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Abstract  Let L be a one-to-one operator of type w in L?(R™), with w € [0, 7/2), which has a bounded
holomorphic functional calculus and satisfies the Davies—Gaffney estimates. Let p(-) : R™ — (0, 1] be a
variable exponent function satisfying the globally log-Holder continuous condition. In this article, the
authors introduce the variable Hardy space Hi(')(]R") associated with L. By means of variable tent
spaces, the authors establish the molecular characterization of Hz(')(]R"). Then the authors show that

the dual space of Hz(‘) (R™) is the bounded mean oscillation (BMO)-type space BMO,,(.), = (R™), where
L* denotes the adjoint operator of L. In particular, when L is the second-order divergence form elliptic
operator with complex bounded measurable coefficients, the authors obtain the non-tangential maximal
function characterization of Hz“(]R") and show that the fractional integral L=< for a € (0, (1/2)] is
bounded from Him(R") to HZM(R”) with (1/p(-)) — (1/q(-)) = 2a/n, and the Riesz transform VI ~1/2
is bounded from Hz(‘)(R") to the variable Hardy space HP()(R™).

Keywords: second-order divergence form elliptic operator; Davies—Gaffney estimate; variable Hardy
space; square function; maximal function; molecule; Riesz transform
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1. Introduction

The variable Lebesgue space LP() (R™) is a generalization of classical Lebesgue spaces, via
replacing the constant exponent p by a variable exponent function p(:) : R™ — (0, c0),
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which consists of all measurable functions f such that, for some A € (0, c0),

/n Pf(;”)]p(z) dz < co. (1.1)

The study of variable Lebesgue spaces originated from Orlicz [46] in 1931, which were
further developed by Nakano [44, 45]. The next major step in the investigation of variable
function spaces was made in the article by Kovacik and Rékosnik [40] in 1991. Since
then, the interest in variable function spaces has increased steadily. Nowadays these
variable function spaces have been widely used in various analysis branches, for example,
in harmonic analysis [19, 20, 24, 25], in fluid dynamics [1,48], in image processing [16]
and in partial differential equations and variational calculus [2,31,49].

Recently, as a generalization of classical Hardy spaces, Nakai and Sawano [43] intro-
duced variable Hardy spaces HP()(R"), established their atomic characterizations and
investigated their dual spaces. Independently, Cruz-Uribe and Wang [22] also studied
the variable Hardy spaces HP()(R") with p(-) satisfying some conditions slightly weaker
than those used in [43]. As a sequel of [43], Sawano [50] sharpened the conclusion of
the atomic characterization of HP()(R"™) in [43], which was used, in [50], to establish
the boundedness in HP()(R™) of the fractional integral operator and the commutators
generated by singular integral operators and bounded mean oscillation (BMO) functions.
After that, Yang et al. [58,61] established equivalent characterizations of variable Hardy
spaces via Riesz transforms and intrinsic square functions.

Conversely, in recent years, a lot of attention has been paid to the study of function
spaces, especially Hardy spaces and BMO spaces, associated with various operators; see,
for example, [6,9,11,12,26-28, 34, 35,37, 59]. Here, let us give a brief overview of this
research direction. First, Auscher et al. [6], and then Duong and Yan [27,28], intro-
duced Hardy and BMO spaces associated with an operator L whose heat kernel has a
pointwise Gaussian upper bound. Later, Hardy spaces associated with operators that sat-
isfy the weaker conditions, the so-called Davies—Gaffney-type estimates, were treated in
[9, 32, 34, 35]. More precisely, Auscher et al. [9] and Hofmann et al. [34, 35] treated Hardy
spaces associated, respectively, with the Hodge Laplacian on a Riemannian manifold
equipped with a doubling measure, or with a second-order divergence form elliptic opera-
tor on R™ with complex coefficients, in which settings pointwise heat kernel bounds may
fail. Hofmann et al. [32] studied Hardy spaces associated with non-negative self-adjoint
operators satisfying the Davies—Gaffney estimates in the general setting of a metric space
with a doubling measure. Then the weighted Hardy spaces associated with operators were
also considered in [13,51]. Recently, by introducing a notion of reinforced off-diagonal
estimates (see Remark 2.4(ii)), Bui et al. [12] studied the weighted Hardy spaces asso-
ciated with non-negative self-adjoint operators satisfying such estimates, which, in some
sense, improve those results of [13,51] by extending the range of the considered weights.
To study the Hardy spaces associated with differential operators on more general under-
lying spaces (for example, the Laplace-Beltrami operator on any Riemannian manifold
with a doubling measure), Bui et al. [11] introduced Musielak—Orlicz—Hardy spaces asso-
ciated with operators satisfying reinforced off-diagonal estimates on balls on a metric
space with a doubling measure. The notion of reinforced off-diagonal estimates on balls
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(see Remark 2.4(iii)) was first introduced in [11] by combining the ideas of the reinforced
off-diagonal estimates from [12] and the off-diagonal estimates on balls from [7].

Very recently, Yang and Zhuo [57] introduced variable Hardy spaces associated with
operators L on R™, denoted by Hﬁ(')(R”), where p(-) : R™ — (0, 1] is a variable expo-
nent function satisfying the globally log-Holder continuous condition, and L is a linear
operator on L?(R™) that generates an analytic semigroup {e~**};>o with kernels having

pointwise upper bounds. Moreover, in [57], the molecular characterization of Hz(‘)(R”)
was established, which was further applied to study the boundedness of the fractional
integral associated with L on H f(')(R"), and the dual space of H 2(')(R") was also inves-
tigated. Under an additional condition that L is non-negative self-adjoint, the atomic
and several maximal function characterizations of H z(')(R”) were established in a recent
article [60].

Motivated by [32,34,35,57], in this article, we consider the variable Hardy spaces
Hz(')(R") associated with a one-to-one operator L of type w in L?(R"), with w € [0, 7/2),
which has a bounded holomorphic functional calculus and satisfies the Davies—Gaffney
estimates, namely, Assumptions 2.2 and 2.3 of this article. We point out that many
operators satisfy these assumptions (see Remark 2.6). Indeed, Assumption 2.3 (the
Davies—Gaffney estimates) is weaker than the reinforced off-diagonal estimates from [12]
and the reinforced off-diagonal estimates on balls from [11] (see Remark 2.4). Under
Assumptions 2.2 and 2.3, we introduce the variable Hardy spaces H Z(') (R™) (see Definition
2.10). Then we establish their molecular characterizations via variable tent spaces. By
borrowing some ideas from [34,37], we further prove that the dual space of Hﬁ(')(R”)
is the BMO-type space BMO,,.) r«(R"), where L* denotes the adjoint operator of L.
In particular, when L is the second-order divergence form elliptic operator with com-
plex bounded measurable coefficients, namely, L := —div(AV) (see (2.5), below, for its
definition), we obtain the non-tangential maximal function characterization of H z(')(R”)
and establish the boundedness of the associated fractional integral and Riesz transform
on Hf(')(R").

Compared with the function spaces with constant exponents, a main difficulty in the
study of variable function spaces is that the quasi-norm || ||»¢)(n) has no explicit
and direct expression. Indeed, || - |[zs¢)(®n is just the Minkowski functional of a convex
modular ball {f € LPO)(R?) : Jgn 1f () P(#) dz <1} (see (2.11), below), which makes
many estimates very complicated. To overcome this difficulty, in this article, we borrow
some ideas from Sawano [50], to be precise, slight variants of [50, Lemmas 4.1 and 5.2]
(which are restated here as Lemmas 3.8 and 5.7). The role of Lemma 3.8 is to reduce some
estimates in terms of LP()(R™) norms of some series of functions into some estimates in
terms of L7(R™) norms of some functions, while Lemma 5.7 establishes some connection
between || - || o()gny and || - [|pac)gny of infinite linear combinations of characteristic
functions; both lemmas play crucial roles in proving the main results of this article.
Conversely, observe that the heat semigroup of the operators considered in [57] has the
pointwise upper bounds, while the heat semigroup of the operators considered in this
article satisfies only some integral estimates; this difference leads to the proofs of main
results of this article becoming more difficult and hence needing some subtler and more
careful estimates, compared with those proofs of the corresponding results in [57].
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This article is organized as follows.

In §2, we first describe Assumptions 2.2 and 2.3 imposed on the considered operator L
of this article. Then we recall some notation and notions on the variable Lebesgue space
LPO)(R™) and give the definition of the Hardy space Hg(')(R") in terms of the square
function of the heat semigroup generated by L.

In §3, we establish the molecular characterization of Hf(')(R”) (see Theorem 3.14),
which is an immediate consequence of Propositions 3.10 and 3.12. In particular, Propo-
sition 3.10 shows that the molecular Hardy space is a subspace of Hz(')(R"), and in its
proof, to overcome the difficulty caused by the variable || - ||1s()®n), We need to apply
Lemma 3.8, which is different from the proofs of corresponding results of Hf (R™) estab-

lished in [11, 34, 35]. Proposition 3.12 shows that Hf(') (R™) is a subspace of the molecular
Hardy space and its proof depends on the atomic decomposition of the variable tent space
TPC)(R™) from [61] (which is restated here as Lemma 3.3) and on Lemma 3.11, which
shows that an atom of 7P()(R™) is a molecule of Hz(')(]R") under the projection operator
mu, 1, with M € N, defined in (3.23), below. To show Lemma 3.11, we need to make full
use of properties of the Davies—Gaffney estimates from Assumption 2.3, since the heat
semigroup {e~**};~ considered in this article has no pointwise upper bounds, which is
essentially different from that of [57].

In § 4, by borrowing some ideas from [34, 35, 37], we introduce the BMO-type space
BMO%% o« (R™) with M € N (see Definition 4.1) and establish the duality between

Hi(')(R") and BMOS/(I_),L*(R") (see Theorem 4.8). To prove Theorem 4.8, we need to

first give several properties related to BMO%L 1« (R™) (see Proposition 4.3, Remark 4.6
and Lemmas 4.4, 4.5 and 4.7). The essential difficulty arising here is that the quasi-
norm || - || Lr()(rn)> 0 general, has no property of the translation invariance; namely, for
any z € R" and ball B(z, r) CR" with z € R" and r € (0, ), [[XB(e,r) || Lr¢) () may
not be equal to ||XB(ztz,r)llLre) (). To overcome this difficulty, we make full use of a
slight variant of [61, Lemma 2.6] (see Lemma 3.9), which is different from the case that
p(-) = constant € (0, 1] as in [34, 35].

In § 5, as an example of operators satisfying Assumptions 2.2 and 2.3, we consider the
second-order divergence form elliptic operator L := —div(AV) with complex bounded
measurable coefficients. In § 5.1, by making full use of the divergence structure of
L, we obtain the non-tangential maximal function characterization of Hf(')(]R”) (see
Theorem 5.3). The proof of Theorem 5.3 mainly depends on the extrapolation theorem for
LPC)(R™) (see [21, Theorem 1.3] or Lemma 5.5), which reduces the proof of Theorem 5.3
to some inequality in terms of the weighted Lebesgue space with constant exponent
in [11]. In § 5.2, as an application of the molecular characterization of Hf(')(R") in
Theorem 3.14, we show that the fractional integral L~ is bounded from H z(')(R”)
to Hg(')(R") for a € (0, (1/2)] and (1/p(:)) — (1/¢(-)) = 2a/n (see Theorem 5.8). The
proof of Theorem 5.8 strongly depends on a slight variant of [50, Lemma 5.2], namely,
Lemma 5.7. In § 5.3, by borrowing some ideas from [12, 38, 59|, we prove that the Riesz
transform VL~1/2 is bounded from Hf(')(]R”) to HP()(R™) (see Theorem 5.17) via the
atomic characterization of HP()(R™) (see [50, Theorem 1.1]).

We end this section by making some conventions on notation. Throughout this article,
we denote by C' a positive constant that is independent of the main parameters but may
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vary from line to line. We also use C,, 3,...) to denote a positive constant depending on the
parameters «, (3, .... The symbol f < g means that f < Cg. If f < gand g < f, then we
write f ~ g. For any measurable subset E of R”, we denote by EC the set R™\ E, and by xg
the characteristic function of E. For any a € R, the symbol |a] denotes the largest integer
m such that m < a. Let N:= {1, 2, ...} and Z; := NU{0}. Let R7™" :=R" x (0, 0).
For any a € (0, 00) and x € R", define

Do(z) ={(y, t) e R : |y — | < at}. (1.2)

If a = 1, we simply write I'(z) instead of T, (z).
For any ball B := B(zp,rp) C R™ with xp € R" and rp € (0, 00), o € (0,00) and
j €N, welet aB:= B(zp,arp),

Uo(B) :=B and U;(B):=(2B)\ (227'B). (1.3)

For any p € [1, o0, p’ denotes its conjugate number, namely, 1/p + 1/p’ = 1.

For any r € (0, c0), denote by L’ . (R™) the set of all locally r-integrable functions on
R™ and, for any measurable set E C R", let L"(E) be the set of all measurable functions
f on E such that || f||p- ) = [[ [f(2)[" dz]¥/" < oo.

2. Preliminaries

In this section, we first describe some basic assumptions on the operator L studied
throughout this article. Then we recall some notation and notions on variable Lebesgue
spaces and introduce the variable Hardy spaces H ,{j(')(R") associated with L.

2.1. Two assumptions on the operator L

Before giving the assumptions on the operator L studied in this article, we first recall
some knowledge about bounded holomorphic functional calculi introduced by McIntosh
[42] (see also [3]).

Let w € [0, 7). The closed and open w sectors, S,, and S, are defined, respectively, by
setting

S, ={z€C: |Jargz] <w}U{0} and SY:={zcC\{0}: |argz| <w}.
A closed and densely defined operator T in L?(R") is said to be of type w if
(i) the spectrum o(7') of T is contained in S,,.
(ii) for any 6 € (w, ), there exists a positive constant C\p) such that, for any z € C \ So,
|2lll(=] = T) "l £ezaqeny) < Cooy,

here and hereafter, £(L?(R")) denotes the set of all continuous linear operators from
L?(R™) to itself, and for any S € £(L?(R™)), the operator norm of S is denoted by

HS||£(L2(R"))~
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For any p € (0, m), define
HOO(SS) ={f: 52 — C is holomorphic and Hf||Loo(32) < oo}

and

Clz|*

\II(SS) = {f € HOO(SS) : Ja, C € (0, 00) such that |f(z)]| < Tt 2P

, Vz € 52}.

For any w € [0, 7), let T be a one-to-one operator of type w in L?(R"). For any 1 €

W(S)) with pu € (w, 7), the operator ¢(T) € L(L*(R™)) is defined by setting

B(T) = / P(E)(ET - T) e,

(2.1)

where v 1= {re?” : r € (0, 00)}U{re "™ : r € (0, 00)}, v € (w, p), is a curve consisting
of two rays parameterized anti-clockwise. It is easy to see that the integral in (2.1) is
absolutely convergent in L?(R") and the definition of 1 (T) is independent of the choice
of v € (w, p) (see [3, Lecture 2]). It is well known that the above holomorphic functional
calculus defined on W(S}) can be extended to Hu(S)) by a limiting procedure (see [42]).
Let 0 <w < pu < 7. Recall that the operator T is said to have a bounded holomorphic
functional calculus in L?(R™) if there exists a positive constant Clw,u), depending on w

and p, such that, for any v € HOO(SS)7

(D)l 2(z2@n)) < Clw 1Pl poe (s0)-

(2.2)

By [3, Theorem F|, we know that, if (2.2) holds true for some p € (w, ), then it also

holds true for all u € (w, ).

Remark 2.1. Let T be a one-to-one operator of type w in L*(R") with w € [0, 7/2).
Then it follows from [47, Theorem 1.45] that T generates a bounded holomorphic

: —zT 0
semigroup {e }zeé‘?rmw on the open sector ST, .

We now make the following two assumptions on the operator L, which are used

throughout the article.

Assumption 2.2. L is a one-to-one operator of type w in L?(R"), with w € [0, 7/2),

and has a bounded holomorphic functional calculus.

Assumption 2.3. The semigroup {e **};~¢ generated by L satisfies the Davies—
Gaffney estimates; namely, there exist positive constants C' and ¢ such that, for any

closed subsets E and F of R" and f € L?(R") with supp f C E,
le™ (Nllzagry < Cem T E D £l 2.
Here and hereafter, for any subsets £ and F of R",

dist (B, F):=inf{|lt —y|: v € E,y € F}.
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Remark 2.4.

(i) The notion of the Davies-Gaffney estimates (or the so-called L? off-diagonal esti-
mates) of the semigroup {e~*F};~ was first introduced by Gaffney [29] and Davies
[23], which serves as good substitutes of the Gaussian upper bound of the associated
heat kernel; see also [7] and related references therein.

(ii) Let L be a non-negative self-adjoint operator on L?(R") and {e*l};~0 be the
analytic semigroup generated by L. The notion of the reinforced off-diagonal esti-
mates introduced in [12] is that there exists a constant py, € [1, 2) such that, for
all pr, < p < q < py, {e" )20 satisfies LP — LY off-diagonal estimates, denoted by
e tleF (L? — L7); namely, there exist positive constants C' and ¢ such that, for all
t € (0, 00), any closed subsets F and F of R” and f € LP(R™) with supp f C E,

He—tL(f)HLq(F) < 0t~ (/2)((1/p)=(1/9)) g—c[dist (E’F)]z/tHfHLp(E),

which is obviously stronger than Assumption 2.3 in this article.

(iii) Let (X, d) be a metric space with a doubling measure p, and L be a one-to-one oper-
ator of type w in L?(X) with w € (0, m/2). The notion of the reinforced off-diagonal
estimates on balls introduced in [11] is that there exist constants py, € [1, 2) and
qr € (2, 0o] such that, for all pr < p <q<qr, {e}i>o satisfies LP — L9 off-
diagonal estimates on balls, denoted by e *f € O(LP — L%); namely, there exist
constants 61, 65 € [0,00) and C, ¢ € (0,00) such that, for any ¢ € (0,00), any ball
B:=B(xp,rp) C X with 25 € X and rp € (0,00), and any locally p-integrable
function f on X,

{5 ) |€_tL(XBf)($)|qdu(w)}l/q

<fs(ga)] i o)

and, for any j € NN [3, 00),

{#(;B) / ) (x)l"du(w)}l/q

< coitn [p (2] —et@rmn { 1 » v
<0277 /2 e u(B) B|f(33)| dp()

and
{u(lB)/BITt(xUj(B)f)(x”qdﬂ(x)}l/q

. 2jTB 02 Y IRy 1 p
<029 T el@rs)"/1) , / rd
- |: ( t1/2 >:| € M(QJB) U (B) |f(£L')| /,L(LE) )
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where U;(B) is as in (1.3) and, for all s € (0,00), T(s) := max {s,1/s}. The notion
of off-diagonal estimates on balls was first introduced by Auscher and Martell [7]
in the setting of a metric space with a doubling measure, which was operational for
proving weighted estimates in [8]. From [7, Proposition 3.2], we deduce that, for
any 1 <p<q<oo, et € O(LP — L7 is equivalent to e ** € F(LP — L9) in the
setting of the classical Euclidean space. By this and (ii) of this remark, we know
that the reinforced off-diagonal estimates on balls introduced in [11] are stronger
than Assumption 2.3 of this article.

Remark 2.5. Let L be an operator satisfying Assumptions 2.2 and 2.3.

(i)

(iii)

By Remark 2.1, we know that the semigroup e *’ is holomorphic in SS/Q_w.

From this, Assumption 2.3 and an argument similar to that used in the proof of
[32, Proposition 3.1], we deduce that, for any k € Z, the family {(tL)*e~*},~¢ of
operators satisfies the Davies—Gaffney estimates (2.3). In particular, for any k € Z .
and t € (0, 00), the operator (tL)*e~*L is bounded on L2(R™).

Let L* be the adjoint operator of L in L?(R™). Then, by [39, Theorems 5.30 and
6.22 of Chapter 3], we know that L* is also a one-to-one operator of type w in
L?(R™). From [30, Lemma 2.6.2], it follows that, for any k € Z, and t € (0, 00),
[(tL)ke~tL]* = (tL*)ke~tL". By this, (i) of this remark and an argument of duality,
we find that, for any k € Z, , the family {(tL*)*e¢~*L" },- of operators also satisfies
(2.3).

By [33, Lemma 2.3], we know that there exist positive constants C' and ¢ such
that, for any ¢, s € (0, 00), any closed subsets E and F of R" and f € L?(R") with
supp f C I,

—s — —c is 2 /max{s
le= e L (D)l pacry < Ce I EPP Mo fl oy (2.4)

We point out that the assumption that L is one-to-one is necessary for the bounded
holomorphic functional calculus on L?(R™) (see [3,42]). By [18, Theorem 2.3], we
further know that, if 7' is a one-to-one operator of type w in L?(R"), then T has
dense domain and dense range.

Remark 2.6. Examples of operators that satisfy Assumptions 2.2 and 2.3 include:

(i)

the second-order divergence form elliptic operator with complex bounded coeffi-
cients as in [34, 35]. Recall that a matrix A(z) := (4i;(x))} ;= of complex-valued
measurable functions on R™ is said to satisfy the elliptic condition if there exist
positive constants A < A such that, for almost every x € R™ and all £, n € C™,

MNEP < R(A(2)E, &) and [(A(x)€, m)| < Al€]Inl,

where (-, -) denotes the inner product in C"* and R denotes the real part of €. For
such a matrix A(z), the associated second-order divergence form elliptic operator
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1/q

R ‘

Figure 1. (p, q)-figure.

L is defined by setting, for any f € D(L),
Lf:=—div(AVf), (2.5)

which is interpreted in the weak sense via a sesquilinear form. Here and hereafter,
D(L) denotes the domain of L. It is well known that there exists a positive constant
w € [0, m/2) such that the operator L is one-to-one of type w in L?(R") and L has a
bounded holomorphic functional calculus in L?(R") (see, for example, [4,10, 35]).
Hence, L satisfies Assumption 2.2. Let k € Z. By [7, Proposition 5.7(a)] (see also
[4, Corollary 3.6]), we find that there exist positive constants p_ (L) and p (L) such
that, for all p_(L) < p < q < ps(L), (tL)ke L € F(LP — L9); namely, there exist
positive constants C' and ¢ such that, for all ¢ € (0, 00), any closed subsets E, F of
R™ and f € LP(R™) with supp f C E,

||(tL)ke*tL(f)||Lq(F) < Ot~ (n/2)(1/p)—=(1/9)) o —c([ dist (E’F)]Q/t)Hf”LP(E)- (2.6)
Moreover, by [4, §3.4], we know that

2n
n+2

p—(L) € {1, > for n>3; p_(L)=1 for ne{l,2} (2.7)

and

2
p+(L) € (712, oo} for n>3; pi(L)=oc0 for ne{l,2}. (2.8)
n—

This implies that L satisfies Assumption 2.3. Figure 1 illustrates the parameters
involved in the LP — L7 off-diagonal estimates satisfied by (tL)*e~*". The bottom-
right corner of the shaded triangle is (1/p_(L), 1/p4+(L)), with p_(L) € [1, 2) and
pi (L) € (2, ], and, for every pair (1/p, 1/q) in the shaded region, (tL)*e~*L €
F(L? — L9).
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(ii) the one-to-one non-negative self-adjoint operator L having the Gaussian upper
bounds; namely, there exist positive constants C' and ¢ such that, for any ¢ € (0, oo)

and z, y € R™,
c |z —yf?
/2 exp ( —e— (2.9)

where p, denotes the kernel of e ~*~. Indeed, every non-negative self-adjoint operator
L is an operator of type 0 and has a bounded holomorphic functional calculus.
Thus, L satisfies Assumption 2.2. Moreover, by (2.9) and [7, Proposition 2.2], we
know that, for any 1 <p < ¢ < oo, e tf € O(LP — L%). By the fact that e *F ¢
O(LP — L) is equivalent to e~'L' € F(LP — L7) (see [7, Proposition 3.2]), we know
that L satisfies Assumption 2.3.

pe(, y)| <

(iii) the Schrédinger operator —A +V on R™ with the non-negative potential V €
L{ .(R™) and not identically zero (see, for example, [32, 38,51, 55] and related ref-

erences therein). Indeed, by [32, Chapter 8], we know that —A + V is a particular
case of (ii) of this remark.

2.2. Variable Hardy spaces Hf(’)(R")

In this subsection, we introduce the variable Hardy space H g(‘)(R"). We begin with
recalling some notation and notions on variable Lebesgue spaces.
Let P(R™) be the set of all the measurable functions p(-) : R™ — (0, co) satisfying

p_:= essinf p(x) >0 and py := esssup p(x) < 0. (2.10)
zERn eRn

A function p(-) € P(R™) is called a wariable exponent function on R™. For any p(-) €
P(R™) with p_ € (1, 00), we define p'(-) € P(R"™) by

=1 forall zeR™

The function p’ is called the dual variable exponent of p.

For any p(-) € P(R"), the variable Lebesgue space LPC)(R™) is defined to be the set of
all measurable functions f satisfying (1.1), equipped with the Luzemburg (also known as
the Luxzemburg—Nakano) (quasi-)norm

p(z)
£l o) gy == inf {)\ € (0, 00) : /n ['f(;)'] dz < 1}. (2.11)

For more properties of the variable Lebesgue spaces, we refer the reader to [20, 25].

Remark 2.7. Let p(-) € P(R").

(i) For any A € C and f € LPO(R™), [[Af]l1oc) @n) = [AlIf ]| 2re) n). In particular, if
p_ € [1, 00), then LP()(R") is a Banach space (see [25, Theorem 3.2.7]), and for
any f, g € LPORY), [|f +9lleor@ny < NFlLeo @ny + 1190 oo @y
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(ii) For any non-trivial function f € LP()(R™), it holds true that

U‘mr“’d .
/Rn {nfm»m o

(see, for example, [20, Proposition 2.21]).
(iii) By (2.11), it is easy to see that, for any s € (0, co) and f € LP()(R"),
AP Leer @ny = I1F 1 sp0) gn)
(see also [22, Lemma 2.3]).

Recall that a measurable function g € P(R™) is said to be globally log-Hélder continu-
ous, denoted by g € C'°8(R™), if there exist constants C7, Cy € (0, 00) and g, € R such
that, for any z, y € R,

O
l9(=) =9l = e T =D
and
Cy
l9(2) = 9l = (oo

Also, recall that the Hardy-Littlewood maximal operator M is defined by setting, for
all f e L} . (R") and z € R",

M) = s [ 1wl (212)

where the supremum is taken over all balls B of R™ containing x.

Remark 2.8. Let p(-) € C'°8(R™) and 1 < p_ < py < oco. Then there exists a positive
constant C' such that, for any f € LPO(R™), [|M(f)]l o) gny < Cllf |l o) @n) (see, for
example, [25, Theorem 4.3.8]).

The following Fefferman-Stein vector-valued inequality of M on LP()(R™) was proved
in [21, Corollary 2.1].

Lemma 2.9 (Cruz-Uribe et al. [21]). Let q € (1, o) and p(-) € C'°8(R") with

p— € (1, 00). Then there exists a positive constant C' such that, for any sequence {f;};en
of measurable functions,

H{iwmq}”q < cH(i 517)

Assume that the operator L satisfies Assumptions 2.2 and 2.3. For any k € N, the
square function Sy i associated with L is defined by setting, for any f € L?(R") and

1/q

Lr() (R™) Lr()(R™)
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z €R",

) 5 1/2
st = | [[ - jenserioml | 213

where T'(z) is as in (1.2) with a = 1. In particular, when k = 1, we write Sy, instead of
S, k- We notice that, for any k € N, S, x is bounded on L?(R™). Indeed, by the Fubini
theorem, we know that, for any f € L?(R"),

20 - 27k —t2L 2 dydt
Lsesn@ras= [ [ j@ntetipwe E a

oo 5 d
-/ / LR DGR T dy S I ey, (214)

where the last step in (2.14) is from [3, Theorem F] (see also [32, (4.1)]).
We now introduce the variable Hardy spaces associated with the operator L.

Definition 2.10. Let p(-) € P(R"™) satisfy p4 € (0, 1] and L be an operator satisfying

Assumptions 2.2 and 2.3. The variable Hardy space H E(') (R™) is defined as the completion
of the space

{f e L2®") : 1SL(f)llpro@n) < o0}

with respect to the quasi-norm

S p(z)
110 oy 7= ||SL(f)||Lp<A>(Rn):inf{Ae(O, 20) : / [Lti)(ﬂc)] dx<1}.

Remark 2.11.

(i) In particular, when p(-) = constant € (0, 1], Hi(')(R”) was studied in [14, 26] as
a special case. We refer the reader to [32,38,55] for more progresses on Hardy
spaces associated with operators satisfying the Davies—Gaffney estimates.

(ii) If L is a non-negative self-adjoint operator having the Gaussian upper bounds
as in Remark 2.6(ii), the variable Hardy space Hz(')(R") was studied in [57,60].
Moreover, when L := —A is the Laplace operator on R™, by [57, Theorem 5.3],
we conclude that, if p(-) € C1°8(R") with n/(n+1) <p_ <p, <1 and (2/p_) —
(1/p+) < (n+1)/n, then Hf(')(]R”) and HP()(R™) coincide with equivalent quasi-
norms, where HP()(R") stands for the wvariable Hardy space (see also Definition
5.10).

(iii) Let ¢ : R™ x [0,00) — [0,00) be a growth function as in [11], and L be an operator
satisfying the reinforced off-diagonal estimates on balls as in Remark 2.4(iii). Then
Bui et al. [11] introduced the Musielak-Orlicz-Hardy space H, r(R™) associated
with the operator L via the Lusin area function. Recall that the Musielak—Orlicz
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space L?(R™) is defined to be the set of all measurable functions f on R™ such that

Iflzogaey =t {3 € 000 [ wtalr@l/nde <1} <o
]R'n.
Observe that, if
o(z,t) :=tP@ forall zeR"™ and te[0,00), (2.15)

then L¥(R™) = LP()(R™). However, a general Musielak-Orlicz function ¢ satisfying
all the assumptions in [11] may not have the form as in (2.15) (see [41]). Conversely,
it was proved in [56, Remark 2.23(iii)] that there exists a variable exponent function
p(+) € C'°2(R™), but t*() is not a uniformly Muckenhoupt weight which was required
n [11]. Thus, Musielak-Orlicz-Hardy spaces associated with operators in [11] and
variable Hardy spaces associated with operators in this article do not cover each
other.

3. Molecular characterization of H?")(R™)

In this section, we first recall some properties of variable tent spaces from [57,61]. Then
we establish the molecular characterization of H Z(') (R™).

3.1. Variable tent spaces

For any measurable function f on Rfﬁ“ and z € R", define

ane = [ 1w e 7

where I'(z) is as in (1.2) with o = 1. For any g € (0, cc), the tent space T9(R"} ™) is defined
to be the space of all measurable functions f such that ||f||Tq(R1“) = [JA(N)l a@ny < 00,

which was first introduced by Coifman et al. in [17].
The following lemma is just [17, Theorem 2].

Lemma 3.1 (Coifman et al. [17]). Let p € (1, o). Then, for any f € TP(R:") and
geT? (R:L_H), the pairing

o= [ 0g D 45

realizes T (R as the dual of TP (R, up to equivalent norms, where 1/p + 1/p' = 1.

Definition 3.2. Let p(-) € P(R"). The variable tent space TP (R!) is defined to
be the space of all measurable functions f such that

1 lrecr gz 2= 1A roamy < 00.
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For any open set O C R™, the tent over O is defined by setting

~

O:={(y. 1) e RY : dist (y, O) = 1}

Let p(-) € P(R™). Recall that a measurable function a on R is called a (p(-), 0o)-
atom if there exists a ball B C R" such that

(i) supp a C E;

(i) for all g € (1, 0), llallpaarety < IBIVAIXB] 7k @n-

We point out that the (p(-), oco)-atom was first introduced in [61]. For any p(-) € P(R™)
with 0 < p_ <p; <1, any sequences {\;}jeny C C and {B;};en of balls in R™, let

Lp(-)(]R")

I\jIxa r-}””-

||XBj HLP(')(R")

A({Ajjens {Bjljen) = H{ % [

The following lemma establishes the atomic decomposition of T”(')(R"), which is a slight
variant of [61, Theorem 2.16] (see also [57, Lemma 3.3]).

Lemma 3.3. Let p(-) € C'°8(R") with py € (0, 1]. Then, for any f € TP()(R™), there
exist {\;}jen C C and a family {a;}jen of (p(-), co)-atoms such that, for almost every
(w, t) € RYT,

fla, )= Naj(x, t) (3.1)

jEN
and
A({Ajtiens {Bjljen) < Cllfllzoe) @ty

where, for any j € N, Bj; is the ball associated with a; and C a positive constant
independent of f.

The proof of Lemma 3.3 is a slight modification of the proof of [61, Theorem 2.16] via
replacing the cubes therein by balls of R”, the details being omitted.

Remark 3.4.

(i) Let p(-) € C™8(R™) with py € (0, 1] and ¢ € (0, c0). By [57, Corollary 3.4 and
Remark 3.6], we know that, if f € TPO(R} ™) N TR} ™), then (3.1) holds true
in both 7PO)(R%) and T9(R’ ).

(ii) Let p(-) € C°8(R™) with p; € (0, 1]. Then, by [43, Remark 4.4], we know that, for
any {/\j}jGN C C and {Bj}jeN of balls in R", ZjeN |)\J| < A({)\j}jeNa {Bj}jeN)-
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3.2. Molecular characterization of Hf(')(Rn)

In this subsection, we establish the molecular characterization of H z(')(R"). We begin
with introducing some notions.

Definition 3.5. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € P(R") with p; €
(0, 1]. Assume M € N and € € (0, o). A function m € L?(R") is called a (p(-), M, €)r.-
molecule if m € R(L™) (the range of L™) and there exists a ball B := B(xp, rg) C R"
with x5 € R™ and rp € (0, o) such that, for any k € {0, ..., M} and j € Z,

1L~ (m) | 2w, sy < 2_j5|2j3|1/2||XB||Zp1(->(Rn)7
where, for any j € Zy, U;(B) is as in (1.3).

Remark 3.6. Let m be a (p(-), M, €)r-molecule as in Definition 3.5 associated with
the ball B C R™. If € € (5, 00), then it is easy to see that, for any k € {0,..., M},

(gL~ )% (m) | p2ny < C|BIY?| x5 HZ;}(')(R")

with C being a positive constant independent of m, k and B.

Definition 3.7. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € P(R") with
py € (0, 1]. Assume M € N and ¢ € (0, o). For a measurable function f on R", f =
Z;‘;l Ajmy is called a molecular (p(-), M, €)-representation of f if {m,},en is a family of
(p(+), M, &) -molecules, the summation converges in L*(R™) and {);};en C C satisfies
that A({\;}en, {Bj}jen) < 0o, where, for any j € N, B; is the ball associated with m;.
Let

H’is'zv’f(]&”) :={f: f has a molecular (p(-), M, ¢)-representation}.

Then the wvariable molecular Hardy space Hzf'])vf(R") is defined as the completion of

Hli(gvf(]R”) with respect to the quasi-norm
1 W ez, ey 3= 10 {A({AJ}jEN’ {Bj}jen) :

o0
f= Z Ajm; is a molecular (p(-), M, s)—representation},
j=1

where the infimum is taken over all the molecular (p(-), M, €)-representations of f as
above.

To establish the molecular characterization of H z(')(R”), we need the following two
technical lemmas. Lemma 3.8 is a slight variant of [50, Lemma 4.1] with cubes therein
replaced by balls here.
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Lemma 3.8. Let p(-) € C'°8(R™), p := min{p_, 1} and ¢ € [1, 00). Then there exists a

positive constant C such that, for any sequence {Bj}jen of balls in R™, {\;};en C C and
functions {a;};en satisfying that, for any j € N, supp a; C B; and ||a;||parny < |Bj|"/9,

0o 0o 1/p
H {ZP\J‘GHP} < CH [Z )‘jXBj|p:|
j=1 j=1

Proof. For any sequence {B;};en of balls in R™, we can find a sequence {Q;};en of
cubes in R™ such that, for any j € N,

1/p
(3.2)

Lp(~)(]Rn) Lp(-)(]Rn)

Bj C Qj C \/ﬁBj. (33)

It is easy to see that, for any @ € /nB;, M(xs,)(z) > (|B;|/|v/nB;|) = n~("/2). Hence,
for any j € N and x € R",

xQ;(#) < Xyam, () S M(xs,)(@). (3-4)

By [50, Lemma 4.1], we know that (3.2) holds true with B; replaced by Q;. From this,
(3.3), (3.4), Remark 2.7(iii) and Lemma 2.9, we deduce that

o0 1/p o0 1/p
> val] <[ e }
=1 Lr() (Rn) j=1 Lr() (Rm)
1/2)2/p
s|{ o, 2]
{; sz(')/ﬁ(Rn)
0o 1/2y12/p
s|{ s, }
=1 L2/ (Rn)
oo 1/p
~| [ ot .
j=1 Lr()(R™)
This finishes the proof of Lemma 3.8. (|

The following lemma is just [61, Lemma 2.6] with cubes therein replaced by balls here
(see also [57, Lemma 3.13] and [36, Corollary 3.4]).

Lemma 3.9. Let p(-) € C'°(R™). Then there exists a positive constant C such that,
for any balls By and Bs of R™ satisfying By C Ba,

B HP- 3 rom B\ P+
C_1< 1|) < X B; | Lo (mm) SC(|1> . (3.5)

| Ba| X B2 | Lre> (mm) | Ba|

Proof. For i € {1, 2}, let B; := B(x;, r;) with 2; € R™ and r; € (0, ). For any x €
R™ and r € (0, c0), denote by Q(z, r) the open cube centred at x with the side length
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r. Let Q1 := Q(z1, 2r1/v/n) and Q2 := Q(x2, 2r2). It is easy to see that Q1 C By C
BQ - Q27

|B1| ~ Q1] and [Ba| ~ |Q2]. (3.6)
Let @1 := Q(z1, 2r1). Then we have Q1 C By C @1. Hence, we obtain
Xl Lo @ny < IXBy lLro @n) < X, lro) @R
By [61, Lemma 2.6], we know that |[xq, [|zr¢)&n) ~ [IXg, |l Lre) @n)- Thus, we have
IXB: [l Lo &y ~ 1XQu [ o) () (3.7)
Similarly, we obtain

X8, [l o) @®ry ~ 11XQa | Loy () (3.8)
Conversely, by the fact that @1 C Q2 and [61, Lemma 2.6], we find that
(|Q1|>1/p— - HXQl”LP(')(R") < (|Q1|>1/er
Q2| ~ Ix@a e @y ~ \ Q2 ’

which, combined with (3.7), (3.8) and (3.6), implies (3.5). This finishes the proof of
Lemma 3.9. g

We now turn to establish the molecular characterization of H f(')(R").

Proposition 3.10. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € C°2(R")
with py € (0, 1]. Assume M € NN (n/2[(1/p-) — (1/2)],00) and € € (n/p—, 00). Then
there exists a positive constant C' such that, for any f € Hﬁ{‘kIE(R”), ||f||H§(.)(]Rn) <

C”fHHZ(,‘])»f(R")'

Proof. Let f EH%'%IE(R"). Then, by Definition 3.7, we know that there exist
{A\j}jen € C and a family {m;}en of (p(-), M, €)r-molecules, associated with balls
{Bj}jen of R™, such that

f=>_X\m; inL*R") (3.9)
j=1
and
Hf||H§<T-;;(Rn) ~ A({N\j}jens {Bj}jen). (3.10)

By (3.9) and the fact that Sy, is bounded on L?(R") (see (2.14)), we find that

Su(f) - &(fjlmj)

which implies that there exists a subsequence of {SL(Z?’:l Ajm;)}nen (without loss of
generality, we may use the same notation as the original sequence) such that, for almost

=0,

lim ‘
N—o0 L2(R7)
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every x € R",

Si(f)(z) = ngnoosL(ZA mj>

Hence, for almost every z € R™, it holds true that

2) < INISLmy) (@) = DD I ISL(my) (@)xu, s, (@),
j=1

j=114=0

where, for each j € N and i € Zy, U;(B;) is defined as in (1.3) with B replaced by B;.
From this, Remark 2.7(iii) and the fact that p_ € (0, 1], it follows that

||SL(f)| Z[);(~)(Rn = |HSL(f)]p7 HLP(')/:Df (R™)

o0 o0
Z |A P~ [SL(my)xv.(8,)]"~
:0 LP(')/P_(Rn)
e’} e’} 1/;0— pP—
= {ZIA P82 (my )X () } (3.11)
=0 j=1 LrC) (R™)

To prove Proposition 3.10, it suffices to show that there exist positive constants C' and
0 € (n/p_, oo) such that, for any i € Z; and (p(-), M, €)r-molecule m, associated with
ball B := B(zp, rp) with 25 € R™ and rp € (0, 00),
1Sz (m) | 2w, (B)) < C2_i9|2i3|1/2||XBHZ;»(R“)' (3.12)
Indeed, by (3.12), we find that, for any i € Z; and j € N,
121X 3, | oo oy Sz () X0 [l 2 (mmy S 12°By ]2, (3.13)
Notice that, for any = € R™,
X2, (2) < 2" M(xs,) (@), (3.14)
where M is the Hardy-Littlewood maximal function defined in (2.12). Since 6 €

(n/p—, o), we can choose a positive constant r € (0, p_) such that 0 € (n/r,c0). By
this, (3.13), Lemmas 3.8 and 2.9, (3.14) and Remark 2.7(iii), we conclude that

o 1/p-
H{ [IA1SL(mg)xu, ;) ~ }

Jj=1

00 1/p-
’S H{ Z [2_19HXB]’ ||£1}(‘)(Rn)|)\j|X2iBj]p7 }
j=1

Lp(-)(]Rn)

Lp(‘)(]R")
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) AT p—/ry 1/p—
S 2—2(0—(n/7“)) ’{ Z |:M<| J XBj>:| }
)

jEN |XB]‘ HZP(')(R”

Al e
{% |: ||XBj HLP(‘)(R")
Al N
(Sl
)

Gen ||XBj||2p<->(Rn
~ 2710 A Y jen, {B; Y jen)-

From this, (3.11), (3.10) and the fact that 6 € (n/r, 00), we deduce that, for any f €
Hp(')aE(Rn)
L,M )

Lp(-)(]R”)

1/r
o 9—i(0—(n/r)) /

Lp()/r(Rn)

< 9-ilB=(n/r)

Lp()/r(Rn)

oo 1/p—
1 g = 12 laromy 5 { 2O E Uy ~ gy
=0

which is the desired result.
Next, we prove (3.12). Indeed, when i € {0, ..., 10}, since Sy, is bounded on L?(R")
(see (2.14)), by the definition of (p(-), M, e)-molecules, we have

ISL(m) | z2wi(my) < Imllze@ny S 1BIY2IxE] oo @y (3.15)

When i € Z N[11, o), for any given n € (0, 1), we write

o0 . dydt | 1Y?
Isetmliway = | [ 7] ere et 25 al
i(B) J0 B(z,t)
2“er d dt 1/2
<\ L[ et R |
U:(B) Jo B(z, ) t

. 1/2
N U / / o dx} — T4 1L (3.16)
U;(B) J2inrg J B(x,t)

To estimate II, by Remark 2.5(i), we find that, for any k € Z, and t € (0, c0), (tL)*e~tF
is bounded on L?(R™). From this, it follows that

- L dt
e | [ e L ) ) e o
J(B) J2inry Jrn
> dt 1/2
< LM (m)||22zn dx}
/A A e

1 \4M+n 1/2
< |\ LM n ‘ d
SIM oo [ () ]

< 27 ICMA(/2)9in /2| LM (1) || Lo gy r M. (3.17)

1/2
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By the fact that m is a (p(-), M, €)r-molecule, € > (n/p_) > (n/2), Remark 3.6 and
(3.17), we know that

I 5 2_in(2M+(n/2))|2iB‘1/2||XB||Z,}(.)(Rn). (3.18)
To estimate I, for any i € Z4 N [11, c0), let
S;(B) := (21+'B)\ (22B) and 51'(3) = (21+2B)\ (21°B).

If t € (0, 2"rp) and = € U;(B), then it is easy to see that B(z, t) C S;(B). From this,
we deduce that

e dyat | 7"
I < 2L t P
{/U(B / / [t"Le (mxs (ye) (W) Ty }

2rs dyadt  1"?
+ {/ / / |t2Le*t2L(mX§_(B))(y)‘2 24_1(14
Ui(B) Y0 B(x,t) ‘ t

=1 +IL,. (3.19)
For I, notice that, for i € Z4 N[11,00),

2
U Uin(B

k=-2

then, by the boundedness of Sy, on L?(R") (see (2.14)), we obtain
Ly < [|Sp(mxg, g2 S lmxg, gy lz@n) S 27°12° B 2lIxa] ooy @y (3:20)

For I, by Remark 2.5(i), we know that {tLe 'l},.q satisfies the Davies-Gaffney
estimates (2.3). From this and the fact that dist ([S;(B)]C, S;(B)) ~ 2irg, it follows that

s /%) dt 1"
L < [ / [ e dx}
(B) L2(R™) tn+1

2y N 1/2
t dt
< n . d
S lmllz e )|:/Ui(B)/O (2%’3) tntl I]

S ||mHL2(Rn) |2iB|1/22_(i/2)[N(1_77)+77n] |B|_(1/2)7 (321)

where ¢ is as in (2.4) and N € (n+1, co) is determined later. This, together with
Remark 3.6 and (3.21), implies that

I 52_(1‘/2)[N(1—77)+""]|2iB‘1/2||XB”£z}(-)(R")'

Combining this, (3.20), (3.19), (3.16) and (3.18), we find that, for any (p(-), M, €)r-
molecule m associated with ball B C R™ and i € Z N[11, o0),

182 0m) L2, o) < 2712 B2 lxsll Lo o (3.22)
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6= min{;[N(l — )4 e n(2M+ Z)}

By the fact that M € (n/2[(1/p—) — (1/2)],00), we can choose some 7 € (0, 1) such that
n(2M + (n/2)) > (n/p-). Then, by taking N :=2n/(1 —n)p_ and ¢ € (n/p_, ), we
find that 6 € (n/p_, co), which, together with (3.22) and (3.15), implies (3.12). This

where

finishes the proof of Proposition 3.10. O
Let M € N and L satisfy Assumptions 2.2 and 2.3. For any F € T2 (RT‘l) and z € R™,
define
> dt
mnn(F)(a) = [ (BN CEEC 1)) T (323)
0

Lemma 3.11. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € P(R™) with py €
(0, 1]. Assume that A is a (p(-), co)-atom associated with ball B C R™. Then, for any
M €N and ¢ € (0, 00), there exists a positive constant Cyy, .y, depending on M and e,
such that C(a, o 7, L(A) is a (p(-), M, €)-molecule associated with the ball B.

Proof. Let A be a (p(+), oo)-atom associated with ball B := B(xzp, rg) C R™ for some
xp € R" and rp € (0, 00). Then we know that

”A”T?(Ri“) = ‘B‘l/QHXBHZpl(o(Rn)' (3.24)
Let
m = my, (A) and b= L M(m). (3.25)

Next, we show that m is a (p(:), M, €)-molecule associated with B, up to a harmless
constant multiple. Indeed, when k € {0, ..., M}, by (3.25) and (3.23), we find that, for
any g € L*(R"),

JRG P ACOrare

= [ [ e et ) @)  do
nJO

:/ / PO A, 1)L e PE (g) () da . (3.26)
O n

From this, the fact that supp A C B, Lemma 3.1, Remark 2.5(ii), (2.14) and (3.24), we
deduce that, for any k € {0, ..., M} and g € L?(R"),

[ oppr @i

dt

ol <03 [ 1@ OIEL ) ()] d

<rg HAHTQ(RW)II(tQL*)’““e’t L*(9>HT2(R¢+1)
—7"3 HAHT2 R”“)HSL* k+1(9) [ 2 (&)

S BB xs Loy gy 9l 2 ), (3.27)
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which implies that
1LY O 2y S BB Ixs Lo gy
By this and (3.25), we conclude that, for any 7 € {0, 1, 2},
I(r5* LY ()| 2w, ) S |B|1/2||XB||LP< ) (R7)* (3.28)

When k € {0, ..., M}, from (3.26), Remark 2.5(ii), (2.14) and (3.24), we deduce that,
for any j € Z, N [3, 00) and g € L*(R") with supp g C U;(B),

\ [ oo
U;(B)
dt

M/A|A(ff7 DI L) e (g) ()] dw —

t
« 27
<ry HA||T2(R”+1 I(#2L )k+1e or (Q)XBHT?(R"“)
SrBIBI el e o | (L e ()X gl ey (3.29)

By the Hoélder inequality and Remark 2.5(ii), we find that

% 427
NPLY+ e (g)x g oy

I cbil 2L dydt . 12
-1 L (g 0 G aa]
[ R 2Lt dydt  1?
LI e R e
L x,t)N

e dt
/ /|t2 k+1 tL()()|2d :|
2

< / e—2c((2rp)? /t"‘)”g”L2 (B)) dt}
0

IN

IA

rE ¢ 2N dt 1/
s /0 (2jr3) t} 91l 22w, () S 27 m lgllz2(w; (),

where the positive constant ¢ is as in (2.3) and N € N is determined below. From this and
(3.29), it follows that, for any j € Z, N3, co) and g € L*(R™) with supp g C U;(B),

\ [ D et
U;(B)

This further implies that, for any j € Z, N [3, 00)

< 2N M 12

||XBHLP()(]R7L)||9||L2 (B))-

”(T%L)k(b)an uBy S < 9=i(N+(n/2)),. 2M‘2JB|1/2||XB|‘Z;(-)(Rn)-
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By choosing some N € N such that N 4+ n/2 > ¢ and (3.25), we conclude that, for any
j S Z+ N [3, OO),

15> L7 (m) 2w, 8y S 2775127 B2 lIxB | oo - (3.30)

Combining (3.30) and (3.28), we know that m = mas 1,(A) is a (p(-), M, €)-molecule
associated with B, up to a harmless constant multiple. This finishes the proof of
Lemma 3.11. (]

Proposition 3.12. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € C'°8(R") with
py € (0, 1]. Assume M € N and ¢ € (0, 00). Then, for any f € Hz(')(R”) N L2(R™), there

exist {\;}jen C C and a family {m;};en of (p(-), M, €)r-molecules, associated with balls
{Bj}jen of R", such that f =322, \jm; in L*(R") and

A({A}ens {Bitien) < Cllfllro oy
where the positive constant C' is independent of f.

Proof. For any fe H?")(R")N L2(R") and (z,t) € R, let F(z, t) := t2Le 'L
(f)(x). By [3, Theorem F], we know that t2Le ="~ is bounded from L2(R™) to T2(R"").
This, together with f € HE(')(]R”), implies that ' € T?(R}) N TPO)(RTT). Then, by
Lemma 3.3 and Remark 3.4(i), we conclude that there exist {)\;};en C C and a family
{a;j}jen of (p(-), co)-atoms, associated with balls {B;};en of R™, such that

F=Y Xa; inT*RT)NTPO®RH) (3.31)
j=1
and
A(Ajjems ABjljen) S IF oo @ntry ~ 11 o) oy (3.32)

By the bounded holomorphic functional calculi for L, we know that

o0 - B at , .
f=Cun / (BEL)MH e L(2Le T L(f)) — =muo(F) in *R"), (3.33)
0
where C(yy is a positive constant such that Car) 5~ t2(M+2) =2 (q¢ /¢) = 1. Via some
arguments similar to those used in the proofs of (3.26) and (3.27), we conclude that 7/, 1,
is bounded from T?(R'} ™) to L2(R™) (see also [11, Proposition 4.5(i)]). From this, (3.33)
and (3.31), it follows that

f = C(M)ﬂ'M,L(Z >\jaj> = C(M) Z )\jﬂ'M7L(aj) n LZ(Rn). (3.34)
j=1 j=1

Noticing that, for any M € N, e € (0, co) and j € N, mar, .(a;) is a (p(-), M, €)-molecule,
up to a harmless constant multiple (see Lemma 3.11), by Definition 3.7, we know that
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(3.34) is a (p(+), M, e)-molecular representation of f. This, together with (3.32), finishes
the proof of Proposition 3.12. O

Let L satisfy Assumptions 2.2 and 2.3 and p(-) € P(R™) with py € (0, 1]. For any

M €N and ¢ € (0, 00), define Hz(gmsM(]R”) as the set of all finite linear combinations
of (p(+), M, €)r-molecules.

We have the following proposition, which plays a key role in the proof of Theorem 4.8,
below.

Proposition 3.13. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € P(R™) with
py € (0, 1]. Assume M € N and ¢ € (0, c0). Then HE(E‘HEM(R") is dense in Hz(])\f(R")

with respect to the quasi-norm || - ||Hp<> < @n)-

Proof. Let g € HZ(])VIE (R™). Then, by Definition 3.7, we know that, for any § € (0, o0),
there exists a function f € H’Z(’g\f (R™) such that

||g - fHHz('])Vf(Rn) < 5/2 (335)

By the definition of H’L)( kf(R”), we find that there exist {\;}jen C C and a family
{m;}jen of (p(-), M, £)-molecules, associated with balls {Bj}jen of R™, such that
f= Z;)il /\jmj in LZ(Rn) and A({)\j}jENv {Bj}jeN) < 0. Now, for any N € N, let
fn = Z;‘V:1 Ajmj. Then we have

f— fN||H€€'%%E(Rn) < A{MZN 41 1B} N+1)

_ i [ Ailxs, r v (3.36)
oM IxB; | Lo (mm) 1O/ (gmy '
Since
oo ‘)\ |XB p— 1/1),
A ben. (By}en) = [ <,
— LlIxs, HLP()(]R" LP()/P— (Rn)

it follows that, for almost every z € R",

. 3 [lbai ],
N—o0

i Lxss oo @)

Combining this and the dominated convergence theorem (see, for example, [25, Lemma
3.2.8]), we have

1/p—
=0.
LP)/P— (Rn)

. - |/\j|XBj P
| 3 |

i Lixs; lleo @y
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By this and (3.36), we conclude that || f — fNHHpm,a(Rn) — 0 as N — oo. Hence, we find
L, M

that, for any § € (0, o), there exists some Ny € N such that, for any N > N,
Hf - fNHHﬁ(Y'J)\f(R") < 6/2 (337)

Obviously, for any N € N, fy € Hzfgl’nfM(R”). From (3.35) and (3.37), we deduce that,
for any ¢ € (0, c0), when N > N,

||g - fN||H€€'%%E(Rn) S Hg - f”HZ(jif(R”) + ”f - fN”Hﬁf'}f(R") RS
Thus, Hg(g’HEM(]R”) is dense in Hf('l)vf(R”) with respect to the quasi-norm || - [, ,»¢). «
) E ’ L, M

(R™)”
This finishes the proof of Proposition 3.13. (I

By Propositions 3.10 and 3.12, we immediately conclude Theorem 3.14 below, which

establishes the molecular characterization of H f(')(]R”). Since the proof is obvious, we
omit the details.

Theorem 3.14. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € C'°8(R™) with p, €
(0, 1]. Assume M € NN (n/2[(1/p-) — (1/2)], o0) and ¢ € (n/p—, o). Then Hzf'])vf(R")

and Hf(')(]R”) coincide with equivalent quasi-norms.

Remark 3.15.

(i) Notice that Hofmann et al. [32, Theorem 4.1] established the atomic characteriza-
tion of the Hardy space H} (X) associated with a non-negative self-adjoint operator
L (see also [38, Theorem 5.1] for the atomic characterization of H?(X) with

p € (0, 1]). In this article, we cannot obtain an atomic characterization of Hz(') (R™)
similar to [32, Theorem 4.1] (or [38, Theorem 5.1]), though we can establish the

molecular characterization of H z(')(R”) (see Proposition 3.12) by using the atomic
decomposition of tent spaces. The intrinsic reason for this is that the operator L of
this article may not be self-adjoint, which has been pointed out in the introduction
of [32]. More precisely, by Lemma 3.11, we know that the operator 7, 1, only maps
any (p(-), 0o)-atom A of TPO(RH) into a (p(-), M, €)r-molecule of Hz(')(R”),
which has no compact support. However, if the operator L is non-negative self-
adjoint, by the finite speed propagation for the wave equation (see [32, Definition
3.3 and Lemma 3.5]), we can further show that 7y 1,(A) has compact support and

hence is an atom of Hf(')(R"), the details being omitted.

(ii) In particular, when p(-) = p € (0, 1] is a constant, and L satisfies Assumptions 2.2
and 2.3, then Theorem 3.14 coincides with [26, Theorem 3.15] in the case when the
underlying space X := R".

(iii) When p(-) =1 and L is a one-to-one non-negative self-adjoint operator, from
Theorem 3.14, we deduce that, for any given M € NN (n/4, co) and € € (n, c0),
HiiV[(R") and H}(R") coincide with equivalent quasi-norms, which was already

https://doi.org/10.1017/5S0013091517000414 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091517000414

784 D. Yang, J. Zhang and C. Zhuo

obtained in [32, Corollary 5.3] and the ranges of M and e coincide with those of
[32, Corollary 5.3]. Moreover, when p(-) =p € (0, 1], Theorem 3.14 was already
obtained in [38, Theorem 5.1].

(iv) If p(-) =p € (0, 1] is a constant and L is the second-order divergence form ellip-
tic operator as in (2.5), by Theorem 3.14, we find that, for any given M €
NN (n/2[(1/p) — (1/2)], c0) and € € ((n/p), 00), HY 5,;(R™) and HY (R™) coincide
with equivalent quasi-norms. This is just [35, Theorem 3.5], and the ranges of M
and e coincide with those of [35, Theorem 3.5].

Corollary 3.16. Let L satisfy Assumptions 2.2 and 2.3 and p(-) € C'°8(R"™) withp, €
(0, 1]. Suppose T is a linear operator, or a positive sublinear operator, which is bounded on
L?(R™). Let M € NN (n/2[(1/p-) — (1/2)], 00) and € € (n/p_, c0). Assume that there
exist positive constants C' and § € (n/p_, oo) such that, for any (p(-), M, ¢)-molecule
m, associated with ball B of R"™, and j € Z.,

1T ()2, 3y < C279127 B2 xsl L oy

Then there exists a positive constant C' such that, for any f € Hf(')(R"),

1T v @y < C||f||Hz<->(Rn). (3.38)

Proof. By Theorem 3.14, we know that Hi("z\’/f(R”) is dense in Hz(')(R") with respect

to the quasi-norm || - ||Hp<»>(Rn). Hence, to complete the proof of Corollary 3.16, we only
L

need to show that, for all f € Hi%’f(R”), (3.38) holds true. The remainder of the proof
of Corollary 3.16 is a complete analogue of the proof of Proposition 3.10, the details being
omitted. This finishes the proof of Corollary 3.16. O
4. The duality of H?")(R")

Let L satisfy Assumptions 2.2 and 2.3. In this section, we mainly consider the duality
of Hf(')(R”). To this end, motivated by [34, 35|, we introduce the following BMO-type
space BMO%L 1« (R™). Here and hereafter, we denote by L* the adjoint operator of L.
Let p(-) € P(R") with p; € (0, 1] and L satisfy Assumptions 2.2 and 2.3. In what
follows, let 0,, be the origin of R™. For any M € N and ¢ € (0, co), define
MEN LR = {jri= LY W) - v € DIM), [l v oy < 0},

where D(L™) denotes the domain of LM and

et gy i= sup 29| B(0,, 2)" Y |x g5 ) (&
||“‘|Mp(§{L(R) jSEUZIi |B(0n, 27)]| ||XB(on,1)||Lp<>(R)

M
X Z ”Lik(ﬂ)”LZ(Uj(B(ﬁm1)))- (4.1)
k=0
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Let

e€(0,00)
Here and hereafter, (M;(])VIL( ™))* denotes the dual space of /\/lp() . (R™); namely, the
set of all the bounded linear functionals on /\/lp(.), . (R™) and, for any f € (ME(]yL(R"))*
and ge M= (R™), (f, g)a denotes the duality between (./\/la(]yL( ™))* and
Mp() L(R").

Definition 4.1. Let p(-) € P(R™) with p; € (0, 1], M € N and L satisfy Assumptions
2.2 and 2.3. An element f € M%.’)TL(R") is said to belong to BMO%% - (R™) if

p(), L

B 2 0]
f ny = Sup [/ e Bl )| do < 0,
H ||BMO (), o (R™) Bekn HXB”LP() R | ( )( )|
where the supremum is taken over all balls of R"™.

Remark 4.2.

(1) We point out that (4.2) is well defined. Indeed, since {e~*F},~ satisfies Assumption
2.3, it is easy to see that, for any ball B C R", ¢ € L?(B), ¢ € (0, o0) and M € N,
2 * n
(I — et )M(g) e MG (R™). For any f € My (R), define
27 42
(I =™ ENM(f), 0) i= (f (T = e )M (6))an. (43)

Then we know that there exists a positive constant C(, gy, depending on ¢, rg and
dist (B, B(0,, 1)), such that

(= e M), B < Sl age 0, oy I = €M ()

»(y, o (R
< C, B)Hf” M

By the Riesz theorem, we further conclude that, for any ball B € R™ and ¢ € (0, o0),
(I —e "M () € L*(B)

and

(I = e EYM(f), ¢) = / (I = e " )M (f)(@)p(x) da.

B

Thus, (4.2) is well defined.

ii) An element f € MM .(R™) is said to belong to BMOM | | (R™) if it satisfies (4.2
(), L p(), L
with L* replaced by L.
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The following proposition shows that elements of M;’('J\)/[L(R”) are just (p(-), M, €)r-

molecules of H z(') (R™) and vice versa.

Proposition 4.3. Let p(-) € C'°8(R") with py € (0, 1], e € (0, o0) and M € N. If i €
M;’(yL(R”), then i is a harmless positive constant multiple of a (p(-), M, €)-molecule
associated with the ball B(0,,, 1). Conversely, it m is a (p(-), M, €)z-molecule, associated

- n 7M n
with ball B C R", then m € M;(%L(R ).

Proof. If pue M;’({;{L(R"), then, by (4.1), we find that, for any j € Z, and k €
{07 cey M}v
1L 00l 6,1y S 272 B @ DI, 1l oy

which implies that p is a harmless positive constant multiple of a (p(-), M, €)-molecule
associated with the ball B(0,,, 1).

Conversely, if m is a (p(+), M, €)-molecule associated with ball B := B(x g, rg) C R"
with g € R" and r5 € (0, 00), then, by Definition 3.5, we know that, for any j € Z
and k € {0, ..., M},

1L )2y < 277812 BI 2 xsll Lo ny- (4.4)
Moreover, it is easy to see that there exist [;, I € N, depending on B, such that
B(0,, 1) C B(zp, 2"rp) and B(zg, rg) € B(0,, 2'?). (4.5)
By this and Lemma 3.9, we have

) 5 2l2(n/p,

g h(n/p-) ||XB(6", 1) ||LP<‘>(]R") S HXB(;cB,rB) ”LP(‘)(R" )||XB(5,,“ 1)||Lp<->(Rn)~

Combining this, (4.4) and (4.5), we find that there exists a positive constant C, 1,, By,
depending on Iy, Iy and B, such that, for any j € Z, N[ly +1, c0) and k € {0, ..., M},

HLik(m) HLZ(U].(B((*)H, ny = ||L7k(m)||L2(2i+ll B(zp,rp)\2~'""2B(zp,r5))

5
< Z 2_(]+l)ET2Bk|2J+lB(fE37 TB)|1/2||XB(IB,T’B)Hzg(v)(Rn)

I=—1I,

S C(h, la, 3)27J5|2jB(0n, 1)|1/2 HXB(@“ 1) ||Zi(')(]R")'
Similarly, when j € {0,...,l2}, it holds true that
—k —je19d R(7 1/2 —1
”L (m)||L2(Uj(B(6n71))) S 2 JE|2JB(0na 1)| / ”XB(G,L7 1)HLP(-)(Rn)7
where the implicit positive constant depends on Iy, ls and B. Therefore, we obtain
||mHMs,(M (®ny < 00

(), L

e, M

This implies that m € M [

(R™), which completes the proof of Proposition 4.3. O
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To prove the main result of this section, we need the following lemmas, which are,
respectively, slight variants of [34, Lemmas 8.1 and 8.4] (see also [37, Lemmas 4.1 and
4.3]), the details being omitted.

Lemma 4.4. Let p(-) € C'8(R") with py € (0,1 and M €N. Then f¢€
BMO%%L(R") is equivalent to that

1/2
T = sp P -+ ()P "
BMOM re: (gn) = SUP r% x)|” dx 00,

ek Ixsllze ) (R

where the supremum is taken over all balls of R". Moreover, there exists a positive
constant C' such that, for any f € BMO%‘),L(R"),

-1
1 lsnope ) @ny < Iflpmort.res @y < CllfllBmons, , @n)-

Lemma 4.5. Let p(-) € C'°8(R") with p, € (0, 1], &, e € (0, c0), M € N and M >
M + &+ 7. Suppose that f € M%’)*L(R") satisfies

(L= (I + L)~ M () ()
/ﬂ T+ o e dz < oo. (4.6)

Then, for any (p(-), M, €)-molecule m, it holds true that

<f7 m>M = C(M) //Rn+1 (tQL*)Me_tQL* (f)(aj‘)m dl‘tdt,

where C(yy) is a positive constant depending on M.

Remark 4.6. We point out that, for any € € (n(1+ (2/p-) — (2/p+)), o0), M € N
and f € BMO%LL*(R"), f satisfies (4.6). Indeed, by Lemma 4.4, we obtain

wp B {/| (I + 7309 ] ()(x)|2dx}1/2<oo. (@7)

Bekn [XBI Lo &y

We write

JIRLEES el T

1+ |x|nte

M

| =T+ ) M@
Uj(B(0,, 1))

L+ o
<3 9+ / = (I + L)~ M (f) (@) 2 da. (438)
=0 (B(0n,1))
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For any j € Z,, we choose a family {Bk}zflj " of balls with radius rp, = 1, where the

positive constant ¢, := [n"/2 —27"| + 1, such that, for any k € {1, ..., ¢,2/"},
cn29™
Bi C B(0n, vn2'), U;(B(0,, 1) C | B (4.9)

and, for any z € R" Zk 1 XBk (z) < 3. From this, (4.7), (4.9) and Lemma 3.9, it follows

that
1/2
{ [ - <I+L*>11M<f><x>|2dx}
U;(B(0n, 1))

Cn 2jn

<> { /B k [I—(I+L*)‘1]M(f)(w)|2dw}l/2

k=1

cn27™

5 Z ||XBk ||LP(')(]R7L)

k=1
< 9in(1+(1/p-)—(1/p+))

[fllsmoy . )

||XB(6n,1)HLP(')(R“)||f”BMOM) L (R™)"

Combining this, (4.8) and the fact that € € (n(1+ (2/p-) — (2/p+)), 00), we have

*\—11M 2
/ =+ L) (H@)E <ZQ D n O /p =W FR o

7=0
2
5 ||f||BMOg{-),L* (R™) < 0.
Therefore, the above claim holds true.

By Lemma 4.4, we obtain the following technical lemma. The proof of Lemma 4.7 is
similar to that of [34, Lemma 8.3], the details being omitted.

Lemma 4.7. Let p(-) € C'°8(R") with py € (0, 1] and M € N. Then there exists a
positive constant C such that, for any f € BMOIJ,V(IA)VL(R”),

/2
B {/ L , dzdt]!
sup (t? L )|t —— <C ny,
ek Xl o @ I( (N)@)” = 1 lemom |, @)

where the supremum is taken over all balls B of R™.

We are now ready to establish the duality between Hz(‘)(R") and BMO%)’L* (R™).
In what follows, let (Hg(')(R"))* be the dual space of Hi(')(R”), namely, the set of all

bounded linear functionals on H?")(R™).

Theorem 4.8. Let p(-) € C'°8(R") with py € (0, 1], € € (n/p_, 00) and M € NN
(n/2[(1/p-) — (1/2)], o). Then (H,)(R™))* coincides with BMOM, |.(R") in the
following sense:
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(i) Let g € (Hf(')(]R”))*. Then g € BMO%%L*(R") and, for any [ € HE(AHQAZ(R"), it
holds true that g(f) = (g, f)m. Moreover, there exists a positive constant C' such
that, for any g € (Hp(')(]R”))*,

||9||BMON{) L

(R™) < C”g” H”() (Rm))*

(ii) Conversely, let g € BMO%LL* (R™). Then, for any f € Hffg’n?’;[(R"), the lin-
ear functional l,, given by l4(f):= (g, f)m, has a unique bounded extension

to Hg(‘)(R") and there exists a positive constant C such that, for any g €
BMO,( - (R™),

”lgH(HZ(')(Rn))* < Cllgllgmom

oy, L (BR™)

Remark 4.9. If p(-) =p € (0, 1] is a constant and L is a one-to-one non-negative
self-adjoint operator (respectively, a second-order divergence form elliptic operator),
then Theorem 4.8 coincides with [38, Theorem 4.1] in the case when the underlying
space X :=R"™ and the Orlicz function w(t) := ¥ for all ¢ € [0, co) (respectively, with
[37, Theorem 4.1] in the case with the same aforementioned Orlicz function w).

Proof of Theorem 4.8. We first prove (i). Let g € (Hf(')(R"))*. Then, for any f €
Hg(')(R"), we have

|g(f)| < ||g||(Hz(')(]Rn))* ”fHHE(‘)(R")' (410)

By Proposition 3.10, we know that, for any € € (n/p_, oc0) and (p(-), M, &) -molecule m,

Il ) S 1

From this and (4.10), it follows that, for any (p(-), M, €)-molecule m,

9(m)| S gl 5rpe (gnyy-- (4.11)
Moreover, by Proposition 4.3, we find that, for any pué€ /\/1;(1\)/1 L(R") with
Hu||M;,(_z)V{L(Rn) = 1, p is a harmless positive constant multiple of a (p(-), M, €)-molecule
associated with the ball B(0,, 1). Let (g, ) := g(p). This, together with (4.11), implies
that g € (ME(]‘)/[L(R”))* for any € € (0, 00). Hence, g € M;];/([-’)TL<RTL) and

(g, Wm = (g, ) = g(n). (4.12)

Next, we show that
”g”BMOM) e (R )N lgll (HPO) (R )= (4.13)

We first claim that, for any B C R™, ¢ € L*(B) with [|¢[|2(p) =1,
B 1/2
P ey
||XBHLP(-)(Rn)

is a harmless positive constant multiple of a (p(:), M, €)-molecule. If this claim holds
true, then, by Proposition 4.3, (4.3), (4.12) and (4.11), we conclude that, for any ¢ €
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L?(B) with [l¢l|z2p) =1,

|B|1/2 —rZ L*\M
] / (I — ™55 )M (g) (@) p(a) da
”XBHLP(')(R") B

(o -y

”XB”LP(')(]R")

< .
NECTE.

which implies that, for any ball B C R™,

|B|1/2 {/ ) ]1/2
. dz S (- Yk
Talwowm L5 ¢ (9)()] < 190 g ey

Thus, (4.13) holds true.
Therefore, to prove (4.13), it remains to show the above claim. Indeed, when k €

{0, ..., M}, by the Minkowski inequality and Remark 2.5(iii), we find that, for any
JE Z—i— n [2, OO),

H |B|1/2
||XBHLP(')(]R”)

|B|1/2

~Ixsllipeo @

(T§2L_1)k(l _ e—rzBL)M(<p>

L2(U;(B))

B B
rg% [/ . / 2kt .. .tkef(tf*““i)L dty - - dty,
0 0

o (1= BM)M K (p)

L2(U;(B))

< Wr—Qk[/TB.../TBthl...tk
= IxsllLro @ b 0 0

(42, 2 —7‘2 _
% He (t1+ +tk)L(I_e BLYM—k ‘P)HLZ(U]-(B))dtl”'dt’“
B 1/2 i
| | 72k/ / okp, el r5)2/r3) ol L2 () dts - - - iy
~ Xl Lro) @y
BI/2 ; B|/? 4
< BIP e BT o (4.14)
X5 Lre) (n) X8l Lro @n)

Similarly, when k € {0, ..., M}, we know that, for any j € {0, 1},

|B|1/2

H(r;Ll)ku eIV ()
X8l Lre) @n)

< |BJY?
L2(U;(B))

IXB 17k

This, combined with (4.14), implies the above claim.
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Next, we prove (ii). To this end, we only need to show that, for any g € BMOZ]\,/(I_), 1« (R™)
and f € HY' S\, (R) with € € (0, 00) and M € N,

o, £)aal < lgllenion . a1l oy (4.15)

Indeed, since the space Hz(%na (R is dense in H?)(R™) with respect to the quasi-

norm || - ||Hp(.>(]Rn) (see Proposition 3.13 and Theorem 3.14), from (4.15), we deduce that
L

the linear functional {, given by l,(f) := (g, f)m, initially defined on Hff’%’;M(R"), has

a unique bounded extension to H z(')(R”) and
gl g0 gy S N lntone . o

To prove (4.15), let f € Hz(gmsM(R”) Then it is easy to see that f € Hz(')(R") N
L?(R™). This, together with (2.14), implies that

2Le L(f) € TPORMHY) N TR,

By Lemma 3.3 and Remark 3.4(i), we conclude that there exist {);}52; C C and a family
{a;}52; of (p(), co)-atoms, associated with balls {B;};en of R" such that

2Le "L(f) =3 Na; in TPORYT N T2 (RTH)
j=1

and
42
A({Aj}jENv {Bj}jeN) ~ ||t2L6 ! L(f)HTp(-)(R:H) ~ ||f||H£<->(Rn)-

From this, Lemma 4.5, the Holder inequality, the fact that {a;};en are (p(-), co)-atoms,
Lemma 4.7 and Remark 3.4(ii), we deduce that, for any f € Hﬁg’;M(R”),

(g, [Ym| = 'CM //Rnﬂ(t?L*)Me*ﬂL*(g)(x)tzLefﬂL‘(f)(x)

N / / L g @)y, 1)

Sl [// (2L -“*<><w>2d”§dtr/2[//§jaj<x,t>|2d”;dtr/2

j=1

dx dt
t

A

<.

<Y Willlglsmon . @nylxE, lso @Bl =2l pa ot

=1

<.
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o0
S Z p‘j‘”Q”BMO%_)Y“(R”) S A e, {Bj}jEN)”g”BMOS{_%L*(]R”)
j=1

~ [l grer @y ll9llBrton @)

That is, (4.15) holds true. This finishes the proof of Theorem 4.8. d

5. Variable Hardy spaces associated with second-order divergence form
elliptic operators

In this section, we study the variable Hardy spaces H z(')(R”) associated with second-
order divergence form elliptic operators L as in (2.5). By making good use of the special
structure of the divergence form elliptic operator, we establish the non-tangential maximal
function characterizations of H Z(‘)(R"). Moreover, we establish the boundedness of the

associated fractional integrals and Riesz transforms on H Z(') (R™).
Since L in (2.5) satisfies Assumptions 2.2 and 2.3 (see Remark 2.6(i)), a corresponding

theory of the variable Hardy space Hf(')(R”) with L as in (2.5), including its molecular
characterization, can be obtained as a special case of all results presented in the previous
sections. Moreover, by (2.6), we have the following observation.

Remark 5.1. Let L be as in (2.5). By [34, Lemma 2.6], we know that, for any p €
(p—(L), p+(L)), the square function Sy, , with k € N, in (2.13) is bounded on L?(R"),
where the positive constants p_ (L) and p4 (L) are, respectively, as in (2.7) and (2.8).

5.1. Non-tangential maximal function characterization of Hf(')(]R")
In this subsection, we establish the non-tangential maximal function characterization
of Hz(')(R”) with L as in (2.5). We begin with recalling some notions from [34].

For any « € (0, 00), the non-tangential mazimal function ./\/,Ea), associated with the
heat semigroup generated by L, is defined by setting, for any f € L?(R") and x € R",

1/2

M@ = [(1 / ek

(y,t)eTy at)™

where T, (z) is as in (1.2). In particular, when @ = 1, we simply write N, instead of N,Ea).

Similar to Definition 2.10, we introduce the Hardy space H ﬁg) (R™) as follows.

Definition 5.2. Let p(-) € P(R") satisfy p;+ € (0, 1], and L be the second-order diver-

gence form elliptic operator as in (2.5). The Hardy space H}(}};) (R™) is defined as the
completion of the set

(€ LR 5 1l g gny 2= WA (D oo oy < o0}

with respect to the quasi-norm || - ||Hp<.>(Rn).
Np,

The following theorem establishes the non-tangential maximal function characteriza-
tion of HP")(R™).
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Theorem 5.3. Let p(-) € C'°8(R") satisfy p; € (0, 1] and L be the second-order diver-

gence form elliptic operator as in (2.5). Then Hz(')(R") and H/’{/%;) (R™) coincide with
equivalent quasi-norms.

Remark 5.4.

(i) The proof of Theorem 5.3 divides into two steps. Step 1 is to show H-/Zi/-(i;,) (R™) C

Hf(')(R"), and step 2 is the proof of the inverse inclusion. The proof of step 1
relies on some known results, from [11, 54], which are essentially deduced from a
good-\ inequality for A},, whose proof is mainly based on the special structure of
the operator L = — div(AV), namely, the divergence form, and on some particular
partial differential equation techniques (for example, the Caccioppoli inequalities
for the solutions of parabolic and elliptic systems; see also [34] for some details).
If L is merely an abstract operator satisfying Assumptions 2.2 and 2.3, by an
argument similar to that used in step 2 (see also [37, §5.3] and [11, Theorem 7.5]),
we can establish the inclusion H f(') (R"yC H f\)f(};) (R™) (see [32, Proposition 4.7] for a
similar result). However, we do not know how to prove the inverse inclusion without
invoking the special structure of L, which is still open.

(ii) Recently, Song and Yan [52] established the non-tangential maximal function
characterization, via the atomic characterization, of Hardy spaces associated
with non-negative self-adjoint operators L having Gaussian upper bounds (see
Remark 2.6(ii)), which was further generalized to the variable Hardy spaces
H g(') (R™) in [60]. Their proof depends on a modification of a technique by Calderén
[15], which is different from the technique used in the setting of second-order
divergence elliptic operators (see, for example, [34, 37]).

(iii) Notice that, in [34, § 7], Hofmann and Mayboroda established equivalent character-
izations of the Hardy spaces H} (R™) associated with the second-order divergence
form elliptic operators L via both A}, and the non-tangential maximal function N'p

associated with the Poisson semigroup {e‘t‘/z}t>0, which is defined by setting, for
any f € L?(R") and x € R",

1/2

No(f)(@) = sup [1 / V@R

(y,t)€T(z) LE"

where I'(x) is as in (1.2) with =1 (see also [37, §5] and [11, Theorem 7.5]).
Motivated by this, we can define the Hardy spaces H /Tif(}) (R™) in a way similar to that
used in Definition 5.2. It is natural to ask whether or not these spaces Hﬁ(')(R”)

and Hﬁg} (R™) coincide with equivalent quasi-norms. More generally, if L is an
abstract operator satisfying Assumptions 2.2 and 2.3, motivated by [11, 32, 34, 37],

it is natural to ask whether or not one can characterize H z(')(R”) via the square

function Sp, ;, associated with the Poisson semigroup {e_tﬁ}bo. To restrict the
length of this article, we address these problems in another forthcoming article.
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(iv) Particularly, if p(-) =p € (0, 1] is a constant, then Theorem 5.3 was already
obtained in [37, Theorem 5.2].

To prove Theorem 5.3, we first recall some auxiliary functions introduced in [34]. For
any f € L?(R") and z € R, let

, 1/2
R = s (5[ e wEa

te (0, 00)

and

o= | [ v ttmr ] 7

where T, (z) is as in (1.2).

Let g € [1, 00). Recall that a non-negative and locally integrable function w on R™ is
said to belong to the class A4(R™) of Muckenhoupt weights, denoted by w € A,(R"), if,
when ¢ € (1, 00),

q—1
A (w) == su / { / w(z)]~ /=D dx} < 00
(1( BCHIQ" |B‘ |B| [ ( )}

or

Aq(w) := sup |B|/ dx{essmf w(z)} ! < oo

BCR™
where the suprema are taken over all balls B of R".
We also need the following lemma, which is called the extrapolation theorem for
LPO)(R™) (see, for example, [21, Theorem 1.3] and [25, Theorem 7.2.1]) and plays a
key role in the proof of Theorem 5.3.

Lemma 5.5 (Diening et al. [25]). Let F be a family of pairs of measurable functions
onR"™, and 2 C R™ an open set. Assume that, for some py € (0, 00) and any w € A;(R™),

/If(x)\”°w(x)daf§0(w>/ l9(@)[*Pw(z)dz for any (f, g) € F,
Q Q

where the positive constant C(, depends only on A;(w). Let p(-) € C'¢(R") be such
that p_ € (po, o). Then there exists a positive constant C' such that, for any (f, g) € F,

£l @ny < Cllgll e @ny-

We are now in a position to prove Theorem 5.3.
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Proof of Theorem 5.3. We first prove that, for any f € Hj’i/(};) (R™) N L2(R™),
Hf”Hz(')(]R") S Hf”Hﬁ,gh)(R”) (51)

Indeed, by [37, Lemma 5.2] (see also [34, Lemma 5.4]), we find that, for any f € L?(R")
and x € R, Sp(f)(z) < Sh(f)(x). Hence, for any f € Hﬁf(};)(R”) N L2(R"),

1Sz (Pllzoer @y S USK)Loer @ny- (5.2)

Conversely, from [11, p. 116], we deduce that, for any w € A; (R™), there exists a positive
constant Cf,,, depending on A;(w), such that, for any f € Hﬁ/(h")(R") N L?(R"),

| Sin@pree s < [ @) b
where pg € (0, p—) and p_ is as in (2.10). Combining this and Lemma 5.5, we obtain
1S ()l o> @y S INB ()l o) ny-
By this and (5.2), we find that, for any f € H}\)f(};) (R™) N L?(R"),

ISL (N lrer @ny S INa ()l o) @ny-
This implies (5.1). Therefore,

[HE (R™) N LA(R™)] < [HRO(R™) N LA(R™)].

Next, we show the inverse inclusion. To this end, it suffices to prove that, for any
f e HiOR™) 0 L2(R),

HfHHﬁ/("I)(R”) 5 HfHHZ(')(R”)' (53)

Indeed, from [11, p.117], we deduce that, for any w € A;(R™), there exists a positive
constant C'(,, depending on A;(w), such that, for any f € Hz(')(R") N L*(R"),

| W@l e de < G [ Rah @) de,

where py € (0, p—). From this and Lemma 5.5, it follows that, for any f € Hz(')(]R") N

L*(R™),
INL (e @ny S TRA) | Loe) - (5.4)
Now we prove that, for any f € Hﬁ(')(R") N L3(R"),
Ra( ooy @ny S 1Nl e ey (5.5)

To this end, by the fact that Ry, is bounded on L?(R™) (see [34, p. 82]) and Corollary 3.16,
we know that it suffices to prove that, for any given M € NN (n/2[(1/p-) — (1/2)], 00)
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and € € (n/p_, 00), there exists a positive constant 6 € (n/p_, oo) such that, for any
(p(+), M, ) -molecule m, associated with ball B := B(zp, rg) C R" with 5 € R™ and
rp € (0, ), and j € Z,

1R ()l 2w,y S 277129 B Xl Tk o (5.6)

where, for each j € Z,, U;(B) is as in (1.3).
Indeed, when j € {0, ..., 10}, by the boundedness of R;, on L?(R"), we know that,
for any given 0 € (n/p_, 0),

IRA (M)l L2, (my) < Imllzzeny S 277127 BIY2Ixs Lo gy

When j € NN [11, oo), for any z € U;(B), we write

1/2

{ el ey }[1 /B(z,t)le”%m)(y)?dy (5.7)

t€(0,299-2rp]  te(299-2rp,00) J L1"

Rn(m)(x)

IN

1) + 1 a),
where a € (0, 1) is a positive constant to be fixed below.
To handle I;, let S;(B) := (2773B)\ (2773B),
Rj(B):= (2*"B)\ (27"°B) and E;(B):= [R;(B)".

Then m = mxg,(B) + mxg,B)- When t € (0, 20=2p ], it is easy to see that, for any
z € Uj(B), B(z, t) C S;(B) and dist (Sj(B), E;(B)) ~ 2/rg. By this, Assumption 2.3
and the fact that m is a (p(-), M, €)-molecule, we conclude that

1 ) 1/2
sup [ [ e o, )0l dy]
B(-,t)

te(0,2ai—2r5] [ 1"

L2(U;(B))

1 , 1/2
< sup {n/ le™* L(mXEj(Bﬂ(y)de]

te(0,209-2rp] L™ Js,(B) L2(U;(B))

—(n —C V’I" 2 2

< sup 1= (/2) g—c((ZrB)° /t )||m||L2(Ej(B))

te (0,299 2rp)] L2(U;(B))

t N

< su t—(n/2) () 27 B2 ||m .
™ e, 2a£2r3] 2irp | il HLz(E.;(B))
< 9-iIN(=a)+(n/2)] |2jB|1/2HXB||Zp1<.>(Rn)’ (5.8)

where N € NN (n/2, o0) is fixed below. By the fact that Ry, is bounded on L?(R™), we
obtain

1 s 1/2
sup [ [ L<mej<B>><y>|2dy}
B("t)

te(0,20i—2r5] 1"

L2(U;(B))

< |IRu(mxr,; ) 2@y S Imllz2r; ) S 2_ja|2j3|1/2|\XB||Z§<->(Rn)~
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This, together with (5.8), implies that
Il sy S {279 + 2NN I B2 Tl (5.9)

Now we consider the term II;. For any j € NN [11, co) and x € U;(B), we have

, 1/2
M) =  sup [1 / NG L(t?MLM<m>><y>|2dy}

te(209-2rp, 00) Lt

5 2—2an

1 ) B 1/2
« s [ / e L(rBQMLWm))(y)de}
B(x,t

te(299-2rpg, 00) L1
< 272 MIRIM) (M LM (1)) (), (5.10)

where RELM) is defined by setting, for any f € L?(R") and = € R,

, 1/2
RO (f)(@) = sup [1 / e L<f><y>|2dy] |

te(0, 00) LT"

From (5.10), the boundedness of RELM) on L?(R") (see [34, p.82]) and Remark 3.6, we
deduce that

—2aMj | (M), — _
1T 2,0y S 27249 R (M L () 2
< 22N (2L )M )| oy S 2 TN T B2y gL
Combining this, (5.9) and (5.7), we find that, for any (p(-), M, £)r-molecule m and
j € NN, c0),

< [2—j6+2—j[N(1—a)+n/2]_|_2—j(2‘11V1+("/2))H2jB|1/2

Re(m) 22w, (B)) ||XBHZ;}<->(RW,)-

Let

0= min{s7 N(l—a)—i—g, 2aM+Z}.

By fixing some M € NN (n/2[(1/p—) — (1/2)],00), a € (0, 1), N € NN (n/2, co) and € €
(n/p—, 00), we have 6 € (n/p_, co0). Thus, we obtain (5.6), which further implies (5.5).
By (5.5) and (5.4), we conclude that (5.3) holds true. This, together with (5.1) and a
density argument then finishes the proof of Theorem 5.3. (]

5.2. Boundedness of fractional integral L=<

In this subsection, we show that the fractional integral L= is bounded from H ﬁ(')(R”)
to Hz(')(IR"). We begin with recalling some notions and well-known results.

Let L be the second-order divergence form elliptic operator as in (2.5) and « € (0, n/2).
Recall that the generalized fractional integral L=< is defined by setting, for any f &€
L?(R") and x € R,

1

(@) = s / e () () dr.
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Remark 5.6. Let p_(L) and p; (L) be, respectively, as in (2.7) and (2.8). Then, by
[4, Proposition 5.3], we know that, for any p_(L) < p < ¢ < p+(L) and o = n/2((1/p) —
(1/q)), L~ is bounded from LP(R™) to LZ(R™).

To establish the boundedness of L~ on H f(')(]R”), we need the following technical
lemma, which is a slight modification of [50, Lemma 5.2], with cubes therein replaced by
balls here. The proof of Lemma 5.7 is direct, the details being omitted.

Lemma 5.7. Let n € (0, n) and p(-) € C'°8(R™) with p, € (0, n/n). Define q(-) €
C'8(R™) by setting, for all x € R", 1/q(x):= (1/p(z)) — (n/n). Then there exists a
positive constant C' such that, for any sequence {B;};en of balls in R™ and {\;};en C C,

Z Ajlxs,

jeN

<C
Lq(~)(]Rn)

> INIIB" " xs,

JEN LrC)(R™)

Theorem 5.8. Let o € (0, 1/2] and p(-), q(-) € C'°8(R™) withpy, q4 € (0, 1]. Assume
that, for any x € R™, it holds true that 1/q(x) = (1/p(z)) — (2a/n). Then there exists a

] () (Tom. -
positive constant C' such that, for any f € H, ' (R"™), | L (f)HHZ(A)(Rn) < CHf||H£<‘)(Rn)‘
Proof. Since Hi(')(R") N L?(R") is dense in Hf(') (R™), to prove Theorem 5.8, we only
need to show that, for any f € Hi(')(R") N L2 (R"),

1SLE (Do) S 1L oy (5.11)

From Proposition 3.12, we deduce that, for any f € HE(')(]R”) N L?(R"), M € N and
€ € (0, o), there exist {\;}jen C C and a family {m;};en of (p(-), M, €)r-molecules,
associated with balls {B;};jen of R™, such that

f=>_A\m; inL*R") (5.12)
j=1
and
A({Asbens {Bitien) S 1l gpe oy (5.13)

Let 1/s:=(1/2) — (2a/n). Then s € (2,2n/(n—2)] C (p—(L), p+(L)) because « €
(0,1/2], and hence, by Remark 5.6, we know that L~ is bounded from L?*(R"™) to L*(R").
This, together with (5.12), implies that

L™o(f) = Z N L™%(my) in L*(R™). (5.14)

By the fact that s € (2, po (L)) C (p—(L), p+(L)), we find that Sy, is bounded on L*(R™)
(see Remark 5.1). Combining this, (5.14) and the Riesz theorem, we know that there

exists a subsequence of {SL(Z?I:l A L=%(m;))}nen (without loss of generality, we
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may use the same notation as the original sequence) such that, for almost every z €
R™, Sp(L=*(f))(z) = imn 0o SL(Z 1 A L™%(m;))(z). Thus, for almost every x € R”,
Sp(L=*(f) (@) <3252, [\ISp(L™ (m]))( ), which further implies that

o0

ISLL™* (D Laer @y < (m;))

Lq(-)(R")

o0

(5.15)

>\ [SL(L™(m;))Xu,(B;)

Lq(-)(R")

To prove Theorem 5.8, it suffices to show that there exist some M € N, ¢ € (0, co) and
a positive constant 6 € (n/p_, co) such that, for any (p(:), M, &) -molecule m, associated
with a ball B of R”, and k € Z,

[SL(L™%(m))|| L2 (B)) S 2_k0\2k3|1/q||XB||Z§<->(R")’ (5.16)

where (1/q) — (1/2) = 2a/n. Indeed, if (5.16) holds true, then, by the Holder inequality,
we find that, for any fixed r € (1, 2), j € Nand k € Z,
152 (L™ (mi)xvn )l @y < 12580 W2 SLL (my) 22w (m))
|27 B,/
X8, | Lee) &m)
|2kBj|1/r

HXB]‘ ”LP(‘)(]R") ’

5 27k0|2k‘Bj‘(1/’r‘)7(1/2)

~ 2—k9|2kBj‘2a/n
which implies that

< ‘2kBj|1/T.

x5, HLP(')(R")
2k0 J L« .
|2 e SL(E T (my) b S

|2kBj‘2a/n

From this, (5.15), Remark 2.7(iii), the fact that p_ < ¢_ € (0, 1) and Lemmas 3.8 and
5.7, it follows that

ISL(L™ (DN Lacr @)

(
H{z_: P [[A;1SL(L (mj))XUk(Bj)]q}l/q_
9—kbg— i [ N XQkBJ]q

La() (]R")

1/q-
La()/a— (Rn)}

A

HXB ”LP( ) (B7)

{2
{
{

k=0
e} 1/q-
<
- kZ:O =1 X8, | Lro> &) Lp(-)/q(Rn)}
00 00 |/\ | p—y 1/p— 19— 1/q-
< S ok {Z[ XM]} } } G
P =1 x|l Lp() (R™)
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Notice that, for any = € R™,
X2k, (7) < Qk”M(XBj)(x). (5.18)

By the fact that § € (n/p_, o), we can choose a positive constant € (0, p_) such that
6 € (%, 00). From this, (5.18), (5.17), Remark 2.7(iii) and Lemma 2.9, we deduce that

IS (L™ ()l ac) @y
a-/r y1/a-
Lp(-)/r}

o ok o/ A Py Ie-
g bl )
{Z Z ”XBJ'HZp(-)(Rn) ’

k=0 j=1
q- }1/q
Lp(')(]Rﬂ)

< § q— n/r §
~ XB]‘
= = Llixs, ”LP() ®")

SAHA j}jeN, {Bj}jen). (5.19)

From this and (5.13), we deduce (5.11).

To complete the proof of Theorem 5.8, we still need to show (5.16). Indeed, let
e€(n/q,o0), M eN and m be a (p(-), M, €)r-molecule associated with ball B :=
B(zp, rg) CR" with zp € R™ and rp € (0, 00). Since (1/¢) — (1/2) = 2a/n and a €
(0, 1/2], it follows that ¢ € [2n/(n+2),2) C (p—(L), 2). Then, by Remark 5.6, we know
that L~ is bounded from L?(R™) to L?(R™). From this, the boundedness of Sz, on L?(R™)
(see Remark 5.1), the Holder inequality and the fact that € € (n/q, 0o0), we deduce that,
when & € {0, ..., 10},

A

1/q-
—ka- 0=/ AN} e, {Bj}jEN)]q_}

\MEB

[SL(L™ (M)l L2i(m)) S Ml pagn) NZHmHL‘I(UJ B))
7=0

oo

SO RIBIYO O ml| 2, )
j=0

< Z2_]'(5—(”/(1))|B|1/qHXB||21}(-)(R”)
=0

S |B|1/q||XB||21}(-)(]Rn)' (520)
When k € Z4 N[11, c0), we write

ISL(L™(m))| 2w, (B))

— 77”2 M
< || Sp(L7[1 —e7m5 ] (m))HLz(Uk(B))

+ HSL(L_Q[I - (- 6_7‘%L)M] (m)>HL2(Uk(B))
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_ _ M
S HSL(L “[I—e rzBL] (m))HLZ(Uk(B))

o l - 2 M 9. _1\M
+1§?£M||SL(L aprpLe” ML LT T )| e )

= 1+1L (5.21)

To estimate the term I, let Sy, (B) := (2¥+2B)\ (2F3B) for k € Z, N [11, c0). Then we
have

2
[<|[|SpL(L™[I - eiTBL]M(mXSk(B)))||L2(Uk(B))
2
+[ISL(L™[ — efrBL]M(mX[sk(B)]B))||L2(Uk(3)) =1 +1Is.

For Iy, by the fact that ¢ € (p_(L), 2) and (2.6), we find that, for any t € (0, o), e =t
is bounded on LY(R™). From this, the boundedness of Sy, on L*(R") (see (2.14)), the
boundedness of L= from L4(R") to L*(R™) and the Holder inequality, it follows that

LS L7 = )M (s, ()l e
S = e )M (ms, (8)ll o) S llmllzags, o)
S llml 2 sy ey 128 BIY O~V < 27 125 BV g ]| 1 - (5.22)
For Iy, by an argument similar to that used in [35, pp. 774-777], we conclude that
I S 27 (2% 5) %% Iml| L2 an).-
From this and Remark 3.6, we deduce that
I < 2—2k(M—a)Tg((1/Q)*(1/2))|B|1/2

HXB“ZI}(-)(]RH) < 2—k(2M+(n/2))|2kB|1/Q||XBHZ§(_)(Rn).

This, together with (5.22), implies that
1< 27k 2‘k<2M+("/2))]|2kB|1/q||XBsz}m(mn)- (5.23)
By an argument similar to that used in the estimations of I, we also obtain
< [271% + 27k(2M+(n/2))]|2kB|1/q||XBHZ;<.)(Rn)-

Combining this, (5.23), (5.21) and (5.20), we know that, for any k € Z, and any
(p(+), M, €)r-molecule m,

S22y S 2712 B Xl Tk o

where 6 :=min{e, 2M + (n/2)}. Choosing ¢ € (n/p_, o) C (n/q, ) and M € NN
(n/2[(1/p-) — (1/2)], 00), we have 0 € (n/p_, o). Thus, (5.16) holds true, which com-
pletes the proof of Theorem 5.8. O

Remark 5.9. As a special case of Theorem 5.8, when p(-) = p, ¢(-) = ¢q and (1/p) —
(1/q) = 2a/n, we know that the operator L= (o € (0, 1/2]) is bounded from HY (R™) to
H(R™), which was already obtained in [35, Theorem 7.2] (see also [37, Remark 7.3]).
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5.3. Boundedness of the Riesz transform VL —1/2

In this subsection, we show that the Riesz transform VL~1/2 is bounded from H") (R")
to the variable Hardy spaces, denoted by H?() (R™). We begin with recalling the definition
of the Riesz transform VL~'/2 and the definition of HP()(R") introduced in [43] (see
also [22, Definition 3.2]).

Let L be the second-order divergence form elliptic operator as in (2.5). The Riesz
transform VL~'/? is defined by setting, for any f € L?*(R") and z € R",

ds

7

By [5, Theorem 1.4], we know that the domain of L'/? coincides with the Sobolev space
H'(R™). Hence, for any f € L*(R"), L='/2(f) € H'(R™) and VL~ '/2(f), stands for the
distributional derivatives of L~1/2(f).

Let S(R™) be the space of all Schwartz functions, and S’'(R™) the space of all Schwartz
distributions. For any N € N, define

VL2(f)(2) = ﬁ / T Vet (f)(2)

Fn(R™) := {z/) € S(R") : Z sup (1 + |z|)N|DPep(z)| < 1},

pezn,|B|<N K"

where, for any B:= (Bi, ..., 3) €Z", |B]:==F1+ -+ B, and D :=(9/0x1)" -
(0/0z,)P». For any N € N, the grand mazimal function Mp is defined by setting, for
any f € 8'(R") and = € R,

My (f)(@) := sup{[y « f(2)] : t € (0, 00), ¥ € Fn(R")},
where, for any ¢ € (0, c0) and & € R™, ¢,(§) :=t~"(&/1).

Definition 5.10. Let p(-) € C°¢(R") and N € ((n/p_) +n+ 1, c0). Then the vari-
able Hardy space HP()(R") is defined by setting

HPOR™) = {f € S'R™) = |fllarcr @ny = IMn ()| zoer @ny < 00}

Remark 5.11. In [43, Theorem 3.3], Nakai and Sawano introduced the variable Hardy
space HP()(R™) with p(-) € C'°8(R") and, in [43, Theorem 3.3], proved that the definition
of H?)(R™) is independent of N as long as N is sufficiently large. Independently, Cruz-
Uribe and Wang [22] also introduced and studied the variable Hardy space HP()(R™)
but with some slightly weaker assumptions on p(); moreover, in [22, Theorem 3.1], they
showed that the definition of H?()(R") is independent of the choice of N € ((n/p_) +
n+1, 00).

An important fact of HP()(R™) is that every element in HP()(R™) admits an atomic
decomposition (see [22,43]). Let us first recall the definition of (p(-), ¢, s)-atoms as
follows. Recall that, for any s € R, |s| denotes the maximal integer not greater than s.

Definition 5.12 (Cruz-Uribe and Wang [22], Nakai and Sawano [43]). Let
p(-) € P(R™), q € (py,0]N[l,00) and s:= |(n/p—) —n]. A measurable function a on
R™ is called a (p(+), ¢, s)-atom associated with ball B of R™ if
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(i) supp a C B;
(i) llaloqen) < B a7k g
(iii) for any o € Z"7 with |a| <'s, [5, a(z)z®dz = 0.

The following lemma is just [50, Theorem 1.1], which establishes the atomic decompo-
sition of HP()(R™) (see also [43]).

Lemma 5.13 (Sawano [50]). Let p(-) € C'°8(R") with p, € (0, 1].

(i) Let g € [1, oo] and s := |(n/p—) — n]. Then there exists a positive constant C' such
that, for any {\;};en C C and any family {a;};en of (p(-), ¢, s)-atoms, associated
with balls {B;}jen of R", such that A({\;};en, {B;}jen) < 00, it holds true that
f= ZjeN Aja; converges in Hp(‘)(Rn) and ||f||HP(')(R") < CA<{)‘j}jEN7 {Bj}jeN)-

(ii) Let s € Z, . For any f € HPC)(R™), there exists a decomposition f = Z;’;l Aja; in
S'(R™), where {\;}jen C C and {a;};en is a family of (p(-), oo, s)-atoms associated
with balls {B;};en of R™. Moreover, there exists a positive constant C' such that,
for any f € HPC)(R™),

A({Aj}ens {Bj}jen) < Cllfllaro @ny-

Remark 5.14. We point out that, in [22], Cruz-Uribe and Wang also established the
atomic characterizations of HP(")(R™). However, the atomic characterization of HP(") (R™)
obtained in [22] is quite different from that of the classical atomic characterization
(and also that of [50, Theorem 1.1]), which was based on the atomic characterization
established by Stromberg and Torchinsky [53] for weighted Hardy spaces.

The following proposition is an analogue of [59, Proposition 4.7] (see also [12, 38]), its
proof being omitted.

Proposition 5.15. Let p(-) € P(R") withn/(n+1) <p_ <p; <1 and € € (0, ).
Suppose that m € L*(R™) is a function satisfying [, m(x)da = 0 and there exists a ball
B C R"™ such that, for any j € Z, ||m||2w, ) < 2*j5|2jB|1/2HXB||Zz}<»)( . Then

R™)
m = 5(2 2_j5aj) in L*(R™),
j=1
where {a;}jen is a family of (p(-), 2, 0)-atoms associated with balls {2771 B};cn and C

a positive constant independent of m.

To establish the boundedness of VL~/? on Hf(')(R"), we also need the following
technical lemma, which was proved in [34, Theorem 3.4].

Lemma 5.16 (Hofmann and Mayboroda [34]). Let L be the second-order diver-
gence form elliptic operator as in (2.5). Then there exist positive constants C and
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M €N with M > n/4 such that, for any t € (0, 00), closed subsets E, F C R"™ with
dist (E, F) > 0 and f € L*(R") with supp f C E,

M
VL2 — e EYM(f)]| 12 ry < C(W) I fllL2 ()

and

M
VL e Y (o < () Mo

Theorem 5.17. Let p(-) € C°¢(R") with n/(n+1) <p_ <py <1 and L be the
second-order divergence form elliptic operator as in (2.5). Then there exists a positive

constant C' such that, for any f € Hf(')(]R”),
IVL72 () oo gy < ClS N gz gy (5.24)

Proof. Since H*")(R™) N L2(R™) is dense in H?")(R™), to prove Theorem 5.17, we
only need to show that (5.24) holds true for all f € H?)(R™) 0 L2(R™).

By Proposition 3.12, we find that, for any f € Hg(')(]R”)ﬁLQ(]R”), M €N and
€ € (0, 00), there exist {\;}jen C C and a family {m;};en of (p(-), M, €)r-molecules
associated with balls {B;};en of R™ such that

f=>Y_Xm; inL*R") (5.25)
j=1
and

From (5.25), the boundedness of VL~ on L?(R") (see [5, Theorem 1.4]) and Riesz
theorem, we deduce that

VLVE) = YA VI m,) in R, (5:27)
j=1

Here and hereafter, for any g € L2(R"), let

9
8{)31

0

1,1/2(9)) = (ALT2(g), -, 0 L7(g)).

L2, ...
(9)s s o

VL) = (

Let M € NN (n/2[(1/p-) — (1/2)], o0) and € € (n/p_, c0). Next, we show that, for
any (p(-), M, )r-molecule m, associated with ball B := B(xpg, rg) C R" with 5 € R”
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and rp € (0, 00), and j € Z,

n 1/2
H {Z |‘91L_1/2(m)|2} =: [|VL™Y2(m)|| r2(v,m))
=1

L2(U;(B))

S22 B2 sl oy gy (5:28)

where 0 € (n/p_, o).
Indeed, when j € {0, ..., 10}, from the boundedness of VL~'/2 on L?*(R") (see [5,
Theorem 1.4]) and Remark 3.6, it follows that

IVL=2(m)l 2w, 3y S Imllze@ny S IBIY2Ixsl o g
When j € Z4 N [11, c0), we write
IV L™ (m)| 2w, 8y
2
< VL2 = e )M (m) | 2w, ()
— —7'2
+ VL2 = (I = e "B (m) || L2, (8))

2
SIVLTVAI = e B (m) || 2w, (5y)

k M

L2(U;(B))
= T+]1L (5.29)

We first estimate 1. For any j € Z4 N[11, o), let S;(B) := (211B)\ (2272B). It is
easy to see that dist ([S; (B)IE, U;(B)) ~ 2/rp. From this, the boundedness of VL~1/2
on L?(R") (see [5, Theorem 1.4]), Lemma 5.16 and Remark 3.6, we deduce that

1< VLY — e 55 M (mxs, ) 2w, ()

— —7'2
+ VLV —e BL)M(mX[sj(B)]G)||L2(U7(B))

rp 2M
Slmlsy oy + (52 ) Imllaagen

<279 4 2_j(2M+("/2))]|2jB|1/2HXB||Z,}<-)(Rn (5.30)

)

By an argument similar to that used in the proof of (5.30), we have

k M
< sup HVL—1/2 (MTQBLe_(k/M)TZBL) [(r5* L= )M (m)xs,(m)]

L2(U;(B))

i M
+ 1<8ng HVL—1/2 (MT%LG_(IC/M)TZBL> [(TE;ZL_l)M(m)X[sj(B)]G]

L2(U;(B))
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r 2M
<052 L) () s, ) + (B) 152 ) m) 2o

29rpg
S [z—ja + 2—j(2M+(n/2))]|2jB‘1/2||XBHzplw(Rn).

This, together with (5.30) and (5.29), implies (5.28) with

0 := min{a, 2M—|—n} € <n’ oo).
2 [

Moreover, by an argument similar to that used in the proof of [37, Theorem 7.4], we
know that, for any (p(-), M, €)r-molecule m and I € {1, ..., n},

QL2 (m)(z) dz = 0.
RW,

From this, (5.28), Proposition 5.15 and (5.27), it follows that, for any [ € {1, ..., n},

L~V2(f (ii Mo, k) in L?(R"), (5.31)

where {a; 1} ren is a family of (p(-), 2, 0)-atoms associated with balls {2**1B;}; ren,
and C is a positive constant independent of f. Noticing that p_ € (n/(n+ 1), 1], we
then know that s := [n((1/p—) — 1)] = 0. From this, Lemma 5.13(i), (5.31), Remark 2.7,
an argument similar to that used in the estimations of (5.17) and (5.19), the fact that
0 € (n/p—, oo) and (5.26), we deduce that, for any [ € {1, ..., n} and f € Hf-:(')(R") N
L*(R"),

1L 2 ()l v ey S A{A27FY5 ke, {257 Bj Y ken)

22 kOp_ Z|: ‘)‘j|X2’“+1B_7 :|p

k=1 ||X2k+1BjHLp(-)(Rn) PO /o ()
e S
k=1 j=1 ||XBJ HLP(')(RTL) Lp(-)(]Rn)

S k(0 1/p—
< {ZQ‘ ( —(n/?”))p_[A({)\j}jeN7 {Bj}jeN)]p‘}

k=1

S Al biens {Bjtjen) S Il gro gy

1/p—

where 7 € (0, p_) such that 6 > (n/r). Therefore, (5.24) holds true for any f €
Hz(‘)(R") N L?(R™), which completes the proof of Theorem 5.17. O

Remark 5.18. When p(-) = p with p € (n/(n + 1), 1], Theorem 5.17 was established
in [35, Proposition 5.6] (see also [37, Theorem 7.4]).
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