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In this paper, we consider an elliptic operator obtained as the superposition of a
classical second-order differential operator and a nonlocal operator of fractional
type. Though the methods that we develop are quite general, for concreteness we
focus on the case in which the operator takes the form —A + (—A)*, with s € (0,1).
We focus here on symmetry properties of the solutions and we prove a radial
symmetry result, based on the moving plane method, and a one-dimensional
symmetry result, related to a classical conjecture by G.W. Gibbons.
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1. Introduction

In this article we discuss some symmetry properties for the solutions of semilinear
equations driven by a mixed operator. Specifically, we will consider operators that
combine local and nonlocal features. For the sake of concreteness, we focus on
operators of the form

L:=—-A+(-A)° (1.1)
where s € (0,1) and

Sy () u(z) — u(y)
(=A)°u(x) :=P.V. /RN PELEET dy.
The study of mixed operators has a consolidated interest in the recent litera-
ture, both in terms of theoretical studies and in view of real-world applications.
The development of the theory includes, among others, viscosity solutions meth-
ods (see [2-4,12,23,41,42]), parabolic equations (see [31]), Aubry-Mather theory
(see [25]), Cahn-Hilliard equations (see [19]), porous medium equations (see [26])
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phase transitions (see [17]), fractional damping effects (see [27]), Bernstein-type
regularity results (see [16]), existence/non-existence results (see [1,48]), regularity
theory (see [9,22]), estimates for the associated Green function (see [21]).

Concrete applications of mixed operators also arise naturally in plasma physics
(see [14]) and population dynamics (see [29]), and numerical methods have been
also developed to take into account the specifics of mixed operators (see [13]).

In this article, we provide two sets of symmetry results for solutions of semilinar
equations driven by mixed operators: the first type of results deals with the radial
symmetry of the solutions, and relies on the moving plane method; the second type
of results is inspired by a classical conjecture by G.W. Gibbons and establishes the
one-dimensional symmetry of the global solutions that attain uniformly their limit
values at infinity.

In this spirit, the first symmetry result that we present is as follows:

THEOREM 1.1. Let f:R — R be a locally Lipschitz continuous function, and let
Q C RN be an open and bounded set with C' boundary. We assume that € is
symmetric and convexr with respect to the hyperplane {1 = 0}.

If u € C(RY) is any non identically vanishing weak solution of

Lu= f(u) inQ,
u=0 in RV\Q, (1.2)
u=0 in €,

then w is symmetric with respect to {x1 =0} and strictly increasing in the
x1-direction in QN {z1 < 0}.

Theorem 1.1 is a symmetry result in the spirit of Gidas, Ni, Nirenberg [40]. Since
this milestone result, the literature concerning symmetry /monotonicity results has
extensively grown, and it is beyond our scopes to give here an exhaustive list of
references; we limit ourselves to mention the series of papers [7,10, 20,24, 32, 51],
where analogues of theorem 1.1 are obtained for elliptic systems and for elliptic
equations/systems in the presence of singularities. As usual, from theorem 1.1 one
deduces that if © is a ball, then the solutions of (1.2) are necessarily radial and
radially decreasing. We stress that in [9] we proved interior H* estimates for the
operator £, and this seems to indicate that the addition of the local part —A to the
fractional one push towards a ‘local behaviour’ of L. To the contrary, in theorem 1.1
we are able to prove strict monotonicity for non-negative solutions, which is true
as well in the purely nonlocal case (see [43]), but fails to hold in the local case (see,
e.g., [47]).

The proof of theorem 1.1 that we present combines the integral formulation of
the moving plane method (see [46,49]) with suitable adaptations of some results
in [44], where the case of integral equations was taken into account by introducing
a new small-volume maximum principle and a strong maximum principle for anti-
symmetric supersolutions. See also [6, 28,30, 33,43, 50] for related moving plane
methods in the nonlocal setting.

As we shall see in §2, the assumption that € has C' boundary allows us to
introduce a ‘good’ functional setting in which carrying out the integral formulation
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of the moving plane method. Furthermore, by using the results in [9], one can
prove that any weak solution v € H*(RY) of (1.2) (see definition 2.2) is actually
continuous on R, provided that f is sufficiently regular and €2 is strictly convex.

In terms of one-dimensional symmetry for global solutions under uniform limit
assumptions, we have the following result:

THEOREM 1.2. Let f € C1(R) be such that

sup f'(r) <O0. (1.3)

7|1

Let u € C3(RYN) N W4(RYN) be a classical solution of the problem

Lu = f(u) in RY,

. liI:El u(y,t) = £1  uniformly for y € RVN-1, (1.4)
Then, there exists ug : R — R such that

u(y,t) = uo(t) for every x = (y,t) € RV, (1.5)

The result in theorem 1.2 is inspired by a classical conjecture by G.W. Gibbons,
formulated when £ was the classical Laplace operator and motivated by the cosmo-
logical problem of detecting the shape of the interfaces which ‘separate’ the different
regions of the universe after the big bang (see [39]).

The classical Gibbons conjecture was established, independently and with
different methods, by [5, 8, 34]. See also [35-37] for related results.

The fractional version of Gibbons conjecture (i.e., the case in which the operator
in (1.4) is the fractional Laplacian) has been established in [18,38]. As a matter
of fact, the method developed in [38] is very general and comprises a number of
different operators in a unified way: for this, our proof of theorem 1.2 will rely on
the general structure provided in [38] by showing that the structural hypothesis
of [38] are fulfilled in the case that we consider here.

In the rest of the paper we provide the proof of theorem 1.1, which is contained
in §2, and that of theorem 1.2, which is contained in § 3.

Though not explicitly used in this paper, we also remark that the methods devel-
oped here also lead to a Hopf-type result, that we state and prove in appendix A
for the sake of completeness.

2. Radial symmetry and proof of theorem 1.1

In this section, we prove theorem 1.1. To this end, without loss of generality, we
may assume that

inf z; = —1. 2.1
i 2

We will combine the integral version of the moving plane method (see [46])
with a suitable generalization of a strong maximum principle for antisymmetric
supersolutions (see [44]).
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Let us now introduce and fix some notation needed in what follows. We define
the bilinear form

B(u,v) := /RN (Vu, Vo) da + //Rw |ac _))fx(jg)s_ o)) dedy, (2.2

and the function space
D(Q) := {u e H'(RY) s.t. u=0in RM\Q} . (2.3)
REMARK 2.1. Since 2 has C! boundary, any function u € D(f2) satisfies
u|Q € Hy(Q).
In this setting, we give the following definition of weak solution of (1.2):

DEFINITION 2.2. We say that a function u:Q — R is a weak solution of (1.2)
if u € D(2) and it satisfies the following properties:

(1) u>0a.e.in Q;

(ii) for any ¢ € D(Q) one has
B(u,p) = [ f(u(@))p(z)de. (2.4)

Also, given a set U ¢ RY, we let

p(v,U) / Vol + [v]% ) (2.5)
where
// )|2 dx dy
UxU |$—y\N+2S ’
and
HU) = {ve L*(RY)st.ve H'(U)}. (2.6)

As customary, for any v € L2(RY) we define the positive and negative parts of v
as follows

vt i=max{v,0} and v~ :=max{—v,0}.
As it is well known,
v(z) =vT(z) —v (2), forae xRN (2.7)
and
vH(z)v~(z) =0, for ae. xRN, (2.8)

It is useful to observe that the functional introduced in (2.5) is monotone with
respect to the operation of taking the positive and negative parts, as pointed out
in the following result:
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LEMMA 2.3. Let U C RN be an open set and let v € H(U). Then v¥ € H(U) and
p(vE,U) < p(v,U), (2.9)
with strict inequality if v changes sign.

Proof. Since v € H(U) = L2 RY)n HY(U), it is easy to see that v* € H(U), in
light of (2.7) and (2.8). We then focus on the proof of (2.9).
For this, recalling (2.5) and using again (2.7) and (2.8), we get

o, U) = /|Vv|2 //[JXU Ix—y|N+2)s|2d dy
:/UWW*M'%//M = v?g(szyj(vv;sv)(y”z dz dy
=/ |Vv+|2+/ Vo~ |?

L e [[ B e
—2// (v (z) —v* () (v (2) — v~ () dedy
UxU

|z —y| N+

v (y)v
= p(v*,U) + p(v™, +2//U><U |J;—)+|N+2(“) —@) geay

> p(v™,U) + p(v™, U),

which gives the desired result in (2.9). d

Inspired by [44], we now deal with a linear problem associated to the reflection
with respect to a given hyperplane. For this, with the notation in (2.2) and (2.3),
for every open and bounded set 2 C RY | we define the first (variational) eigenvalue
of the operator £ introduced in (1.1) as

B
M@ = inf DU (2.10)
uweD(R) ||uHL2(Q)

On account of remark 2.1, we see that
AQ) > A_a(), (2.11)

where A_A(Q) stands for the first eigenvalue of —A in Q with homogeneous
Dirichlet boundary conditions. Recalling that

A_A(Q2) = 400 as | — 0,
and setting

Ay (r) :==inf {A1(€) with Q@ C R” open with [Q[ =1}, 7 >0,
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it follows from (2.11) that
Ai(r) = 400 asr— 0T, (2.12)
Furthermore, let H C R be an open and affine halfspace. We denote by
Q:RYN - RN
the reflection with respect to OH. For convenience, we will sometimes denote with
Z:=Q(x), (2.13)

for every 2 € RV. With this notation at hand, we say that a function v : RV — R
is antisymmetric with respect to Q if

v(z) = —v(z), for every z € RV, (2.14)
Moreover, we give the following definition of antisymmetric supersolutions:

DEFINITION 2.4. Let U C H be an open and bounded set. Let ¢ € L>(U). We say
that a function v : RY — R is an antisymmetric supersolution of

(2.15)

Ly=cv inU,
v=0 in H\U,

if it satisfies the following properties:
(i) v is antisymmetric,

(ii) v € H(U') for some open set U’ C RY such that Q(U’') = U’ and U C U’,

(iii) v > 0 in H\U and, for every ¢ € D(U) with ¢ > 0, one has

B(v, ) = / c(x)v(z)p(z) dx. (2.16)
U
The aim is now to provide a suitable maximum principle for antisymmetric
supersolutions, as given in definition 2.4.
We start with the following observation on the bilinear form introduced in (2.2):

LEMMA 2.5. Let U' C RY be an open set such that Q(U') = U'. Let v € H(U') be
an antisymmetric function such that

v>=0 in H\U, (2.17)
for a certain open and bounded set U C H with the property that
UcCHNU'. (2.18)
Then, the function
w:=xpv € D) (2.19)
and it holds that
B(w,w) < —B(v,w). (2.20)
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Proof. We first prove (2.19). To this end we first observe that, since v € L?(RY),
one obviously has w € L#(R™). Also, recalling (2.6), we know that v € H'(U’), and
therefore it is easy to see that v~ € H'(U’). In addition, in light of (2.17), we have
that v~ = 0 in H\U. As a consequence of these observations and of (2.18), we have
that there exists an open set W such that

UcCcWcWcUNH and v € H(W).

Therefore, if we identify w = ygv™ with the zero extension of v~ outside of U, we
get that w € H'(RY). Moreover, we have that w = 0 in RN\ U. These considerations
imply (2.19).

Now we focus on the proof of (2.20). Recalling (2.2), we observe that

B(w,w) + B(v,w)

= [ werars [[ (“’f)_ﬂ@)z drdy
+/RN (Vov,Vw) dx—i—//RZN ));Uzir(fz)s_ w(y) dz dy. (2.21)

We notice that, thanks to (2.17),

/ |Vw|2dx+/ <V11,Vw>dx:/ |Vv*|2dm—|—/<Vv,Vv*>dx
RN RN U U
:/ |vv*|2dxf/<vv*,vv*>dz:0. (2.22)
U U

Furthermore, we remark that, for any z € RV,

2)o” (z) (xa (@)™ (2) + xu (@)v(x) + xev g (2)v(z))
)™ (z) (xm (@)v () + xev\ g (2)v(z)) =0
and therefore
(w(x) = w(y))® + (v(x) — v(y))(w(r) — w(y))
)

= (w(z) —wy)((w@) + v(@)) = (w(y) + v(y)))
= —w(z)(w(y) + v(y)) — wly)(w(z) +ov(z)).

As a consequence, using (2.14) and the change of variable Y := ¢ (also recall the
notation in (2.13)), we obtain

//]RZN |z — y|N+23 da: dy + //RzN |x _))y(rfv(fgs_ wly)) dzdy
t[éw |;? wfzﬁdxf+v(»(1dy

https://doi.org/10.1017/prm.2020.75 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.75

1618 S. Biagi S. Dipierro, E. Valdinoci and E. Vecchi

+v
//]RQN yN+2§( v) dzdy
=- ”7(»””) (xu (v~ (v) +v(v))
- 2//quw |z — y|NF2s dz dy

- o™ (2) (xu (W)v (y) + xea\m (y)v(y))
=2 /:/Hx]RN o dy

|z —y| N+

(y) // v (2)v(y)
72// dardy — 2 YY) ay
HxH |fU —ZU|N+28 Hx®N\H) |7 —y|[NT2s
v (z)vT (y) // v (2)v(y)
72// dardy + 2 Y ZY)_ 4z dy
HxH |5C— |N+25 HX(RN\H) \37— | V+2s
(Y)
= -2 d d 2 drdY
= LAY I

=-2 v (x)v dxd
[, 0 (s~ )

v (z)v (y)
—2// @ W) gy
axp |z — gVt
<0

Plugging this information and (2.22) into (2.21) we obtain (2.20), as desired. [

With the aid of lemma 2.5, we now prove the following maximum principle:

PROPOSITION 2.6. Let U € RY be an open and bounded set with U C H. Moreover,
let c € L*°(U) be such that

e Loy < A1 (U), (2.23)

where the notation in (2.10) has been used.
Then, every antisymmetric supersolution v of (2.15) in U is nonnegative on the

whole of H, that is, v(z) > 0 for a.e.x € H.
Proof. We consider the function w introduced in (2.19) and we claim that
w = 0. (2.24)

To prove it, we argue towards a contradiction, supposing that [|w||p2() # 0. By
lemma 2.5, we know that w € D(U), and hence it is an admissible test function
n (2.16). Accordingly,

B(v,w)}/c(m)v(m)w(m)dx.

U
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From this, (2.10), (2.20) and (2.23), we conclude that

Al(U)HwHQLz(U) < B(w,w) < —=B(v,w) < —/Uc(:c)v(x)w(x) dz

= /UC(x)wQ(x) do < || [l =@ llwll7z @y < M) wllaw),
which is a contradiction. This proves (2.24), thus leading to the desired result. O

We are now in the position of establishing a strong maximum principle for
antisymmetric supersolutions which is the counterpart in the setting of mixed local—
nonlocal operators of [44, proposition 3.6] (a modification of these arguments will
lead to a Hopf-type result, as pointed out in appendix A):

PROPOSITION 2.7. Let U C H be an open and bounded set. Let ¢ € L*°(U) and let
v be an antisymmetric supersolution of (2.15) in U. Assume that

v>=20 aeinH. (2.25)
Then, either v=0 in RN or
essinfgv >0, for every compact set K C U. (2.26)
Proof. If v = 0 in RY, there is nothing to prove, so we assume that
v#0 in RV, (2.27)
In this case, it suffices to show that, for a fixed xo € U, one has
essinfp (5,0 > 0, (2.28)

for some radius 7 > 0 small enough. We then prove (2.28).

First of all, in light of (2.25), (2.27) and the fact that v is antisymmetric, we can
find a bounded set M C H, with positive measure, which does not contain a small
neighbourhood of zy and such that

0 :=infv > 0. (2.29)
M
In addition, by (2.12), we find a radius

e (0, dist(o; (RZ\H) U M))

(2.30)

such that
A1 (Bar(20)) > |lell o @) (2.31)
We now pick a function g € CZ(RY,[0,1]) such that

() 1, ifx € By(x),
X)) .=
g 0, if z € RN\Bay(z0).
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Moreover, for a given a > 0 to be chosen later, we define the function
h:RYN =R, h(x):=g(®)—g(Z) +alxu(z) — xm(@)), (2.32)
where we are using the notation in (2.13). We also define the sets Uy := Ba,(x0)

and U(/) = Bgr(l'()) @] Q(Bgr(l'o))
We observe that h is antisymmetric, and moreover

h=0 on H\(UyUM) and h=a on M, (2.33)
thanks to (2.30). From (2.30) we also deduce that
(MUQM))NUj= 2. (2.34)

This and the fact that M is bounded give that h € H(U[). We now claim that there
exists a constant C7 > 0, depending on g, such that

B(g,¢) < Cl/ p(x)dz, for every ¢ € D(Up) with ¢ > 0. (2.35)
Uo

Indeed, for any ¢ € D(Uy) with ¢ > 0, by an integration by parts,

/ <V97V<p>dx=/ (Vg,Vp)dr
RN Uy

(2.36)
__ / Agpdz < gllce@m) / o(x) da.
UO UO

Moreover, by proposition 2.3-(ii) in [44] (applied here with v := g and u := ¢), we
have that

1 (9(2) = 9@)((@) = o) 4 4. _ AV (e o) da
2//}1{2N |z — y|N+2s d dy_/RN( A)g(x) p(x)d

= [ Ay el do < A gl [ el d
Uo

Uo

Recalling (2.2), this and (2.36) imply (2.35). Similarly, one has that

B(goQ,y) < C’g/ p(z)dz, for every ¢ € D(Up) with ¢ > 0, (2.37)
Uo

for some Cy > 0. In addition, we see that, for any ¢ € D(Up) and any = € RV, from
(2.30) we infer that
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as a consequence,

;/AM(@M@ﬂXM@DS%Sgwa@DMﬂ@¢@»dmm
_ _% //RN (O (@) — XM(x))]px(y_) ;zéﬁﬁ(y) — X @) 4 g0
o =
= R e (2:39)

__/ o(z) /L_/ A )
Us |z —y|NT2s o) | —yNT2s
dy / dy )
- _ T — dx
/Uo o) (/M |z — y|N+2s M | — g2

< —Co/ o(z)dz,
Ug

where

= it, (o =i~ =)
= in — e — — 0 | -
O acto Sy Jr =gV oy [ — gV

We stress on the fact that the constant Cj is finite, thanks to (2.30).
Now, recalling (2.32), and using (2.35), (2.37) and (2.38), we conclude that, for
any ¢ € D(Up), one has

B(h,¢) = B(g,¢) + B(goQ,¢)
(O (@) = xm(2) = (X (y) — xm (7)) (e(2) — ©(y))
wafl

o =y

dz dy
< C’a/ o(x) dz, (2.39)
Up
where

Ca = Cl -‘ng - 2(100.

Now we perform our choice of the parameter a: we choose a > 0 such that

Ca < _||CHLOC(U(])'
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In particular, with this choice, (2.39) yields that

Bt 9) < ~llell=wy [ pla)de <~ lemwy [ ole)ds

0 Uo
< (el dr < - / o (@ha)e(r) s
< /U0 ct(z)h(z)p(z)dz — /U0 ¢ (x)h(z)p(x) dx

:/ c(x)h(x)p(x) dz,
Uo

(2.40)

since h(z) = g(x) € [0,1] for every a € Uy. Now, we recall (2.29), we define the
function v as
0
0(x) :=v(z) — —h(zx), (2.41)
a

and we notice that v € H(U)) and it is antisymmetric, since both v and h are so.
Furthermore, by (2.25), (2.29) and (2.33), we have that

020 on H\Up.

In addition, for any ¢ € D(Up) with ¢ > 0,
- 5
B(v,¢) = B(v,¢) = —B(h.¢)

0
> /UO c(z)v(z)p(z)de — — /UD c(z)h(x)p(z) dz

_ / e(2)3(2)p(z) dr,
Uo

thanks to (2.16) and (2.40).
As a consequence, we have that ¢ is an antisymmetric supersolution of

L0 =cv in Uy,
=0 in H\UQ

Since ||c|[ o (vy) < A1(Up), thanks to (2.31), we are in the position to apply
proposition 2.6 to conclude that © > 0 a.e. on Uy. Recalling (2.41), this gives

0
v>=—>0 ae. on B.(x).
a

This establishes (2.28), and the proof of proposition 2.7 is thereby complete. g

With this preliminary work, we now prove theorem 1.1. For this, let u € C(Q) be
a weak solution of (1.2). We fix the usual notation needed to implement the moving
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plane method. For every A € (—1,1) we define the following:

$. {x eRYN 2y <)}, ifA<0
AT Yz eRY oy > AL, if A >0,

Oy ::Qﬁz,\, (242)
Qx(x) =xx:= 22X\ —z1,22,...,2N),

and  ux(x) := u(zy).

We also define the function

fur(z)) = f(u(x)))

if
o(z) == o) —al@) 0 T (@), (2.43)
0, if uy(z) = u(x).
We observe that ¢ € L>°(€2,), thanks to the Lipschitz assumption on f.
Furthermore, setting
Uy = Uy — U, (2.44)

we point out the following simple yet important observations.

LEMMA 2.8. Let u be a weak solution of (1.2) according to definition 2.2.
Then, the function vy in (2.44) is an antisymmetric supersolution of (2.15) in
Oy, according to definition 2.4, with ¢ as in (2.43).

Proof. We notice that vy € HY(RY) C H(U’), for every open set U’ C RY such
that Q(U’) = U’ and Q, C U’. Moreover, since v > 0 in RY and u = 0 on X,\Qy,
we have that vy > 0 on £, \(2,. In addition, for any ¢ € D(Qy) and for any z € RV,
we have

(Vur(z), Vo(z)) = (= 01w, Oau, . .., Onu) (Z) - (D19, O2¢p, . .., Onep) (z)
= (81u, 62’11,7 N ,BNu) (X) . ( — 81@7 82@, ey aNgD) (X) (245)
= (Vu(X), Voa (X)),

where X := Zz. Similarly, setting also Y := g,

(ur(@) —ua@) (@) — ¢(y) _ (u(@) - u®)(p(z) - ()

|SU 7y‘N+2s |m—y|N+25
_ (@X) —u()(e(X) oY) _ (uX) —u(¥))(e(X) - (Y))
‘X_Y|N+23 |X_Y|N+2s
_ (@(X) —u(¥))(ea(X) —pa(Y))
|X _Y‘N+2s :
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From this and (2.45), we obtain that

B(ux, ¢)
vt Yolal) da (1r(2) — 13 () (0l0) — 00))
- [ Fus@). Velayds+ [ e e dy
_ /RN (Vu(X), Ver (X)) dX + //RN w(X) - ﬁg)_)gfrjéﬁl_ ) 4 x ay
= B(U, ()0)\)
As a consequence, since @y € D(Qx(2))) C D(£2), we can use definition 2.2 to find
that
Blun) = [ fluta))paa) da
= [ e aX = [ s (¥)e(x) ax.
Therefore,
B(vx, ) = B(ux, ) — B(u, )
= [ flua(@))p(z)de — | flu(@))p(z)de
RN RN
— [ d@m@plo)ds
RN
which proves (2.16), and thereby completes the proof of lemma 2.8. O

LEMMA 2.9. Let u be a weak solution of (1.2), and let vy be as in (2.44). If there
exists some A € (—1,0) such that vy =0 in RY, then

u=0in (hence, u =0 in RY). (2.46)

Proof. We proceed essentially as in [44]: to begin with, since A € (—=1,0), we
have £:=1+4+ X € (0,1); hence, following the notation in (2.42), we consider the
set

UY={reQ:a >0

and we notice that, by definition, one has Q»(2y) NQ = & (see also (2.1)). As a
consequence, since u = 0 outside Q and vy = u — uy = 0 in RY, we get

u=uy=0 on (. (2.47)
In particular, setting n := 1+ A\/2 and
QO ={xeQ: z >n},
from (2.47) we obtain (notice that €2,y U @, (£2,;) C Q)

vy =u—u, =0 onf,
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Using once again proposition 2.7 (with the choice H := X,, U := Q,, and v := v,),
we then deduce that

vy =0 on RY.

Gathering together these facts, we conclude that u has two different parallel symme-
try hyperplanes, namely 0X = {1 = A} and 0%, = {21 = n}. Using this last fact,
it is easy to derive the claim in (2.46). Indeed, since 93, is a symmetry hyperplane
for u, since u = 0 out of €2 and since

Qx (Q\(QA u Q/\(Q/\))> nQ =g,
we derive that
u=0on O :=Q\(Q\UQA(2))); (2.48)
on the other hand, since also 9%, is a symmetry hyperplane for v and since
Qn (U QA(2)) C O,
we infer that
u=0on Q) UQx(). (2.49)
By combining (2.48) and (2.49), we immediately obtain (2.46). O

With these considerations, we are now ready to prove theorem 1.1.

Proof of theorem 1.1. Let u € C(RY) be any non identically vanishing weak solu-
tion of (1.2). For every A € (—1,0), we define the function

B SR, (o) = {E e @
where, differently from before, we have set
(u—uy)” := min{u — uy, 0},
which is nonpositive. We claim that
wy € HY(RY). (2.51)

Indeed, we know that u € H'(RY) and thus u —uy € H'(R"Y). Accordingly, we
have that (see e.g. the Chain Rule on page 296 of [45])

(u —uy)™ € HY(RY). (2.52)
Moreover, u € C(RY), and consequently

(u—uy)™ € C(RM). (2.53)
In addition, u = uy along 9Xy. From this fact, (2.52) and (2.53), we obtain that

(U - u>\)+XEA € H&(EA) - Hl(RN)v (254)
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see e.g. [15, theorem 9.17|. Similarly,

(u—ux)" XrN\x, € HY(RY).
‘We also observe that
wy = (u—ur)xs, + (u—ur) Xrv\3, -

From this, (2.54) and (2.55), we obtain (2.51), as desired.
Furthermore, we claim that

wy =0 in RN\(Q)\ @] Q,\(Q/\)) C RN\Q

(2.55)

(2.56)

Indeed, if z € ¥,\Q), then wy(z) = (0 — upr(2))t = 0. If instead z € QA (XA\2n),

then Z € ¥,\Q, and accordingly
0=wr(2) = (u(@) —ur(2))" = (ur(z) — ul2))".

This gives that uy(z) < u(z), and therefore wy(z) = (u(z) — ux(z))™ = 0.

From these observations, we obtain (2.56). Then, (2.51) and (2.56) give that we

can take w)y as an admissibile test function in (2.4). In this way, we obtain

B(u,wy) = fu(z))wy(x) da.

RN

Similarly,

B(uy,wy) = - flua(x)wy(z) de.

Subtracting (2.58) to (2.57), and recalling (2.2), we get

/RN (V(u—uy), Vwy) da
((u(z) —ua(x)) — (uly) — uar(y)))(Wr(z) — wa(y))
+ //RZN dz dy

|z —y| N+

= [, (@) = flun @) @) da.

Now, we use formula (3.9) in [46], which gives that

[ ()=o) = () ) = )

|z — y|N+2s

lwa(z) — wa(y)|?
dzdy > 0.
/éw \w—wNHS r
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Using this information into (2.59), and recalling (2.56), we obtain that

/ (V1 — 1), V) d < / (Flu(@)) — flux(@)))w(z) de
RN

RN
(u(z)) = f(ua(z))
= u(x) —ux(x))wy(z) de
RN u(x)_u)\(x) ( ( ) >\( )) )\( )
[ fula) = )
ry u(z) —ux(z)
QAUQA(2x) u(z) — ux(z)
(2.60)
We also notice that, thanks to (2.56),
/ (V(u—u,\),Vdex:/ |Vw>\|2dx=/ |Vwy |? da.
RN RN QAUQA(2x)
From this and (2.60), we deduce that
/ V2 de < / / (“(?; -/ <1(L>‘)(w))w§(:c)dsc
AUQA (2 AUQA (2 UNT) — UX\T
0,UQx (25) 2,UQx (25) 261)
<C lwy|? de,
QAUQA(2x)
for some constant C' > 0, depending on f and [[ul| o (q)-
Now, using lemma 2.10 in [11], we obtain that
/ Vs 2 dz < CJ02, U QA(QA)P/N/ Vwy[2dz,  (2.62)
QAUQA(2) QAUQA(22x)

to renaming C, which possibly depends also on N. As a consequence, if A is
sufficiently close to —1, we see that

1

Ol UQA(Q)[VN < 5

which, combined with (2.62), gives that

/ |Vwy|? dz = 0,
QAUQA(022)

provided that A is sufficiently close to —1. From this and the Poincaré inequal-
ity we get that wy =0 in Q\ U Qx(2y) if A is sufficiently close to —1, which,
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recalling (2.50), implies that
u < uyin Qy if A is sufficiently close to —1. (2.63)
Now, we define the set
Ao :={X€(-1,0): u < uin Q for every t € (=1, )]},
and we explicitly notice that, since 0 = u < uy on X\, one also has
Ao ={Xe(-1,0): u < u in %, for every t € (—1,A]}. (2.64)
In light of (2.63), the following quantity is well defined:
A :=sup Ay. (2.65)

The goal is now to prove that

A=0. (2.66)
For this, we argue by contradiction and assume that
A <0.

We then recall the definition of vy in (2.44) and we observe that, since u is
continuous in , vy > 0 in Q. Actually, in view of (2.64) we have

vy 20, in Sy

Since, by assumption, u is not identically vanishing, from lemma 2.9 we derive that
vy #Z0 in RY as well; as a consequence, lemma 2.8 and proposition 2.7 (applied
here with the choice H := ¥y, U := Q5 and v := vy) ensure that

vy >0, in Q5. (2.67)

Let then K C Q5 be a given compact set, to be chosen later on. Since the map
(A, z) — vy (x) is continuous, we can find a suitable 7 = 7(K) > 0 such that

U5y, > 0in K (for all 7 € (0,7)). (2.68)

We then consider, for every fixed 7 € (0,7), the function wy, _ defined as in (2.50)

(with X := X+ 7). We notice that, thanks to (2.51) and (2.56), we can take wy,
as an admissible test function in (2.4), obtaining that

B(u,wy, )= /RN fu(z))ws,  (r)dr and

B(ux,,wx, ) = /]RN flus, (z)ws, (z)dz.

From here, we repeat the same argument in (2.59)—(2.61) to find that

2 2
/ Vs, | dng/ |ws, .| dz,
QX+TUQ(QX+7—) QX+TUQ(QX+T)

where @ = Q5 and C > 0 is a constant depending on f and on [|u| g (q)-
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From this, recalling (2.68), we obtain that

/ |Vw§+7\2dx <C |wX+T|2 dz.
Q5 UQ(Q5 ) (@5 \K)UQ(Q5, , \K)

Hence, making again use of lemma 2.10 in [11], we get

/ [Vws,,|* dz
QX+TUQ(QX+T)

< Cl(O, \K) Qs O [ Yoy, |2 dz,
(@51 \K)UQ(R5 1, \K)

(2.69)

up to relabelling C' > 0 (which may also depend on N). Now we choose the compact
K big enough and the number 7 small enough such that

C (54, \E) U Q(Q NE)VY < 1.

Using this information into (2.69), we conclude that

/ [Vwy, ,|*dz =0.
QX+TUQ(QX+7)

From this and the Poincaré inequality, we find that wy, =0in Q5 , hence

in O«

(S A7

U‘X+T

for every 7 € (0,7), provided 7 > 0 is small enough. This yields a contradiction
with (2.65), from which we conclude that (2.66) holds true, as desired.

With (2.66) at hand, we are in the position to complete the proof. Indeed, since
A =0, we see that, for all A\ € (—1,0) and all = € €, one has

u(z) <ur(z) = u@\ — z1,22,...,7N).

Consequently,
’LL(ZE) < u(_‘r17$27"-7$]\7)7 (270)

for all z € QN {x; < 0}. In the same way, sliding the moving plane from right to
left, one sees that, for all x € QN {x; > 0}, one has

u(x) < ’U,(—ﬁEl,IIJQ, e 7xN)'
This implies that

u(—xy1, ze,...,zNn) < u(x),

for all x € QN {x; < 0}. From this and (2.70), we conclude that
u(z) = u(—z1,22,...,2N),

for all x € Q, which says that u is symmetric with respect to {x; = 0}.
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Furthermore, since u # 0 in RY, it follows from lemma 2.9 that vy # 0 for every
A € (—1,0); hence, (2.66) and proposition 2.7 give

u(z) < ux(z) =ulX —21,22,...,TN) (for all x € Q). (2.71)
From (2.71) it plainly follows that w is strictly increasing in the x-direction in 2 N
{z1 < 0}, and the proof of theorem 1.1 is thereby complete. O
3. One-dimensional symmetry and proof of theorem 1.2

In this section we provide the proof of theorem 1.2. For this, we indicate the points
xz € RN by

(y,t), with y € RV~ and ¢t € R.
Moreover, since we are interested in classical solutions to (1.4), we define
X = C3(RN) n W= (RN). (3.1)

REMARK 3.1. We notice that, if u € X it is possible to compute Lu in the classical
sense, i.e., Lu(x) is well-defined for all z € RY. As a matter of fact, to give a
pointwise meaning to Lu it suffices to have u € C?(RY) N L>°(RY).

We shall derive theorem 1.2 from the abstract approach developed in [38]. To this
end, we check that the assumptions introduced in [38] are satisfied in our setting.
We list these assumptions here for the convenience of the reader:

(H1) if ¢ € X satisfies Lo = f(p) in R~N, then there exists an operator £, acting
on a suitable space of functions X C C(R") which is translation-invariant?,
such that 9, € X for any unit vector v € RV and

E(al/‘p) = f/(SD) v on RN§

(H2) if ¢ € X is a solution of (1.4), if {z;}72, is an arbitrary sequence of points in
RY (possibly unbounded) and if

or :=@(-+2z) forany keN,
then there exists a function g € X such that, up to a sub-sequence,
Jm () = ¢o(2),
Jim Vr(z) = Vio(z)
and  lim Loy(z) = @o(2),
for all z € RY;

LA (non-void) set V C C(RN) is translation-invariant if, for every function ¢ € V and every
point y € RN the ‘translated’ function z ¢(z + y) belongs to V.
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(H3) if w € X satisfies Lw + ¢(z)w = 0 in RN, with
w(y,t) = 0if [t| < M and c(y,t) = kif |t| > M
for some constants M, x > 0, then
w(z) >0  for all z € RY;
(H4) if ¢ € X and if w € X satisfies Lw = f'(¢)w in RV, then

> 0in RV,
{w m = w=0onR"Y;

w(0) =0,
(H5) given p_ < py € R, if U C RY is an open set contained in
S={z=wt) eRY :t<pu_ort>p}
and if v € X satisfies Lv + ¢(x)v = 0 in RY, with
v(z) = 0in RV\U and ¢(x) > & on U
for some constant x > 0, then
v(x) =0  for all z € RY;
(H6) if ¢ € X and if v € X satisfies Lv = f(v + ) — f(v) in RV, then

>0in RV,
{U 1n = v=0onR".

v(0) =0,
The next lemmata establish the validity of (H1)—-(H6) in our setting.

LeEMMA 3.2 Validity of (H1). For every ¢ € X and every unit vector v € RY | one

has
L(Dyp) = 0, (Lop). (3:2)
In particular, assumption (H1) is fulfilled with the choices
L:=L (3.3)
and
X := C?(RYN) n W= (RY). (3.4)

Proof. First of all, if X is as in (3.1) and X is as in (3.4), we obviously have that,
for every ¢ € X and every unit vector v € RV,

dypeX and - A(Oyp) = 0 (—Ap).
Moreover, since X C W3°°(RY), we can use formula (4.1) in [38], obtaining that
(=2)%(0vp) = 0 ((—=2)"9).

Gathering together these facts, we obtain (3.2), as desired. As a result, with the
choices in (3.3) and (3.4), assumption (H1) is obviously satisfied. O
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REMARK 3.3. On account of remark 3.1, if u € X it is possible to compute Lu
pointwise in RY. As a consequence, since in this section we shall always deal with
functions belonging to X (or to X C X), the solvability of any equation involving £
is always meant in the pointwise sense.

LEMMA 3.4 Validity of (H2). Let X be as in (3.1). Let ¢ € X and {z,}72, be a
sequence of points in RN (possibly unbounded). Let also

vr =@ +2z,) forany ke N. (3.5)

Then, there exists a function pg € X such that, up to a sub-sequence,

i o (@) = wo(2), (3.6)
im V() = Vo (x) (3.7)
and klirrgo Lop(z) = Loo(x), (3.8)

for all x € RN . In particular, assumption (H2) is fulfilled.
A less regular version of lemma 3.4 will be given in remark 3.5.

Proof of lemma 3.4. We observe that, since ¢ € X, the sequences

{D%pr}rta

are equi-continuous and equi-bounded on R, for every multi-index oo € NV satis-
fying 0 < || < 3. As a consequence, Arzela—Ascoli’s Theorem ensures the existence
of some function ¢g € X such that (up to a sub-sequence)

klim D%pj, = D%y locally uniformly in R, (3.9)

for every a € NV with |a| < 3. Hence, (3.6) and (3.7) plainly follows from (3.9).
We also deduce from (3.9) that

lim Ay (z) = Apg(z) locally uniformly in RY. (3.10)

k—o0

‘We now claim that

lim (—A)°pr(x) = (—=A)°po(2) for every x € RY. (3.11)

k—oo

To prove it, for any x € RY and for any k € N, we set

To() = PEET2) —orla — 2) — 204 ()

P for any z # 0.
On account of (3.9), we have that
. _ po(x+2) — po(x — 2) — 2p0(x)
kli)n;OIk(z) = P for all z # 0. (3.12)
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Moreover, recalling the definition of @y in (3.5), we see that, for every z # 0,

() = DAL 221 Bl

1

< ﬁﬂi’; ||Da80kHL°°(]RN) Wm X{0<|z|<1}

1
+ 4l ekl Loe mr) WX{lzbl} (3.13)

1
= max |[|[DY|| 1, —_—
‘OCI:);” SOHL (RN) |Z|N+28—2 X{O<\z\§1}

1
+ 4l oo ) ELEE X{|z|>1}-
Now, since ¢ € X, we have that

1
9(z) == ‘rélla;; ||DQ<PHL°°(RN) Wm X{o<|z|<1}

1
+ 42|l oo m) W X{|z|>1} € L'(RY).

From this, (3.12) and (3.13) we deduce that we can apply the Dominated
Convergence Theorem to conclude that, for any = € RY,

or(r+2) — pp(x — 2) — 2pk(x) d

I
el 2| N2 :
L[ ol a9 s,
= z.
RN ‘Z|N+2S
This proves (3.11). From (3.10) and (3.11), recalling (1.1), we obtain (3.8). O

REMARK 3.5. By taking a closer inspection to the proof of lemma 3.4, one can easily
recognize that the following result holds: if ¢ € X and if {zx }ren € RN, there exists
a function @y € X such that, up to a sub-sequence,

o (z) = o), lim V() = Vio(z)

and klim Log(x) = Lpo(x),

for every x € RN | where pr, := @(- + 21).
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LEMMA 3.6 Validity of (H3) and (H5). Let X be the space defined in (3.4). Moreover,
let ¢ : RN — R be any function and let w € X satisfy

Lw+c(x)w=0 inRY. (3.14)
We assume that
w(z) >0 in RV\U and c(z) > k on U (3.15)
for some open set U C RY and some constant k > 0. Then
w(z) =0 for all z € RV, (3.16)
In particular, assumptions (H3) and (H5) are fulfilled with the choice in (3.3).

Proof. Arguing by contradiction, we suppose that m := infgy w < 0, and we choose
a sequence of points {2;}5° , in RY satisfying

lim w(zg) =m. (3.17)

k—o0

Since m < 0, it is not restrictive to assume that

w(zy) < % <0 for all k € N. (3.18)

As a consequence, also in light of (3.15), for every k € N we have
zrp €U and c¢(zp) > k> 0. (3.19)

Now, thanks to (3.14), from (3.18) and (3.19) we deduce that

Lw(z) = —c(zk)w(zk) = —% > 0, for all k € N.

In particular, setting wy, := w(- + zx), we obtain

Lw(0) > —% >0, forallkeN. (3.20)

On the other hand, since w € X, from remark 3.5 we infer the existence of some
function wy € X such that (up to a sub-sequence)

klim wi(x) = wo(r) and klim Lwyg(z) = Lwo(x), (3.21)

for every fixed x € RV. By taking the limit as k — oo in (3.20), we then get

Luwy(0) > —% > 0. (3.22)

Now, we observe that, on account of (3.17) and (3.21), one has

wp(0) = lim wg(0) = lim w(zx) = m =infw < w(x + z;) = wi(z),
k—o0 k—o0 RN
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for every z € RY and every k € N. As a consequence,
wo(0) < wo(x) for every z € RV,
and thus z = 0 is a minimum point for wy in RY. In particular,

wo(x) — wp(0)

||V +2s dz

WV
o

Awp(0) 20 and — (—A)%we(0) =P.V.
RN
Therefore, recalling (1.1), this implies that Lwg(0) < 0, which is in contradiction
with (3.22). This completes the proof of (3.16).
We point out that, with the choice in (3.3), from the first part of lemma 3.6 we
obtain the validity of assumption (H3). Indeed, for this, it is enough to apply the
first part of lemma 3.6 with

U:i={z=(y,t) eRY st. [t| > M},

for some M > 0. Furthermore, from the first part of lemma 3.6 we also obtain the
validity of assumption (H5), by simply observing that X C X. O

LEMMA 3.7 Validity of (H4) and (H6). Let X be as in (3.4). Let ¢: RN xR — R
be any function satisfying

c(z,0) =0 for every x € RY. (3.23)
Let w € X satisfy
Lw+c(z,w) =0 in RN, (3.24)
Then
{Z(i)o_ig’RN’ — w=0onRY. (3.25)
In pc(zrti(;ular, assumptions (H/) and (H6) are fulfilled with the choices in (3.3)
and (3.4).

Proof. We observe that, thanks to the assumptions in (3.25), z = 0 is a minimum
point for w in RY. As a consequence, we have that

w(z)
N |z NF2s

Aw(0) >0 and — (—A)*w(0) = P.V./ dz > 0. (3.26)
R

On the other hand, by (3.23) and (3.24), and recalling also that w(0) = 0, we get
0=1¢(0,0) = ¢(0,w(0)) = —Lw(0) = Aw(0) — (=A)*w(0) = —(—A)*w(0).
Gathering together this and (3.26), we conclude that

w(zx)

Since w > 0 in RV, we deduce that w = 0 on the whole of RY, which completes the
proof of the claim in (3.25).
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Now, we check the validity of assumption (H4). For this, recalling (3.3) and (3.4),
we take ¢ € X and we define

c(a,w) = —f'(p(z)) w.

We observe that ¢ satisfies (3.23). Hence, we can apply the first part of lemma 3.7
to obtain that (H4) is satisfied. Finally, in order to show the validity of assump-
tion (H6), given ¢ € X, we define

c(z,w) = f(p(x) +w) = fp(x)).

This function satisfies (3.23). As a consequence of this and of the inclusion X C X,
we deduce (H6) from the first part of lemma 3.7. O

Thanks to these statements, we can now prove theorem 1.2:

Proof of theorem 1.2. On account of lemmata 3.2, 3.4, 3.6 and 3.7, we know that
the assumptions in (H1)—(H6) are fulfilled in the setting of theorem 1.2. Moreover,
since u € X, we have that

Hu||cl,ﬁ(RN) is finite for all 6 € (O, 1)

From these considerations and (1.3), we have that the assumptions of theorem 1.1
in [38] are satisfied. Hence, from theorem 1.1 in [38] we have that there exists some
function ug : R — R such that (1.5) holds true. O

Appendix A. Hopf-type Lemma

We provide here a variation of proposition 2.7 leading to a linear growth from the
boundary for antisymmetric solutions which can be seen as a Hopf Lemma in this
setting.

LEMMA A.l. Let o € H and d > dist(xg,0H). Let py be the projection of xg
onto OH. Let v be nonnegative in H and suppose that v is an antisymmetric
supersolution v of Lv =0 in By(xe) N H.

Then, either v =0 or

v(po +ev) — v(po)
€

lim inf > 0,
N0

where v := (xo — po)/|zo — pol-

Proof. Up to a rigid motion, we suppose that H = (0,4+o0c) x R¥Y=1 and zy =
(to,0,...,0) with ¢, > 0. In this way, we have that py is the origin, v = (1,0,...,0)
and

to = dlSt(.I(),aH) <d.

We suppose that v Z 0 (otherwise we are done) and we exploit proposition 2.7 to
deduce that

0 :=essinfp,(p, v >0, (A1)
where py := po + 8dv = (84,0,...,0).
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We let p € (0,((d —to)/4N)) and consider an even function ¢ € C§°((—p,p))
with ¢ =1 in (—p/2, p/2). Using the notation x = (x1,...,2zx), we set

9(@) = x19¢(21) ... P(an).
We remark that g € C§°((—p, p)) and, in particular,
L9l Lo mvy < C,

for some C' € (0, +00). Furthermore, since 1 is even, we see that g is antisymmetric.
Now, for every x € R, we define

w(e) = v(a) — > (g2) + axpai (@) ~ Xpa00 (7)),

where a > 0 is a constant to be conveniently chosen in what follows. We remark
that w is antisymmetric. We claim that

(=p.p)" C Ba(xo)- (A2)
Indeed, if ¢ = ((1,...,¢n) € (—=p, p)Y we have that

I¢ — 20| = |C — (t0,0,...,0)] < [¢1 —to| + |G| + -+ [Cn]

d—t (d — to)

3
<to+ Np <ty+ =d— 1

<d,

thus proving (A.2)
Accordingly, if x € H\B4(zo), then z lies outside (—p,p)", due to (A.2),
whence g(x) = 0. This says that if © € H\By(zo), then

() = (@) = 8(Xp,(p0) (8) = X (7)) = 0(&) = OXp) (2) 20, (A3)

thanks to (A.1).
Furthermore, if ¢ € D(Bg(xo)),

(XBup) () = XBar) (2)2(%) = (XB,(p1) () = XBu(p:)(T))@(2)X By (20) () = 0

for every z € RY and, as a consequence,

1 ((XBa(o)(®) = XBu(p1) (@) = (XBu(p1) ¥) = XBu(p1) (@) ((z) = ©(y))
2 //R2N

|z — y|NH2s drdy

1 (XB, (1) (®) = XBu(p) @) (W) + (XB,(p1) (V) = XB, (1) (@) ()
:,i//w Ba(p1) Ba(p1) |x_y|N+1235<p> Ba(p1) dedy
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_ _// (XBu(p1)¥) = XBu(p1) (@) P(T) dedy
R2N |.T

_ y|N+25
_ _// (XBa(p1)(¥) — Xﬁd(gl)(ﬂ))%’(@ dedy
Bd(mo)XRN |‘T_y‘ +2s

Ba(zo) xRN |z — y|N+2s Bg(zo) xRN |z — y|N+2s

XBa(p1) (¥)e(2) // XBa(p1)(¥)P(T)
//Bd(xo)xRN |z — y|N+2s Y Ba(zo)xRN |z —g|NT2s Y

< 700 Qﬁ(f) d(L‘,
Ba(wo)

where

; dy dy
Cy = inf / T v ioo _/ —— 5 S O,+OO .
0 .’EeBd(IO) ( Bd(pl) |:r7y|N+2S Bd(pl) |:Cy|N+28> ( )

As a result, in U := Bg(xo) N H, we have that

) 0, ~
Lw = Lo — a(ﬁg + a‘C(XBd(;Dl)(x) - XBd(pl)('f))> 20— E(C o aCQ) =0,

as long as a > C'/Cy. This and (A.3) entail that w is an antisymmetric supersolution
of Lw = 0in U and therefore, by proposition 2.7 (used here with ¢ := 0), we deduce
that w > 0. In particular, if « € By(xzo) N H,

0 < w(z) =v(r) - —g(z),
a
thus, we conclude that
lim inf M > é liminf M — é liminf M
eN\.0 g a e\.0 g a &\0 e
= éliminf@ = é,
a eN\O € a

which yields the desired result. |

It would be interesting to obtain lemma A.1 with d = dist(xg,0H). When s €
(0, %) this can be achieved by following the proof of lemma A.1 and replacing
the function g used there with the solution of L£go =1 in Bg(xg) and gy = 0 out-
side By(z0), and then considering g as the antisymmetric extension of go outside H
(in this setting, the Lipschitz growth of g that follows from the results in [21]
suffices for having a bounded Lg and the desired linear growth from the boundary
of H).
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