We now have enough information to complete our Ext!-calculation. However, before
we get to the proof of Theorem 5.1, it will be helpful to recall [2, Lemma 5.1]. First, for
any A € X+, we introduce the notation

A?=2(p = 1)p +wo(N).

Now suppose M = Extg, (L(A),L(p))"Y for some A, u € X; and suppose there exists an
element v € X such that M, # 0, then the aforementioned lemma implies

pr <’ — A
This gives the following lemma.

Lemma 5.8. Let M = Ex‘cgl(L()\)7 L(1))=Y for some A, u € X;. If v,v' € X are such
that M, # 0 and M, # 0, then v — V' € Z®.

Proof. By the observation immediately preceding the lemma, we know that if M, # 0
and M, # 0, then both pr and pv/ are in the same root coset since they are both
comparable to the weight u° — X. Thus by (5.2),

pv —pv’ € pX NZP = pZP.
Therefore, v — v/ € Z& and we are done. (]
We will also need the following technical lemma.
Lemma 5.9. Any v € (w; + Z&®) N X T satisfies @y < v.

Proof. Let v = w; + 2?21 a;a;, where a; € Z is arbitrary for all 7. The lemma will
follow if we can show that

veXt = q; >0 for all 4.

(Note that if n =1, then the claim is immediate since v = wy + a1y = (2a; + 1)w,
where 2a; + 1 > 0 implies a; > 0 because a; is an integer.)

In general, write v = ciwy + cawy + - -+ + ¢, @y, and observe that ¢; = 2a; —as + 1,
Cn = —Qp_1 + 2a, and ¢; = —a;_1 + 2a; — a;41 for i = 2,...,n — 1. Thus, the condition
v € XT is given by

0< —ap1+2a,

0 < —Qp—2 + 20,”,1 — Qn

0< —Qn—(k+1) + 2an,_p — Ap—(k—1)

0< —ar +2a2 —as
-1 S 20,1 — as.
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From the above list of inequalities, we can deduce that a, > %an,l, Ap1 > %an,g, and
generally, that

k+1
Qp—f = man—(k-s-l) for k=0,...,n—2,

—n
al 2 .
n+1
Now since a1 € Z and —1 < n_fl < ap, we get a; > 0. But then a; > 0 implies as >
"T_lal > 0, which then implies az > Z—jag > 0. Proceeding in this way, we conclude that
a; > 0 for all 3. O

Proof of Theorem 5.1. By Lemma 5.7, we only have to determine
Extg, (L(A), L(3;) Y,

in the case where |i — j| = 1.
Before proceeding, we note that a G-module M satisfies M = L(zo) if and only if the
following two conditions hold:

a) dimy M5, =1,
b) M, =0 for any v € X with v # ;.

To justify this, first note that if M = L(w,), then a) and b) can be verified by con-
sidering the (well-known) weight space multiplicities of L(zoy) and by recalling the fact
that woy is minuscule. Conversely, if M is any module satisfying both conditions, then b)
ensures that w; is the only possible highest weight, and a) ensures that it must occur
with multiplicity one. In particular, these two conditions force M to have the same weight
space dimensions as L(w), and thus, M = L(wy).

We now begin by setting

M = Extl, (L(Ag1), L(A)) Y.

We will first prove that M satisfies a). By (2.5), we know that any length two quotient
of Z(\;) factors through the module

cap? Z(\i) = Z(\)/rad? Z(\,),

whose Loewy series is explicitly described in Lemma 5.4. In fact, from this description,
we deduce that there exists (up to isomorphism) precisely one G;T-module E which is a
quotient of Z(\;11) and which fits into a non-split short exact sequence of the form

0— E(AZ —pw) — E — E(>\z‘+1) — 0.
By (5.1), it then follows that dimy M5, > 1.

¥ Since E is a quotient of /Z\()\i+l)7 then it must be indecomposable which forces the short exact
sequence to be non-split.
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On the other hand, suppose E’ is an arbitrary G;7T-module which fits into a short
exact sequence as above. Now since we can deduce from (5.17) that

/\i+1 ﬁ A — pwo,

then by Lemma 5.5, F’ is also a quotient of 2()\i+1). Hence E' = E, and therefore,
dimg M5, = 1. So we have verified a).

We will now verify b) by contradiction. Suppose there exists v € X1 with v # w;
and M, # 0. By Lemma 5.8, we know that v € (wwy + Z®) N X T, and hence, @ < v by
Lemma 5.9. In addition, we must also have pv £ A\; — A\;11 since pwwy € \; — Aj+1- So by
Lemma 5.5, there exists a quotient B’ of 2()\1-“), which fits into a short exact sequence
of the form

0— L\ —pv) — E' — L(Aip1) — 0.

In particular, E()\l — pr) must occur as a factor of rad; Z(\;11). But from Lemma 5.4,

we can see that there are no such factors (i.e. there are no factors of the form E()\Z —pv)
with v > 7). It follows that M, = 0 and we have reached a contradiction.
Similarly, if we set

N = Extg, (L(A), L)Y,

then by the same reasoning as above, we get N 2 L(wwy)*. O

6. The Loewy series for 2()\1 + pv) and 2'()\i + pv)

In this section, we will determine Loewy series for Z(AZ + pv) and z' (N + pr). We will
also deduce the Loewy lengths and establish the rigidity of these modules. We now begin
by considering the easier problem involving Z()\;) and Z'(\;).

Lemma 6.1. Let n > 2, then for 0 <i<mn and j > 0,
[L(Ag)] < [rad; Z(N\;)] = k=i+j mod 2. (6.1)
Moreover, for 0 <i<n—1,
Fi(\) + rad' FS~Y(\) C rad’ Z(N;),  tad; Z(\;) = rade Fy (\;) @ tady By (\i). (6.2)
Also, for 1 <i <n,
FI(\) + rad' Fi Y (\) C rad Z(N:),  tad; Z(A\:) = tade Fy () @ tady By (As). (6.3)
(We set Fl_l()\i) =0 and F;l(Ai) =0.)

Proof. As in the proof of Lemma 5.3, we will proceed by induction on n > 2. The base
case again follows from the explicit formulas given in [12, Theorems 2.4-2.5]. Suppose
n > 2 and assume the statement of the lemma holds for all SL,;; with 2 <7 < n. The
argument in the proof of Proposition 4.7 implies that the statement also holds for the Levi
factor Ly with Z;(\;) and 0 < ¢ <n — 1 (respectively, L; with Z;(\;) and 1 <i <mn).
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For simplicity, let us begin by fixing ¢ € {0,...,n — 1}. The inductive hypothesis gives

@j ZI()‘z) = @ L[()\k)@mZ’v,
0<k<n—1

where mgk # 0 implies £k =i+ j mod 2. Thus,

F)= @ M),

0<k<n—1

By Proposition 4.6,

nd )= @ LW, B0 = @ L) (64)

0<k<n—1 0<k<n—1

From the inductive hypothesis, we can see that (6.1) will hold on the factors of rad; Z()\;),
provided we verify (6.2). We will proceed by induction on j > 0. The base case, j = 0,
is obvious since radg Z(\;) = L();). Also, the j = 1 case follows from Lemma 5.3. Now
assume j > 2 and that (6.2) holds for 0 <1 < j.

The inductive hypothesis for j gives F]fl()\i) Crad’~' Z();), and thus,

rad' F771(\;) C rad’ Z(\).

Now if we apply the inductive hypothesis for L; and reason as we did in the portion of
the proof of Lemma 5.3 between (5.11) and (5.12), we can deduce

FJ(\) Crad" 71 (\) C rad’ Z(\),

and hence, the first claim of (6.2). Moreover, by imitating the arguments immediately
following (5.12), we can also show that rad; Z();) is the head of the module

rad’ Z(\;)
rad FJ(\;)’

which fits into a short exact sequence of the form
0 — tado T (\;) — M — tad ) (\s) — 0.

But now, by the inductive hypothesis and (6.4), we can see that every factor L(\) of M
occurring with non-zero multiplicity must satisfy £ = ¢ + 7 mod 2. In particular, if L(Ay)
and L(\;) are two non-zero factors of M, then |s — ¢| # 1. Thus, Theorem 5.1 implies the
preceding short exact sequence is split, and hence (6.2) holds for all j > 0.

So we have verified (6.1) and (6.2) for 0 < i <mn —1 and j > 0. On the other hand, if
we replace I with J and fix any 7 € {1,...,n}, then the same argument as above also
verifies (6.1) and (6.3) for all j > 0. O
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Before getting to the main results of this section, we recall a simple combinatorial
identity obtained from Pascal’s triangle. Namely, for any 0 < j <mn and 0 < i < 7,

(-5 (W00 65

where we assume (?) =0 unless 0 < j <n.
Proposition 6.2. Let n > 1, then for 0 < i <mn and j > 0,

rad; Z(\;) = 50611 Z/(\) = €D Lyj20) *H G0, (6.6)
0<k<i
In particular, 0(Z'(\;)) = €0(Z(X\;)) = n+ 1 and rad; Z(\;) has precisely (?) factors.
Proof. By (2.9), we are reduced to determining the radical layers of Z()\;). As usual,
we will prove (6.6) by induction on n > 1. The base case, n = 1, is trivial. Now assume

by induction that the formula holds for SL,,; with 1 <r <mn and apply this to L. If
we fix i € {0,...,n — 1}, then by Lemma 6.1 and Proposition 4.6,

rad; Z(\;) = rady Fy(\;) @ 1ad; By (Ay)
= P L)W & @D Ly 2B 6=

0<k<i 0<k<i
- @ L(/\iJrijk)@(’i)<(nj_i;1)+(?:k1:1i))
0<k<i
= D L) POC),
0<k<i

Similarly, we can verify (6.6) for i € {1,...,n} by applying the inductive hypothesis to
Ly. O

Using the same methods as above, we can determine the radical layers of Z(AZ + pv)
(or equivalently the socle layers of Z'(\; + pv) by (2.9)) for 0 <i < n.
For any ¢ < j, set
[i7j] = {i’i—i_ 17"')j}’
and for any subset X C [1,n + 1], we define
€ExX — Z €k,
keX

where €y = 0. The A\g and \,, formulas are now easily obtained by applying Lemma 6.1
and Proposition 4.6. In particular, for any v € X,

rad; Z(Ao + pv) = @ L(\; + pv + pex), (6.7)
{XC@2n+1]||1X|=4}
rad, Z(An +pv) = EB E(/\n_j + pv — pex). (6.8)

{XCtn]|1X]=5}
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To handle the 0 < i < n case, we introduce the subsets I; = {e; —€2,...,6 — €11}
We then apply (6.8) to Zy,(\;) and get

radi Zr (M) = P Lok — pex),
{XCLil |1 X]|=k}

with 0 <k < (it is zero otherwise). The radical layers of 2(&) are computed by
repeatedly applying Lemma 6.1 and Proposition 4.6 to each radical layer of /Z\IT()%) for
i <r <mn. In particular, applying this procedure to each Eli()\i,k — pex) produces an
object ‘M;_j, x’, whose non-zero radical layers are given by

ﬁs Mi—k,X = @ /I:<)\i7k+s — Dpex + pGY),
{YCli+2,n+1] | |Y|=s}

with 0 < s <n —i. The radical layers of 2()\1) are actually built out of various ‘k-shifted’
copies of rads M;_j, x, where we have

rads M,k x C rads Z(\).
Altogether, we get
rad; Z()\;) = @ P radii Mg
k=0 {XC[1,i] | |X|=k}

Thus, we have proven the following theorem.

Theorem 6.3. Let n > 1, then for 0 < i <n,v € X and any j > 0,

rad;Z(Ai + pv) = 566541 2 (Ai + pv)
- ke?o {(XY) | 1X]|=k, IY—jg?Xgl»i]-,YQ[H?mH]}
X /I—\()\i+jf2k + pv — pex + pey ).
Remark 6.4. Compare with [1, Theorem, p. 2].

The arguments used in Proposition 6.2 and Theorem 6.3, can also be adapted to
compute 50¢; Z(\;) for j > 1 (or equivalently rad; Z'();) for j > 0).

Proposition 6.5. Let n > 1, then for 0 <i<n, v € X and any j > 1,
50¢; Z(\i + pv) = rady 11— Z(\i + pv), 50¢; Z'(\ +pr) radp 11— Z'(\i +pv).

In particular, Z(\; + pv) and Z'(\; + pv) are rigid modules.
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7. The Loewy series for Q(A; 4 pv)

We will now show that the results for 2(/\,- + pv) from the preceding sections enable
us to adapt the arguments from [3] to our setting and determine Loewy series for the

(AQ()\,» + pv). From now on, we will additionally assume that p is large enough so that the
following conjecture holds.

Conjecture 7.1. Let n > 1, then for 0 <i<n and v € X, M(CA)()\Z- +pv)) =2n+ 1.
Remark 7.2. This is known to hold for extremely large p by [1, Theorem, p. 10].
The remainder of the section will be devoted to proving the following theorem.

__ Theorem 7.3. Suppose Conjecture 7.1 holds. Let n > 1, then for 0 <i <n andv € X,
Q(\; + pv) is rigid and for any j > 0

[7d Ai + pv)] Z Z rad, Z(10) : L(A; + pv)) [rad;_j, Z(w)). (7.1)
peX k=0

Remark 7.4. Obviously, [rady, Z() : L(A; + pv)] = 0 unless t = A; + pn for some 0 <
t <n and n € X. So by combining the preceding theorem with Theorem 6.3, we can
completely determine the Loewy series of the Q(\; + pv).

For the remainder of the section, we will fix I,.J C S as in §4. Let us first observe that
from the identities (2.7), (2.8) and (2.9), it can be shown that (7.1) holds for all j > 0 if
and only if

[soc? Q Ai +pv)] Z Z [sock Z ()\ + pv)][soc? T1F 2’(,;)] (7.2)

for all j > 1 (compare with [3, Theorem 7.2(ii)]).
It turns out that the preceding identity is always ‘partially’ true by the following lemma
(adapted from [3, Proposition 3.7]).

Lemma 7.5. For any A€ X and j > 1,

[socd Q) < > Z sock Z' (1) : L) [sod T % Z/ ().

pneX k=1

Proof. We first note that the Lemmas occurring in [3, 3.5 and 3.6] can be adapted to
our setting. This is because their proofs essentially consist of the same types of arguments
employed in the proof of [7, Proposition 11.11.2], as well as certain general results on
socle filtrations of modules, and on the basic properties of Z' (M) (e.g. the highest weight
structure). In particular, there is no dependence on the p-regularity of A € X, or even
on the prime p. The proof of our result follows by applying the more general versions of
these lemmas to imitate the proof of [3, Proposition 3.7]. O
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Next, we observe that results from §6 imply the following analogue to [3, Lemma 7.1].

Lemma 7.6. Let n > 1, then for 0 <i <n and v € X,

J

S S (506 Z' (1) : L + po)llsocd T Z ()

=Y S 20 L+ plfean = Z )

pneX k=1

for all j > 1.

Proof of Theorem 7.3. To verify (7.2) (which is equivalent to (7.1)), we will proceed
as in the proof of [3, Theorem 7.2]. Namely, observe that

QA +pr) = Qi+ pr)
implies
[soc? Q(\; + pv)] = [cap’ Q(Az + pv)]
for all 7 > 1. Applying Lemma 7.5, Lemma 7.6, and Proposition 6.5, we get

[soc? (3()\1 + pv)] + [cap®t1—I 6(& + pv)]
= [soc? CA)()\Z + pv)] + [soc?" 17 6()\1 + pv)]
< 3 TIsoeR 2 () : L+ po)] ([soc? R Z ()] + [soc IR Z ()

pneX k
= 5" S Boek Z'(w) : L + pv)]

x ([soc 1=K Z' (u )] + (2 ()] — [cap? ™1 Z ()
— Z Z [sock Z (>\ +PV)][Z ()]

= [6)(/\Z + pv)] (by [6, Proposition I1.11.4]).
Combining this with Conjecture 7.1 and (2.4), then gives
QA+ pr)] = [soc? QUi + pw)] + [eap®™ I Q(A; + o)),
and hence the rigidity result follows. We are also forced to have both

[soc? Q(A; + pv)] Z Z soc, Z' (1) : L(Ai + pv)][socd TR Z ()],

neX k
[s0c®" 17 Q(A; + pv)] Z Z soc, Z' (1) : LA + pv)][soc®™ T 197k 7" ()],
peX k
by Lemma 7.5. Therefore, (7.2) must also hold. O
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