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Abstract

Fractal percolation exhibits a dramatic topological phase transition, changing abruptly
from a dust-like set to a system-spanning cluster. The transition points are unknown
and difficult to estimate. In many classical percolation models the percolation thresholds
have been approximated well using additive geometric functionals, known as intrinsic
volumes. Motivated by the question of whether a similar approach is possible for fractal
models, we introduce corresponding geometric functionals for the fractal percolation
process F. They arise as limits of expected functionals of finite approximations of F.
We establish the existence of these limit functionals and obtain explicit formulas for
them as well as for their finite approximations.
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1. Introduction

Fractal percolation in R is a family of random subsets of the unit cube J := [0, 119 c R4
depending on two parameters M € Nx; and p € [0, 1], which is informally defined as follows.
In the first step divide J into M? closed subcubes of side length 1/M. Each of these subcubes
is kept with probability p and discarded with probability 1 — p independently of all other sub-
cubes. Then this construction is iterated. Let F,,, n € N, denote the union of the subcubes kept
in the nth step. They arise as follows. Assuming that F,_ is already constructed, in the nth step
each cube in F,,_1 (of side length 1/M"~1) is divided into M? subcubes (of side length 1/M™)
and each of these subcubes is kept (and included in F},) with probability p independently of
all other subcubes and of the previous steps. In this way one obtains a decreasing sequence
Fo:=JD>F; DFyD...of (possibly empty) random compact sets. The limit set

F:= ﬂ F, (1.1)

nGNU

is known as fractal percolation or Mandelbrot percolation; see e.g. [6,16]. Figure 1 shows
some finite approximations F,, of F for different values of p and M. It is well known that
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F is almost surely empty if p < 1/M¢, i.e. if on average not more than one of the M? sub-
cubes of any cube in the construction survives. For p > 1/M“, however, there is a positive
probability (depending on p, M, and d) that F # (4, and conditioned on F being nonempty, the
Hausdorff dimension and equally the Minkowski dimension of F are almost surely given by the
number

logM?p) _ . log(1/p)

dimH F=D:= = ;
log(M) log(M)

(1.2)

see e.g. [6]. The sets F are among the simplest examples of self-similar random sets as
introduced in [9, 11, 18].

Among many other properties, in particular their connectivity has been studied. Fractal
percolation exhibits a dramatic topological phase transition—for all dimensions d > 2 and
all M € N>,—when the parameter p increases from O to 1. There is a critical probability
Pe =pc(M, d) € (0, 1) such that, for p < p., the set F is almost surely totally disconnected
(‘dustlike’), and, for p > p., F has connected components larger than one point with proba-
bility 1 (provided F is not empty); see [3]. Remarkably, the phase transition is discontinuous;
that is, the probability that ' has connected components larger than one point is strictly
positive at p.

For d =2, Chayes, Chayes and Durrett [6] observed that for p > p, there is even a positive
probability that F' percolates, meaning here that F has a connected component which intersects
both the left and the right boundary of J, that is, {0} x [0, 1]”1_1 and {1} x [0, 1]‘1_1. Note that
also at p., there is a positive probability that F percolates; a simpler proof of this fact was
provided in [7].

In dimension d > 3, F is known to percolate with positive probability for all p > p.(M, d),
provided M is large enough; see [3]. This is conjectured to hold for all M. An open question
is whether there is a positive probability for percolation at the corresponding threshold in
dimensions d > 3. We refer to [2, 3] for a more detailed discussion of this and related issues.

As in many other percolation models, the exact values of p.(M, d) are not known. In fact,
for this model the situation is even worse than usual. Classical techniques using finite size
scaling apparently fail in this fractal model, since a proper scaling regime is inaccessible with
modern hardware. Some rigorous lower and upper bounds on p.(M, d) have been obtained, in
particular for d = 2 (see Section 2), but they are not tight.

Morphometric methods to estimate thresholds in percolation models have been proposed in
[20] and intensively studied in the physics literature [12, 19,21, 22]; see also the recent study
in homological percolation [1] using topological data analysis. These methods are based on
additive functionals from integral geometry, in particular the Euler characteristic, and rely on
the observation that in many percolation models the expected Euler characteristic per site (as
a function of the model parameter p)—which can easily be computed analytically in many
models—has a zero close to the percolation threshold of the model. In dimension 2, a heuristic
explanation is based on the representation of the Euler characteristic for polyconvex sets as the
difference between the number of components and the number of holes. Below the threshold,
there are many small connected components, which can hardly contain any holes, resulting in
a positive Euler characteristic. Above the threshold, a few large clusters form with complex
shapes that contain many holes, resulting in a negative Euler characteristic. The argument
can, in fact, be related to an exact derivation of the threshold for certain self-matching lattices
[21]. Based on empirical evidence and heuristic arguments, the zeros of the Euler characteristic
provide for many classes of percolation models reasonable approximations and putative bounds
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FIGURE 1: Finite approximations of fractal percolation: realizations for different values of the survival

probability p and the linear number of subdivisions M. ‘Percolating’ clusters that span the system in the
vertical and horizontal directions are highlighted.

on the thresholds that capture their dependence on system parameters such as the degree of
anisotropy [12]. More precisely, across many models, the zero of the Euler characteristic has
been observed to be a lower bound for the percolation threshold p. if p. < %, and to be an upper
bound for p. if p, > % For self-matching lattices with p, = % (such as the triangular lattice),
the zero of the Euler characteristic is also found to be % This case is the only one up to now
in which the relation between Euler characteristic and percolation thresholds has been proven
rigorously using symmetry arguments; see e.g. [21].

In analogy to these findings for discrete and continuum percolation models, we intro-
duce and study here some corresponding geometric functionals for fractal percolation and
ask whether one can use them to predict or at least approximate percolation thresholds. It is
natural to expect that the dramatic phase transition (from dust to strong connectivity) in these
fractal models should leave at least some trace in geometric functionals such as the Euler char-
acteristic. Because of the self-similarity of the model, there is even some hope that—although
percolation is a global property—the thresholds can be predicted by local information alone.

Note that both F and the construction steps F,, are random compact subsets of the unit cube
[0, 1]d . Moreover, by their construction, the sets F, are finite (random) unions of cubes (of side
length 1/M™). Therefore, each F}, is almost surely polyconvex, i.e., a finite union of convex sets,
and so intrinsic volumes Vy(F,), Vi(F,), ..., V4(F,) (also known as Minkowski functionals)
and even curvature measures are well defined for F,, almost surely.

Intrinsic volumes form a (complete) system of geometric invariants, which are charac-
terized by their properties. Among them are the volume Vy, the surface area V;_1, and the
Euler characteristic Vj; see Figure 2 for an illustration of the case d = 2. The remaining ones
describe integrated curvature properties of the boundary. For compact, convex sets K C R,
they are most easily introduced via the Steiner formula, which expresses the volume (Lebesgue
measure) of the parallel sets Kg 1= {x e R?: infyeg ||x — y|| < &}, where || - || denotes the
Euclidean norm, as a polynomial in . The intrinsic volumes Vo(K), ..., V4(K) of K arise
as the unique coefficients in this formula (up to normalization):
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FIGURE 2: Illustration of the three intrinsic volumes in R?: area, boundary length, and Euler characteristic
(i.e., #components — #holes).

d

Va(Kee) =) ka-kVi(K)s ™.
k=0

Here «; denotes the volume of the unit ball in R/. Intrinsic volumes are additive functionals;
i.e. for compact, convex sets K, L C R4 the relation

Vi(K) + Vi(L) = Vi (KUL) + Vi(KNL) (1.3)

holds, provided K U L is again convex. They can be extended additively to the convex ring R4,
the family of all compact polyconvex sets. Since R is closed with respect to unions and
intersections, the equation (1.3) holds for any K, L € R?. Among the further properties of
intrinsic volumes are invariance with respect to rigid motions and homogeneity, meaning
that V satisfies Vi(AK) = A¥Vi(K) for any K € R? and any A > 0, where AK := {Ax:x € K}.
We refer to [23, Ch. 4] or [24, Ch. 14.2] for more details on intrinsic volumes.

While for the sets F;, intrinsic volumes are well defined, the limit set F is a fractal and so
these functionals are not directly defined. Since the F;, approximate the limit set F, as n — oo,
we are interested in the expectations EVi(F),), k € {0, .. ., d}, and in particular in their limiting
behavior as n — oo. It turns out that some appropriate rescaling is necessary in order to see
convergence, which is closely related to the Hausdorff (and Minkowski) dimension of the limit
set F. Our first main result is a general formula which expresses these limits in terms of lower-
dimensional mutual intersections of certain parts of the construction steps F,. Let Ji, ..., Jyu
be the M? closed subcubes into which [0, 1]d is divided in the first step of the construction
of F. Denote by F, j=1,..., M9, the union of all subcubes kept in the nth step, that are
contained in J; (see Figure 3 for an illustration and (4.1) for a formal definition).

Theorem 1.1. Let F be a fractal percolation on [0, 114 with parameters M € N> and
p € (0, 1]. Let D be as given by (1.2) and let r:=1/M. Then, for each k€ {0, ..., d}, the
limit _
Vi(F):= lim P PEV(F,)
n—oo

exists and is given by the expression

e .

qax+ Yy, (=pTty ””(Dk)EVk( ﬂFz), (1.4)
n=1

Tc{l,....M4),|T|>2 jeT

where qq i := Vi([O, l]d) is the kth intrinsic volume of the unit cube in R4,
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FIGURE 3: Illustration of the sets F}, as subsets of F, (for M =2 and n=6) and of an intersection
N jer FJ,. The number of subsets F}, is by definition always M2,

~ We point out that all the intersections occurring in (1.4) consist of at least two of the cubes
FJ, and are thus contained in some hyperplane. Hence, in this formula only sets which can be
studied in a lower-dimensional ambient space appear, allowing the use of fractal percolations
in lower-dimensional cubes for the computations. This makes the formula practically useful for
explicit calculations as carried out in R! and R? below. Note also that many of the intersections
are actually empty and that there are a lot of symmetries between the remaining ones.

While Theorem 1.1 states the existence of the limits Vk(F ) for all parameters p € (0, 1], the
limit set F is empty almost surely for p < M. So the limit V(F) is not only a functional of
the limit set F, but also depends on the chosen approximation sequence F,.

In R? (and similarly for R; see Corollary 5.1) we use the formula in Theorem 1.1 to derive
more explicit expressions for the limits Vj(F).

Theorem 1.2. Let F be a fractal percolation in [0, 112 with parameters M € N>o and p € (0, 1].

Then
_ — 2M(1 —
Vo(F) =1, Vl(F)zi( P) and
M—p
— 2pM —1)2/( 3 4 2
Vo(F) =1 — 2 )< _ v p 2)
M —p M—-—1 M-p M-p

n pM* = 1) 4pPM =1 p(M = 1M +p?)
M2 —p M—p?  (M—pHM*—p?)’

While V5 (F) (the rescaled limit of the expected area) is constant and thus independent of
M and p, the functional Vi(F) (the rescaled limit of the expected boundary lengths) is mono-
tone decreasing in p (for each fixed M). Most interesting is the limit Vo(F) of the expected
Euler characteristics of the F),.

Figure 4 (left) shows Vo(F(p)) as a function of the survival probability p for different
M (black curves). The dotted vertical line indicates the threshold below which F is almost
surely empty. The coloured curves depict the analytic expressions for finite approximations of
the limit Vo(F(p)) by the rescaled functionals p — r"PPIEVy(F,(p)) for different n (obtained
in the proof of Theorem 1.2). Already for n = 12 the curves are almost indistinguishable from
n = oo, indicating a fast convergence, which is rigorously confirmed below; see Remark 5.2.
The formulas for finite approximations are compared to simulations; see Remark 5.3. The
marks depict the arithmetic mean over 2500 to 75000 samples (depending on n). The error
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FIGURE 4: Rescaled expected Euler characteristics of finite approximations F,, (left) and their closed
complements C,, (right) as functions of the survival probability p for M =2 (top), M =3 (center), and
M =4 (bottom). Each plot compares finite approximations with increasing n to the limit curve (n = 00),
that is, to p — VO(F(p)) as given in Theorem 1.2 (left) and p — —VS(F(p)) as given in Theorem 1.3. The
shaded areas indicate the rigorously known bounds on the percolation threshold; see (2.2).

bars depict the standard error of the mean. The simulation results are in excellent agreement
with the analytic curves.

The functionals Vi(F), which are based on the approximation of F by the sequence Fy,
provide a natural and intuitive first approach to quantifying the geometry of fractal perco-
lation F. One should however keep in mind that these limits most likely also depend on
the approximation sequence. There are other natural sequences of sets which approximate
F well and which may even be better suited to capture certain aspects of the geometry of F.
In particular, the parallel sets Fg., ¢ > 0, of F are considered a good means of approxima-
tion, preserving many properties, and have also been studied extensively for (deterministic
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and random) self-similar sets; cf. e.g. [29-31]. Although the existence of the resulting limits
(known as fractal curvatures) has been established for random self-similar sets in [31], parallel
set approximation seems too technically difficult to allow the derivation of explicit expressions
for these limits, even for the simplest examples. We point out that the limit functionals V(F)
studied here are—just like their relatives, the fractal curvatures—closer in spirit to Minkowski
content and dimension than to the Hausdorff dimension. They depend on (and are thus in
principle capable of describing) how the studied set is embedded in the ambient space.

Note that in the current approach using the sets F,, we consider closed cubes, meaning that
two surviving subcubes in any finite approximation F,, are connected even if they touch each
other only at a single corner. In the limit set ' such connections cannot survive (because their
survival would require an infinite number of consecutive successes in a Bernoulli experiment
with success probability p: the survival at each level n of the two level-n squares touching the
corner). Therefore, it might be advisable to seek an approximation which avoids diagonal con-
nections from the beginning. Such an approximation is provided by the closed complements of
the F,,. When the subcubes are connected in the complement, such non-surviving connections
get disconnected already in the finite approximations F},. More precisely, we study in Section 6
the expectations EVy(C,), where C,, := [0, 114 \ F, are the closed complements of the F;, in the
unit cube, and the limits

Vi(F):= lim P PEV(C,),

with D as in (1.2). We obtain for these limits a general formula (see Theorem 6.1), which is
very similar to the one obtained in Theorem 1.1 for Vk(F ). Again, for the case d =2, we have
computed explicit expressions. Here we state only the formula for the Euler characteristic (i.e.,
the case k = 0), the most interesting functional in connection with the percolative behavior to
be discussed in the next section (for the case k = 1 see Proposition 6.4).

Theorem 1.3. Let F be a fractal percolation in [0, 112
pe(1/M?,1]. Then

with parameters M € N>, and

P+M—-Dp*+M—1p—-M

Vo(F)=M*(1 —
o) =M1 =p) (M2 = p¥(M —p)

Note that in R2, —Vo(Cp) is essentially the Euler characteristic of the set F;,, with all diago-
nal connections between cubes removed (up to some boundary effects along the boundary of
[0, 1]2). Therefore, —V(C)(F ) will be the functional of interest in the sequel in connection with
the percolation properties of F.

More precisely, 1 — Vo(Cy) + Vo(C,, N 3[0, 11%) corresponds to the Euler characteristic of
the cell complex with vertex set given by the squares of F,, edges between any two squares
if they intersect in a common side, and faces given by four edges forming a square. It can
be shown that the effect of the last summand Vo(C, N [0, 1]%) is asymptotically negligible.
The approach corresponds to considering nearest neighbors in Z2—as opposed to also taking
next-to-nearest neighbors into account, as done before.

2. Relation with percolation thresholds

We start by recalling some known results concerning the percolation thresholds p. = p.(M)
of fractal percolation in the plane. Chayes, Chayes and Durrett [6] have already established
that, for any M € N>,
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V1/M < pe(M) < 0.9999. 2.1

In [5] it is shown that the percolation threshold p. NN of site percolation on the nearest neighbor
(NN) graph on 72 is a lower bound, i.e. PeNN < pe(M) for any M € N>». Since 0.556 < p. NN
(cf. [27]), this improves the above lower bound for any M > 4. Moreover, limy;_, oo pc(M) =
PeNN; see [5]. It is believed that p.(M') < p.(M) for M’ > M, but this monotonicity has been
established only in special cases, e.g. if M’ = M?. These bounds have been improved in [8, 28]
for some small values of M. The best known bounds for M =2 and M = 3 are

0.881 <pc(2) < 0.993 and 0.784 <p.(3) <0.940, (2.2)

respectively, and p.(4) < 0.972; cf. [8].

In view of the aforementioned observations in [12,19-21], that the zero of the expected
Euler characteristic per site is close to the percolation thresholds in many percolation models,
let us now discuss the connections between the limit functionals for F introduced above and
the connectivity properties in fractal percolation.

po is a lower bound for p.. Our first observation is that, for any M € N>, the function
pH VO(F(p)) has a unique zero pg = po(M) in the open interval (1/M2, 1), as suggested by
Figure 4 (left). Moreover, VO(F(p)) > 0 forp < po and VO(F(p)) < 0 for p > po. So far, this is in
accordance with the observations in classical percolation models. Since p. > %, one would by
analogy expect po to be an upper bound for p.. This is also what the naive heuristics suggests
for our model: below p, the limit set F is totally disconnected and therefore, if Vo(F) is naively
interpreted as the ‘Euler characteristic’ of F' (i.e., as #components — #holes), then it should be
positive for all p < p.. By comparing po with the known lower bounds for p., we find in contrast
that po(M) is not an upper bound but a lower bound for p.(M), i.e.

poM) <p.(M) forall M € N>,.

Indeed, for M =2 and M = 3, po(M) is below the lower bounds for p.(M) given by Don [8]
(cf. (2.2)), while for M > 4, po(M) < 0.556, which is the lower bound for the site percolation
threshold p. NN due to van den Berg and Ermakov [27]. Although py is a lower bound for p,,
unfortunately it is not very tight. In particular, it does not improve the known bounds.

The large-M limit of po(M). In analogy with p., for which p.(M) — p. NN as M — oo, we
observe that the zeros po(M) also converge to a limit as M — oco. The (pointwise) limit of the
functions p — Vo(F (»)), as M — oo, is the function v given by

vp)i=1—dp+d4p*—p’,  pe(0,1],

which is the red curve depicted in Figure 5 (left). It turns out that v(p) coincides (up to a
factor p) with the mean Euler characteristic per site Vo(Z>NNN; p) of site percolation on
the next-to-nearest neighbor (NNN) graph on Z?; cf. [21]. In particular, this implies for the
zeros that

lim po(M) = po NNN,
M— o0

where po NNN = (3 — «/3)/2 is the unique zero of v in (0,1), i.e. of p — VO(ZZ*NNN;p). At first
glance it might be surprising that a different site percolation model appears in the limit (NNN
instead of NN, which showed up for the percolation thresholds). But this is consistent with the
discussion before Theorem 1.3—there is too much connectivity in the approximation sets F,.
We will get back to this in a moment.
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FIGURE 5: For increasing values of the number of subdivisions M (color-coded), the rescaled expected
Euler characteristic of fractal percolation (left) and its complement (right) are plotted as functions of p.
The limiting curve for M — oo corresponds to the mean Euler characteristic per site (rescaled by the
intensity) of site percolation on Z? with eight or four neighbors, respectively.

Pmin—a bound for p.? For any M € N>, the function p — VO(F ») has a unique minimum
Pmin = Pmin(M) in the open interval (1 /M2, 1), which lies always to the right of pg (i.e., poten-
tially closer to p.). This is another natural candidate to bound the percolation threshold. At pmin
the geometry is extremal in the sense that, intuitively speaking, the ‘growth speed’ of the num-
ber of holes equals exactly the ‘growth speed’ of the number of clusters. For M =2, pyin is
clearly a lower bound for p.(2), but as M — 00, pmin(M) — 2/3, which is above p. nn. So, for
large M, pmin(M) is clearly not a lower bound for p.(M). This implies that pmyin(M) can neither
be a general lower nor a general upper bound for the percolation thresholds. Interesting open
questions are at which values of M the quantities p.(M) and pmin(M) change their order, and
whether ppin(M) (wWhich can be interpreted as the parameter for which the difference between
number of holes and the number of connected components is maximal) is related in some way
to the percolation transition.

As the discussion before Theorem 1.3 suggests, there might be approximation sequences
for F' which better capture the percolative behavior of F, and one candidate is the sequence of
the modified sets F;,, with all diagonal connections between cubes removed, which we studied
by looking at the closed complements C,, :=J \ F,. Let us now discuss possible connections
with percolation thresholds of the corresponding limit functionals V(C)(F ).

p1—a lower bound for p.? Figure 4 (right) shows plots of the functions p VS(F »))
for different M (the black curves labeled ‘n = 00’), again accompanied by some finite ° approx-
imations for different n. In Figure 5 (right) there are plots of the functions p — VO(F(p))
for all M together with the limit curve as M — oo. Each of these curves possesses again a
unique zero p; = p1(M) in (1/M?, 1). It is apparent from the plots in Figure 4 that p;(M) is
larger than po(M) and thus potentially closer to the percolation threshold p.(M). At least for
M =2,3, p1(M) is a better lower bound for p.(M). But is this true in general? Unfortunately
not, as will become clear from looking at large M. ‘

Large-M limit of pi1(M). The (pointwise) limit of the functions p+—> —VB(F (), as
M — o0, 1S

V(p)=—(1—p)p*+p—D=p’—2p+1, pe(0,1],
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which is the red curve depicted in Figure 5 (right). It turns out to coincide (up to a factor p) with
the mean Euler characteristic per site Vo(Z>NN, p) of site percolation on the nearest neighbor
graph on Z? as a function of p € [0, 1]; see e.g. [21, Eq.(5), p. 4]. In particular, one gets for the
zeros that

lim p1(M) = po,NN,
M— o0

where po NN = (ﬁ —1)/220.618 is the unique zero of v¢ in (0,1). Note that po NN is strictly
larger than p. NN = 0.59. Thus for large M, p.(M) < pi(M), while for M =2, 3, one has
pc(M) > p1(M). So p; can neither be a general lower bound nor a general upper bound for p.
This observation also rules out the minimum of p — V(L)(F (p)) as a good general bound in
any way.

These findings show that there is not such a close connection between the Euler char-
acteristics and percolation thresholds in this fractal model as there are in other percolation
models. An explanation of why the phase transition leaves no signature in the studied func-
tionals might be that percolation happens in fact on lower-dimensional subsets. Recently it
has been shown (see [4]) that for p > p. (and conditioned on F being nonempty), the union Z
of all connected components of F larger than one point forms almost surely a set of strictly
smaller Hausdorff dimension than the remaining set F \ Z (the dust), which has dimension
dimy F \ Z = dimy F = D almost surely. The rescaling with 7" of the geometric function-
als essentially means that they do not see the lower-dimensional set Z on which percolation
occurs. So from the point of view of the Hausdorff dimension, our result is consistent with
the findings in [4]. But in [4], it is also shown that in contrast the Minkowski dimensions of
Z and F \ Z coincide almost surely for p > p.. Since our approximation of F' by unions of
boxes Fj, is related to the Minkowski (or box) dimension rather than to the Hausdorff dimen-
sion, our results support the hypothesis that, also in the Minkowski setting, the effect of the
dust dominates that of the larger components, though not on the level of dimension but on the
refined level of associated measures or contents as provided by our functionals. Long before
percolation occurs (i.e. for p < p.), the expected Euler characteristic [EV(F},) becomes neg-
ative, i.e. it detects more holes than components in the approximations Fj,, which indicates
that the nth approximation of the dust must have a lot of structure which only disappears in
the limit. More refined methods are necessary to separate the dust from the larger clusters. It
might for instance be worthwhile to look at the Euler characteristic of the percolation cluster
in finite approximations.

3. Outlook and outline

We emphasize that, although our work is motivated by questions regarding the percolation
properties, our focus here is on establishing the existence of the geometric limit functionals
Vk(F ) and Vz(F ) (Theorems 1.1 and 6.1), and on computing them explicitly in dimension 1
(Corollaries 5.1 and 6.2) and 2 (Theorems 1.2 and 1.3 and Proposition 6.4). The methods
developed here can be transferred to other random (self-similar) models. The functionals may
have other applications. Just like fractal curvatures, they clearly carry geometric information
beyond the fractal dimension, but unlike them, they can be computed explicitly for random
sets (at least in some cases). Even more importantly, they can be estimated well from the
finite approximations; see Remarks 5.2 and 6.2 for a discussion of the speed of convergence
of rP"EVy(F,) and rP"EVy(C,) as n — 0o, and see Remark 5.3 for a practical demonstration.
Hence the functionals may serve as robust and efficient geometric descriptors in applications
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and may e.g. help to distinguish different geometric structures of the same fractal dimension.
It is an aim of future research to further develop this ‘box counting’ approach to geometric
functionals to work for general (random) fractals. In view of the fast convergence of these
functionals it is another intriguing question whether a similar speed of convergence can be
expected for the percolation probabilities of F,. The functionals Vi(F) describe first-order
properties of the random set F in a sense that can be made precise: for p > M~9, the almost
sure convergence, as n — o0, of the random variables P10k Vi(F,) to some limit random
variable Zgo can be shown, and the limit of expectations Vi(F) appears as the expectation
of this limit variable Z’go. Moreover, the functionals Vi(F) turn out to determine essentially
the covariance structure and also higher moments of the limit variables Z];o' We discuss these
results further in [13].

Outline. The remainder of this article is organized as follows. In Section 4, we describe frac-
tal percolation as a random self-similar set and introduce some notation and basic concepts.
In Section 5 we study in detail the approximation of F by the sets F},, and in Section 6 the
approximation by the sets C,. In both cases we first prove a general formula for arbitrary
dimensions (Theorems 1.1 and 6.1), which we then use to compute the limit functionals in
R and R?. A careful analysis of the model in R is essential for the computations in RZ.
Additionally, it is necessary to understand the intersection of two independent copies of F
in R, the analysis of which also provides a new point of view on the lower bound for p. in
(2.1) obtained in [6]; see Remark 5.4. In the course of the proofs we derive not only explicit
expressions for the limit functionals but also exact formulas for the nth approximations; see
in particular Remarks 5.2 and 6.2. Following another idea in the physics literature [15,26],
these formulas are also used to derive in Remark 6.3 the fractal subdimensions and the exact
associated amplitudes for this model, which is an alternative approach to refined information
about fractal sets beyond fractal dimension.

Finally, in Section 7 some estimates are proved which ensure the convergence of the series
occurring in the main formulas in Theorems 1.1 and 6.1. They are not needed for the further
results in R and R2, as the convergence can be checked directly in these cases, but ensure their
validity in higher dimensions.

4. Fractal percolation as a random self-similar set

Fractal percolation F in R4 with parameters p € [0, 1] and M € N>, is a random self-similar
set generated by the following random iterated function system (RIFS) S constructed on the
basic set J =0, l]d. Denote by Ji, ..., Jyua the M? subcubes of side length r=1/M into
which J is divided in the first step of the construction of F described above. S is a random
subset of the set @ :={¢y, ..., ¢y}, Wwhere ¢;, j=1, ... ,Md, is the similarity which maps J
to J; (rotation- and reflection-free, for simplicity and uniqueness). Each map ¢; is included in
S with probability p independent of all the other maps. It is obvious that S satisfies the open
set condition (OSC) with respect to the interior int(J) of J, since S is a random subset of ®
and even the full set @ satisfies OSC with respect to int(J).

For obtaining F as an invariant set of the RIFS S, we employ a Galton—Watson tree on the set
of all finite words X, := Usio Y,, where X, :={1, ..., Md}”, n € Ny. In particular, g = {¢},
where ¢ is the empty word of length |¢| = 0. For each o € X, let S, be an independent copy
of the RIFS S. S, contains a random number v, of maps (with v, being binomially distributed
with p and M. Letl, C {1, ..., Md} be the set of indices of the maps in S, . It is convenient to
denote these maps by ¢qi, i € I,. Note that |I,| = v, . In particular, I, may be empty. We build
arandom tree 7 in X, as follows: set Ty := {¢} and for n € Ny, define 7,1 := @ if T, = @, and
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To+1:={oi:o0 €T, i €l
if 7,, # (. Finally, we set

T := U T
n=0

Here 7 can be interpreted as the population tree of a Galton—Watson process in which 7,
represents the nth generation and oi € T4, i € I, are the descendants of an individuum o €
Tn- The self-similar random set associated with the RIFS S is the set

o]

F::m UJU’

n=1loeT,

where, for any o € =, of length |o| =n € N and any set K C R?,

Ko :=d¢sj10¢s20...0¢sn(K).

Here ok, ke {1, ..., n}, denotes the word formed by the first k letters of o. F is called
self-similar because of the following stochastic self-similarity property (which characterizes
F uniquely): if F, i€ {0, 1, ..., M}, are independent and identically distributed copies of F
and S is the corresponding RIFS as above, independent of the F, then

FO={J ¢i(F?).
pieS

In the language of the tree and the associated sets considered above, the construction steps
Fy, n e N, of the fractal percolation process are given by

Fn= U Jy.
o€Th

Here the sets J, with |o| = n encode the subcubes of level n of the construction, and the above
union extends over those subcubes J, which have survived all the previous steps, i.e. over all

o for which all the cubes J;|;, i € {1, ..., n}, have been kept in the ith step of the construction.
We also introduce, for eachje {1, ..., Md} and each n € N, the set
F= |J . (4.1)
o€Th,oll=j

which is the union of those cubes of level n which are subcubes of J; = ¢;(J). We will not
make much use of the limit objects and their self-similarity in the sequel; we will mainly
use the following basic properties of the construction steps F, and their parts F. For any
jef{l,...,M?% and any n € N, we have

Fl, = ¢j(Fo1) (4.2)

in distribution, where T?n_l is the random set which equals F,,—; with probability p and is
empty otherwise (i.e., 772_1 = Ffl_l N 7}, where :7, is a random set independent of Ffl_l, which
equals J; with probability p and is empty otherwise). The homogeneity and motion-invariance
of the intrinsic volumes implies now in particular that

EVi(F]) = pEVi(¢j(Fu—1)) = pr'EVi(Fy_1), (4.3)

forany ke {0, ...,d}andanyje {1, ..., M?}, where r = 1/M is the scaling ratio of P
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5. Approximation of F by the sequence (F,),

Our first aim in this section is to prove Theorem 1.1. Let M € N>, and p € (0, 1] be arbitrary
and let D be as defined in (1.2). (D is the Minkowski dimension of F in case M%p > 1 and
negative otherwise.) Set

() := r"POEV(F,), neN, (5.1)

where Fy :=J =[0, 1]¢. Since the latter is a deterministic set, we have vk (0) = Vi(Fo) = qa k-
We are going to show that the limit Vk(F ) = lim,,— oo Vi(n) exists for any k and, moreover, that
it coincides with the expression stated in (1.4). The first step is to derive a kind of renewal
equation for the V. (The approach is similar to the methods in [29,31] which are based on
renewal theory. However, here we do not need the renewal theorem as it is possible to argue
directly.)
Setting
wi(n) :=vi(n) —vi(n—1), neN,

it is easy to see that

o
lim_Vi(n) = (0) + D wi(l): (5.2)
n—oo
j=1
i.e., the limit on the left exists if and only if the sum on the right converges. (Indeed, by
definition of wy, we have

V) =Vin = D+ wi) = ... =T(0) + Y wil))
j=1

for any n € N, and so in (5.2) the limit on the left exists if and only if the partial sums on the
right converge.) Therefore, it is enough to compute the functions wy, which turns out to be
easier than computing the vy directly. The relation

vi(n) =vi(n— 1) + wr(n), neN,

can be viewed as a (discrete) renewal equation, with wy being the error term. By definition of
wg, we have

win) = 5(n) — T(n — 1) = PCOEV,(F,) — 10~ DO-REV(F, )
— D=k (EVi(Fp) — rk_DEVk(anl))
= OB (BVi(F,) — Mp PEV(F, 1)),

where we employed the relation M¢p = r~ in the last step. Now the similarity relation (4.3)
implies

M
> EVi(F,) = MIprEVi(Fu-).
j=1

which we can insert in the above expression to obtain

Md
wi(n) = "P70 (EVk(Fn) - EV (F{;)). (5.3)

J=1
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Using the inclusion—exclusion principle, this can be expressed in a more convenient form.
Since F,, = Ujvzl F),, we get

N
Vi(F) = > Vi(F)) = > (—1)'T'1Vk<ﬂF{;).

Jj=1 Tc{l,...M%,|T|>2 JET

Taking expectations and plugging the resulting equation into (5.3), we obtain for each n € N

and each k € {0, .. ., d} the representation
wi(n) = Z (— 1)T—1r"<D—’<>IEvk< ﬂ F;) (5.4)
Tc(l,...,M},|T|>2 jeT

Note that this is a finite sum with a fixed number of terms (independent of 7). Combined with
(5.2), it yields

Vi(F) = qdk+2 > (—1)'T'—1r”<D—k>Evk(ﬂF{;). (5.5)

n=1Tc{l,...,.M4},|T|>2 JET

This is almost the formula stated in Theorem 1.1 except for the different order of summa-
tion. The summations can be interchanged (and thus the formula (1.4) is verified) provided
that the summations over n in (1.4) converge for each set 7. This convergence is ensured by
Proposition 5.1 below for any p € (0, 1]. Recall that the kth intrinsic volume of a polyconvex
set K can be localized to a signed measure on K, the kth curvature measure Cy(K, -). Denote
by C{2'(K) the total mass of the total variation measure of Cy(K, -).

Proposition 5.1. Let F be a fractal percolation in [0, 11¢ with parameters M > 2 and p € (0, 1].
Foreachke{0, ...,d} andeach T C{1, ... ,Md} with |T| > 2,

o0
)3 rnwkmc;ar( N F{,> <.
n=1 jeT

In particular, the sums
o0

> r”(D_k)EVk( N FQ)

n=1 jeT
converge absolutely.

We postpone the proof of Proposition 5.1 to the last section, where we will discuss it together
with the proof of a similar assertion needed in Section 6. With this statement in hand we can
now complete the proof of the main theorem.

Proof of Theorem 1.1. To obtain the formula (1.4), all we have to do is to interchange the
order of the summations in the formula (5.5). This is justified, since, by Proposition 5.1, all the
series occurring in (1.4) converge for any p € (0, 1]. O

Now we are going to apply formula (1.4) to derive explicit expressions for the function-
als Vi(F) for fractal percolation F in R for dimensions d = 1, 2. In particular, we will prove
Theorem 1.2. The computations in dimension d = 2 require explicit formulas for the nth con-
struction steps of the one-dimensional case. The same method can, in principle, provide explicit
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expressions in dimension d =3 and higher. The derivation in dimension d relies on formulas
for all dimensions up to d — 1 for the nth construction steps F,, of F (and for intersections
of their independent copies). While the computations quickly become technically involved,
including separate analyses of many cases of intersections and lengthy expressions, the method
remains the same. In this sense the case d = 2 is prototypical.

The case d = 1. Fractal percolation in one dimension (for which we use throughout the letter
K instead of F) is not very interesting as a percolation model. However, the limiting behavior
of the studied geometric functionals is of independent interest. Moreover, as indicated above,
the case d = 1 is essential for the computations in the two-dimensional case. First, we derive
explicit expressions for the expected intrinsic volumes of the approximation steps K, n € No,
of a fractal percolation K in [0, 1], from which it is easy to determine the rescaled limits Vk(K ).
Then we study the intersection of two such random sets (cf. Proposition 5.3), which is needed
too for the discussion of the case d = 2.

Proposition 5.2. Let K be a fractal percolation on the interval [0, 1] with parameters M € N>,
and p € (0, 1]. Denote by K,, the nth step of the construction of K. Then, for any n € Ny,

EVi(Ky) =p"
and
M—1)p P\"
EVo(Ky) = (Mp)" 1—7[1—(—)] :
0(Kn) = (Mp) ( T o
Proof. Forj=1,..., M, let Kﬁ, be the union of the surviving intervals of level n contained

in J; = ¢;([0, 1]); cf. (4.1). Then K, = U/Ail Kﬁ, and since in this union only sets K{, with
consecutive indices can have a nonempty intersection, by the inclusion—exclusion formula

we get
M ) M-1 ) )
EVi(K,) =Y EVi(K]) — > EVi (K], NK}™). (5.6)
j=1 j=1

For k=1, the second sum vanishes, since these intersections consist of at most one point.
Moreover, by (4.3), the terms in the first sum satisfy

EVi(K}) = pr'EVi(Ky—1), neN. (5.7)
Since V1(Kp) = V1([0, 1]) = 1, this yields
M
EVi(Ky) =Y (p/M)EVi(K,—1) =pEVI(K,1)=...=p"

j=1

as claimed. For k=0, the terms in second sum in (5.6) contribute. The Euler characteristic
Vo (K,’, N Kifrl) equals 1 with probability p?" (and is O otherwise), since for a nonempty inter-
section at each level from 1 to n the two intervals containing the possible intersection point
need to survive (which has probability p for each of these intervals). Using this and (5.7), we
conclude from (5.6) that

M M—1

EVo(Kn) =Y pEVo(Ku-1) = Y p*" = MpEVo(K,—1) — (M — 1)p™".
j=1 j=1

https://doi.org/10.1017/apr.2020.33 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.33

1100 M. A. KLATT AND S. WINTER

Fractal Percolation in 1D Intersecting Fractal Percolations in 1D
Vo(K) Vo(K1 N K>)
3 200
2t
20 =

1

0 2

0 0.2 0.4 0.6 0.8 10 0.2 0.4 0.6 0.8 1

Prob. of survival p

FIGURE 6: The rescaled limits Vo(K) (left) and V(KD N K@) (right) as functions of p € (0, 1] for
different values of M (color-coded) as given by Corollary 5.1 and Remark 5.1, respectively. The limit
curves as M — oo are shown in light blue.

This is a recursive relation for the sequence (EVo(Kj))nen, Where EVo(Kp)=1. By an
induction argument, it is easy to obtain the explicit representation

EVo(Kn) = (Mp)" — (M —1) ) (Mp)"~'p* = <MP>”(1 ~M-D) (%))

i=1 i=1
which yields the asserted formula. 0

Corollary 5.1. Let K be a fractal percolation on the interval [0, 1] with parameters M € N2
and p € (0, 1]. Then

M —p)

ViK)=1 and Vo(K) = -

Proof. Since D = log (Mp)/ log M, we have Mp = MP = r~P_ and so, by Proposition 5.2,

(M—l)p[l_(g)"]zl_(M—l)p

ey _ . n _ . _
Vo) = lim r"EVo(K,) = lim 1 - —— m M—p

and
Vi(K)= lim AP~V"EV(K,) = lim p~"p" =1,
n—00 n— 00
as claimed. O

Figure 6 (left) shows plots of Vo(K) as a function of p for different values of the
parameter M. It is apparent that these are positive and monotone decreasing functions in p
for any M and that the limit as M — oo is given by f(p) =1 — p.

Proposition 5.3. Let KD, KD pe independent fractal percolations on the interval [0, 1] with
the same parameters M € N>» and p € (0, 1]. Then, for any n € Ny,

EV, (k" N KP) = p™
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and
EVo(K(" N KP) = Mp?)"
y (3_2M—n_4,,g_:; [1-(2) ]+ %[1 - (%)D
Proof. Forie{l,2} andje{l,..., M}, let K,(f)’j be the union of those level-n intervals in

the union K,(Li) which are contained in J; (similarly as in (4.1)). Then K = U]Ail K,(Li)’j. Since

K{ CJjand J;NJ; # @ if and only if |j — I] < 1, we can write the intersection K,(ll) N K,(f) as

M M M j+1 M
KD k@ = JkWinJx = (x,gw oy K,<,2>J) = Uw.
j=1 I=1 j=1 I=j—1 j=1
where we have set K,(lz)’O = K,(,Z)’M+l := ) for convenience. The random sets L; (whose depen-
dence on n we suppress in the notation) satisfy L; C J; almost surely, and therefore in the
union Uj L; only sets with consecutive indices can have a nonempty intersection. Thus, by the
inclusion—exclusion principle, we conclude for the expected intrinsic volumes that

M M—-1
EVi(KP NKP) = EVi(Ly) — Y EVi(L; N L) (5.8)
j=1 j=1

Now observe that, forj=1,..., M —1,
LiN Ly =KD kM A (K990 kP,

and this random set either is empty or consists of exactly one point z; (namely, the unique
point in the intersection J; N Jjy1). The latter event occurs if and only if (1) for each of the
two sets K,(,l)’j , K,(,l)’j +1, at each level k=1, ..., n the subinterval of level k that contains z;
survives (each of these events has probability p”), and (2) a similar survival of all subintervals
containing z; also occurs for at least one of the sets K,(L2)’] , K,(L2)’] 1 The probability of this latter

event is 2p" — p*". Hence EVi(LiNLit1) = @p — p4")Vk({zj}), and therefore
EVo(LjNLit1) =2p>" —p* and EVi(L;NLit)=0fork> 1. (5.9)
It remains to determine EVi(L;). By definition of L;, we have
J+1
L= J KM K@,
I=j—1

and therefore the inclusion—exclusion formula gives

j+1 J
EViL)= Y EVi(K{D n k@) — 37 EVi(KD n kP n K@,
I=j—1 I=j—1

Now again K,(ll)’j N K,(,z)’l is a singleton with probability pz_" and empty otherwise, provided
l=j—1orl=j+1 (and [ ¢ {0, M + 1}). Similarly, K"V N K2 N kP! is a singleton

https://doi.org/10.1017/apr.2020.33 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.33

1102 M. A. KLATT AND S. WINTER

with probability p*" and empty otherwise, provided I ¢ {0, M}. (For the exceptional /, these
intersections are empty almost surely.) This implies

. . 207 —p), je{2,....M—1},
EVo(L) =EVo(KI nKPH) +17 .
p—=p", Jje{l, M},

and EVi(L)=EVi(Ky Y N K$) for any k> 1. Plugging this and (5.9) into (5.8), we
conclude that, for k=0, 1 and any n € N,

M
EVi(K" NKP) =pr(m) + Y EVi(KD7 N KE), (5.10)
j=1

where po(n) := (M — 1)(2p*" — 4p3" + p*) and p1(n) := 0, n € N. Now observe that, by (4.2),
we have
1).j 2).j _ (1) 7(2)
KDIN K =K, 0 K2)

in distribution, where I?Y(L’ll is (similarly as in (4.2)) the random set which equals Kfliil with
probability p and is empty otherwise. This implies

V(RS0 K) = PV KL, 0K ).

for any j=1,...,M and any n €N, where K() [0, 1], and thus EVk(K(l)ﬂK(Z))

Vi([0, 1) =1 for k=0, 1. Setting «,, :=EV] ( (1) DK(Z)) n € Ny, we have ag =1, and we
infer from (5.10) that

M
oy = Z EV, (K,(ll)’j N K,(lz)’j) = Mpzrotnq :p2an,1, neN.
Jj=1

It is easy to see now that o, = p>", proving the first formula in Proposition 5.3.
Setting B, :=EVy (K,gl) N K,(Lz)), n € Ny, we infer in a similar way that By = 1 and

M
Pn= Z EVo (K'gl)’j N Kﬁtz)’j) + po(n) = Mp?Bu—1 + po(n), neN,
=1

which provides a recursive relation for the sequence (f8,),. By an induction argument, we
obtain

Bn = (Mp) +Z Mp*)" o). neNo.

Plugging in the po(j) and computing the sum, we conclude that, for any n € No,

o= (3= s~ [1 - () 1+ G - (5)'])

which shows the second formula in Proposition 5.3 and completes the proof. O
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Remark 5.1. It is easy to see from Proposition 5.3 that for D’ := log(Mp?)/ log M the rescaled

2

/ /
expressions P _k)EVk(K,(,l) N K,(,z)) converge as n— oo. Indeed, since Pl = p~ < and

' =1 /MP = (Mp?)~!, we obtain

VKD N K?) = lim P VEV (KD NKP)=1  and
n— o0 n n

_ ’ M—1 M—1
VoK NK®):= 1lim P EVp(K" NKP) =3 —4 2 :
o )i= lim, oK, NEK,”) Par—p P =2

Again the rescaled length V(K" N K®) is constant, while the rescaled Euler characteristic
of KV N K® depends on p and M. Figure 6 (right) shows plots of Vo(K™" N K@) as a func-
tion of p for different values of the parameter M. It is apparent that these are positive and
monotone decreasing functions in p for any M and that the limit as M — oo is given by f(p) =
3 — 4p + p?. From the existence of the limits V(K N K®) it is clear that D’ as chosen above
is the correct scaling exponent. The notation for the limit is justified by the fact that D’ is
almost surely the Hausdorff dimension of K N K@, as the following statement clarifies.

Proposition 5.4. Let K, K® be independent fractal percolations on [0, 1] with the same
parameters M € N>o and pe (0, 1]. If p < 1/vV/M, then the set KV NK® is almost surely
empty. If p > 1/~/M, there is a positive probability that KV N K@ £ ¢, and, conditioned on
KD N K £¢, we have dimy (K'Y N K@) = D' almost surely.

Proof. For any p € (0, 1], the set K"’ N K® can be coupled with a fractal percolation F on
[0, 1] with parameter p? (and the same M) by retaining an interval I, of level n if and only if
it is contained in both sets K,(ll) and K,(lz). Then K™Y N K@ dominates F. Hence, almost surely,
dimg (K(l) N K(2)) > dimgy F. Now observe that conditioning on the event {K(l) NK? #+ @} is
the same as conditioning on {F' # (}. Indeed, on the one hand the first event is obviously satis-
fied whenever the latter is. On the other hand, if {F = ¢} holds, then there is some n € N such
that F,, = . This implies that, for any m > n, K,(nl) N Kf,,z) consists of finitely many isolated
points contained in the set {kM~":ke{l,..., M" — 1}} (cf. the proof of Proposition 5.3).
In particular, there are no new points generated after the nth step. Each point at level m > n
is independently retained in the next step with probability p>. This means in particular that
KD NK® ig empty almost surely under the condition F = {J. We conclude that, for p < \/A_L
the set KV N K@ is empty almost surely, since F has this property. Moreover, since con-
ditioned on F # ¢ we have dimy F =D’ almost surely for any p > /M, we infer from the
above inequality that conditioned on K" N K® £ @, D’ is almost surely a lower bound for
dimg (K(l) N K(z)). (The same is true for the Minkowski dimension.)

We show that D' is also an upper bound for dimy (KN K®). For any realization
of KDNK® and any § >0, a §-cover of KV NK® is obtained by taking the cubes of
level n (for some n large enough that M~" < §) contained in F,, (which cover F) and adding
the finitely many singletons {kM _”}, k=1,...,M"— 1, which clearly cover the additional
isolated points in KV N K® not already covered by the chosen intervals. Using these cov-
ers and noting that the singletons have diameter zero and the intervals diameter M ™", we get
for any s > 0 that H3 (KD N K@) < Z,M~", where Z, is the number of cubes in F,. Since
Z, is the size of the nth generation of a Galton—Watson process in which the expected num-

ber of offspring of an individuum is mMP = M?p, it is well known that ZnM_"D/ — 1 almost

surely as n — oo. This shows HP' (KD NK?) < oo almost surely and thus dimgy (KN
K®)y<D. O
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3 | I

Jio|

FIGURE 7: Possible mutual positions of the basic cubes J; which produce nonempty intersections.

FIGURE 8: In the intersection of two unions of intervals (or of unions of cubes in neighboring rows)
isolated points appear, which need to be taken into account in the formulas.

The case d =2. Now we provide proofs of the formulas stated in Theorem 1.2 for the three
limit functionals Vi(F), k =0, 1, 2, for fractal percolation F in R?. The starting point is again
the general formula in Theorem 1.1, which can be simplified further by using on the one hand
the various symmetries in the fractal percolation model and on the other hand the properties
of the functionals.

Proof of Theorem 1.2. Let M € N>»o, p € (0, 1], and k € {0, 1, 2}. By (1.4) in Theorem 1.1,
we have

Vi) =g+ Yy, DI r”(D_k)EVk( N F’) (5.11)

Tc(l,..,M2},|T|>2 n=1 jeT

Observe that among the intersections [ jeT FJ, occurring in (5.11) only those need to be consid-
ered for which the corresponding intersection ﬂjer J; of the subcubes J; = ¢;(J) is nonempty.
All other intersections are empty almost surely and hence their expected intrinsic volumes are
zero. The nonempty intersections of subcubes can be reduced to four basic cases (see Figure 7).
There are only two ways in which two subcubes can have a nonempty intersection: they can
intersect in a common face (like J; and J4 in Figure 7) or in a common corner (like J; and J3).
Three subcubes can only have a nonempty intersection at a common corner (like Jp, J2, and
J3), and similarly four subcubes can only intersect in a common corner (like J1, J2, J3, and Jy).
Only the number of intersections of each of these four types changes with M. These numbers
are given by 2M(M — 1), 2(M — D2, 4M — 1)? and (M — 1)2, respectively, independently of
p and n. Hence the formula (5.11) reduces to

o
Vi(F) = qo.x —2M(M — 1) Z r"PROEV(FL N FY) (5.12)
n=1
o

—2M — 12 Y P PRy, (FINF2)
n=1
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o
+4M — 12 "PPRY(Fy NFrNFy)

n=1

oo 4
—(M - 1)2 Z rn(Dk)EVk< ﬂ F{l)
n=1 j=1
For k=2, i.e. for the area V» in R2, it is enough to observe that the area of all the inter-
sections of the level sets F{L in this formula are almost surely zero (they are all contained in a
line segment), implying that EV, (ﬂjeT F{,) =0 for all n € N and all index sets T with |T| > 2.
Therefore,
Va(F)=q22=V2([0, 1) =1,
independently of M and p, as asserted in Theorem 1.2.
For k =1, i.e. for the ‘boundary length’ Vi, only the intersections of the first type F ,1, N F;‘
need to be considered; for the other three types the intersection is at most one point, implying
that the expected boundary length vanishes, independently of n. This yields

o0
Vi(F)=qa1 — 2M(M — 1)2#1(’)—“1@\/1 (FyNFy,). (5.13)
n=1
We claim that, for eachn € N,
EV;(F, N Fy) =p™/M. (5.14)

We will show below that this follows from Proposition 5.3. Plugging (5.14) into (5.13) and
recalling that r°~1 = M~P+! = (M p)~!, we conclude

o0 o0
VI(F)=2-2M—1)) (Mp)"p™"=2-2M—1))_ (p/M)"
n=1 n=1
2oy —1P _2MA=p)
M —p M —p
For k=0, i.e. for the Euler characteristic Vp, all terms in the above formula (5.12) are
relevant and contribute to the limit. It is rather easy to see that Vi (F, rll NF 3 NnF 3 NF 3) =1 with
probability p4", since at all levels m =1, ..., n, in each of the four cubes J;,i=1, ..., 4, the
subcube of level m which intersects the common corner needs to survive (which happens with
probability p, independently of all the other subcubes of any level). Otherwise the intersection
of the four sets F{l will be empty. Hence, for each n € N (and each M > 2),

EVo(FyNF2NFsNFy)=p*. (5.15)
Therefore, the sum in the last line of formula (5.12) is given by
00 4 00
. P pt »
PRV, F =Y (Pphy= = , 5.16
; O(Q ) ;< P = T T iR (5.16)

where the last equality is due to the relation p r® = > = M~2. (Note that the geometric series

above converges, since p* r” =p*> M—2 < 1 for any p € (0, 1] and any integer M > 2.)

Similarly, one observes that Vj (F ,i N F,zl NF 3) = 1 with probability p*" and Vj (F,ll NF 3) =
1 with probability p?* for n € N, which yields for the sums in the third and the second line in
the formula (5.12) the expressions
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o] o] 2
Zr"D]Evo(F,inFﬁmFg) ZZ(”D”W:# (5.17)
n=1 n=1 p
and
o0 o0 p
Z r"PEVo(FyNFy) = Z Pp?y = T (5.18)
n=1 n=1

It remains to compute the expected Euler characteristic for the type F rll NF ﬁ. We claim that,
forany n e N,

EVo(F) N Fy) = (Mp*)" (5.19)

3 M—1 M—1Tp? 2\"
x ——2M*”—4—[£—(£)"]+ P () ).
M M—-plM M M—p> | M M
We will demonstrate below that this follows from Proposition 5.3. Plugging (5.16)—(5.19) into

(5.12) and computing the remaining series yields the missing terms of Vo(F). More precisely,
we get for the last sum on the first line of (5.12) the expression

2(M —1)? 3 4 2
E1:=( )P B N .
M—p M—1 M—-p M-p

) —2M(M — 1)%p

(oo P )
M—-1DM?>—p) M—p)M>—p>)  (M—pHM>—p3)’

and therefore

2 3
Vo(F)=1—Ey + (M —1)? (_ 2 4p p )

M2—p+M2—p2 M2 —p3
Combining some of the terms gives the formula stated in Theorem 1.2 for Vo(F).
To complete the proof, it remains to verify the equations (5.14) and (5.19). To understand the

structure of F rll NF ﬁ, it is enough to study the intersection of two independent one-dimensional
fractal percolations K" and K® defined on a common interval [0, 1] (with the same param-
eters M and p as F). Forne Nandi=1, 2, let K,(,l) denote the nth steps of their construction.
Similarly as in (4.2), let I?,(li), i=1, 2, be the random set which equals K,(f) with probability p
and is empty otherwise; i.e. we add an additional Oth step to decide whether the set K,(f), neN,
is kept or discarded. This is to account for the first step of the construction of F (in which the
cubes J; are discarded with probability 1 — p). Then, for each n, we have the following equality
in distribution:

FinFi =y (KD nK?), (5.20)
where 1/ : R — R2, x = (t/M)a + ((1 — £)/M)b is the similarity, which maps [0, 1] to the seg-

ment J; N Jy4 with endpoints a and b. Since intrinsic volumes are independent of the ambient
space dimension, motion-invariant, and homogeneous, this implies in particular that

EVi(FL N FY =EVi (v (KD, nK?))) (5.21)
=P’ EVi (K, NKP).
Now the claims (5.14) and (5.19) follow from combining (5.21) with Proposition 5.3. O
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Remark 5.2. From the proof of Theorem 1.2, we also get explicit expressions for the expected
intrinsic volumes of the approximation sets F, for each neN. To determine Vi(m):=
P P=OEV(F,,), it is enough to truncate all the sums in the formula (5.12) after the mth step
and compute the resulting finite geometric sums. This yields, fork=0andn e N,

vom=1- 2p§34—_p1)2 (M3— 1 M4fp " Mp—2p2> - Go) ]

2p(M* — 1) p\"_ 4P -1y P

* M? —p [ (W)] M — p)z[_<M_>}
P(M — 1M +p?) [1 _ <i>}
(M — pH)(M?* — p?) M) I

It is easy to see that this sequence converges exponentially fast to Vo(F) as n — oo. More
precisely, we have

Yo(n) — Vo(F) ~c(p/M)" asn— oo

(i.e. the quotient of the left- and the right-hand side converges to 1) with the constant

_ 2p(M —1)? 3 4p N P’
- M-p M—1 M—-p M-p?

being positive for each p € (0, 1] and M € N>;. Moreover, the sequence (vVo(n)), is even-
tually strictly decreasing, i.e. strictly decreasing from some index no € N. This exemplifies
that the convergence v (n) — Vi(F) is extremely fast and that the functionals Vi(F) can be
approximated well by the vi(n). This was also observed in simulations, where already for
small n (e.g. n =8, even for M = 2; see Figure 4), vx(n) is virtually indistinguishable from the
limit Vi(F); see also Remark 5.3 below. Fast convergence can also be expected for the limits
Vi(K) of other random self-similar sets K, for which no exact formula may be available. It is
another intriguing question whether a similar speed of convergence can be expected for the
percolation probabilities of F,.

Remark 5.3. (On the simulation study.) Due to the fast convergence of the studied geometric
functionals, their numerical estimation is efficient and accurate. A simulation study demon-
strates their potential as robust shape descriptors for applications; see Figure 4. To generate
the approximations of fractal percolation, we create black-and-white pixel images by hierar-
chically simulating the survival or death of squares (given by patches of pixels). We use the
MT19937 generator [17] (known as ‘Mersenne Twister’) to generate the required Bernoulli
variables. Taking advantage of the additivity of the Minkowski functionals, we compute the
Euler characteristic using an efficient algorithm, where the computation time grows linearly
with the system size. We simply iterate over all 2 x 2 neighborhoods of pixels and add the
corresponding values from a look-up table as described in [10]. In two separate simulations
using analogous parameters, we have computed the Euler characteristics of F,, and C, (see
Section 6).
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We simulate realizations of finite approximations for M =2, 3, and 4. For each value
of M, we choose three levels n of the approximation: n=232/(2M), n=32/2M)+2, or
n=32/(2") + 4. Since the rate of convergence increases with M, for larger M smaller
values of n are sufficient. For each chosen value of the probability of survival p =
0.11,0.13, ..., 0.99, we simulate 75000, 5000, or 2500 samples for M =2, 3, or 4, respec-
tively. Only in the case of M =2, p <0.31 for F,, the number of samples is increased by a
factor 10 for improved statistics.

The mean values are unbiasedly estimated by the arithmetic mean of the Euler characteris-
tics of the samples. The error bars in the plots represent the sample standard deviations. The
simulation results, shown in Figure 4, are in excellent agreement with the analytic curves; see
Remarks 5.2 and 6.2. The code is freely available via GitHub [14].

Remark 5.4. An essential observation in the proof of Theorem 1.2 (cf. Equation (5.20) and
the discussion preceding it) is that any intersection F(' N F® of two fractal percolations con-
structed in neighboring squares sharing a common side can be modeled by the intersection
KD N K@ of two independent one-dimensional fractal percolations K, K® on that side
(with the same parameters M and p as the F"). More precisely, the random sets F() 0 F()
and KW' N K®@ are equal in distribution. Therefore their Hausdorff and Minkowski dimen-
sions must coincide. The almost sure dimension of the latter set has been determined in
Proposition 5.4. Moreover, Proposition 5.4 states that the intersection KD N KD is almost
surely empty for any p < 1/+/M, and so the same must hold for F) N F)_ This observation
allows a short alternative proof of the lower bound 1/+/M of Chayes, Chayes and Durrett [6]
for the percolation threshold of fractal percolation F in [0, 112 (see (2.1)): the intersection of
F with any vertical line of the form y =k/M", where n € N and k € {1, ..., M" — 1}, can be
modeled as a union of M” small copies of K() N K®. Any path in F from left to right needs
to pass this line, which is impossible if these intersections are empty almost surely, i.e. for any

p<1/VM.

Remark 5.5. It is easy to see from Theorem 1.1 that also for fractal percolation in R¥, the
rescaled limit V4(F) of the volume equals 1 for any p and M. Indeed, none of the intersections
occurring in the formula (1.4) will contribute to the limit, as they are contained in lower-
dimensional subsets of R?.

6. Approximation of F by the closed complements of (¥ ),

Now we consider the closed complements C,, :=J \ Fy, n € Ny, of the construction steps
F,, of the fractal percolation process inside the unit cube J = [0, 11%. Note that Cy = 4, since
Fo =J. The random sets Cj, are also given by

= U o
oeX,\Th

(cf. Section 4), implying in particular that each realization of C,, consists of a finite number
of closed cubes and is thus polyconvex. Hence intrinsic volumes are well defined. The set C,
consists of those subcubes J, of level n for which at least one of the cubes J5;, i € {1, ..., n},
was discarded. We also introduce, for eachj e {1, ..., Md} (and each n € Ny), the set

C{, = U Jo,

oeX\Tu.0ll=j

as the union of those cubes of level n which are contained in J; N Cj,.
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We are interested in the expected intrinsic volumes EVy(C,), k=0, ..., d, and in particular
in the limiting behavior as n — oo, for which we have the following general formula analogous
to (1.4) in Theorem 1.1.

Theorem 6.1. Let k € {0, ..., d — 1}, and let F be a fractal percolation in R? with parameters
MeNsyandp e (rd_k, 1]. Let D be the Minkowski dimension of F (see (1.2)). Then the limit

Vi (F):= lim P"P=ROREV(C,)

exists and is given by the expression

M=k —
qd!kﬁ_’_ Z (— 1)|T| IZ n(D— k)EVk(ﬂ > (6.1)

Tc{l,...,M4},|T|>2 JET

where, as before, qq.x = Vi([O, 1]d).

Remark 6.1. The condition p > r4=k which is equivalent to k < D, is a natural restriction for
the existence of VZ(F ). If the dimension D of F' is smaller than the homogeneity index k of
the functional, then the ‘edge effects’ caused by the common boundary of C,, with J = [0, 1]¢
will dominate the limiting behavior, and therefore a different rescaling will be necessary. More
precisely, since for the cube J no rescaling is necessary for the intrinsic volumes, one would
expect the limit lim,_, r"(k_k)IEVk(Cn) to converge instead, which is too rough to see the
lower-dimensional set F. For D < d — 1, for instance, it is easy to see that the surface area
Cy-1(Cy, 0J) —> Vi4_1(J) as n — oo, while Cy_ 1(Cn, oF,) ~ Ad=1=Dn _, (). We refer also to
Corollary 6.2 below, where we explicitly compute VO(F ) for fractal percolation F = F), on the
unit interval for all parameters p. It turns out that, for p < 1/M, the edge effects dommate
and we have VO(F ») = 00, while VO(F ») is finite for all p > 1/M, including the critical case

= 1/M, for which the ‘edge effects’ matter and contribute a second term in the limit. We
expect that this is the generic behavior of all functionals VZ(F ) in any dimension: convergence
at and divergence below their critical value p = r?=.

Proof. We follow the lines of the proof of Theorem 1.1. Let
¥ (n):= "P"PEV(C,), neNp.
Since Cp = ¥, we have v{(0) = EVi(9) = 0. Setting
wi(n) :==vi(n) —vi(n—1), neN,

we observe that, similarly as in (5.2) above,

00
ViF)= lim V()= 2 wi(n). 6.2)
n=
By definition of wy, we have
wi(n) =i () = Vi (n — 1) = PO (BVL(C,) — M?p r*EVI(Ca1)) (6.3)
Now recall from (4.2) that, for each je {1, ..., Md}, F{L survives the first construction step

with probability p (in which case it is distributed like ¢;(F},—1)), and it is empty otherwise.
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Thus, for the closed complements C{,, we get

EVi(C}) = pEVi($i(Cr—1)) + (1 — p)EVi(J))
= pr'EVi(Coe1) + (1 — p)Fqa s,

and therefore
Md

> EVi(C)) = MprPrEVI(Co1) + MU = p)r*qa.
=1
Plugging this into (6.3) and recalling that 2 = M%p yields
Md
wi(n) = r"C=0 | BEvi(C,) — Z EVi(C) | + r= D@0 : ;pCId,k.
j=1

Since C,, = U —1 C/,,, by the inclusion—exclusion prmmple this can be expressed in a more

convenient form foreachn e Nandeach k € {0, ..., d},
1-— )
wi(n) = rn D00 _—P o > (—1)|T|‘1r”(D_")EVk( N C{,l). (6.4)
u Tc{l,... M) Jjer
IT1=2

Note that this is again a finite sum with a fixed number of terms (independent of n) and that
all the intersections appearing in this formula are at most (d — 1)-dimensional. The summation
over n can be shown to converge for each summand separately (see Proposition 6.1 below; this
is where the hypothesis p > r?~* is used).

Inserting the representation (6.4) for wy into (6.2) yields

o]

— 1— .
Vi)=Y [ =Ly 3 (_1)|Tllrn(Dk)EVk(mC]n)
n=1 Tl ... M%) jer
|T|>2
—qdk—Zr’“D SR D CS Vil ‘Z "= k)lEVk<ﬂC’) (6.5)
p n=0 T, ..., Md} jeT

where the convergence of the geometric series in the first term is due to the assumption
p > % which implies D > k. The convergence of the series in the last expression for each
index set T is ensured by Proposition 6.1 just below (for which condition p > r4~* is needed
again), justifying in particular the interchange of the summations and showing the existence
of the limit of the ﬁi(n) as n — 0o. Now the formula (6.1) follows easily from computing the
series in the first term and recalling that r—° = M. (|

Proposition 6.1. Let k € {0, . .., d — 1} and F be a fractal percolation in [0, 11¢ with parame-
ters M e Nso and p € (r*=k 11. Then, for each T C {1, ..., M} with |T| > 2,

o]

> r”(D_k)IECZar< N C{;) < oo,
n=1 jeT
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where, as before, CZar(K) denotes the total mass of the total variation measure of the kth
curvature measure of a polyconvex set K. In particular, the sums

oo

> r”(Dk)EVk( N c{1>

n=1 jeT
converge absolutely.
We postpone the proof of Proposition 6.1 to the last section.

The case d = 1. In order to derive explicit formulas for the limits VZ(F ) in R? it is again nec-
essary to discuss these functionals in R first. We start with a general formula to determine the
intrinsic volumes of a polyconvex set C C R from the intrinsic volumes of its closed comple-

ment. This will be used to derive expressions for EVj (Dg,l)) and EV} (Dg,l) N Dﬁf)) from the
ones already obtained in Section 5 for EVj (K,(Ll)) and EVy (K,(,l) N K,(,z)), where D := 1\ K.

Lemma 6.1. Let [ :=[0, 1] C R be the unit interval and let K C I be polyconvex (i.e. a finite
union of intervals). Then the closed complement C := I \ K of K within I is polyconvex, V1(C) =
1 - Vi(K), and

Vo(C) =1+ Vo(K) — 1x(0) — 1x(1) — N(K),

where 14 denotes the indicator function of a set A, and N(A) is the number of isolated points

in A. Moreover, if K' C I is a second polyconvex set and C' :=1\ K', then
Viicnc)=1-Vi(K)—Vi(K'Y+ Vi(KNK') and
Vo(CNC) =1+ Vo(K) + Vo(K') = Vo(K NK') — 1, ,/(0)
=1 (1) = N(K) = N(K') + N(K N K').

Proof. The first formula is an easy consequence of the additivity of Vi, noting that
I=KUC, ViI)=1, and V{(CN K)=0. The second formula for V| follows from the first
one and additivity by noting that

CUC =I\(KNK). (6.6)

In R the Euler characteristic V equals the number of connected components of a polycon-
vex set. If K C I has k connected components, k € Ng, then K =R\ K has k+ 1 (including
the two unbounded ones), and so / N K€ has k+ 1 — 1x(0) — 1g(1), since an unbounded con-
nected component of K¢ contributes a component to / N K¢ only if it has nonempty intersection
with I (thatis, if 0 ¢ K or 1 ¢ K). Finally, taking the closure of  \ K leaves the number of con-
nected components unchanged, provided there are no isolated points in K. Any isolated point,
however, reduces the number of connected components in C by one, since it causes the two
connected components of 7\ K adjacent to this point to merge to one component of C. This
proves the first formula for Vj. The second formula follows from the first one, taking into
account (6.6):

Vo(C N C') = Vo(C) + Vo(C') — Vo(CU C')
=1+ Vo(K) — 1x(0) — 1g(1) — N(K)
+ 14 Vo(K") = 17(0) = 1, (1) = N(K')
— 1= Vo(KNK')+ 1, r(0) + 1, (1) + NKNK)
= 1+ Vo(K) + Vo(K') = Vo(K N K') = T 1 (0) = T (1)
— N(K) — N(K') + N(K N K"),
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where we have used the additivity of the indicator function, implying 1x +1,/ =1

1, - This completes the proof of the last formula.

kg’ T
O

It is clear that corresponding formulas hold for the expected intrinsic volumes of random
polyconvex subsets K and K’ of [0, 1] and their closed complements. Note that the functional N
counting the number of isolated points is not additive. Below we always have the situation that
K and K’ have no isolated points, while isolated points may appear in the intersection K N K’;
see Figure 8 for an example.

Corollary 6.1. Let KV, K@ be two independent fractal percolations on the interval I =0, 1],
both with the same parameters M € N>, and p € (0, 1]. For n € Ny, let K,(f) denote the nth step

of the construction of K;, i =1, 2, and let Dg,i) =1\ K,(f). Then, for any n € Ny,

EVi(D)) ND) =1-2EVi (k") + EVi(K" NKP)  and
EVo(DY) N DY) =2EVy(KV) — EVo(K) NKP) + EN(KD NK?)
+1—4p" +2p™.

Moreover, we have EV (DE})) =1-EV, (Kr(ll)) and
EVo(DY) =EVo(KL) + 1 —2p".

Proof. Applying Lemma 6.1 to realizations C, C’ of the random sets Df,l), Df), respectively,
and taking expectations, for k = 1 we obtain directly the formula stated above, while for k =0
we obtain

EVo(DY N DY) =1+ EVo(K") + EVo(KP) — EVo(K) NKP)
~P(0e K UKD) —P(1 KV UKD)
—EN(K") — EN(KP) + EN(KV N KP).
Now observe that almost surely the set K,(Li) contains no isolated points, implying that
EN(KY) = 0. Moreover,
P(0e kP UKP)=P(0ek”) +P(0eKP) —P0ecKP NKP)
=2p" —p™,
and similarly for the point 1 instead of 0. This proves the second formula. The third formula is
a direct application of the first formula in Lemma 6.1 to the realizations C of the random set

Dfll). Similarly, the last formula follows from applying the second formula in Lemma 6.1 to
the realizations C of DS) and taking expectations:

EVo(D(") =1+EVo(K") —P(0e k") —P(1 e k") —EN(K)
=EVo(K) +1-2p",
since IP(O € K,(,l)) = P(l € K,(,l)) =p" and IEN(K,(,D) =0. |

To get more explicit expressions for EVj (Dg,l)) and EV; (Dfll) N 1)5,2)) from Corollary 6.1, we
can employ Propositions 5.2 and 5.3, where formulas for EVj (K,(ll)) and EV; (K,(,l) N K,(lz)) have
been derived. The missing piece is an explicit expression for the expected number EN (K,(ll) N
K,(,z)) of isolated points.
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Proposition 6.2. Let KD, KD pe independent fractal percolations on the interval [0, 1], both
with the same parameters M and p. Then, for any n € Ny,

EN(K(" N KP)

_ M—1 P\ M—1 p? "
=My (2-2m —apm— 1= (&) ]+ 27 —(2) 1)
(Mp?) ( pM_p v) 1T pM_p2 Vi
Proof. First observe that for n =0 both sides of the formula equal zero and thus the
formula holds in this case. Let N(n) := N(K,gl) N K,(L2)), and let Nj(n) :=N(K§Ll) N K,(f) N0,

j=1,..., M, be the number of those isolated points contained in the open subinterval O; :=
int(J;) = ((j — 1)/M, j/M). Then obviously

M M—1
N(m)=Y_Nim)+ > _ 1{j/M isolated in K" N K{?}. 6.7)
j=1 Jj=1 (6.7)
Because of the self-similarity, N;(n) has the same distribution as N(n — 1), where N(n — 1) is
the random variable which equals N(n — 1) with probability p? and is zero otherwise (which
accounts for the effect that J; may be discarded in the first construction step of K M or K@,

in which case there are no isolated points generated). Moreover, by symmetry, the indicator
variables in the second sum all have the same distribution, given by

P({1/M isolated in K" N K{2'}) =2p*"(1 — p™)* =: gu(p).

Indeed, in order for 1/M to be isolated, either both K,(Ll)’l and K,(f)’z (with K,(f)’j as defined in
(4.1)) need to have a nonempty intersection with 1/M (which happens with probability p>")
while at the same time neither K,(Ll)’2 nor K,(Lz)’l intersects 1/M (which happens with probability
(11— p")z); or we must have the same situation exactly reversed, i.e. K,(,l)’2 and K,(lz)’l intersect
1/M while K,(Ll)’l and K,(f)’z do not. Taking expectations in (6.7), we get
M
EN(n) = Z p*EN(n — 1) + (M — DP({1/M isolated in K\" N KP'})
j=1
=Mp°EN(n — 1) + (M — 1)gu(p).

which is a recursion relation for the sequence (;,),en With y, := EN(n). By induction, we infer
that

Yo =M = Dga(p) +Mp*yu1=...=M—1) ) (Mp*)"qy(p).

s=1

Since gy(p) = 2p>*(1 — 2p* + p2s) = 2(p* — 2p>* + p™), we conclude that

Ya=2(M — DYMp*)" Y (Mp*)~*(p* — 2p* + p*)

s=1
n

=2 = MY Y (/M) = 2p/ M) + (/M)

s=1

([ () Tt -G e[ - (5) )

from which the expression stated in Proposition 6.2 easily follows. O
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Now we are ready to derive explicit expressions for EVk(Dg,l)) and EV; (Dfll) N Dﬁlz)) from
Corollary 6.1.
Theorem 6.2. Let KV, K@ pe independent fractal percolations on the‘intervall = [0, 1], both
with the same parameters M € N>o and p € (0, 1]. For n € Ny, let K,(f) be the nth step of the
construction of K;, i =1, 2, and let DS) =1\ K,(f).

Then, for any n € Ny, EV| (Df,l) N Df,2)) =1—2p"+p* and

M—1 n
EVo (D) 0 DR =2Mp)" (1 i [1 - (1%) D F1—dph g 2p™

M—1 p*\"
M2y [ —1 2 1—(— .
Moreover, we have EV (Dg)) =1-p*and

EVo (D) = (Mp)" (1 —pg—:; [1 - (1%)"]) F1—2p,

Proof. Combine Corollary 6.1 with Propositions 5.2, 5.3, and 6.2. The two formulas for V|

and also the one for EVj (Dg,l)) follow at once. In case of EV, (Dg,l) N Dg,z)) observe that, for
any n € Np,

EN(K,) NK?) —EVo(Ki N KP)
— (MpY)! (2 —2M™" —‘U’Z—:; [1 - (%)n] + 2p2AA/;[—_pl2 [1 - (”5)”})
o (s i (2 i - (2))
= Y’ (—1 P {1 ) <pﬁz>]

= (Mp?)" (M(p2 - -1y (p_2>”> :

M —p? M — p? M

and thus EV (Dg,l) N 1)5,2)) equals

M—1 2\"
2EVo(KV) + 1 — dp™ +2p" + (Mp?)" (—1+p2M_p2 [1 - (%) D O

It is now easy to derive explicit expressions for the limit functionals VZ(K):
lim,_, oo *P~O"EVi(D,,) of fractal percolation K in R for all possible parameters.

Corollary 6.2. Let K be a fractal percolation on the interval I =1[0, 1] with parameters
M € Nsjo and p € (0, 1]. If K, is the nth construction step and D,, :==1\ Ky, then

1 forpe(0,1) (while Vi(K)=00),

lim EVi(D,) = i — o
11— 00 0 forp=1 (which equals V| (K) in this case).
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Moreover,
%jp") forpe(1/M, 1] (which equals Vo(K); cf. Corollary 5.1),
VS(K)z % forp=1/M,
00 forpe (0, 1/M).
Proof. Since here
log M,
p_ logMp

logM

(cf. (1.2)), which implies Mp =r—P, we infer from Theorem 6.2 that, for any ne N,
rFP=DrRy (D) =p™ — 1 and

PUEVo(Dy) = 1 —p%—:; [1=(5)] + a1 =20,

Letting now n — oo, the stated limits follow at once. O

The case d = 2. In R2, the formula (6.1) in Theorem 6.1 reduces to

o M* (1 p)
Vk(F)ZQZ,km —E—Ey+E3—Ey, (6.8)
where
o
E :=2MM - 1)) "PPEV(C N C)),
n=1
o0
Ey:=2M—1)* Y PP PRV (Cy N ),
n=1
o0
Ey:=4M —1)* Y PRV (CynCinG),
n=1
o0 4
Ey:=(M — 1) Z r”(Dk)IEVk( ﬂ C{'l).
n=1 j=1
Here the sets C,ll, R Cﬁ are four of the M? sets C{, =J;i\ F{l, chosen so that the corresponding
sets //,j=1, ..., 4, intersect in a point x and are numbered as indicated in Figure 7. The factor

in front of the summation in each E; indicates how many times this particular intersection
configuration occurs in the union

j=1
taking into account all symmetries.
Theorem 6.1 asserts that, for k =0, the formula (6.8) is valid for all p € (1/M2, 1], and for
k=1, for all p € (1/M, 1]. While for E; we will again employ the one-dimensional case, the
last three summands E;, E3, and E4 vanish for k = 1, since the intersections involved contain at
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most one point. For k = 0 these terms can be obtained by direct inspection of the intersections

of the C,.
Lemma 6.2. Suppose p > 1/M2. Then, for k=0, the terms Ej, E3, and E4 in (6.8) are
given by
1 2 p
Ey=2(M — 1) - + :
2=2M~1) (MZp—1 M2 M2—p)
3 3p P’
E3=4M — 1) — — ,
3=4 ) (M2p—1 M1 M=y M2
and
4 6p 4p? P
Eq=M — 1) - + - + :
4= ( ) <M2p—l M1 ME_p ME_p2 ME_p}

Proof. In all three intersection configurations of the sets C), considered here, the intersection
contains at most one point, x; cf. Figure 7. For each of the sets CJ, to contain x, it is necessary

that in at least one of the sets Ff{ k=1, ..., n, the kth-level subsquare intersecting x is dis-
carded (which happens with probability 1 — p™). Thus, by independence, we obtain for the
intersections of £ =2, 3, or 4 of these sets

¢ [
EVO( M Cf%) =P<ﬂ Gy = {x}) = -p,
J=1 j=1

and therefore

00 4 -1

4
) l k
3 r”DEVO( N cg) = (k>(—1)’<sz_7pk_l. (6.9)
k=0

n=1 j=1

Indeed, employing the binomial theorem and the relation r—2 = M?p, we get

00 4 [’} 14 [’} k—1\ "
> '”D]EVO( N CL) = M)A -p" = kz (,i)(—l)" ) (”M—z) :
n=1 j=1 n=1 =0 n=1

where in the last expression all the geometric series converge thanks to the assumption
p > 1/M?. Computing these series yields the expression stated in (6.9). Finally, the asser-
tion of the lemma follows from plugging (6.9) into the expressions for E, E3, and E4 given
by (6.8). O

The expressions derived in Theorem 6.2 for intersections of fractal percolations in
one dimension will now be used to compute the expected intrinsic volumes of the (one-
dimensional) intersections C,ll N Cﬁ appearing in the term E| in the formula (6.8) for fractal
percolation in R2.

Proposition 6.3. Let F be a fractal percolation in R? with parameters M € N >z andp € (0, 1].
Then, for anyn € N,
1

EVi(C,nC) =1 (1=2p" +p™)
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and

l—p M-—1
EVo(C! N CY) = 2(Mp)" (M—_’;+M_p (=) >+1—4p +2p?

1—p> M-—1 (p*\"
— (Mp*)" = )
(Mp™) (M—p2+M—p2 <M

Proof. Let KD, K@ pbe two independent fractal percolations on the interval I1=10, 1] with
the same parameters M and p as F, and independent of F. For n € Ny, let K,(f) be the nth step

of the' construction of K@, i=1,2, and let Dg) = I\ K,(,i) (just as in Corollary 6.1). Denote
by I?,(l'), i =1, 2, the random set which equals K,(,’) with probability p and is empty otherwise.
Recalling from (5.20) that in distribution

1 T~ 22
Fn N F:‘l = I/I(Kn—l N Kn—l)’

(i)

we infer that, since CZ is determined by Fft and similarly foil is determined by K, ” |, the
following equation also holds in distribution: for each n € N,
Al NG}
cinci=y (D, nd?), (6.10)

where IA)S) is the random set which equals Dg) with probability p and I with probability 1 — p.
This implies that for each n € Ny,

EVo(Cpyy NCyyy) =EVo(DP N DY)
=p’EVo (D" N DY) + p(1 — p)EV,(D) N 1)
+p(1 = p)EVo(INDP) + (1 — p)*EVo(I N 1)
=p’EVo(D"’ NDP) + 2p(1 — pEVo(D) + (1 — p)*.

Employing now the formulas derived in Theorem 6.2 for EVj (Dfll) N DEP) and EVj (Dg,l)), we
obtain for each n € Ny

EVy ( na1 N C4 )
= p? (Z(Mp)" (1 —p%—; [1 - (%)"D 1 —dp 4 2p>
+ (Mp*)" (—1 +p2fj__pl2 [1 — (’g)}))

+2p(1 = p) ((Mm" (1 —p%—; [1- (%)]) - 2p") +(1=p)?

—1 n
— 2p(Mp)" (1 —pM—p [1 - (%) ]) 14t o2t

_ 2\"
+ PP (Mp?)" (—1 +ng_;2 [1 - (”M) ]) ,
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where we combined some of the terms to get to the last expression. Replacing n + 1 by n, this
simplifies to

2 M—1 p n—1
1 _ = n o _ (£ _ n 2n
EV, (cnmci)_M(Mp) (1 P [1 (M) D+1 4"+ 2p

i 2\n [ 21‘4_1 _ [7_2 "
+M(Mp) ( 1+p M—p2 |:1 (M) j|>

1—p M—1/p\» 5
—2Mpy" [ —L2 —(—) 1 —4p" 4 2p*"
(Mp) <M—p+M—p ) )T p"+2p

1—p? M—1 (p? !
_M2n 7 ,
Mpo) (M—p2+M—p2 (M

for any n € N, completing the proof of the formula for V| in Proposition 6.3. The formula for
V) follows similarly from (6.10) using the corresponding formulas from Theorem 6.2:

. . 1 . .
EVi(CL NCypy) =EVi(y(DV nDP)) = MEvl (DY N DP)

1
— (szvl (DD N DP) +2p(1 — pYEV (D) + (1 — p)z)

M
I

= (p2 [1 —2p”+p2”] +2p(1—p)[1=p"]+(1 —p)2)
1

Corollary 6.3. If p > 1/M?, then for k =0 the term E) in (6.8) is given by

_2MM —1) (2(1 —p) n 2M—1p  p(l—p*)

T M-—p M—1 M2 —p M — p?
2M(M — 1)*p? N MM —1) 8M  4MM — 1)p
M—pHM? —p3)  Mp—1  M+1 M>—p -

E;

Similarly, if p > 1/M, then for k =1,

1 2 p
E1=2(M—1)<Mp_ - + )

1 M—1 M-p

Proof. To determine E for k = 0, we multiply the expression derived in Proposition 6.3 for
EVy (C) N C}) by r" = (M?p) ™" and sum over n to obtain

_ - 2 \—n nf 1P M—1/py\n
Ev=2MM 1)y (M*p) |:2(Mp) <M——p+M——p(ﬁ>> 6.11)

n=1

1—p2 M-—1 [(p*\"
—(Mpz)"< Py <p—))+1—4p”+2p2”]

M—p M-p>\M

and the expression stated above is then derived by computing the various geometric series
(which do all converge, thanks to the assumption p > 1/M?, justifying thus in particular the
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above interchange of summations) and combining some of the terms. For k =1, the stated
expression for E; follows similarly by multiplying the expression for EV; (C}l N Cﬁ) from
Proposition 6.3 by #P~D" = (Mp)~" and summing over n. The series involved converge due
to the assumption p > 1/M. O

Now we are ready to prove Theorem 1.3. For convenience, we repeat the statement here,
and we add a corresponding formula for the limit V? (F) of the rescaled boundary lengths.

Proposition 6.4. Let F be a fractal percolation in R> with parameters M € N>, and p € [0, 1].
Then, for any p > 1/M?,

pPHM—-Dp>’+M—1p—-M
(M2 — p3)(M — p) '

Vo(F)=M*(1 - p)

Moreover, for any p > 1 /M,

_ 1 — _
Vi(F) = ZMM—_p (=Vi(F);  cf. (1.2)).
Proof of Proposition 6.4 and thus in particular of Theorem 1.3. All one has to do is to insert
the expressions for E7, . . ., E4 obtained in Lemma 6.2 and Corollary 6.3 into the formula (6.8)

for V;(F). For k=0, we obtain (recalling that g2 o = Vo(J) = 1)

e M*(1—p)
F)=—— " _FE|—E)+E;—E
Vo(F) M= 1 1 2+ E3—Ey4
M*(1—p) 2MM—1) (2(0—=p) 2M—1)p p(l—p?
= — + - (6.12)
M?p—1 M—p M—1 M? —p M — p?
2M(M — 1)*p? QMM —1)  8M  4MM — 1)p
(M—p2)(M2—p3) M2p— 1 M+ 1 M2—p
—E) +E3 — Ey,
where

Ey+Es—Eg=(M— 1) [ — R, P
P Mp—1 M—1 M2—p M>—p3)
Fortunately, this can be simplified to the expression stated above. Similarly, for k = 1 (taking
into account that E> = E3 = E4 = 0 in this case), we get

¢ 1—[7 1 2 P
V(F)=2M —2(M—-1) - + ,
Mp —1 Mp—1 M—-1 M-—p

which simplifies to the expression stated above. This completes the proof. 0

Remark 6.2. (On the speed of convergence.) From the proof of Proposition 6.4, we also get
explicit expressions for the expected intrinsic volumes of the approximation sets C,, for each
m € N. To determine vi(m) := PMP=OEV(C,), meN, it is enough to truncate all the sums
in the formula (6.8) after the mth term (including the very first one, which appears already in
summed form in (6.8); cf. (6.5)). For k = 0, we obtain for any m € N

: 1-p
Vo(m) = —2 3" P — Ey(m) — 2Ex(m) + 4E3(m) — Ea(m),
n=0
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where E|(m), the truncated term corresponding to Ep, can be read off from the equation (6.11)
in the proof of Corollary 6.3:

m n )

1— 1 M—1 n 1— n

Evmy=2MM - DY [2-—L <_) +2 (L) - L= ()
=S| M-p\M M—p \M M—p>\M

M—1 (p*\' 1y 1" pAn
MY (Y (LY ().
M — p2 M2 sz M2 M2
Similarly, E,(m), £ =2, 3,4, are derived by truncating the corresponding sums E, and
computing the resulting finite geometric sums (cf. (6.9)):

Eg(m):=M —1)* Y (M°p)™"(1 = p"*

n=1

{4 k—1 k—1\ ™

¢ p p

— 2 k

“w % (Yot | () |
k=0

Computing all the finite geometric sums, we get for each of the terms in the equation (6.12) a

corresponding one for vjj(m) with a factor of the form (1 — ¢™) for a suitable g (just as in the

last line of the formula above). The constant terms add up to V(C)(F ), so that we end up with the
following exact expansion in m:

aM(1 —P)M_m _2MM —1p(1 -p?)
M—p (M — p)(M — p?)
4p(M — I)M(D74)m

M

v m) = Vo(F) + MO 4 P

—4M" +eMCP=Hm, (6.13)

where
(M — Dp3 (M — 1)(M — p*) — 2M(M — p)

M2_p3 M_p2

Cc:=

It is easy to see that this sequence again converges exponentially fast to VS(F ) as m — 00.

Remark 6.3. (On fractal subdimensions.) Multiplying (6.13) by MP™, we obtain an exact

expansion for EVy(C,,):
— 4M(1 — 2M(M — 1)p(1 — p?
EVo(C) = V5P 4 20— P)ygo—iym _ 2M = DPU =17 D3y
M—p (M — p)(M — p?)
1 —apy®@-2m M= D opayn oy ap-8m

M—p
Since D < 2 for p < 1, the last three terms vanish as m — oo. The remaining terms determine
the subdimensions of F in the sense of [26]. We obtain

EVo(Cp) = Vo(F)MP™ 4 coMP2™ - c3MP¥™ 1+ 0(1)

as m — 00, where
_4M(1—p)

o M—p

https://doi.org/10.1017/apr.2020.33 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.33

Geometric functionals of fractal percolation 1121

is the amplitude of the first subdimension D, := D — 1, and

_2MM — Dp(l = p?)
(M — p)(M — p?)

Cc3 =

is the amplitude of second subdimension

2

Dy =2p - 3= EMP
log M

Recall from Proposition 5.4 and Remark 5.4 that D3 (which is positive for p > 1/+/M) is the
dimension of the intersection of two copies of F constructed in neighboring squares sharing
a common side. Similarly D, (which is positive for p > 1/M) is the dimension of a frac-
tal percolation on an interval with the same parameters as F, or equally the dimension of
F N[0, 11%. Hence two subdimensions appear for these random fractals, as suggested by
[15,26], and they carry geometric meaning as in the deterministic setting studied there.

7. Proof of Propositions 5.1 and 6.1

Let neN and let W, Wa, ... be unions of subcubes of J =10, 1]¢ of level n. More

precisely, if Ql Q2% ... are arbitrary subsets of {1, ..., Md}”, then we let
Wi= | Jo. ieN. (7.1)
oeQl

Our first aim is to establish a general bound on the curvature of the intersection W; N W N
...N W, for an arbitrary number £ € N>, of these sets. For this we will employ an estimate
from [29]. Recall from [29] that for any finite family X = {X1, ..., X,,,} of sets, the intersection
number I' = I'(X) is defined by

I':= max [{j:X;NX;#0}|.
ie{l,....,m}

If T is small compared to m, then the following estimate, which is a special case of
[29, Corollary 3.0.5] for a family of convex sets, is particularly useful.

Lemma 7.1. Let {X1, . .., X,} be a family of compact, convex subsets of R? and let T be its
intersection number. Then, for any k € {0, .. ., d},
m
c,{ar( U X,-) <m2 by,
=1
where by :=max{Cr(Xj):j=1, ..., m}.
Proof. Since the X; are convex, any intersection X; := ﬂie[ X;, I C {1, ..., m}isalso convex

and contained in each of the sets X;, i € I. Therefore, the monotonicity and positivity of the
intrinsic volumes implies that

CE(Xp = Cu(Xp) < max Cr(Xi) < by
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Thus (for B := Rd) the assumptions of [29, Corollary 3.0.5] are satisfied with b := by and the
assertion follows. O

Recall that r = 1/M.

Lemma 7.2. There is a constant cq x such that for any n € N and £ € N>, and any collection
Wi, ..., We of unions of cubes of level n as defined in (7.1), the following estimate holds:

CR" (Wi N...NWe) < cax Q" (7.2)

where |Q2'| is the number of cubes in W.

Note that |2!] < M9 = y~d" which implies that the right-hand side of (7.2) is always bounded
from above by ¢y, prik=dn,

Proof. First let £ =2. We write the intersection W N W> as a union of convex sets. It is
clear that each set J, in the union W, intersects at most 3¢ cubes (the neighboring ones) from
the union W,. Let Q2 C Q2 be the set of indices of the cubes from W, intersecting J,. Then
|Q§| <34 and we have

winwy= | (Jgn U Jw)z U U W nia).

oeQ! weQ2 oeQ! weQ?

In this way we have represented W; N W> as a union of at most |Q'] - 3¢ < (M?)"3¢ convex
sets Ry, :=Js NJy. Note that each of the sets R, 4, is the intersection of two cubes and thus
a k-face of some cube of level n (of some dimension k € {0, ..., d}). We may reduce the
number of sets in this representation by deleting the double occurrences of any face without
changing the union set. Then the reduced family F C {R, (,} has an intersection number I' =
I'(F) bounded from above by 3¢ times the number of faces of a cube in R¢ (which also equals
3d). Indeed, each set R € F is contained in a cube of dimension d, and any other set R’ € F
intersecting R must be a face of the same cube or of one of the neighboring cubes. Note also
that each of the sets R € F is convex and contained in a cube of side length . Therefore,

CA"(R) = Ci(R) < Cr(r")) = *"Cr()) = *qu 1,

where we have used the monotonicity, motion-invariance, and homogeneity of the intrinsic
volumes. Now we can apply Lemma 7.1 to the family F consisting of m < (M?)"*3¢ sets and
satisfying by := max{Cy(R): Re€ F} < rk”qd,k. We obtain

CYA (W) N W) < Q3923 g, 1 = cq s1Q1 1",

where the constant .

cak:=3"2""qax
is independent of n. This proves the case £ = 2. For the general case, fix some £ > 2 and note
that Wi N...N W, can be represented by

win..owe=J U - U Jondnyn...0 00, (7.3)

1 2 14
o0eQ! weQs wp el

where, similarly as before, Q’a is the family of those words w € < for which J, NJ, #0,
j=2,..., L. Now observe that Jo NJ,, N...NJ,, is a finite intersection of cubes of the grid
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and thus a k-face of J, (of some dimension k € {0, . . ., d})—if not empty. Hence, for fixed o,
there are at most 3¢ distinct sets in the union corresponding to the faces of J,. Deleting all
multiplicities so that no set appears more than once in the union on the right of (7.3), we again
end up with a representation of Wi N ... N W, by at most |Q'| - 3¢ convex sets, and as before,
the intersection number of the reduced family will not exceed 3%¢. Hence (7.2) follows again
from Lemma 7.1 with the same constant ¢4 x as before. This completes the proof for arbitrary
integers £ > 2. O

Remark 7.1. If the union set W; contains many ‘interior’ cubes of the intersection ﬂle Wi,
then the above estimate can be improved. Recall that, for k < d — 1, the kth curvature measure
of any set is concentrated on its boundary. Therefore, in order to bound the total curvature
variation of the set ﬂle Wj, it is enough to represent this set near its boundary by a union
of cubes. To this end, let Q}, C Q! be the set of those cubes in ' which have a nonempty
intersection with the boundary 9 m?: 1 W;. Let A be the set defined by the right-hand side of
(7.3) when we replace the set ! in the first union by Ql Then A is obviously a union of cubes
and a subset of ﬂ _1 W;. Moreover, it has the property that 9 ﬂ] 1 W; C 0A and that any point

X € 0A thatis notin d ﬂ _; W, has positive distance (at least ) to 9 ﬂ 1 W;. Therefore, since
curvature measures are locally determined, we conclude that (for any k e {0,...,d—1})

CRA (Wi N ... N W) < CP(A) < carl Qb7

where the second inequality follows from applying the same argument to A that we applied in
the proof of Lemma 7.2 to the set on the right-hand side of (7.3).

With Lemma 7.2 and Remark 7.1 in hand, we are now in a position to prove Propositions
5.1and6.1.

Proof of Propositions 5.1 and 6.1. First note that in both statements the second assertion
is an immediate consequence of the first one, which is due to the fact that |Vi(K)| < C}2"(K)
for any polyconvex set K. In order to prove the first assertions in the two propositions, we
fixaset TC{l,..., Md}, |T|>2, and let U := ﬂjerjj (where J; is the cube of side length
r= l/M containing F7). U is a cube of some dimension ue{0,...,d— 1}, and the intersection
N = F), is contained in U (and similarly ﬂ T C), C U). Let H be the affine hull of U, which
is a u-dimensional affine space. Since intrinsic volumes are independent of the dimension
of the ambient space, it is enough to study the intersection of the sets F/ NH (or C’ NH,
respectively), for j € T, in the space H. The sets F/ N H can be modeled by fractal percolations
on u-dimensional cubes. Let K%, j €T, be independent fractal percolations on [0, 1]* with
the same parameters p and M as F. Denote by K" the random set which equals K9 with
probability p and is empty otherwise. Then we have, for eachne N, F,NH = t/f(l?,({)), jeT,
in distribution, where ¥ : H — R is one of the similarities (with factor 1/7) mapping U to
[0, 11%. (In fact, it is possible to couple F/ and K in such a way that this distributional relation
becomes an almost sure one. But we do not need this here for our argument.) In particular, it

follows that
cer(NF) =c( Nk ) =t M),

jeT jeT jeT
where the equality holds in distribution and the inequality almost surely. For the latter note
that, for each realization of the random sets KV, jeT,either 1?,(1’ ) = ¢ for some j € T, in which
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case the inequality is trivial, since the total variation measure is nonnegative; or [N(,(,’ ) = K,(f ) for
all j € T, in which case it becomes an equality. (Analogously, we have C'fl NH=y (55,/)), jeT,
in distribution, where 55{) =[0, 1]* \I?,(,’ ) is the random set which equals D,({) =[0, 1]* \K,(,i )
with probability p and [0, 1]* with probability 1 — p.)

Now we are in a position to apply Lemma 7.2. For each realization of the K, j € T, the sets
K,(,i) are collections of (u-dimensional) level-n cubes, as required. Fixing some index j' € T, we

denote by Z, the number of basic cubes of level n contained in K ") and infer that
C}(’ar< ﬂ K,(l’)) < cu,kZ;lrk",
jeT

where ¢, x is a universal constant independent of the realization, which means that the above
estimate holds almost surely. Observe that the random variables Z,,, n € N, form a Galton—
Watson process with offspring distribution Bin(M*, p). It is well known that EZ) = (M"p)".
Setting ¢ := r_kcu,k, we conclude that

IEC,\(’ar< ﬂ F£l> < r_kECZar( ﬂ K,(f)) < CM(“_k)"p”,
jeT jeT

which implies (recall that MP = Mdp)

oo o

(D—k)nTp ~var Vi d-uwn_ ¢
Elr EC; (ﬂFn)chlr _l—rd*”<oo’
n= n=

jeT

since u <d — 1. This proves the first assertion in Proposition 5.1 and completes the proof of
this statement.

Now let us look at the first assertion of Proposition 6.1. Fix k € {0, . .., d — 1}. An argument
analogous to the one above now applied to the intersections [ ) jeT C), yields

CZar< ﬂ C/n> = rkCZar( ﬂ 52)) < M"Yk,

jeT jeT
where ¢ is as above and M*" is an upper bound for the number of basic cubes of level n

in the set 5},//) =0, 1]*\ I?,(L/) (for some fixed index j/ € T), even in the case when this set
equals [0, 1]%. This estimate is not as strong as the one in the previous case. Nevertheless,
taking expectations, multiplying by #?~%" and summing over n as above yields the desired
conclusion, the finiteness of the expression

o0
> W(Dk)ECZar( N C{;>,
n=1 jeT

for all p € (r¥~*, 1]. This proves the first assertion in Proposition 6.1 for any index set 7 such
that u( = u(T)) < k, for the full range of p for which we claimed it (and, in the case of certain
T, for still more values of p). For T such that u > k, however, some p are missing (namely
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those in the interval (rd —k , rd_“]). But in this case, a better estimate can be obtained by taking
Remark 7.1 into account. It allows us to replace M*" in the above estimate by the number Y,

.
of level-n cubes in Df{ ) that have a nonempty intersection with 8( ﬂjer DE{)). For any cube Q

counted in ), there is an index j € T such that C N 355{) # (0. This in turn means either that one
of the neighboring cubes of Q (i.e., one with nonempty intersection with Q) is contained in
K,({ ), or that Q N 9[0, 1]* # @. Hence the number Y’ ,’L can be bounded from above by the number

of neighbors of the cubes in the sets K,({ ), j €T, plus the number of cubes intersecting 9[0, 1]“.
In fact, since the kth curvature measure of the cube [0, 1]* is concentrated on its k-faces (recall
k < u), among the cubes Q intersecting d[0, 1]* that are not already counted because of their
intersection with some cube in some K,(l/), only those need to be counted which intersect a
k-face of 9[0, 1]“. Note that there are at most M*" such cubes for each k-face. Summarizing
the argument, we obtain

C,Za'( N Cf,',) = r—kcxa'< N 13,@) < c/m( @ =Dk + kok"),

jeT jeT jeT

where fi is the number of k-faces of [0, 11* and 3" —1 is the number of neighboring cubes
of the same size of a given u-dimensional cube. Taking expectations and noting that E|K,(f )| =
(M"p)" for each j € T, we get

r(D_k)"ECZar( ﬂ CZ) <P Mt pyt + P MR = ¢y A= 4 o D—hon
jeT

where ¢ =c - |T|(3" — 1) and ¢z = ¢ - fi.. Summing over n, we conclude that

o0 o0 o0
Z r(Dk)”]EC}(’ar< ﬂ sz) <c Z pd=wn 4 o, Z rP—kn
n=1 n=1 n=1

jeT
where the first sum on the right converges (for all p € (0, 1]) since u <d — 1, and the second
sum converges for all p such that D > k (i.e. for p € (rd_k, 1]). This shows the convergence of
the sum on the left for any p € (r*~*, 1] for the case k < u and completes the proof of the first
assertion of Proposition 6.1. O

Acknowledgements

We thank Klaus Mecke and Philipp Schonhofer for inspiring discussions and for their pre-
liminary work [25,26], which motivated the authors to look at this model more closely. We are
grateful to Erik Broman and Federico Camia for helpful comments on the previous results on
thresholds in fractal percolation. During the work on this project both authors have been mem-
bers of the DFG research unit Geometry and Physics of Spatial Random Systems at Karlsruhe.
We gratefully acknowledge support from grants HU1874/3-2 and LA965/6-2, and from the
Princeton University Innovation Fund for New Ideas in the Natural Sciences. Part of this
research was carried out while the second author was staying at the Institut Mittag-Leffler,
participating in the 2017 research programme Fractal Geometry and Dynamics. He would like
to thank the staff as well as the participants and organizers for the stimulating atmosphere and
support they provided.

https://doi.org/10.1017/apr.2020.33 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2020.33

1126

(1]
(2]
[3]
[4]
(5]
(6]
(7]
(8]
(91
[10]
[11]
[12]
[13]

[14]

[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]

[30]
[31]

M. A. KLATT AND S. WINTER

References

BOBROWSKI, O. AND SKRABA, P. (2020). Homological percolation and the Euler characteristic. Phys. Rev. E.
101, 16 pp. Available at https://link.aps.org/doi/10.1103/PhysRevE.101.032304.

BROMAN, E. I. AND CAMIA, F. (2008). Large-N limit of crossing probabilities, discontinuity, and asymptotic
behavior of threshold values in Mandelbrot’s fractal percolation process. Electron. J. Prob. 13, 980-999.
BROMAN, E. I. AND CAMIA, F. (2010). Universal behavior of connectivity properties in fractal percolation
models. Electron. J. Prob. 15, 1394—-1414.

BROMAN, E. 1., CAMIA, F., JOOSTEN, M. AND MEESTER, R. (2013). Dimension (in)equalities and Holder
continuous curves in fractal percolation. J. Theoret. Prob. 26, 836-854.

CHAYES, J. T. AND CHAYES, L. (1989). The large-N limit of the threshold values in Mandelbrot’s fractal
percolation process. J. Phys. A 22, L501-L506.

CHAYES, J. T., CHAYES, L. AND DURRETT, R. (1988). Connectivity properties of Mandelbrot’s percolation
process. Prob. Theory Relat. Fields 77, 307-324.

DEKKING, F. M. AND MEESTER, R. W. J. (1990). On the structure of Mandelbrot’s percolation process and
other random Cantor sets. J. Statist. Phys. 58, 1109-1126.

DoN, H. (2015). New methods to bound the critical probability in fractal percolation. Random Structures
Algorithms 47, 710-730.

FALCONER, K. J. (1986). Random fractals. Math. Proc. Camb. Phil. Soc. 100, 559-582.

GORING, D., KLATT, M. A., STEGMANN, C. AND MECKE, K. (2013). Morphometric analysis in gamma-
ray astronomy using Minkowski functionals: source detection via structure quantification. Astron. Astrophys.
555, A38.

GRAF, S. (1987). Statistically self-similar fractals. Prob. Theory Relat. Fields 74, 357-392.

KLATT, M. A., SCHRODER-TURK, G. E. AND MECKE, K. (2017). Anisotropy in finite continuum percolation:
threshold estimation by Minkowski functionals. J. Statist. Mech. Theory Exp. 2017, 023302.

KLATT, M. A. AND WINTER, S. Geometric functionals of fractal percolation. II. Almost sure convergence and
second moments. In preparation.

KLATT, M. A. AND WINTER, S. (2019). FractalPercolationMink—Approximate fractal percolation and
compute its Euler characteristic. GitHub repository. Available at http://github.com/michael-klatt/fractal-
percolation-mink.

KNUFING, L., SCHOLLMEYER, H., RIEGLER, H. AND MECKE, K. (2005). Fractal analysis methods for solid
alkane monolayer domains at SiO2/air interfaces. Langmuir 21, 992—1000.

MANDELBROT, B. B. (1974). Intermittent turbulence in self-similar cascades: divergence of high moments
and dimension of the carrier. J. Fluid Mech. 62, 331-358.

MATSUMOTO, M. AND NISHIMURA, T. (1998). Mersenne twister: a 623-dimensionally equidistributed
uniform pseudo-random number generator. ACM Trans. Model. Comput. Simul. 8, 3-30.

MAULDIN, R. D. AND WILLIAMS, S. C. (1986). Random recursive constructions: asymptotic geometric and
topological properties. Trans. Amer. Math. Soc. 295, 325-346.

MECKE, K. R. AND SEYFRIED, A. (2002). Strong dependence of percolation thresholds on polydispersity.
EPL — Europhys. Lett. 58, 28-34.

MECKE, K. R. AND WAGNER, H. (1991). Euler characteristic and related measures for random geometric sets.
J. Statist. Phys. 64, 843-850.

NEHER, R. A., MECKE, K. AND WAGNER, H. (2008). Topological estimation of percolation thresholds.
J. Statist. Mech. Theory Exp. 2008, PO1011.

ROUBIN, E. AND COLLIAT, J.-B. (2016). Critical probability of percolation over bounded region in
n-dimensional Euclidean space. J. Statist. Mech. Theory Exp. 2016, 033306.

SCHNEIDER, R. (2014). Convex Bodies: The Brunn—Minkowski Theory, 2nd edn. Cambridge University Press.
SCHNEIDER, R. AND WEIL, W. (2008). Stochastic and Integral Geometry. Springer, Berlin, Heidelberg.
SCHONHOFER, P. (2014). Fractal geometries: scaling of intrinsic volumes. Masters Thesis, Friedrich-
Alexander-Universitit Erlangen-Niirnberg.

SCHONHOFER, P. AND MECKE, K. (2015). The shape of anisotropic fractals: scaling of Minkowski
functionals. In Fractal Geometry and Stochastics V, Birkhduser/Springer, Cham, pp. 39-52.

VAN DEN BERG, J. AND ERMAKOV, A. (1996). A new lower bound for the critical probability of site
percolation on the square lattice. Random Structures Algorithms 8, 199-212.

WHITE, D. G. (2001). On the value of the critical point in fractal percolation. Random Structures Algorithms
18, 332-345.

WINTER, S. (2008). Curvature measures and fractals. Diss. Math. 453, 1-66.

WINTER, S. AND ZAHLE, M. (2013). Fractal curvature measures of self-similar sets. Adv. Geom. 13, 229-244.
ZAHLE, M. (2011). Lipschitz—Killing curvatures of self-similar random fractals. Trans. Amer. Math. Soc. 363,
2663-2684.

https://doi.org/10.1017/apr.2020.33 Published online by Cambridge University Press


https://link.aps.org/doi/10.1103/PhysRevE.101.032304
http://github.com/michael-klatt/fractal-percolation-mink
http://github.com/michael-klatt/fractal-percolation-mink
https://doi.org/10.1017/apr.2020.33

	Introduction
	Relation with percolation thresholds
	Outlook and outline
	Fractal percolation as a random self-similar set
	Approximation of F by the sequence (F_n)_n
	Approximation of F by the closed complements of (F_n)_n
	Proof of Propositions 5.1 and 6.1
	Acknowledgements
	References

